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We present an exact solution for the order parameters that characterize the stationary behavior
of a population of Kuramoto’s phase oscillators under random external fields [Y. Kuramoto, in
International Symposium on Mathematical Problems in Theoretical Physics, edited by H. Araki,
Lecture Notes in Physics Vol. 39 (Springer, Berlin, 1975), p. 420]. From these results it is possible
to generate the phase diagram of models with an arbitrary distribution of random frequencies and

random fields.
PACS number(s): 05.90.4+m, 87.10.+e

I. INTRODUCTION

The collective behavior of large assemblies of oscillators
coupled through nonlinear interactions and under the ef-
fect of external fields has been understood from a quali-
tative point of view in multiple situations, but the devel-
opment of a mathematical formalism that could provide
exact expressions for the variables that describe the long-
time properties of specific models is not an easy task. It
is true that for systems with a small number of elements
an important set of analytical studies has appeared in
the last decades. Most of them aimed at finding chaos,
synchronization, and other dynamical effects. Sometimes
the calculation of the trajectories of pairs of units (with
complex individual dynamics) gives information about
the global temporal behavior. This strategy has been
successful in the study of synchronization (entrainment)
[1, 2] in heart pacemaker cells and other biological sys-
tems [3]. However, it is obvious that this approach is
not practical for large populations and other ideas are
necessary for a satisfactory description of them.

Among the systems that may present synchronization
phenomena, models of phase oscillators are probably the
most deeply analyzed. As a consequence, it is in this
context where have appeared some of the most relevant
contributions to the mathematical description of this co-
operative effect [4, 6, 5]. These models are intrinsically
simple because it is assumed that the interaction be-
tween oscillators is sufficiently weak to consider that all
of them describe a trajectory along a global attracting
limit cycle of constant amplitude. Therefore, to analyze
their dynamical evolution it is only necessary to have in-
formation about the variations of the respective phases.
Winfree [7] pointed out that such simplified models may
account for patterns of collective synchronization simi-
lar to those observed in large groups of biological beings
(swarms of fireflies, temporal activity of pacemaker cells,
etc.). These ideas have also been applied to other fields
of physics (Josephson junctions, charge density waves,
neural networks, etc.).

The general interest has been basically focused on two
kinds of systems. One is models of integrate-and-fire os-
cillators with all-to-all excitatory couplings. It has been
shown that, under certain conditions, perfect synchrony
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between the elements of the population is achieved in
the stationary state [5]. This cooperative phenomenon
has also been studied when the units are subject to ex-
ternal noise [8]. More recently, Van Vreeswijk and Ab-
bott proved that self-sustained firing is also possible even
when the excitable units are not intrinsic oscillators [9].
The essential ingredient in all these models is the non-
linear character of the pulselike interaction between ele-
ments.

On the other hand, large assemblies of limit-cycle os-
cillators (active planar rotators) interacting with each
other through couplings proportional to their difference
of phases define a different type of model whose best
known example is the so-called Kuramoto model (KM)
[6]. According to the KM, the phase of each element of
the population obeys the following Langevin equation:

N
0; = w; + ’)’,‘(t) + ZK,']' sin(Oj - 0,'), (1)
ij=1
where Kj;; is the coupling matrix, 6; the phase of the
ith oscillator, w; is the random intrinsic frequency [dis-
tributed as g(w)] of the ith oscillator, N the size of the
population, and v;(t) independent white noise random
processes with zero mean and correlation

(vi(t)v;(t") = 2Dé;;6(t — t'),

This model has been analyzed in a wide range of situa-
tions. Shinomoto et al. have shown through qualitative
arguments that, with short-range interactions, a macro-
scopic degree of synchronization turns out to be impos-
sible below d = 3 [10, 11]. This statement has been rein-
forced by Daido [12] who applied renormalization group
techniques to find the dependence of the lower critical
dimension d. on the characteristic exponent of the distri-
bution of frequencies. For the usual distributions d. = 2.
In lattices of higher dimensionality Strogatz and Mirollo
[13] observed that phase locking develops in spongelike
structures. This is different from what one expects for
a mean field theory, suggesting that the upper critical
dimension might be d = oo.

