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Abstract
We construct a polynomial planar vector field of degree n with two invariant algebraic
curves. For such a system we prove that the maximum number of algebraic limit cycles is

%(n (-2 +1.

1. Introduction
By definition a real (complex) planar polynomial differential system or simply a poly-
nomial system is a differential system of the form

{izP@w)

where the dependent variables x and y are real (respectively complex), the independent
variable (time t) is real and functions P and ) are polynomial in z and y with real
(complex) coefficients.

We denote by n = max(deg P(x,y), deg Q(x,y)) the degree of the polynomial system
(1.1).

In this paper we are mainly interested in the polynomial differential system which
possess a given pair of invariant algebraic curves.

We denote by Rz, y] the ring of real polynomials in z and y. An algebraic curve

(1.1)

g(z,y) =0, g€ Rz,

is called an invariant algebraic curve of the system (1.1) if the following condition holds

P(x,y)0:9(x,y) + Q(x,y)0yg(x,y) = K(z,y)9(x,y)

for some real polynomial K of degree at most n — 1. The function g is called a partial
integral.
In what follows the derivatives of g with respect to x and y are designated as 0,9, 0y9.
Many papers are dedicated to the study of polynomial planar vector fields with alge-
braic invariant curves (see for instance [3, 9, 2, 15, 4, 10, 6, 8, 11]).
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It is always helpful to look at this problem from another point of view. In this paper,
we take an alternative viewpoint of starting with a given set of algebraic invariant curves
and determining the form of the system which has such a set of invariant curves.

This approach was firstly developed by Eruguin in the paper ”Construction of the
whole set of ordinary differential equations with a given integral curve” published in 1952
[5]. In this article the author stated and solved the problem of constructing a planar vector
field for which the given curve is its invariant. He obtained the following result:

Proposition 1.0.

The most general planar vector field for which

g(x,y) =0

is its invariant curve is

y = _V(xa y)axg + b(:l?, y)
where v, a, b are functions:
{a(x,y)axg + b(z,y)0yg = ®(z,y) (1.3)
(b(l', y)’g(m,y)zo =0

It is important to observe that Eruguin considered only one curve, moreover he didn’t
require that this curve was necessarily algebraic.

By applying the Eruguin ideas we state and study a new inverse problem in the
theory of ordinary differential equations [11, 12]. We analyze the problem of constructing
a planar vector field with S > 1 invariant curves, in particular we study the case when the
given curves are algebraic. A systematic study of this problem was started in [11] In this
paper we continue to further investigation of this problem. We study a polynomial planar
vector field of degree n with only two invariant algebraic curves which we consider that are
irreducible and non- singular. We complement the results given in [2,4] by showing that
the maximum number of algebraic limit cycles which this system can admit is

%(n —1)(n—2)+ 1.

We recall the main notations and definitions given in [11]
Let v be the vector field for which the algebraic curves

gj(may):(L j:1727'--757 S>2
are its invariants, i.e.

dg(v) = K;(z,y)gi(v,y), K; € R[z,yl. (1.4)

Definition ( Condition (A))



We say that the given set of invariant functions of the vector field v :

glﬂg27 """ 7gS; 522.

satisfies the condition (A) if in this set there exist at least two functions, for example
g1, g2, for which the algebraic curve

{91, 92} = 02910492 — 0yg10292 = 0, (A)

does not contain the trajectories of the vector field v. The following result is valid [13]:
Proposition 1.1
Suppose that g1, ga, ... ,gs, are functions which satisfy the condition (A). Then the
most general planar vector field of degree n with these functions as partial integrals, is
described by the system

{ &= p1(x,y)g1 (2, y){g2, x} + po(z,y)g2(x, y){z, 91} = P(x,y) (15)
v = p(z,v)g1(x,y){92, y} + pa(x,y)g2(z, ¥){y, 91} = Q(x,y)
with the following restrictions:

r191{92, 95} + p292{9;, 91} + 1;9;{91, g2} =0 (1.6)

where p;, j=1,2,...,5 are rational functions:

9; = {91, 92} 115 g;
{91, 92}15 € Rz, y] . (1.7)
deg({g1, g2}uj) <n—-1 j=1,2,..,8

In what follows a system composed by several systems; or a system with the same
additional conditions, given by the indexed formulas, will be presented as the union of the
correspondent expressions; i.e. if these expression are indexed as (i,j), (k,1),..., (m,n) then
a new system which satisfies all theses expressions will be designated as (i,j)+ (k,1)+...
+(m,n).

