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Abstract We proposed a mathematical model (A-model) to describe the behavior
of the nonholonomic system. This approach is based on the generalized Hamiltonian
Principle, with nonzero transpositional relations.

Key words. Nonholonomic system, nonintegrable constraints, nonlineal constraints,
Chetaev conditions, equation of motions, principles.

1.INTRODUCTION.

First we introduce the main concept and notations which we can find in particular in
[Arnold et all].

To describe the motion of mechanical system one uses a variety of mathematical
models which are based on different Principles- laws of motion .

The simplest and most important model of motion of real bodies is

1.1 NEWTONIAN MECHANICS

which describes the motion of a free system of interacting point masses in three-
dimensional Euclidian space E3. This set is also known as the configuration space of the
point s. The pair (s,v) where v is the velocity of the point, is called the sate of s, and the
space B3 x R3*{v} is the phase space.

Definition 1.1

The pair (m,r), where r is the position vector of the points is called a material point
(or particle) of mass m.

Now we consider the more general case in which n particle

(m17r1>7 (m27r2)7“'(mn7rn)7
are moving in E3. The set
B3 = E3(r1) x E3(r3) ... x E3(ry)

is called the configuration space of this system. In this case it is necessary to exclude
collisions of points, we must reduce E3" by removing the diagonal

J{si =551

1< j



The set
EBn % RSn{V}’

where v = (I, ro...,T,,) is the vector velocity of the system, is called the phase space of
the system.

The Principle of Determinacy. This principle affirm that the state of the mechan-
ical system at any fixed moment of time uniquely determines of all of its motion. Actually
this principle is equivalent to the existence of the Newton equations

m;t; =F;(t,r, 1), r=(r;,re ..,r)

where
F, : R{t} x R*"{r} x R*"{} — R*"

is a smooth vector function, called the force acting on the point of mass m;.
The following fundamental model in mechanics is

1.2 LAGRANGIAN MECHANICS.
Lagrangian model, describe the behavior of the non-free motion of n particle

(my,r1), (M2, r2),...(Mp, Ty),

the constraints are defined by smooth manifold Q embedded in the configuration space of
the free system E3". These constraints allow only those motions for which

(ri(t),ra(t),..rp(t)) € Q Vi

If known forces F1,F5,...,F,, act on the given points then the equations

(1.1) > < myE;—Fj, & >=0

j=1

where {; is an arbitrary vector tangent to Q, is called the General Equation of Dynamics,
or the d’Alembert-Lagrange Principle. For the free systems of points, the vectors §; are
completely arbitrary, and hence equation (1.1) is equivalent to the system of Newton’s
equations.

Definition 1.2

Let (2%, 22,..,2") be a local coordinates on Q. A Lagrangian system on the smooth
manifold Q is specified by a single function

L:TOxA—R,

where A C R. We call the point z = (x!, 22, ...,2"V) € Q configuration of the system, and
each tangent vector & € T, Q it called a velocity at x. The natural number N is called the
degree of freedom of the system.

The manifold @ and tangent bundle T'Q is called the configuration space and phase
space respectively.



Let a1, as be two point of Q. We call a path from a; to as, starting at time ¢; and
ending at time to where t1, to € A any C'*° map

w:A—Q

such that w(ty) = a1, w(tz) = as.
We let by 2 the all such paths.

Definition 1.3
Let z : [t1, ta] — Q be a smooth path belonging to .

At each time t : t € [t1, t2] the set of numbers

d OL oL
Ev(L) = G 55k ~ ok

are called the Lagrangian derivative.
In the assertions below we shall exploding the fundamental properties of the La-

grangian derivatives, which we can established by straightforward calculation.

1.
B0 = Bi(n+ L)

for arbitrary smooth function f on Q.
2. If we pass to new coordinates z* by the rule x = x(z*) then

Ey(L(w,i,t) = J* ' Bg(L* (2%, 3", 1))

, where J* = ( aawﬁ) is the nonsingular Jacobi matrix.

Theorem (Lagrange)
The functions z(t) which describe the motion of the constrained system satisfy the

equation

Ey(T)=Q, k=1,2,..,N
where T' is the kinetic energy of the system and @ = (Q1, Q2,..,Qn) is the generalized

forces
For the case when

N
> Quda® = dU

j=1

then we can reexpress the above equations in the Lagrangian form:
Ey(L)y=0, L=T+U, k=1,2,.,N.

Definition 1.4
The functional

is called the action



Hamiltonian Principle
The path w € § is called motion of the Lagrangian system (L, Q) if it is a critical
point of the action, i.e., is a solution of the Lagrangian equations.

Another fundamental model in mechanics is
1.3 NONHOLONOMIC LAGRANGIAN MECHANICS.

Definition 1.5

A nonholonomic Lagrangian system is a triplet (Q, L, D) where Q is a smooth N-
dimensional manifold called the configuration space, L : TQ — R is a smooth function
called the Lagrangian and D C T'Q is a submanifold given locally by equations

D= {ieTQ|fs(x,i,t)=0, B=1,2,..,M}

with linearly independent covectors

Ofa Ofa ('3fa)
oil’ 932" 0iN

Ofa = ( a=1,2..M

The constraints allow only those paths @ : A — Q for which
(0, @(t)) € D, VYteA.

In this paper we shall consider mainly linear autonomous constraints, i.e., when the func-
tions f, are such that

N
fa = Z Aok (x):ck
k=1

Hertz has classified Lagrangian system with linear constraints into holonomic and non-
holonomic according to whether the imposed constraints are integrable or not.
The constraints

N
D aar(x)i* =0, a=12.,M<N
k=1

is said to be integrable if on Q there is a smooth (N-M)-dimensional foliation whose leaves
are tangent at all their points to the planes defined by the above equations , or what is
the same, let

N
Wo = Zaak(a})dﬂck, a=1,2,.., M,
k=1

be 1-forms on Q; the given constraints are integrable if and only if the 2-forms dw,, o =
1,2, .., M vanish on the space of admissible (i.e., allowed by the constraints) velocities.
Example 1.1
Suppose that a ball, dynamically symmetric about its center, is placed inside a dy-
namically symmetric immobile hollow sphere with radius R. The ball roll in the hollow
sphere without sliding.



We introduced a fixed system of coordinates axes Ozyz with the origin in the center
of the sphere. The velocity of the point of contact of the hollow sphere with the ball can
be calculated as follow [Dob]:

¥ =i(d+ algz —ry) + §(§ + a(re — pz)) + k(2 + alpy — qx))

where the quantities p, ¢, r are related to the Eulerian angles by the well known kinematic
formulas ) )
p = cos pf + sin p sin 0

¢ = — sin @f + sin 0 cos 1)
r=cosfp + ¢
The condition that the ball roll without sliding the constraints v = 0 is imposed instanta-

neously. They express the vanishing of the velocity of the point of contact of the ball with
the hollow sphere. In accordance with the above formula the following relations take place

t+alqgz—1y) =0
y+a(rr—pz)=0
Z+a(py —qz) =0
By introducing the 1-form
w1 = dx + a(waz — w3y)
we = dy + a(wsr — w1 2)
ws = dz + a(w1y — wax)
1. e.,
wi = pdt, wo =qdt, w3 =rdt

we obtain
dw1 = a(dw2 A W3)Z - a(dW3 — o N\ wl)y

dwg = a(dW3 — W1 N W3)1' — a(dwl — W3 VAN WQ)Z
dws = a(dwy — w3 A wa)y — a(dws — w1 A w3)x

In view of the relations
dwl :zD3/\w2, dWQ = w1 /\W3, dw;; w2/\w1
we deduced that the given constraints by definition are integrable.