For long-range interactions, a mean field formalism al-
lows one to find rigorously (for N — co) the effect that all
the parameters appearing in (1) have on the cooperative

D >o. (2)
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behavior of the system. In the presence of ferromagnetic
interactions (K;; = K/N) and a unimodal distribution
of intrinsic frequencies, it has been shown [14] that for a
critical value of the ratio K/D a phase transition occurs
from a state where all the oscillators run incoherently
to another state where a certain degree of synchroniza-
tion appears spontaneously. Other densities g(w) may
induce a more complex character to the transition. For
instance, Bonilla et al. [15] have shown through a bi-
furcation analysis that a bimodal distribution introduces
bistability, oscillatory behavior, and hysteretic phenom-
ena.

The influence of random couplings has also been ana-
lyzed in recent studies. The main effect of randomness
and frustration is the appearance of new phases (for in-
stance, a glassy phase where global synchronization is
zero but the state defined by the oscillators is correlated
with the random disorder), reminiscent of magnetic sys-
tems such as spin glasses [16,17]. Other important contri-
butions have appeared in the field of neural networks. By
suggesting more complex prescriptions for the couplings,
models of phase oscillators have reproduced through sim-
ulations the oscillatory properties of biological neurons
and how an external stimulus can produce coherence in
their temporal activity [18-20].

Finally, a special comment is deserved by the studies
made by Strogatz et al. [21] on the effect of random pin-
ning in charge density waves and by Sakaguchi [22] on the
influence of periodic forces on the behavior of a popula-
tion of planar rotators. The similarities and differences
with our work will be discussed in this paper.

Our goal is to present a mathematical formalism that
allows one to compute analytically the properties of a
population of KM phase oscillators under external fields.
The analysis is performed in the thermodynamic limit.
We give exact expressions for the order parameters that
describe the long-time behavior of the system. The struc-
ture of our procedure has been used before in [23] to find
the phase diagram of a model without frequency differ-
ences. As we will show later, to introduce a zero mean
distribution g(w) does not change the relevant features
of such a phase diagram. However, if (w) # 0 new dy-
namical effects must be considered.

The paper is organized as follows. Section II is devoted
to the definition of the model and of the relevant order
parameters. In Sec. IIT we give a continuous description
of the model in terms of a nonlinear Fokker-Planck equa-
tion for the one-oscillator probability density. A generat-
ing functional defined to find algebraic expressions for the
order parameters is introduced in Sec. IV. A comparison
between our analytical results and Brownian simulations
is performed in Sec. V. Finally, we discuss the range of
validity of our approach in relation to the features of g(w)
and the distribution of random fields.

II. THE MODEL

Motivated by the analogy between Kuramoto’s model
of active rotators and the planar XY model of spins stud-
ied previously in [23], we have investigated the proper-
ties of a system of phase oscillators with all-to-all ferro-

magnetic couplings in the presence of a random external
field, distributed according to a certain probability den-
sity f(h). The dynamical evolution of each element of
the population is given by

N
éi = Wy + ’Yi(t) + Z K,;]' sin(0j - 9,) — h,‘, sin0,-, (3)
=1

where h; denotes the field acting on the ith site, and
K;; = K/N. As a simplification, we have assumed a
fixed direction for the whole set of h;, although our ap-
proach can be generalized to more complex spatial distri-
butions (for instance a random p-fold symmetry breaking
field). For now, we assume that the field does not have
an explicit dependence on time. The effect of periodical
external forces will be discussed in Sec. VI.