2. The Poincaré and Darboux problems for planar vector field
with two invariant algebraic curves

In this section we solve the Poincaré problem (the existence of an upper bound for the
degree of invariant algebraic curve) and Darboux problem (the existence of Darboux first
integral) for the polynomial planar vector field of degree n with two invariant algebraic
curves:

v =gip{, 92} +g1{g1, }, (2.0)

where

{g> } = amgay - aygaa:a
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which generates the differential system (1.5).

First of all we shall prove the following proposition which gives a solution the Poincaré
problem for the planar vector field with two invariant curves.

Proposition 2.1

Suppose that (2.0) is not Darboux’s integrable and such that

pj € Rz, y]
deguj =m; <n—1—r,j=1,2, (2.1)

r = deg{g1, 92}

Let [, k are the degree of the polynomials g1, go respectively, then
2<l+k<n+1 (2.2)
In fact, let us assume that the given polynomials g7, go admit the representations

gz, y) =ahy2 + , li+l=1
galx,y) = aPykz 4 , ki+ke=k

By inserting these expressions into (2.0) we obtain
v = ((,uglg — ulkg)xl1+k1yl2+k2_1 + .0 + ((,ulkl — ugll)xl1+k1_1yl2+k2 +...)0y
therefore, by considering that
maz(deg(v(z),deg(v(y)) =n

we deduced(2.2).
If
{HQZQ — p1ke =0

p1ks — p2ly =0

then the constructed vector field is Darboux’s integrable as follows from the following
proposition which gives a solution the Darboux problem for vector field with (2.0).
Proposition 2.2
The vector field (2.0) is Darboux’s integrable iff

{ H1 = a(az, y)Bo
Mo = —a(m,y)AO

where a is an arbitrary rational function, Ay, By are nonzero constants.
Clearly that if (2.3) holds then the vector field v takes the form

V= agng{ln (glAO 92_Bo>a }
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On the other hand if

F(z,y) = 1" 93°
is a first integral of (1.5) then

Atp1 + Agpe =0

and therefore we obtain (2.3), with By = Ag, Ag = A1.
Corollary 2.1
Suppose the given functions g; and go are complex function:

g =U+iV=|ge®, g=U—iV=|gle®

where |g1]? = U? +V?

Then the first integral F' :
F(z,y) = |g1]%"®

where a, b are real constants.

The proposition (2.2) can be generalized for the case when the number of the given
invariant curves is greater than two [11].

Proposition 2.3

The vector field (1.5)+(1.6) is Darboux integrable iff

S
k=1

S
F(z,y) =[] "
k=

where v is an arbitrary rational function and A;, j =1,2,..,5 are constants.

With the following example we show that, in general, for a Darboux integrable poly-
nomial vector field there does not exist an upper bound for the degree of invariant algebraic
curves.

Example 2.1
Let us suppose that the given partial integrals are such that
g1 =2

g2 =Y
g3=9y"+g(z,y)

where m is an arbitrary natural number and g is a polynomial of degree k£ + 1 in z,y.
By applying the proposition 2.3 for the given partial integrals, we obtain that

{ p1 = —v((A2 +mA3)y™ + X2 g(x,y) + A3y Oyg(z,y))
p2 =v (A" +g(x,y) + A3z 0-9(7,y))
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By choosing
)\1:0,)\2:—771, )\3:1

the functions 1, po take the form

= vygs(z, y{InF(z,y), v}
po = vygs(z, y){InF(z,y), y}
Pla,y) = L&Y

ym

In particular if

g(z,y) = 2" (poy + prz p2)

V:x*k

we obtain the quadratic vector field
v = (po(m — 1)y + pimax + pom)x0; + (poky + p1(k+ 1) x + p2 k)yo,

which admits as invariant algebraic curve the curve y™ + g(z,y) = 0 of degree | =
max(m, k + 1)

Now we present three examples of planar vector field with two invariant algebraic
curves. These examples are important for the further statements and results given in this

paper.
Example 2.2

In this example we construct a non Darboux’s integrable polynomial vector field with
two invariant algebraic curves of the maximum degree (equal to n) and minimum degree
(equal to 1) (see proposition 2.1).