The equation of motion of constrained Lagrangian systems can be obtained by us-
ing the Lagrange-d’Alembert principle, and they are called the Lagrange’s equation with
multipliers which are closed systems:

(1.2)



If the matrix
Y = ((0foaG 1 0f8)0.p=1...01);

where .
G = ((W)k,j:1,2,..,N),

is nonsingular then the multipliers can be expressed as function of the state of the
system. In this case the equations (1.2) are differential equations on D.

Example 1.2

Consider a skate on an inclined plane = with Cartesian coordinates z, y; we shall
assume that the y-axis is horizontal, while the z-axis is directed downward. Let (z,y)

be the coordinates of the point of contact of the ”balanced” skate with the plane, and
let ¢ be the rotation angle, measured from the z-axis. The equation of the non-integrable
constraint is

zsinyp —ycosp = 0.

For appropriate choice of mass, length, and time units, we can write the Lagrangian as

L= (@ + () + ($)) + gz

The corresponding Lagrange equation with multipliers are the following

3=0
T =g+ pusine
Y= pcosy

These equations are readily integrated. In fact after straightforward calculations we obtain
that, if for example, at the initial time

Pli=0 =0, @li=0 =w
(1.3) Zl=0 =0, Z|=0 = o

Ylt=0 =0, Ylt=0 =0

we deduced the relations

p=w

. g . .

T = = SIN Y COS Y + T COS P
w

Y= gsiano—l—jjosilrlgo
w

if w # 0, Clearly, in this case the nonholonomic skate moves sideways along the cycloid

m:jﬁsiﬁ(wt)—kj;osinwt

29 (9t — sin(2wt)) — i ¢
= (2wt —sin(2wt)) — &g cosw
Yy A2 0



and, if w = 0 then the skate moves sideways along the straight lines

gt* .
=2 +igt
x 5 ify)

y=0

Clearly, if g =0, w # 0 then the skate moves sideways the circumferences

{:L’ = Zopsinwt

Yy = —Tgcoswt

1.4 VACONOMIC MECHANICS

The d’Alembert-Lagrange principle is not be only rational way of defining the motion
of constrained Lagrangian systems. Instead, we may use the Hamilton’s principle, whereby
the motions of the system are extremal of the variational problem of Lagrange and the
equation of motion can be obtained as the Fuler-Lagrange equations for an extended
singular Lagrangian:

L:TOxRM — R

M
L=L=) Xafa

a=1
E;j(£)=0, j=1,2,..,N
4oL 0L _
dto), e "

or, what is the same,

=502 B, =

(1.4)

=@
—_

fa(x, ) =0, B=1,2,.,M

The mathematical model of motion of constrained Lagrangian system based on this ex-
tension of Hamilton’s principle, proposed by V.V.Kozlov [Kozlov2], will be referred to
hereafter simply as vakonomic mechanic. Clearly, the equations (1.2) differ from the equa-
tions of vakonomic mechanic by the presence of the term

M
> AaBj(fa),
A=1

In the case of the integrable constraints vakonomic mechanics reduces to holonomic me-
chanics.

The vakonomic model ( also called dynamical optimization subject to nonholonomic
constraints) have received a lot attention in recent years (see for instance [Arnold et

7



all, Cardin , Cortés, Zampieri|) and is used in is used in mathematical economics (growth
economic theory), subriemannian geometry, motion of microorganism, etc..
Example 1.3

We shall illustrate the vaconomic model in the nonholonomic skate described in the
example 1.2

The equations of motion (1.4) in this case are the following

d,. .
%(:U—)\smgo) =g

d
E(g)—l—)\cosgo) =0

@ =—A(Zcosp+ ysinp)
For the initial conditions (1.3) we obtain that

T=Asinp+gt+ 9
Y= —Acosp+ Ay
@ =—\(Zcosp+ ysinp)

where Ao = A|i—9.
In view of the constraints we deduce that

A= —(gt+ Zp) sin @ + Ag cos .

Hence, the equations describing the motion of the point of contact in Cartesian coor-
dinates are

(1.5) {55: ((gt + o) cos® p — Mg cos psin

= ((gt + o) sin @ cos @ + Ag cos? ¢
where ¢ is a solution of the equation
(1.6) ¢ = ((gt +20)? — N2) sinpcosp — \g(gt + i) cos 2

In particular if
g=0, Mg=ccose, g=csine

after integration we obtain the following equation
(1.7) ¢? = w? + *(sin® € — sin®(p + ¢))

Hence,

7 d
/ J = Vw? 4 2sinet + K(k)
0

1—k2sin’o



where

2 d
K(k) = c —\/w2—|—c281n25: c=p+e
) 92
0 V1—k2sin“co

|
Vw2 + 2sin’e

As a consequence

K =

{ sing = sn(Vw? + 2sin et + K(k)),

cosa = en(Vw? + e2sin® et + K (k))

where cn, sn are the Jacobi functions.
After integration (1.5)+(1.7), we deduce the following solution of the given differential
equations

x = /0 en(pt + K (k) ()\Osn(pt + K(k)) — &ocn(pt + K(Fi))dt
(1.8)

y = /0 en(pt + K(k)) (x'osn(pt + K (k) + Aocn(pt + K(Fc))dt

where p = w? + ¢%sin’ e = w? + i2.

In particular if

we obtain the straight line

{.’E:—jlot
y=0

It is interesting to compare the motion(1.8) with that of the nonholonomic skate, which
for the same initial conditions moves sideways along the circumferences (see example 1.2)

Several authors have discussed the domain of the vakonomic and nonholonomic me-
chanics (see for instance [ Zampieri]). The solutions of the resulting dynamical systems
do not coincide, in general, thought there are examples in which the nonholonomic solu-
tions can be seen as solutions of the constrained variational problem. In [Favr]the author
obtain conditions in some particular cases for the equivalence between both formulations.
In [Cortés et all] the authors present a unified geometrical formulation of dynamics of
nonholonomic and vakonomic systems.

The following result we can find in particular in [Arnold et all]:

The principle of determinacy is not valid for vakonomic systems with non-integrable
constraints

This result follow in particular from the example 1.3. The existence of the arbitrary
parameter )\ in (1.8) showed that, in general, for the given initial conditions do not exist
the unique solutions of the differential equations in the vaconomic model

9



2. THE A-MODEL IN MECHANICS

2.1 TRANSPOSITIONAL RELATIONS IN MECHANICS.

One of the most general integral variational principles is the principle of stationary
action or Hamiltonian principle, according to which the actual motion of the system is
such that [Sulgin, NK1, Rumiansev]

(2.1) /tl(éT +5A)dt =

to

where 07 is the variation of the kinetic energy and §A is the virtual work of the forces
applied to the system.
The expression (2.1), can be simplified if the field of forces have a potential, i.e.,

0A = 9oU.