To find the long-time properties of the model we have
followed a mean field formalism whose basic lines have
been sketched in previous works [15,16,23], although here
there are some technical details that make the mathemat-
ical calculations more difficult. The usual description of
the system is done in terms of the following order param-
eters:

L N
re' = — Z e s (4)

j=1

where r gives the degree of synchronization in the popula-
tion, and ¢ is a mean phase. In terms of these quantities,
Eq. (3) reads

6; = w; + krsin(¢ — 6;) — h;sin8; + vi(t), (5)

which is the starting point of our approach. Notice that
the cooperative behavior of the system is a competi-
tion between the distribution of frequencies, the coupling
strength K, the amount of noise, and the external field.
The coupling tends to put in phase all the elements of the
population, whereas the dispersion of frequencies and the
noise tend to destroy coherence. The random field breaks
the symmetry by imposing a privileged orientation.
Strogatz et al. [21] have considered a similar situa-
tion to analyze the effect of random pinning in models
of charge density wave transport. However, their study
is performed in the absence of random frequencies, with
zero noise, and the fields are of constant modulus. More-
over, they consider either static solutions §; = 0, V i
(a particular case of our analysis) and time dependent
solutions with constant r [we observe states with =(t)].

III. FOKKER-PLANCK DESCRIPTION

The first step is to transform the discrete description
given by Langevin equation (5) into a continuous descrip-
tion. In the thermodynamic limit it is possible to derive
a nonlinear Fokker-Planck equation for the one-oscillator
probability density p(8,t,w,h). It gives the probability
that an oscillator with frequency w and under the action
of h has a phase 8 at an instant ¢.

The idea, illustrated in [24], consists of writing
p(0,t,w,h) in terms of the N-oscillator probability den-
sity pn, the solution of the Fokker-Planck equation as-



50 EXACT LONG-TIME BEHAVIOR OF A NETWORK OF PHASE . .. 951

sociated with (3), as the product of the N one-oscillator
probability densities. This is possible assuming the prop-
agation of molecular chaos (this means that the one-
oscillator probability densities are not correlated) from
the initial conditions. Then, by writing the path in-
tegral representation of py in the resulting expression
and performing the integrals through the steepest de-
scent method in the limit of N — oo, we have found that
the final expression for p(6,t,w, h) must satisfy

% p%e _
—+—[V]— 802—0’ (6)
where V is
= [w + Krsin(¢ — 0) — hsin6)]. (7

Our goal is to obtain the stationary behavior of the
system described by (6) and (7). Stationary means that
p(0,t,w, h) does not have an explicit dependence on time
or does behave periodically. The first case is observed
when the distribution of frequencies is unimodal and
symmetric, conditions that are satisfied by the most usual
ones (uniform, Gaussian, etc.). Temporal periodicity is
observed in other situations discussed in Sec. VI. Our
approach deals with the first situation, when the one-
oscillator probability density satisfies (3p/8t) = 0. The
solution of (6) with the previous condition is straightfor-
ward. Normalization and 27 periodicity in 8 lead to [15,
16]

F(6) [*"dnH(6,
p(6,w,h) = ( )fo Zn ( 77)’ )
where F(0), H(8,n), and Z are defined as
F(0) = exp [%r cos(¢p — 0) — % cos 0] , 9)
wn K
H(0,n) =exp l:—E - —D—rcos(¢ —6—n)
h 0 10
+B COS( + 71) ’ ( )
and
2r
Z= d0F(0) H(0, n)dn. (11)

The order parameters r and ¢ in terms of p and the
distributions g(w) and f(h) are given by

re'® = / / e“%p(0,w, h)dfg(w)dwf(h)dh.  (12)

These self-consistent equations provide all the relevant
information of the system. However, they contain an ex-

plicit dependence on € that can be eliminated by direct
integration. The most elegant way to perform the inte-
gral over @ is explained in detail in the next section.

IV. GENERATING FUNCTIONAL

The method proposed in this section takes advantage
of the normalized structure of the probability density. We
have defined a functional whose derivatives (more exactly
the derivatives of its logarithm) allow one to compute the
order parameters in a straightforward manner. The form
of this generating functional is

2 2T
Z[Uv 6] = / doF(Ua 0a£’¢) H(oa 7I)d77, (13)
0 0
where

F(0,0,¢,9) = exp [o cos(y — 0)

and H is given by (10). o, 9, and £ are the three param-
eters with respect to which we perform the derivatives.
According to these definitions r and ¢ are calculated from
InZ as

7]
r= <<3_U InZ |a=%,g=g,¢=¢>>a

{r sin¢+cos¢% InZ|,_xre b yg)
(- an |a—'-—,;,5_d,¢ ¢»
(16)

— € cos )] (14)

(15)

¢ = arctan (

where ((- - -)) is an average over the distributions g(w) and
f(k). This approach has several advantages since it al-
lows one to simplify notably the numerical resolution of
the resultant expressions and to perform an analysis of
them.