Let us consider the following functions

gl('r?y) =T —a,
g2z, y) = 2" + G(z,y)

where a is a real parameter and G is a polynomial of degree n — 1 :

{ {91, 92} = 9,G(z,y)
deg( 0y G(z,y)) =n—2

The polynomial vector field of degree n for which the above functions are its partial inte-
grals is the following

{ i = (Az+ By + C)(z — a)9yg2(x,y) (2.4)

y = —(Az + By + C)(z — )0z 92(z, y) + (B + n((Az + By + C))g2(z, y)
where A, B, C, 3 are real parameters: B # 0.
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By considering that in this case the functions u1, puo are such that
p = (Az + By + C)0,G, p2 = (B +n(Az + By + C))9,G,

from the proposition 2.2 we deduced that the constructed system (2.4) is non Darboux
integrable iff 5 # 0.
If 8 = 0 then from (2.3) we obtain that

{ a(z,y) = (Az + By + C)0,G
B() = —1, Ao = —N

hence the function
2" + G(z,y)

F(z,y) = (z —a)"

is a Darboux first integral of (2.4).
We observe that if B = 0 then the system (2.4) admits three partial algebraic integrals.
After some calculations we can prove that

Fla,y) = " + G, )| “H4%x — )~ nA0+€) 4 4 |49

is the first integral of (2.4).
Example 2.3

We study the family of Darboux integrable cubic planar vector field for which the
given conics are its invariants:

v=yla+bx®+cy®)0, + z(a+ B2* +~vy*)9,
where a, b, ¢, a, 3, v are real constants:
by —cB#0
the differential equations generated by the above vector field are

{a’c:y(a—i—be—l—cyZ) (25)

y=a(a+ 2" +7y?)
In the all assertions below we shall analyze the case when ¢ # 0. The case when ¢ = 0 is
easy to analyze.
The following proposition is valid

Proposition 2.4
Let g1, g2 are the functions:

gi(z,y) =vj(@® = Xo) —y* + A1, j=1,2
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where \g, Ao, 1, 5 are constants:

( Yya—ac ab—[fGa
=TI =
by —cf by —cf
_y=b v—b, é _v—b_ v—b, é
Y= 20+ (20)+c’ V2= 2c (20)+c
\1/1—1/2%0

The following relations hold:
{dgj(V) =2zy(y—vjclg, j=12
{91, g2} = Az y (1 — 12)

The proof is easy to obtain after some calculations.
From (2.6) we can observe that the algebraic curves

vi(e® = Xo) =y + M =0, j=1,2

are invariant curves (singular solutions) of v and do not satisfies the condition (A).
By compare (2.6) with (1.7) we deduced that

o= =12
vy — 12

as a consequence, in view of the proposition 2.2, we obtain that the given vector field is
Darboux integrable with F':

(1/1 (.%’2 — )\0) — y2 + )\1)b+ylc

F =

here we use the relation
c(vi +1v2) =v—b.

Now we shall study the case when the roots vy, v5 are complex numbers.
By introducing the notations

vy—b=2cq, ~v+0b=2cr
we obtain that

vi=q+ip, v2=q—ip, p*=-4fc—¢’,p >0
The system (2.5) takes then the form (we put ¢ =1) :

{rb:y(a+(7“—Q)x2+y2)
g=x(a—(p*+¢*) 2>+ (r+q)y?)
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By applying the corollary 2.1, by considering that in this case
g1(z,y) = Q(l’z —Xo) — y? + A+ ip(ac2 - Xo),

we obtain that the first integral F' takes the form

p(x? — X\o) >

r _ 2 v 2 2,202 4 \2 9
(z,v) <(y A1 —q(z” — Xo))” +p (27 — Ao) >eacp< rarctgy2 — M — (2% — o)

Clearly that the singular solutions of (2.7) are

y*— A =0
.7132—)\0:0.