Introducing the Lagrange function L = T + U the formula (2.1) can be transform to
the form:

t1
(2.2) SLdt =0

to

From the formal point of view, the principle of stationary action in the above form is equiv-
alent to the problem of variational calculus. However, despite the superficial similarity,
they differ essentially. Namely, in mechanics the symbol § stands for a virtual variation,
i.e., not an arbitrary infinitesimally small variation but a displacement compatible with
the constraints imposed upon the system. Thus, it is only in the case of the holonomic
system, for which the number degrees of freedom is equal to the number of generalized
coordinates, that the virtual variations are arbitrary and the principle of stationary ac-
tion (2.2) is completely equivalent to the corresponding problem in variational calculus.
An important differences arises for the system with nonholonomic constraints, when the
variations of the generalized coordinates are connected by subsidiary relations (Chetaev
condition)

falz,2,t) =0

Zaf“ a=1,2,..M

ok

(2.3)

After that Hertz introduce the nonholonomic mechanics arise the question on the
extension to this system the results of mechanic of holonomic systems. Hertz [Hertz] was
the first which study the problem on the application of the Hamiltonian principle for system
with non-integrable constraints.

For nonholonomic system, the curve obtained form the curve of the actual motion by
means of an infinitesimally small virtual variation is not, in general, a kinematically possible

10



trajectory. This circumstance prompted the conclusion that the principle of stationary
action cannot be applied for nonholonomic system, at least not in the form (2.1) or (2.2),
in which it is usually employed for holonomic systems. The essence of the problem of the
applicability of this principle for nonholonomic system remained unclarified.

Appel in[Appel] in correspondence with Hertz’s ideas affirmed that it is not possible
to apply the Hamiltonian principle for system with nonintegrable constraints

In order to clarify the situation, it is sufficient to note that the question of the appli-
cability of the principle of stationary action to nonholonomic system is intimately related
to the question of transpositional relations

dxk d
2.4 _—— = =1,2.....N.
( ) 5 dt dt5x k ) ) )

The point is that the derivation of the principle of stationary action in the form (2.1)
presupposes that the operation of differentiation with respect to the time % and virtual
variation § commute for all generalized coordinates 2!, z2, ..., 2"

To see this we write down the d’Alembert -Lagrange principle (1.1) in the form

N
S (EW(T) - Qo =0

k=1

where

8rk L ark j

@Fk == Qja Sk = m(h’

k=1
Performing identity transformation, we obtain
N N N
T da® d , orT

2. oT Sxd + — (= —0—) = —(=—0a2"

where
After integration (2.5) under the condition dz(t1) = dx(t3) = 0 we deduce

h oT  d dx*
(2.6) /t (5T+6A+Za e )

This expression may be regarded as the most general mathematical formulation of the

principle of stationary action, suitable for the both holonomic and nonholonomic systems.
As regards holonomic systems, the relation

always holds for them and, hence, the expression (2.6) is identical with (2.1)

11



In the case of a nonholonomic system, the special form for the principle stationary
action deduced from (2.6) will depend on the point of view adopted with regard to the
transpositional relations.

What are then correct transpositional relations? Until recently,there has not been
a common point of view concerning the commutativity of the operation of differentia-
tion with respect to the time and virtual variation when there are nointegrable kinematic
constraints. Two standpoints have been maintained. According to one (supported, for ex-
ample, by Volterra and Hamel), the operations % and 6 commute for all true 2t z2, ..., 2",
irrespective of whether the system is holonomic or nonholonomic. According to the other
point of view (supported by Suslov, Vorones, Levi-Civita and Amaldi) the operations %
and § commute for holonomic systems. In the case of nonholonomic systems, the transpo-
sitional relations are equal to zero only for those generalized coordinates whose variations
(in accordance with the equations of nonholonomic constraints) are independent. For the
remaining coordinates, the transpositional relations are to be derived on the basis of the
equations of the nonholonomic constraints, and they are different of zero. The second
point of view acquired general acceptance and the first point of view was erroneous [NF].

From the results which we exposed below it is possible to observe that the second
point of view in general is correctly only for the so called Chapliguin systems. There exist
a lot of example in which the independent variations generated nonzero transpositional
relations.

What is meant by the expressions

sk — 5di?
dt dt

The answer to this question we can find in particular in [NF2, Kirguetov] .

The different form of definition the transpositional relations leading to the new form
of the equations of motion. As an example, let us consider one such case which we describe
below, which seems is the most general form of determination theses relations. .

We shall applied the Hamiltonian principle in form (2.6) for an arbitrary Lagrangian

system (Q, L), i.e.,we shall consider that

t1 OL , dx* d
(2.7) /to (0L + Z prvd Gl %593 ))dt = 0,

The aim of this section is to deduced from this principle a mathematical model to
describe the behavior of mechanical system of the most general nature which is possible.

2.2 THE A-MODEL.
We apply the Hamiltonian principle (2.7) for the case when the Lagrangian function
L is a smooth function on 79O x R :

N
(2.8) L = Ly(z,,t) Z)‘J (x,,t)
=1

12



where L;j, 7 =0,1,..,M are smooth functions which satisfies the following conditions

1.

det(

2. The 1-form

N oL
_ o k -k _
@Q_;&bk(dm — iFdt) + Lo dt, a=1,2,..
are independent, i.e., the matrix
©1(01) ©1(02) ©1(0N)
©2(01) O2(0s) O2(IN)
w=| es@) 0s(d) O5(0n)
O5+1(01) Os41(02) Os5+1(0N)
On(01)  On(02) On(In)

Oikoxi

0?Lg

) £0

is non-degenerate, where 90y = %.
3. The functions A\; : I C R — R, j =1,2,..N are function class C"(I), r > 1,
(Lagrangian multipliers) which we choose in such a way that

(2.9) Nj(t) Lj(z,2,t) =0, j=1,2,.,N

With respect to the variation éz? we suppose that they generated the transpositional
relations:

; N
dx’ d ; g\T - k-
(2.10) O~ — —-0u = ;:1: (AD)" (t,x, &, @)6a" ,j=1,2,.N

where A = (Ai)) is a matrix which we determine below, and AT is the transposition of
the matrix A.

Proposition 2.1

Let us suppose that the functions

ox¥(t), k=1,2,..,N

are arbitrary functions on the interior of the interval [tg, ¢1] and are vanishing at the end
of the interval, i.e., ’ .
oz’ (to) =z’ (tl) = 0, = 1, N

j A
Then (2.6) holds if and only if the path () = (z'(¢), 2%(t), ..., 2™V (t)) is a solution of the
differential equations of the second order

N
(2.11) Dy(L)=E,(L)=Y Al—=0,v=1,.N



or, what is the same,

M . 0L
2.12 D, (Lgy) — AaDy(Ly) +Aa=—) =0, =1,2,..,N
(2.12) (Lo) ;( (La) +Aag-2) v

The proof we obtain from (2.7)+(2.8)+(2.10).
In the all study below cases we shall determine the matrix A in such a way that

a)
( N M
dLo . 9L,
ZAkaa azl’\“a:i;k)
(2.13) N
NooL
Ek(La):ZA{Ca—Z;, a=1,2,.,.M
\ j=1
or,
b)
¢ M
. 0L,
En(Ly) =) A—2,
k(Lo) az::l dik
i j%_Ek(di(fE)):O
(2.14) = " ow dt ’
N
0L
_ J o
Ek(La) - ;Ak 3x3 3
la=1,2,..M, k=1,2,.,N

Clearly, if the relations a) or b) hold then

d 0L,

O0La = dt( ozk )

or, what is the same,
d d
) —0, (0
Oa(7) = 704 (9)

where § and 4 < are the variation and velocity vector field:




Corollary 2.1
Let E(L) be a matrix:

Ei(Ly) Es(Ly) En(Ly)

Ei(Ly) Ey(Ly) En(L2)

(2.15) E(L)=| Eils) Ea(ls) ... EBn(Ls)
El(L:Nl) E2(L:N1) EN(I'/NA)

E(T)  Ex(Y) ... Ex(Y)

where T is a function which we choose as follow: T = Ly in the case a) or T = df};—t(m)
in the case b).
Then the equations (2.13) and (2.14) admit the following matrix representation

(2.16) WAT = E(L)
Let E(Lg), Lo, A are the following vectors

E(Lgy) = col(E1(Ly), E2(Lo), ..., En(Lo)

B dLy OL oL
d(Lo) :cOZ(a—;, 37';)"“’3973>

).\ = COZ(}\l, }\2, Ce )\N)
By solving (2.16) with respect to the matrix A we prove the following proposition
Proposition 2.2

The differential equations (2.12) under the restrictions (2.16) can be represented in
the following matriz form :

(2.17) B(Lo) = (W E(L)Td(Lo) + WTA

Corollary 2.2
The transpositional relations in the A-model admit the following representation

dr d - -
2.1 — — —Sx=WrE(L
(2.18) 6dt dtdaz W (L)ox

Definition 2.1

15



The mathematical model basis on the equations (2.17), transpositional relations (2.18)
and conditions (2.9) we shall called the A-model.

In the local coordinates x on Q, the equations (2.17) can be written in the explicit
form:

N
(2.19) > Grj(w, i, )i + Wy(z,d,4) =0, j=1,2,..,N
k=1

where G = (Gy;) is the matrix:

_ 9Ly 04501
0ikdi 4 9k i

(2.20) Gl

Corollary 2.3

The principle of determinacy is valid for the mechanical systems in the A-model if
and only if the matrix GG is non-degenerate matrix.

In fact, if detG # 0 then the equations (2.19) can be resolved with respect to ”accel-
erations.” This implies, in particular, that the state of the system at time ty € A uniquely
determines its motion.

Corollary 2.4

In the A-model the dependent variations always conduce to the nonzero transpositional
relations. With respect to transpositional relations correspond to independent variations
its must be nonzero.

3. VALIDITY OF THE A-MATHEMATICAL MODEL IN MECHANICS

In this chapter, we shall, comparing with the well known mathematical model in
mechanics, show the importance of the proposed above mathematical model.

Formally the relations with the vaconomic mechanics is easy to obtain. In fact, if in
the A-model we require that the all variations of the coordinate produce the zero transpo-
sitional relations then we obtain the vaconomic model.

3.1 LAGRANGIAN CASE

The Lagrangian equations which describe the behavior of holonomic system we can
obtained from the A-model by supposing that

fo=0, Lo=%@ 1o N
dt
where f1, f, ..., fn are independent smooth functions.Hence the 1-forms ©,, :
®a = dfoz

16



The matrix W for the Lagrangian case is the following

df1(01)  df1(02) df1(On)
df2(01)  df2(02) df2(0n)
(3-1) W= ars(0)  dfs(s) dfs ()
A (D) din(@) ... din(On)

Clearly, the matrix F/(L) is a zero matrix, hence the matrix A is a zero matrix .
As a consequence the propose model coincide with the Lagrangian model and the
equation of motion are:

Ey(Ly) =0, k=1,2,..,N

The transpositional relations (2.18) in this case take the form

dox®
sie — 8 g
o di ’

which is well known relations in the mechanic of holonomic systems.

a=1,2,.N

Example 3.1

In this example we study special Lagrangian system and established the relations with
the so called Cartesian approach.

In the history of mechanics, there have been two point of views for studying mechanical
systems: The Newtonian and the Cartesian. In ”Philosophiae Naturalis Principia Mathe-
matica” (1687),Newton considers that movements of celestial bodies can be described by
differential equations of the second order. To determine their trajectory, it is necessary
to give the initial position and velocity. Descartes in ”Principia Philosophiae” (1644) pro-
posed that the behavior of the celestial bodies be studied from another point of view. He
considered, that bodies are moved by ether. As a consequence, the equation of motion
must be of the first order

x = v(x)

Hence, to determine the trajectory from Descartes’s point of view it is necessary to give only
the initial position. Decartes gave no principles for constructing the field v for different
mechanical systems. As Kozlov affirm [Kozlov3] ”solving dynamics problem is possible
inside the configuration space”.

A main achievement of Newton was perceiving that the dynamics of real systems are
described by second-order differential equations. To deduce the equations of motion to the
investigation of a dynamics systems (i.e., to first order equation), it is necessary to double
the dimension of the position space and to introduce the auxiliary phase space. However,
we are interested not in the phase trajectories themselves but in their projection on the
configuration space.

Now we shall introduce the following notation and concept.
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Let Q be a smooth manifold of the dimension N with local coordinates = = (z!,..., 2%)
and equipped by the Riemann metric G = (Gg;(x)).
By £(Q), A(Q), V we denote respectively the Lie algebra of vector fields on Q and

the algebra of the 1-form on O, and the connection:

V:£(Q) x £(Q) — £(Q)

(u,v) — Vv

which is R lineal with respect to v and C'*° lineal with respect to v and is compatible with
metric G, i.e., V,G(v,w) =0, Vu,v,w € £(Q).

We shall study a Lagrangian mechanical system with N degree of freedom with La-
grangian function Ly :

1.
Lo = 5[k = vx)|* = Z Gjr(x) (@7 —v7)(@" — o)

],k 1

where v is a vector field:

91(81) 91(82) e Ql(a]\]) 0
Qu(01)  Qu(d) ... Qu(dn) 0
v = det QMH((‘)l) QMH((‘)Q) e QMH(E)N) )\M+1 y
Qn(01)  Qn(82) ... Qn(ON) An
01 O - ON 0

where 0, = %, we shall consider that
Q1,9 ... 0y €A(Q), M<N-1

are given 1-forms, and Qpr41, Qar42,.....0 N, are arbitrary 1-forms on Q. Furthermore, we
assume that they are pointwise independent i.e.

T = Ql VAN QQ N QN(61,82, ,8N> % O,

The functions \;, j =M +1,...,N are arbitrary functions on Q
The vector field v has the following properties
1.

QL(v)=0, j=1,2,..M
Qj(V):—TAj, ]:M-l-l,,N
2. We deduce that the vector v(z) = (v!(z), ..., vN(:I:))T can be represented as follows

v(z) = M),

18



where ./\/l = (QJ (ak)j,kzl,..N>7 A=-T (0, vey 0, )‘M—Flv )\N)
3. Let o be the 1-form associated with the vector field v, i.e.,

o= (v(z),dx) = Z Gk (z)v? (x)dx® = qukdmk
jk=1 k=1

then the 2-form do :

where A = (a;;) is a matrix such that
: 1 Y Y
ajr = (_1)J+’f*1Tda AUA A Qg AQjo AQN (01,09, .., ON)

ﬁj, ﬁk means that these elements are omitted.
It is clear that the contraction of do along v is

N
twdo =Y " A;Q;,  where A = col(Ay, A, ..., Ay) = ATA.

j=1
We shall analyze the differential equations
(3.2) x =M1\

under the conditions

Aj=0, j=M+1,. N
(3.3) { 7 J

T =0 ANQ.... NQn (01, Oz, ...,On) #0
Proposition 3.1 The differential equations
x=v(z), xz€Q
are tnvariant relationship of the Lagrangian equations with Lagrangian function
Lo = gl ~v()IP
In fact, by derivation we deduce that Vg (x — v(z)) = 0, or,
Vi(0xLo) =0,

which are equivalent to Lagrangian equations with the Lagrangian function Lg given above.
It is easy to show that these equations admits the representation

Vi(05T) = w(0;) + Vi—v(x)Vj
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where

L.
T = %I
2
w = d@ + tydo,

o is the 1- form associated with the vector field v.