The basic details of the calculation of Z have been dis-
cussed previously in [23] for a population of XY spins.
Here, the mathematics is more involved since the exis-
tence of intrinsic frequencies introduces an asymmetry
between F and H. By using only symmetry properties of
the spherical modified Bessel functions I,,(z) and some
simple algebra, the set of terms generated from direct
integration of the functional (see the Appendix) can be
written in a compact form as

Z=(1- [ m_z_wp;mi:w 1)(m+9)
X I (%") Ip(g)Iz(a)A("'"’P)], (17)

(,m,p) _
A0m2 =ty (5 @7+ a+p7

h ) —3% cos(ly — m@) + (I + p) sin(lyp — mo)

Il ( h ) — 3 cos(lyp — mg) + (I — p) sin(lyp — me)

D

B+ (= p?
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; B\ =% cos(ly + m) + (L + p) sin(lep + mg)
Hirptm (5) (D) T (+p)?
h\ —3 cos(lyp + m@) + (I — p)sin(iy + m¢)
) () + (P (18)
Now, it is easy to compute r and ¢ from formulas (15) and (16). The final expressions are
% S0 (5) Iy ()l () AL
r= / Y5 3 (1) L (B L (B (5 ) AGm.2) 9(w) f(h)dwdh (19)
and
$ = arctan (%@52) : (20)
where
_ LY XYL () L(5) I () (AP /0y)
A= // S YT (-1) R L, (5 I ( &) L (&) Atm.p) 9(w) f(h)dwdh (21)
and
_ X)L () Lo () L) Ao
B= / S 1) o (BT (s Aty 9()f ()dwdh, (22)

where the series run over the three indices m, [, and p.
These equations provide all the information necessary to
reproduce the stationary behavior of the system. From
them we can compute the phase diagram of any system
made of Kuramoto phase oscillators characterized by an
arbitrary distribution of frequencies and external random
fields, provided the order parameters r and ¢ do not have
an explicit dependence on time. Both equations can be
solved self-consistently by standard techniques such as
the Newton-Raphson method.

Looking at expressions (19)—(22) one may think that
the solution of the problem is as complex as before (with-
out the integration over 6) and that it is unapproachable
from a numerical point of view. However, this is only a
superficial analysis, far away from reality. These series
present an excellent behavior due to their convergence
properties that make them easy to deal with. For in-
stance, by considering less than ten terms one can get
results with an accuracy of order 10~%. This fact simpli-
fies the situation notably.

V. COMPARISON WITH SIMULATIONS

In order to check the accuracy of our approach, we
have compared the results achieved from the numerical
resolution of Eqs. (19) and (20) with Brownian simula-
tions. As an example, we have considered two different
situations. In both cases the distribution of frequencies is
uniform and even in the range [—0.5,0.5] while the fields
are also uniformly distributed with the same variance
but centered at 0 and at 0.25 in the first and the second
cases, respectively. The ratio K/D has been controlled
by fixing the amount of noise to D = 0.2 and moving K.

To integrate Eqgs. (19) and (20) we have taken the first

f

ten terms of the series. Brownian simulations have been
performed by solving the stochastic equation (3) with
a Euler method with a time step 6t = 0.05. We have
considered a network of 20000 oscillators, large enough
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FIG. 1. Degree of synchronization versus intensity of cou-
plings for a population of KM oscillators under the action of
a random field distributed uniformly in [—0.25,0.75] (dashed
line) and [—0.5,0.5] (continuous line), and with intrinsic fre-
quencies and noise described in the text. Lines represent re-
sults coming from the numerical solution of Egs. (19) and
(20), while symbols are obtained from simulations. Each sym-
bol has been computed as an average over 1000 time steps in
the stationary state.
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to neglect finite size effects. The results are plotted in
Fig. 1.

