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Abstract.  The discovery of the important role played by the complex connectiv-
ity structure between individuals has lead to an increasing interest in the analysis
of epidemic spreading in complex networks. Here we propose a discrete-time for-
mulation of the problem of contact-based epidemic spreading, within the context
of susceptible-infected-susceptible epidemic models. The proposed equations es-
tablish the relations between the probabilities of infection of individual nodes.
They can be easily solved by iteration, showing an almost perfect agreement with
Monte Carlo experiments throughout the whole phase diagram. This framework
also allows the determination of the epidemic threshold and, unlike heterogeneous
mean-field approaches, it is valid for any finite-size and weighted network.
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1. Introduction

The problem of modeling how diseases spread among individuals has been
intensively studied for many years [1, 2, 3, 4], allowing to address important
issues such as immunization and vaccination policies [2, 5, 6]. The application
of the theory of statistical physics, phase transitions and critical phenomena
[7] has been extremely helpful to understand the macroscopic behavior of
epidemic outbreaks [8, 9, 10, 11, 12]. This success relies basically on the
Mean-Field (MF) approximation, where averages of the system reduce the
degrees of freedom.
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The study of complex networks [13, 14] has provided new grounds to
the understanding of contagion dynamics. Particularly important in nature
are scale-free (SF) networks, whose degree distribution follows a power law
P(k) ~ k™7 for the number of connections, k, an individual has. SF networks
include patterns of sexual contacts [15], the Internet [16], as well as other
social, technological and biological networks [17]. The critical properties of an
epidemic outbreak in SF networks can be addressed using the heterogeneous
MF (HMF) prescription [8, 9, 10, 11, 12, 18]. It consists in the consideration
that all nodes in a degree class have the same dynamical properties, and the
neglection of fluctuations. Specifically, if 3 is the infection rate rate at which
the disease spreads, the epidemic threshold in uncorrelated SF networks is
given [8] by G. = (k)/(k?).

MF approaches are extremely useful to assess the critical properties of
epidemic models, however they are not designed to give information about in-
dividual nodes. Then, questions concerning the probability that a given node
be infected are not well posed in this framework. To obtain more details at
the individual level of description, one has to rely on Monte Carlo (MC) sim-
ulations, which have also been used to validate the results obtained using MF
methods. Here we present the Microscopic Markov-Chain Approach (MMCA)
formalism first introduced in [19], and compare the epidemic spreading results
with those obtained using the HMF, showing the outperformance of MMCA.

2. MMCA Formalism

Let us consider the dynamics of a susceptible-infected-susceptible (SIS) epi-
demic process over a N node complex network. We make no assumptions
on the structure of the network, the MMCA formalism applies to any finite
size, correlated, weighted and/or directed complex network. The main idea of
MMCA is the discovery of the equations satisfied by the microscopic variables
pi(t), which in this case represent the probabilities of nodes i being infected at
time step t. Calling 3 the infection rate, u the recovery probability and g¢;(t)
the probability of node i not being infected by any neighbor, the SIS MMCA
equations are

pit+1) = (1=pi()(1 = q(t) + (1= wpi(t) + ppi) (1 = (1)), (1)
N

a(t) = [T~ Brjm®). (2)
j=1

The three terms in the r.h.s. of eq. (1) account respectively for the prob-
ability that a susceptible node (1 — p;(t)) is infected by at least one neighbor
(1 — ¢;(t)), an infected node does not recover ((1 — p)p;(t)), and an infected
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node recovers (up;(t)) but gets infected again by a neighbor (1 — ¢;(¢)). This
third term may be removed if recovery and reinfection are not allowed at the
same time step. In eq. (2) the rj; parameters represent the probabilities of
node j contacting node i. If only one contact is allowed at each time step, r;;
is proportional to the strength of the link (wj;), whereas r;; = 1 if all nodes
are contacted per unit time. In general, allowing A; contacts per time step,

Wi Aj
rip=1—(1-——1] (3)

Wy

where w; = ). wj; is the output strength of node j. The particular cases
Aj = 1 and A\; — oo correspond to the standard contact process (CP) and
reactive process (RP) respectively. Other prescriptions for A; conform a family
of models that can be obtained using this unified framework.

In the stationary state eq. (1) simplifies to

pi = (1—¢)+ (1 —p)pigi (with reinfections), (4)
pi = (1—p)(1—¢)+ (1 —p)p; (without reinfections). (5)

These equations are easily solved by iteration until a fixed point (with re-
infections) or a cycle (without reinfections) is found; in this second case, the
average between the oscillating values must be considered. Finally, the average
fraction of infected nodes in the stationary state is given by

1 N
P:N;pi- (6)

A first order approximation of egs. (4) and (5) allows the determination
of the epidemic threshold (see [19]),

7
c— X T\ 9 7
R W ™
where Apax(R) is the largest eigenvalue of the contact matrix R. For the CP,
Be = p, and for the RP . = p/Amax(A), where A is the adjacency matrix of
the network.