We shall study the case when (3.2) and (3.3) hold. The differential equations which de-
scribe the behavior of such mechanical systems under these restrictions can be represented
as follows

oLvI]? &
(3.4) V0 T) = =5 +3A;Q;(0).

Jj=1

These differential equations can be interpreted as the equations of motion of nonholo-
nomic mechanical systems with an active potential field of force with potential U :

1
U= §||V(IE)H2 + Uy, Uy = const.

and with the reactive forces which have the components
M M M

O A925(81), Y A92(82), ey Y A9Q5(0n)),
j=1 j=1 j=1

generated by the constraints Zicv:1 Q; ()% = 0.

The studying of the behavior of the nonholonomic systems by using the equations
(3.2)+(3.3) or (3.4) we called Cartesian and Lagrangian approach respectively [Sad, Ram)].

In particular, for a constrained particle in R? the Cartesian and Lagrangian approach
can be obtained as follow.

The Lagrangian equation of motion of the particle in this case can be rewritten in the
following form:

-,

~—

F=uw(
where

r=col(z,y,2) 0= (=),——=)

and w is a 1-form:

3
1 ) ﬁ
@ = A(GIIIR) + 3 A + (=) x rorv), )
where

rotv = (9yv(z) = 0:v(y))0z + (0:v(x) — 0:v(2))0y + (0xv(y) — Oyv(2))0:,
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and
A = X Q3(rotv) — A3Qa(rotv)

Ay = A3Q4(rotv)
A3 = —Ang(TOtV)

In this case we have that (3.2)4(3.3):

{ r=v
Qi (rotv) =0
The equations (3.4) take the form:

—,

.zl
i = 0| vII* + A1 4(9)

which can be interpreted as equations of motion of a constrained particle in R® with the
constraint

QO (8) =0

We shall illustrate the above ideas in the following particular case.
Let us suppose that
O =dz+ CL(%, Y, Z)dya

Oy = dy7
Qg =dz
then
VvV = a)\gﬁm — )\Qay - )\3az
Qi (rotv) =0 < 9,((1 + a*)A3) + (adz 3 — IyA3) A2 = 0
A = —)\Q(ay(a)\g) -+ 81;)\2) — )\3(835)\3 + 5’Z(a)\2))
We shall study the case when a = a(z), Xy = —4 A3 = ba(z), where A is an

VaIi1)
arbitrary constant, by is an arbitrary function.

The equations generated by the vector field v in this case are

( 5o a(z)A
1+ a?(2)
) V=" +Aa2(z)
\ z = —bz(z)

Corollary 3.1 All the trajectories of the equation of motion of the constrained La-
grangian system

1
<R L= §(¢2+y2+22)—U(z), D= {i+a(z)y=0} >
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coincide with the solutions of (3.5) [Sad].

3.2 LAGRANGIAN CONSTRAINED CASE
We shall established the relations between the equations (2.17) and (1.2). So we shall
suppose that the functions L,, o =1,2,..,M are constraints:

rang( M < N

L,
oz k)
Lo(z,2,t) =0, a=1,2,... M

(3.6)

From the condition (2.9) we deduced that
\j=0, j=M+1,M+2,..,N

Definition 3.1
The constraints (3.6) are called ideal constraints if satisfies the Chetaev conditions

N

Z

=0, a=1,2,..,.N

In this paper we study only ideal constrains.
To prove that the equations (1.2) coincide with (2.17) in this case we must to determine
the matrix A in such a way that the following relations hold

( N

0L
_ Vit — — _
Ek(L,,)_ZAkaj:j, kv=12.,5=N-1
71=1
X
j OLo
S a2 o kL,
\ j=1

We firstly shall study the case of integrable constraints, i.e., we suppose that

L, = dfe(z) =0,
)\

dt
=0, j=M+1,.,Na=1,2,.,.M

The matrix E(L), is a zero matrix, as a consequence the matrix A is zero matrix.
Clearly that the equations (2.17) in this case takes the form

Mo of
(3.7) Ek(LO):ZAaa—wi, k=1,2,.N

a=1

and the transpositional relations are all equal to zero, i.e.,

dz*  déxz*
0— — —— = k=12 .N
dt dt 0, T
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Now we shall study the general case when M of the constraints are nonintegrable.

By introducing the matrix W and E(L) :

O (071) O (02)
dfap1(01)  dfyra(02)

dfy—1(8)  dfy_1(0)

©o (1)

©o(02)

O (0ON)
dfrr41(0N)

dfn—1(0)
O (0n)

where 6y = Z;\f:l gg;? (dx? — @7 dt) + Lodt, and fpri1,.., fn_1 are arbitrary independent
smooth functions. The matrix E(L) we determine as follow:

Ey(La)  Ex(Ly) En(Lo)
o o

The equations (2.17) under theses conditions coincide with the Lagrangian equations
obtained from the Lagrange-d’Alembert principle with multipliers

}\u:Mu
and are such that
M
. 0L,
(3.9) (Lo) g i

The transpositional relations (2.18) for the constrained Lagrangian system take the
form

(3.10) §— — —dx =W E(L)ox

As we observe above, the according to the Suslov, Levi-Civita and Amaldi the operations

% and 9, in the case of nonholonomic systems, the relation

ded  ddxl
11 f— — —— =
(3.11) dt dt 0
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only for those generalized coordinates whose variations (in accordance with the equations
of the nonholonomic constraints) are independent.

From (3.10) and more concretely, for the examples given below, we deduced that
in A-model, in general, (3.11) can not take place inclusive for the variation which are
independent.

Example 3.2

We shall illustrate this case in the constrained particle in RY with L :

1 N
— E 22407
LO = §j:1 Z 5 + (.T)

and with the constraints N
filz) = Zx? —-1=0
j=1
The equations (3.5) can be reexpressed as follows
T = — ka(ac)—i—)\xk, k=1,2,..N

or, what is the same,

Tr = Xp + \x
(3.12) {k BT

Xk = 0ka($) + /\(Xk + )\.I'k)

From the first equations we obtain that

(3.13) A=—

t=V(X)x
V(X) = V(gradU)
(CE‘,$) =1,

where V(X)) is a matrix:

V(X) = (2xX; — 2 Xy)

k,j=1,2,...,;N

In particular for N = 3 the deduced equations can be reexpressed as follow
T = [z, 7]
7 = [z, gradU]
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where [, | is the standard vector product in R3, z = col(z,vy, 2) and 7 = [z, ]
We shall study the particular case when

N
U(x) = (x,Iz) + EZIZE +ajx;)

Jj=1

where I, aj, j=1,2,..,N are real constant.
Corollary 3.2
Let U be a function:

(3.14) U= (z,Iz), I=diag(ly,Is,...,IN)

Then the N functions

Fy(z,X)=a+ > = v=12..N

Jj=1,j#v

are first integral of the differential systems (3.12)+(3.14).
The proof it is easy to obtain by considering that

V},, = (I, — I;)xjz,, jv=12..,N

Hence

F,,(x,X )=z, (z ZVJ,,x =0

Is well known that theses IV first integrals are an involution [Moser].