For r = 0 we obtain that the system (2.7) is the Hamiltonian cubic differential system
with Hamiltonian

Hy = y* — 2q2°y* + (¢* + pH)a* + 2(g\1 — (¢® + p*)Ao)z? + 297 (g0 — \1)

If in (2.7) we introduce the Hamiltonian H :

1 1
H = Z(cy4 —2bz?y? ~|—ﬁy4) + §(ay2 —axz)

Hl|,—o = F(x,y)|r=0
then we can rewritten it as follows

{ &= 0y,H(x,y)
y=—0.H(x,y)+ 207’3:y2

An interesting fact is that the hamiltonian of the type (2.8) appears in particular when
we study the mechanical system with two degrees of freedom near a closed trajectory or
in the neighborhood of an equilibrium position [1].

Corollary 2.2

The solutions of the differential equations (2.5) can be represented as follows

IEZ = )‘0 + X(Ta $07y0)
2
=\+Y
Yy 1+ T(Ta anyO) (29)
t=to+ / a7
=1lo
0 \/()\0 +X(T> x07y0)>(>\1 +Y(7-7 'r()?yO)

where X, Y are solutions of the linear differential equation of the second order with con-
stants coefficients

o
dr

In fact, it is easy to prove that the functions X, Y are solutions of the equations

T" — (v +0)T + (by — /)T =0,

(2.10)
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X =bX +cY
Y =8X +7Y

and then by taking the second derivatives of X and Y we get (2.10).
It is interesting to observe that if we introduce the complex coordinate in the plane
R?:
z=x+1Y, 2=T—1Y

then differential equation
z :i(a102+a012* + Z (lijj Z!:) (211)
j+k=3

is Darboux integrable, where a;, j,k = 0,2,3 are real constants.
In fact, the equation (2.11) is equivalent to the cubic planar system of the type (2.5):

{ & = y(apr — aro + (a12 — a21 + 3(aoz — aso) z? + (@12 — az1 + aszp — ap3) y2)
Y = x(ap1 + a0 + (a12 + a21 + aoz + aso) 2+ (@12 + a21 — 3(aso + a03)>y2)

Now we shall study the particular case of (2.5) when vy, v are real constants and the
vector field is such that

{a’::y()\b+p+a:2()\+b—2a)+y2()\—b))

] 5 9 (2.12)
g=xz(-da—p—ax*(A—a)—y*(A+a—2b))

where A\, b, a, p are real parameters: b —a >0
The first integral F' in this case is the following

F(x,y) =
(z,9) (A —a)z2 + (A = b)y2 + (A2 +p)
and

v -1 17 @A

1 — ) 2_>\—b

Clearly the singular solutions of (2.7) are
gz y) =y +a? +A1=0

2r.) = (= a)a? + (A= B + (32 1) =0

The all nonsingular solutions of the differential system (2.12) study are algebraic
curves of the form

(x2 —|—y2)2 + A\, K, p) x? + B(\, K, p) y? + P\, K,p)=0 (2.13)
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where F(x,y) = K are the level curves,

(A Kop) =200~ 5 (A~ )

B\, K,p) =2(\— g(A—b))

1
| POV K ) =X = SK(O2 4 )

The solutions of the system (2.12) can be represented as follows (see corollary 2.2)

( A =20A—p  (b=N)gi(0,90) (- 92(z0,Y0) a(p—
2 _ ) (b—a)T ) 2(b—a)T
v 2(b—a) * b—a ° * b—a
N —=2aX—p  (A=a)gi(zo,%0) - 92(T0,Y0) a(p—
2 _ _ ’ (b—a)r _ 92\*0,50) 2(b—a)T
4 2(b—a) * b—a ¢ b—a (2.14)
T dr
t=1to+ (b— -
\ o+ ( a)/o /—R4(e(b—a)ﬂ
where Ry is a polynomial:
1
Ry(u) = = (92(20, yo) u® + (b= ) g1 (20, y0) u + 5(/\2 —2bA —p))
1
(92(20,y0) u® + (a = ) g1 (20, y0) u + 5(/\2 —2aA—p))
Now we study a particular case when
b=—-a=1, p=c'—1 (2.15)