3. Results

To show the performance of the MMCA formalism we have carried out Monte
Carlo (MC) simmulations of the RP on top of different networks, and compared
them with the iteration solutions of the MMCA stationary equations. First,
in fig. 1 we show the results for a SF network. The agreement between MMCA
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Figure 1: Comparison of MMCA, MC and HMF for a SF network of N = 500
and v = 2.7, for the RP, u = 1, with and without reinfections.

and MC is matchless, both with and without reinfections. On the contrary,
the numerical solutions of the HMF equations show a significant deviation in
epidemic spreading, and a shift of the epidemic threshold.

Fig. 2 shows two examples where MMCA has difficulties in reproducing
MC near the epidemic threshold. The first one is a regular squared grid with
periodic boundary conditions, which is known to be one of the most difficult
networks due to the high dynamic correlations induced by the topology. In
most of the phase diagram there is good agreement between MMCA and MC,
but there is an over-estimation of the epidemic spreading near the epidemic
threshold. The second is a real network, the power grid [21], which is known
to have an important disagreement between theory and simmulations in bond
percolation processes [22]. Here the deviation between MMCA and MC is not
so remarkable.

Finally, in fig. 3 we show the individual MMCA infection probabilities p;
for the air transportation network [20], using the RP and two different values
of the infection rate. In this case, the agreement between MMCA and MC
was already shown in [19].
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Figure 2: Comparison of MMCA and MC for a 100 x 100 grid (top) and the
power grid (bottom), RP, = 1 and with reinfections.

4. Conclusions

Summarizing, we have proposed a new framework to study disease spreading
in networks. By defining a set of discrete-time equations for the probabil-
ity of individual nodes to be infected, we construct a dynamical system that
generalizes from an individual contact process to the classical case in which
all connections are concurrently used, for any complex topology. Solving the
equations at the stationary state, we find the whole phase diagram of the
system. The numerical solution of the analytic equations overcomes the com-
putational cost of MC simulations. Moreover, the formalism allows to gain
insight on the behavior of the critical epidemic threshold for different values
of the probability of contacting a fraction of neighbors per time step (). The
method outperforms the HMF approach in the whole phase diagram.
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Figure 3: Individual MMCA infection probabilities for the airports network,
RP, i =1 and with reinfections.

Office of Science, Computational and Technology Research, U.S. Department
of Energy under Contract DE-AC02-05CH11231. YM acknowledges support
from the DGA Project PI038/08.

References

[1] H.W. HETHCOTE, SIAM Review 42, 599 (2000).

[2] R.M. ANDERSON, R.M. MAY AND B. ANDERSON, Infectious diseases of
humans: Dynamics and Control, Oxford University Press, Oxford (1992).



Sergio Gémez et al. 53

3]

[9]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

D.J. DALEY AND J. GANI, Epidemic Modelling, Cambridge University
Press, UK, Cambridge (1999).

J.D. MURRAY, Mathematical Biology, Springer-Verlag, Germany, Berlin
(2002).

L. HUFNAGEL, D. BROCKMANN AND T. GEISEL, Proc. Natl. Acad. Sci.
USA 101, 15124 (2004).

S. EuBank, H. Gucru, V.S. ANIL-KUMAR, M.V. MARATHE, A.
SRINIVASAN, Z. TOROCZKAI AND N. WANG, Nature 429, 180 (2004).

H.E. STANLEY, Introduction to Phase Transitions and Critical Phenom-
ena, Oxford University Press, Oxford (1987).

R. PASTOR-SATORRAS AND A. VESPIGNANI, Phys. Rev. Lett. 86, 3200
(2001).

R. PASTOR-SATORRAS AND A. VESPIGNANI, Phys. Rev. E 63, 066117
(2001).

A. L. LLoyDp AND R. M. MAY, Science 292, 1316 (2001).

Y. MORENO, R. PASTOR-SATORRAS AND A. VESPIGNANI, Eur. Phys.
J. B 26, 521 (2002).

M.E.J. NEWMAN, Phys. Rev. E 66, 016128 (2002).
M.E.J. NEWMAN, SIAM Review 45, 167 (2003).

S. BoccaLETTi, V. LATORA, Y. MORENO, M. CHAVEZ AND D.-U.
HWANG, Phys. Rep. 424, 175 (2006).

F. LiLseros, C.R. EDpLING, L.A.N. AMARAL, H.E. STANLEY AND Y.
ABERG, Nature 411, 907 (2001).

R. PASTOR-SATORRAS AND A. VESPIGNANI, Evolution and Structure of

the Internet: a statistical physics approach, Cambridge University Press,
Cambridge (2004).

G. CALDARELLI, Scale-Free Networks, Oxford University Press, Oxford
(2007).

M. BARTHELEMY, A. BARRAT, R. PASTOR-SATORRAS AND A. VESPIG-
NANI, Phys. Rev. Lett. 92, 178701 (2004).



54 Probabilistic framework for epidemic spreading

[19] S. GOMEZ, A. ARENAS, J. BORGE-HOLTHOEFER, S. MELONI AND Y.
MORENO, Europhys. Lett. 89, 38009 (2010).

[20] R. GUIMERA, S. MossAa, A. TURTscHI AND L.A.N. AMARAL, Proc.
Natl. Acad. Sci. USA 102, 7794 (2005).

[21] D.J. WATTS AND S.H. STROGATZ, Nature 393, 440 (1998).

[22] S. MELNIK, A. HACKETT, M. A. PORTER, P. J. MUCHA AND J. P.
GLEESON, arXiv:1001.1439.