This figure deserves several comments. First, we ob-
serve an excellent agreement between the theoretical ex-
pressions and the simulations, which shows that our re-
sults are exact in the thermodynamic limit. Additionally,
it is interesting to remark that introducing a one-humped
distribution of frequencies does not modify the qualita-
tive behavior of the static XY model previously studied
in [23]. With a centered (at the origin) distribution of
fields a phase transition between an incoherent state with
r=0 and another with a macroscopic degree of synchro-
nization (magnetization) still takes place and the only
difference with respect to the static case is the situation
of the transition point, displaced toward a higher value
of K. This is evident since larger values of K are nec-
essary to counteract the effect of rotation caused by the
distribution of frequencies.

When the distribution of fields is not centered at the
origin there is an effective force which makes r # 0 for
any value of the ratio K/D (in fact for small K/D and
for (h) < 1, then r is proportional to (h)). The effect
of the variance of g(w) is to reduce the coherence among
members of the population (i.e., to reduce r), although
it does not change the qualitative behavior observed in
Fig. 1. In conclusion, no phase transition occurs, just as
in the static case.

VI. DISCUSSION

As we have shown in the previous section, Egs. (19)
and (20) allow one to generate the phase diagram of any
system of phase oscillators described by the Langevin
equation (3) under the conditions of stationarity. In this
section we want to discuss whether such conditions are
fulfilled for any distribution of random fields and intrin-
sic frequencies, since the answer will give us information
about the range of validity of our approach.

We have found two basic mechanisms that could lead
to time dependent order parameters: either by introduc-
ing an external time-periodic force or by considering the
existence of a complex distribution of frequencies. How-
ever, the first one is equivalent to assuming a fixed exter-
nal field and a redefinition of the intrinsic frequencies. To
prove this statement let us consider the following model
proposed by Sakaguchi [22]:

N
; K . .
0; = w; + N jzzl sin(0; — 6;) — hsin(0; — wyt), (23)

where wy denotes the external driving. By introducing a
new phase 9; = (0; — wyt), we observe that the previous
description is transformed to a static one equivalent to
(3), where the explicit dependence on time of the exter-
nal force is absorbed in the features of a new distribution
of frequencies. Therefore, the discussion reduces to con-
sidering a suitable g(w).

We have observed that if the transformation previously
mentioned generates a one-humped, nonincreasing distri-
bution centered at a certain w. # 0 the system presents a
periodic behavior whose description is complex because

the period of this oscillation is not directly related to
1/w.. To analyze this situation it is necessary to solve
the complete time dependent Fokker-Planck equation (6)
or to apply a different technique that could enable us to
find r(t) and ¢(t). However, what we want to stress in
this section is that with our approach it is possible to re-
produce the oscillating behavior of r through an explicit
knowledge of the temporal variation of the mean phase.
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FIG. 2. (a) Temporal evolution of the order parameter r

for a population of phase oscillators with the distribution of
intrinsic frequencies and fields mentioned in the text. Other
parameters are K=1.5, D=0.2, and N=20000. In the inset
we have represented, for a period, the results obtained by
embedding the phases of (b) in Eq. (19) (circles) versus the
continuous line from the Brownian simulation. (b) Temporal
evolution of the mean phase for the system described in (a).
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In Figs. 2(a) and 2(b) we have shown the evolution of »
and ¢ for a uniform distribution of frequencies between
[-0.4,0.6] and a fixed external field h; = 0.1 Vi. Time is
expressed in seconds (a second for us corresponds to 200
iterations). We observe the nontrivial periodic character
of both parameters. However, if for a given ¢ we pick
the corresponding ¢(t) [in this example from Fig. 2(b)]
and we put this numerical result into Eq. (19) we repro-
duce completely the behavior of r(t). This means that
the functional relationship between both order parame-
ters given by Eq. (19) still holds and that all the time
dependence of r(t) comes through the mean phase ¢(t).
Then the problem: reduces to finding a dynamical equa-
tion for ¢(t). We believe that this situation appears due
to the simple structure of g(w) and that more complex
distributions of random frequencies (for instance, a bi-
modal) could introduce dynamical effects not properly
reproduced by expressions (19) and (20). Nevertheless, a
linear stability analysis of them may show the location of
bifurcation points which allow one to identify the transi-
tion between phases with stationary-time dependent or-
der parameters. This study deserves special attention.
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APPENDIX