In this case the equation (2.12), in complex coordinates, takes the form (see (2.11))
F=il(1—cYz— 22+ X(ze — 2%2,)] (2.16)

The trajectories of this equation are given by the formula (2.13)4(2.15). If K = 2 we
obtain the lemniscata with two foci ( (1,0), (—1,0)) and with the radius ¢ :
(2 -1)(2-1)=¢c
If the radius ¢ < 1 then we get the Cassini ovals, if ¢ = 1 the Bernoulli lemniscate and if
¢ > 1 the Booth lemniscate.
In particular if in (2.16) A = 0 we obtain the differential equation

t=i(l-cYz—i2® (2.17)

From (2.13)4(2.15) we deduce that all the trajectories of (2.17) belong to the one-parametric

family of lemniscates
K K K K
2 2 4
_ - )= (— a4t
(2 2 )z 2 ) 2 ( 9 ¢ )
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It is easy to observe that for ¢ # 1 the equilibrium points of (2.16) are isochronous centres
and the all solutions can be obtained from (2.14) by considering that

In(1—2Dcos2pt + D¥)8 ifc#1
P e D e o

In (D? —I—tz)*% ife=1

where D is a real constant.

It is important to note that from the Eruguin result (see proposition 1.0) follows that
the cubic vector field for which the invariant curve is the lemniscate with foci (1,0), (-1, 0)
and radius c is the following;:

{2:i[(1—c4)z— 24 A (2 = 2P2)] + k(2° — 22) (2.19)

k(1—cY)=0, ¢, N\ keR

For k # 0 this equation is non-Darboux integrable.
The complete bifurcation diagram in the hemiplane (¢ > 0, A) of the equation (2.12)
is given in [14].

Example 2.4
From the proposition 2.3 we deduce that the cubic vector field with two invariant

conics
gj(ajvy):y2+aj$2+bj$+0jy+djZO 3:1,2

is Darboux integrable if a; —as # 0 [11].
In this example we shall construct the non-Darboux integrable cubic vector field for
which the given circumferences

gi=lz—A;P=r7=0 j=1,2 (2.20)
are its invariant curves, where
Ay — As #0.
For simplicity we shall take
A1 =0, Ay=1
{ ' 2 (2.21)
rn =T =T
The following proposition holds:
Proposition 2.5
The set of cubic differential equation depending on the parameter r
t=iz((azta,ze — )|z =12 =72 — (a2 + o 2) (|22 — 72 >+
(¢ )z =117 =) —( )2l =) 0.22)

i(az + ax zi)(|2]* — r?)
has as invariant curves the circumferences (2.20)+(2.21), where a = $(1414), . = 2(1—4).
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In fact it is easy to show that along the solutions of (2.22) we have that

91 - (OéZ + oy Z*)gl
g2 = (OéZ+Oé* Zx — 1)92

The bifurcation values of the parameter r are

1 V2 / 3
T 2, T 5 s T \/_ N T s T 5

From the bifurcation diagrams of (2.22) given in the figure below we obtain that for the
values of the parameter r < 1 the circumferences (2.20)4(2.21) are isolated periodical
solutions, i.e., algebraic limit cycles.

It is interesting to observe that this result can be generalized for the polynomial planar
vector field of degree n with n — 1 invariant circumferences [11].