Hence we deduced the completely integrability of this mechanical system.

This example represents an anisotropic N freedom harmonic oscillator constrained to
a sphere SNV ~1 in RN It was first treated by Neumann (1859) for N = 3; later Uhlenbeck
(1982) showed it to be completely integrable in the sense of Liouville for arbitrary finite
N.

Corollary 3.3

Let us suppose that

U=(a,z), a=(ay,az,...,an)
then the system (3.12) can be represented as follows [Sad]:
Z; = —a; — (3(a,x) — 2h)z;

where h is an arbitrary constant:

N

> i? =2h—2(a,x)

Jj=1
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By considering that

P(a,z) 1 h. o 2,
7R —5(6((%55) - g) +2(a,a) - 3h )

Hence

(00) = p(V) + 5

where p is the Weirstrass function. We finally deduced that the behavior of the particle
on the sphere under the action of the potential field of force with potential U = (a,x) can
be describe by the differential equations

ij+ (Bp(V2ut) = h)ay = —aj, j=1,2,.,N

Example 3.3
We shall apply the A-model in the well known Appel mechanical system [Appell].

Let Lo, L are the functions:

1
Lo = 5(332 + 9%+ 2?) — gz

Li=Z%2—ar=0, r=+\a%2+79?

where a, g are nonnegative constants.
We obtain that for this case the matrix W and E(L) take the form respectively:

woos
W — X y zZ )
Ouf  Oyf O.f
detW = (1 +a*)(y0.f — 0, f) # 0,
and . ‘
yqg —xq 0
E(L)y=10 0 0],
0 0 0
where ¢ = —_a(‘%—iy).

Hence the matrix A is the following

1 QQ(yazf - Zayf) _xQ(yQ(yazf - Zayf) 0
AT = det W yQ(zaxf - xazf) _jZQ(zaxf - xazf) 0
9920y f — 902 f)  —2q(@0yf — 90z f) 0

The equations of motion and transpositional relations as a consequence are the following

i=—2T5
T

ji=—A
.

Z=—g+A
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and
( 5dz do z q

T dr = dey WO=1f — 20, f) (o — idy)

dy A0y 4 n ¢ so. 1) (gor — ioy)

dt  dt  detW
dr dix ) .
L 5& T q(yéz — 0y)

From this example we observe that the independent variations produce the nonzero
transpositional relations.
By derivation the constraints z —ar = 0 we deduced that

__9
1+a?’
hence the equations of motion are
(.. —ag T
Tr =
L+a? /32 + 2
. —ag Y
3.15 =
(319 e
i} a’g
Z=—
\ 1+ a2

A great many investigations have been devoted to the derivation of the equations of
motion of mechanical systems with nonlinear nonholonomic constraints ( see for instance
[Chetaev, Hamell, Novoselov]). The works of these authors do not contain examples
of systems with nonlinear ideal nonholonomic constraints differing essentially from the
example given by Appell in 1911.

Example 3.4

We shall deduce the equation of motion and transpositional relations for a constrained
particle in R® which is under the action of the potential field of force with potential
U="U(z).

Let be the constraints Ly :

Li=%—a(z)y=0.

By choosing the function f = z, we easily deduced that the matrix W and E(L) take the
form respectively:

1 —a(z) O
W=\ g 2|, daW=(1+d%2)y
0 0 1

and



Hence the matrix A :

. 1 0 0 0
AY = | —0.a(2)y La(z)z 0
(1+a%(2))y 0.a(2)y? —0.a(z)zy 0

The equations of motion and transpositional relations in this case are:

i=A
j = —a(z)\
2 =0,U(z)
and dr  ds d.a(2)
T x La(z) . :
T T I T LA
dy doy  a(2)0.a(z) ,. .
0% T d T 1tai(z) 10— E0y)
b dss_
" dt dt

From the above results the following question arise:

Can be chosen the generalized coordinates in such a way that for nonholonomic systems
the independent variations generates nonzero transpositional relations ?.

The positive answer to this question we obtain in particular for the so called Chapliguin
system and for the generalization of such system which we proposed below.

In view of importance of the nonholonomic Chapliguin system we devote the following
apartat to apply the A-model to study such class of system.

4. NONHOLONOMIC CHAPLIGUIN SYSTEMS .

It was pointed out by Chapliguin [Chap] that in many conservative nonholonomic
systems the generalized coordinates

1,2

S 1,2 S
r,x,.x 1=y Y ey 2

can be choosen in such a way that the variations of the Sy coordinates

Yl y?, e,y

may be assumed to be independent and the remaining Sy = N — S; coordinates occur
neither in the coefficients aj, of the equations of the non-integrable kinematic constraints,
written in the form

(4.1) 2= "al(y vy, S=1,2,.,5

nor in the expressions for the Lagrange function, written down without allowance for the
constraints (4.1).
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Classically, a mechanical system with Lagrangian

L0(917927 "'7y527:i;17:i;27 ---73'5517917927 "'7932)7 Sl + 52 =N

subject to S; linear nonholonomic constraints , is said to be a Chaplyguin type if the
constraints can be written in the form (4.1).

4.1 GENERALIZED VORONES-CHAPLIGUIN MECHANICAL SYSTEM.

We apply the A-mathematical model for the more general case when the Lagrangian
function Ly :

LO - LO(wuyvj;uy)7

and the ideal constraints are the following;:
(4.2) Lo =% —0*w™M u@ 0™ x4y 49) =0, a=1,2,.,5,

where

T = (:Cl,xQ, ...,xSl), Yy = (yl,y2, ...,ySZ),

and , : :
u? = WP W ud)), =12, M,

are certain real parameters.

First we shall study the subcase when the constraints do not depend on the parameters
w9, j=1,..,M, ie., we shall suppose that
(4.3) L,=1i%—-%%z,y,9) =0, a=1,2,.,51,

It is evident from the form of the constraints equations that the virtual variations
oy?, 7 =1,2,..,5 may be assumed to be independent. The remaining variations

ox?, j=1,2,..,5

can be expressed in terms of them by the relations (Chetaev’s conditions)

(4.4) 0 (0) <> 02 =Y =20y =0, a=1,2,.,5,

To construct the matrix W in this case we first determine the functions
L51+j :yj, j:1727“75277
Clearly, in this case the matrix W can be represented as follow
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0 1 0 0 0 af a%z
: : S1 S1
wW=100 = ... I aft ... ag
4. .
(4.5) oo : ... 0 0 1 ... 0

0 0 O 0 0 0 0 0 1
" 0L,
aj_@g)j

Denoting by E(L) the matrix:

Ei(Ly) Es(Ly) En(Ly)

Ei(Ls)  Es(Lo) En(Ls)

(4.6) E(L)=| E\(Ls,) Es(Ls) ... En(Ls,)
0 0 0
0 0 0

From (2.16)4 (4.5)4(4.6) we deduce that the matrix A in this case is the following
(4.7) A=[B(L)]"

We now turn to the derivation from (2.17)+(4.5) the dynamical equations and the
transpositional relations are such that

51

0Ly .
E](LO) :E:l: E](La)axa +)\]7 J= 1a27--7sla
49 < S1 oL oL
P _0 \ _a p—
Ex(Lo) = aEZI(Ek(La)ajca + Ao R ), k=1,2,..,5
dz®  dsz® S S oL,
_ ) J k _
4] T g (E E](La)(‘)y’k + Ei(La))0y", a=1,2,..,5
(49) k= j=1
dy™  doy™
- = =1
7 7 0, m ,2,...,59
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As we can observe the independent virtual variations éy/, j = 1,2,..., S, for the
system with the ideal constraints (4.3) produce the zero transpositional relations.