In this section, we want to describe some technical de-
tails which allow us to derive Egs. (19) and (20) from
the definition of the generating functional (17). The first
step is to write the exponentials (14) and (10) in terms
of series of spherical modified Bessel functions [25];

z)+2 Z(—l)"cos(n{)[n(:r),

n=1

ezcos(() — IO( (Al)

and perform integration (13) directly. This integral pro-
duces the following set of terms:

o Lo (%) Iy <%) I6(&) Lo (o), (A2)
47D N & h
"o 1;1 Z=1( nm™ ( ) I, (B) Iy (&) Io(0) cos(me)byn m, (A3)
4D & h
T;; 1Y 1o ( ) Io ( ) L,(€)Li(o) cos(lw) 51 5, (Ag)
kr h a D
4#1121;( 1)PI, ( ) (D) I,(&)Io( )————%2 gy On.p (A5)
o mtp kr h — % cos(mg) — msin(me)
i 2 2T (5) () momio 2= E=s, (a6)
& -~ kr h —% cos(ly) — nsin(ly) A
w3300 () n () oene) B (A7)
o m kr h =
PPN (E) I (5) W) g7 (A8)
- 3 S () 5 (5) B
m=1p=1 =1
— B cos(pp) — msin(p¢) — B cos(p$) + msin(pg)
X ( B co ;2 - mszl n(p Sm l+p D¢ e 6m,1_p), (A9)
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S vn (5 1 (5) o)

M3

—47r§:

n=1p=11=1
X ( % COS(.,l,f)+_nz SID(M)) n,l+p 2 cosgf)++n12l snl(h/)) on l—p) ’ (AIO)
a3 3 S0 () 1 (5) Bone)
n=1m=1p=1
— 5 cos(mg) — (n + m) sin(mae) — 5 cos(me) + (n + m) sin(ma) A
8 ( 221 (n+m)? dntmp 24 (n+m)? Sn—m.p (AL1)
= — m kr h
-4 Y 3 S (F) 1 () )
n=1m=1 =1
— 3 cos(n@) + (n + m) sin(ng) — 3 cos(n@) + (n — m)sin(ne) 5 A12
X %2+(n+m)2 6n+m,l %2-}-(1’1“’”!)2 n—m,l | ( 1 )
-3 3330 () 1 () BORE)
n=1m=1p=1 =1
— 3 cos(lp — mg) + (n + m)sin(lyp — me) s 4 — 5 cos(lp — mo) + (n + m)sin(lyp — me) 5
X _“12 + (n + m)2 n+m,l+p %2 + (n + m)2 n+m,l—p

i) B cos(me + 1) + (n — m) sin(me + l9)

%2+(n—m)2

Now, by using the contraction of the Kronecker delta
0,,m and the symmetry properties of the modified Bessel
functions with integer index [I,(z) = I_,(z)], we can ex-
tend 3°7° to 3°%°_ taking into account the corresponding
zero terms. In th.ls way we can reduce the whole set of
terms (A2)-(A13) to a compact expression for Z given by
(17). In more detail, expression (A2) corresponds to tak-

5n—m,l+p

— 3 cos(me + l9p) + (n — m) sin(me + l4p) 5
%2 + (n —m)? e
(A13)

ing m = p = | = 0 simultaneously in (17). Expressions
(A3), (A5), and (A7) come out by taking (i) I = p = 0,
m#0, (i)l =m=0,p#0, and (iii) m = p = 0,
1 # 0, respectively, in (17). The rest of the terms can be
obtained by applying the same procedure. In particular,
the last one corresponds to the nonzero index contribu-
tions.
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