3. Maximum number of algebraic limit cycles
for the polynomial system with two invariant algebraic curves
In this section we prove that the maximum numbers of algebraic limit cycles for non-
Darboux integrable polynomial system system of degree n with two irreducible algebraic

invariant curves is
1
§(n —1)(n—2)+1.
Let suppose the vector field (2.0)+(2.1) is a non-Darboux integrable, polynomial vec-
tor field of degree n, and A(n,2), is the maximal number of algebraic limit cycles which

(2.0)+(2.1) can admits and f is the function:
1 1
f(ul,u2) = §(U1 — 1)(’&1 — 2) + 5(’112 — 1)(U2 — 2) + a1 + as (31)

where

1,if u; >1
o =
! 0,ifu; =1, j=1,2

The following assertion takes place.
Proposition 3.1
The following inequality holds

f,n—1)<AMn,2 < f(I,n) Yn >2 (3.2)

In fact, to obtain the upper bound f(1,n) we solve the following problem
Problem 3.1
Determine the maximum and minimum values of the function (3.1) on the compact
domain
D={(uy, up) €ER*:2<u; +uy <n+1, neN,n>3}
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i.e., determine
extremumf(uy, ug)

(ul, UQ) €D
By solving this problem we see that extremum values of f are achieved in the points

(1, n), (n, 1) and ("T’Ll, "T’Ll) respectively. The values of f at these points are respectively
equal:

f,n)=f(n,1)= 2(n—1)(n—2)—|—1
n+1 n+1 1
O -3 42

clearly f(2H, 248) < f(1,n—1),Vn > 4.
For n = 3 we obtain that

f3:1) = f(1,3) = f(2,2) =2

On the other hand, from the Harnack theorem we see that the number of connected

components of the algebraic curve of degree m is 3(m — 1)(m — 2) + 1, hence

F(ma, ma) = %(m1 1)y - 2) + %(m 1) —2) + a1 +
can be interpreted as the maximum number of the compact components of the algebraic
curves of degree m; and mo respectively.

It is clear that the maximum number of the algebraics limit cycles for the vector field
(2.0)+(2.1), by applying the solution of the Poincaré problem (see proposition 2.1), is such
that

A(n72) < f(m17 mQ) < ma$|(u1,ug)6’Df(u17 u2) = f(17n)

Hence, the maximum number of algebraics limit cycles for a non-Darboux integrable planar
vector field we can be achieved in the polynomial vector field with two invariant algebraic

curves
g1=x—a=0,

g2(x,y) =0,

where deg go = n, i.e. in the polynomial differential system

{izuﬂ%w@—aWwﬂ%w (3.3)

g = —p1(z,y)(x — a)0zga(,y) + pa(r,y)g2(z,y)
where p;, j = 1,2 are polynomials such that
deg(pj(z,y)) <1,

We choose the parameter a in such a way that the straight line x — a = 0 does not
intersected the ovals of the algebraic curve go(z,y) = 0.
The system
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{ i = (z—a)dygs(z,y)

y = (iI? - a)axg2($7y) + yg2(x7y) (34)

where deg go = n — 1 was studied in [Dolov, Bautin|. The authors proved that this system
admits (by choosing go properly) f(1,n — 1) algebraic limit cycles.

Hence we obtain the lower bound in the relation (3.2).

Proposition 3.2

The maximum numbers of algebraic limit cycles which can admit a polynomial vector
field of degree n > 3 with two invariant algebraic curves is

A(n,2) = f(1,n) = %(n— D(n—2)+1

In fact, in the paper [Kharlamov et al] the authors claim the existence of a curve with the
maximal possible of connected components in the situation when the Newton polygon is
prescribed, and this number is just the number of interior points in the polygon plus one.
In particular for the curve

g2(z,y) = 2" +G(x,y) =0, degG(z,y)=n—1 (3.5)

this number is equal to 3(n — 1)(n — 2) + 1

On the other hand, from the example 2.2 we obtain a non-Darboux integrable poly-
nomial vector field of degree n with invariant algebraic curve (3.5).

By applying the above result we can determine the parameters A, B, C, 3, a in such
a way that the vector field (2.4) admits 1 (n — 1)(n — 2) + 1 algebraic limit cycles.

Corollary 3.1

For the cubic vector field with two invariant algebraic curves we have that the max-
imum number of algebraic limit cycles (two) can be achieved if we have two invariant
circumferences, i.e.

A(3,2) = f(2,2) =2

The proof follows from the example 2.5.

We would like to express our gratitude to Dr L. Alboul for numerous discussions which
helped to improve the contents of the paper.
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