Now we introduce the following definition

Definition 4.1

The mechanical system with the equations of motion (4.8) and transpositional rela-
tions (4.9) we call the Generalized Vorones-Chapliguin Mechanical System.

Below we establish the relation between the equation of motion of an electromechan-
ical system with constraints and equation of motion for generalized Vorones- Chapliguin
mechanical system.

Is well known that the equation of an electromechanical system can be written in the
form of Lagrange equations of the second kind with Lagrangian function £ which can be
represented as follow

L= Lep + Liecn

where L.; is a generating function for the mechanical forces of electromagnetic origin and
Lynecr is the Lagrangian function of a discrete mechanical system [Gaponov].
By following theses ideas we shall represented the Lagrangian function Lg in the form:

(4.10) Lo =T(z,y,9) + L*(z,y,2,9),

where I' and L* are functions such that
4

E;(l) = 3 OLo = _
]( )_VZEJ(LQ)%7 J _1727"7517
a=1

(4.11) S
Ep(D)=v) Ek(La)% k=1,2,.,5,
\ a=1
( o 0Ly = .
EBi(L)=(1-v)) Bj(La) 5o + A J=1,2,..,81,
(4.12) o=l

o0z™

Sl Sl
oL . 0L,
Ep(L*)=(1-v) E Ek(La>_.0+ E Aaa—yk; k=1,2,.,5
\ a=1 a=1

where v is certain function.
Example 4.1

By using this model we shall deduced the differential equations which describe the
behavior of the Apell system given in the example 3.1.

For this case we have
.

1
L* = 5(:t2+?)2—|—22)—gz,
Li=Z%2—ar=0, r=+\a%2+79?
Ly =2z
(L3 =1y
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In virtue of theses relations and by considering example 3.3, we have that the equations
(4.12) in this case are the following :

'é’:—g+X1
2. \
Loatt(l—-v), . aM; .
j+—F" )(wy—ym)z——y
T T
2 \
Loaty(l—=v) atr .
x+%(yw—xy):——lx
T T
2 = ar

By solving with respect to &, {j, £ we obtain exactly the equations (3.17). It is inter-
esting to observe that in this case the matrix (2.20) takes the form:

oo (1 4@ (17;u)y _a (1—2u):'cy )

T
201 N 201 N2
_a (1r2y)acy 1 a (1T2V)y

where detG =1+ a?(1 — v)
The transpositional relations in this case are

(dz  déz  —a(Zy— iy)

(5% — = 3 (gdz — £dy)
dy dby
sy 209 _
dt dt 0
do dsz _
\dt dt

Example 4.2
Chapliguin-Carathodory’s sleigh
We shall now analyze one of the most classical nonholonomic systems : Chapliguin-
Carathodory’s sleigh [NF]. The idealized sleigh is a body that has three points of contact
with the plane. Two of them slide freely but the third, A, behaves like a knife edge sub-
jected to a constraining force R which does not allow transversal velocity. More precisely,
let yoz be an inertial frame and & An a frame moving with the sleigh. Take as generalized
coordinates the Cartesian coordinates of the center of mass C' of the sleigh and the angle x
between the y and the £ axis. The reaction force R against the runners is exerted laterally
at the point of application A in such a way that the  component of the velocity is zero.
Hence, one has the constrained system M with the configuration space X = S' x R?, with
the kinetic energy ,
m, .o .9 c .9
and with the constraint
ar +sinxy —cosxz = 0,

where m is the mass of the system and I. is the moment of inertia about a vertical axis
through C and a = |AC|. Observe that the ”javelin” (or arrow or Chapliguin’s skate) is a
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particular case of this mechanical system and can be obtained when a = 0. We study only
the case when the motion is by inertia and a = 1.
To apply the A-model for this system, first we introduce the 1-form 0;, j =1,2,3 in
such a way that
O, =dx +sinxdy — cosxdz
@2 = dy
@3 =dz

The matrix W, E(L) in this case are the following

1 sinx coszx

W=10 1 0 , detW =1,
0 0 1
—cosxy —sinxzZ cosxr sinrx
E(L) = 0 0 0
0 0 0

By introducing the function L* :

I
L' = 2+ 2) + 5 d%

we deduced that for the sleigh the equation (4.12) and transpositional relations take the
form respectively :

Joi = A—Jo(1 —v)i(jcosz + Zsinz)

mij =sinz A+ Jo(1 —v)i? cosz

mi = —cosz A+ Jo(1 — v)i?

sin x
and

d do

( d—f—d—f:—(y'cosx—}—z’sinx)éx—i—:i:cosxciy%—isinxéz:z'éy—yéz
& s _
dt dt
dy _doy _

\Cdt dt

where we consider that the constraint is ideal, i.,e.,
dx = cosxdz — sin xdy

4.1 GENERALIZED CHAPLIGUIN MECHANICAL SYSTEM.
The important subcase we obtain when the function v, Ly and the constraints are
such that:

33



v=1
(4.13) Lo=T(y,9) + L*(y, 2, 9)
L,=12%-9%y,y), a=1,.,5

then equations (4.11), (4.12) can be rewritten as follows:

0Ly
oz

S1
(4.14) Ep(T) =) Ei(Lo) k=1,2,.,5
a=1

Ej(L*)=);, j=1,2,..,5,

(4.15) 51 9L
E.(L*) = Ao, k=1,2,..,8
(1) =3 A 2

By considering that, under given conditions (4.13)

oL

B = G oai

j=1,..,5
we easily deduced that the above equations take the form

S1
. d 9Ly OLq
Bx(L7) = 2 dt 9> I~

Now we shall affix an tilde to an expression in which the generalized velocities

have been eliminated by means of the constraints equations (4.13), i.e.,

L =L*((y,2,9)|ee=0o(y.9)-

The following relations follow immediately

/

oL  OL* SN OL* 0L,

o Oy £ 0ie Dy

oL  OL* < OL* 0L,

oyl Oy £ 0ie Dy

34



By virtue of these relations, we have

S1
o d OLy &L, OL
(4.16) By(L*—L)=) (5%2 a5 + 6¢2Ek(La))-
a=1

Proposition 4.1
The equations (4.14), (4.15) coincide if

(4.17) P=—L=-L"|s0—a0(.y
In fact, if in (4.8)+(4.13) we determine

_ d 9Ly
T dt Oxd

we obtain the equations (4.16) if we I' determine by the formula (4.17).
The transpositional relations (4.9) under the restrictions (4.13) take the form

dx® dd x® 5
CANUECS S RO LT
dt dt
(4.18) =
dy™ doy™ _
B0, m=12,..5

Definition 4.2

The mechanical system with equation of motion (4.14), or, (4.15) and transpositional
relations (4.18) we call the Generalized Chapliguin System

Let us denote by R the following function

¢ Si
oL
R = Lo — _.OLQER_RO
L= Oi
(419) 51 L*
R=1-- Y 2L ja
L= Oa
\ Ro = R’x'a:q)a(y,y), o = 1,2, ...,Sl

Corollary 4.1
From the equations (4.16) we obtain the system

d

Ex(R) = T

(La) ayk(amaLo) - Gyk(ﬁm-aLo) La, k= 1,2, .oy SQ, o = 1,2, ..,Sl

The proof of this corollary follow from the fact that
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Ek (La ai;oz LO) :ad;oz LO Ek- (La) + a:ba La % (8i=a LO)

d
+ E(LQ) Oy (Ope Lo) — Oyr (O3a Lo) L
Proposition 4.1
The equations (4.16) are equivalent to the system

Ex(R)=0, k=1,2.,5
(4.20) { k()_ ?
L,=i%-®%y,9) =0, a=1,2,.,5
The proof is easy to obtain from the above corollary.
Corollary 4.2
Let L* be a function:

Sa S1 S
= % Z ij( Y)Y yj + — Z Gag xalﬁ + Z ZGk] xayk +U(y)

k,j=1 aﬁ 1 a=1k=1

Then the function R :

S1
1 QL [e% .
R:R—m:—§§jGw@m:—¢xM—¢%
a,B=1

Example 4.3
For the constrained particle in R® study in the example 3.3 we have that
Ly =i —a(z)y

1
L*:§@2+y2+z%

» 1 ) )
L™ |3 —a(z)g=0 25((1 +a*(2))y° + 2°)

Hence,

R =~ (i — a(2)i)

The very important subcase of the Chapliguin system is the case when the constraints
are linear, i.e., when the functions L,

L, =z" Za ", a=1,2,..,51, S1+5=N

From (4.14) we deduced the following differential equations:
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oL & ‘ ., OL*
Ep(T) =) > (90 — ayTa;c)gr@, k=1,2,..55

j=1r=1

which are the equations which Chapliguin published in the Proceeding of the Society of
the Friends of Natural Science in 1897 [Chapliguin].

Clearly, the equations (4.14) are an extension of the Chapliguin model for the nonlineal
constraints.

Example 4.4

In [Appell] a study is made of the following nonholonomic system: A weight of mass m
hangs on a thread which passes around the pulleys and is wound round the drum of radius
a. The drum is fixed to a wheel of radius b which rolls without sliding on a horizontal
plane, touching it at the point B with the coordinates (zp, yp,0). The legs of the frame
that support the pulleys and keep the plane of the wheel verical slide on the horizontal
plane without friction. Let 6 be the angle between the plane of the wheel and the Ox axis;
¢ the angle of the rotation of the wheel in its own plane; and (z,y, z) the coordinates of
the mass m. Clearly,

Z=ayp

The coordinates of the point B and the coordinates of the centre mass are related as follows
r=xp+pcosh, y=yp-+psind
The condition of rolling without sliding leads to the equations of nonholonomic constraints:
xp =bcosfy, yp =>bsinbp

By neglecting the mass of the frame and the mass of the wheel and supposing that
m = 1, we obtain the following expression for the function L* of the system:

1
By introducing the following notations
Ly =12 —bcosOp — Qsin99

Ly =4 — bsin0¢ + o cos 00
Ly =2—ap

where
1 =T, Ty =Y, T3 =2
y1=0,y2=¢

The differential equations (4.15), or, what is the same, (4.14)4(4.17), describing the be-
havior of the system with the Lagrangian function L* and constraints

L;=0, j=1,2,3
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can be rewritten as follows respectively:

(=X
i =X
F=—g—aks

p(A1sinf — Ay cosf) =0
L b)'\l 0080+b}\gsin9+a}\3 =0

and
P20 + bphp =0
(a® + %) — bpb? = —ga

which, together with the equations of the linear nonholonomic constraints describe the
inertial motion of the nondegenerate system.

From the above, after straightforward calculations we deduced the differential equa-
tions:

( a . at

T =——cosfA3 = — + pAqi + p?As + ..
b 3 (a2 + b2) /32 + 32 ! 2

. a . ay

= ——sinf3 = — + pBy 4 p*By + ..
b (a? + b2)\/ 22 + 12

.. : a’g

\Z:—g—aAgz—Cﬂ—_i_bQ—Fle.

where Ay, As, ..., By, .., Bs, .., D1 are certain functions.

Hamel in [Hamel2] obtained the equations of motion of a nonholonomic system with
nonlinear constraints from the above equations by making the passage to the limit p — 0.
For p — 0 we obtain from the above the equations (3.15) and

=0
(a®> +b*)¢ = —ga

The system with nonlinear nonholonomic constraints considered by Appell and Hamel
is obtained from a nonholonomic system with linear constraints by means of the passage
to the limit p — 0. However, as a result of this limiting process, the order of the system of
differential is reduced, i.e., they become degenerate.

For p # 0 we obtain, after integration :

%
e /exp(—?gp(t)) dt + Cy

d
\/§2+b12exp —%gp)—gacp+02
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The transpositional relations for the nondegenerate system are the following:

( dr dizx

(5$ — = bsin 0(05p — Hi0)
dy doy . )
de dox _

N dt dt

Clearly, these relations are completely different from the relations deduced for degenerate
system (see example (3.3)).

The dynamic of the nondegenerate system was study in [NF1]. The authors proved
that the motion of the degenerate system differ essentially from the limiting motion and,
hence, they deduced that the example of a nonholonomic system with nonlinear constraints
is incorrect

4.3 ROUTH-CHAPLIGUIN MECHANICAL SYSTEM.

Now we shall study the case when the constraints (4.2) are such that

(4.21) Lo =i% =M, y,9)=0, a=1,2.,5
where u™) = (uy,us, ...,ug,) is a constant vector such that

OL*
(4.22) 507 = ug-l) =const., j=1,2,..,5
z

Under these restrictions the Lagrangian multiplier A;, j = 1,2,..,.5 are constants.
The relations (4.21) are obtained by solving (4.22) with respect to 4!, 2, ...2°.
Definition 4.3
The mechanical system for which (4.22) holds we call the Routh -Chapliguin System,

and the functions

S1
R=L"(y,&,9) — > uld®
a=1

and
RO — R‘ia:@a (u(l) 7y’y)

are the Routh functions.
From (4.14)4(4.22) and (4.15)+(4.22) we deduced the Routh differential equations

or, what is the same



Example 4.5
We shall study the particle:

12
L* = mT(y2 + sin? yi?) — mgl cos y

In this case we have
oL*
0%
2

k
R = 7(3/2 + sin? yi?) — —u1d — mgl cosy

Ry = R|j2 sin2 yi—u, — Mmglcosy
1
2k2 sin? y

= u; = Const.

R=R—-Ry= (K*2sin® y — up)?

4.3 GAPONOV-CHAPLIGUIN MECHANICAL SYSTEM.

Now we suppose that in (4.2) we have a countable set on conta
S1 = +o00 and the constraints are such that to

(4.23) Lo =i%— 0 ((uM, @, u) ¢) =0, a=1,2,..
The equations (4.14) and (4.15) in this case are such that

+o0
d 0L, OLg
Ey(I') = ; dt 9k 9

S~ 4 0L ILa
= dt 9> dy*

Ep(L") =

Clearly, the functions (4.19) and equations (4.20) in this case take the form respectively:

4 —+ o0
oL
R=Lo— 8—,2LQER—RO
a=1 x
“+oo
oL*
R=1L*— —_iC
ok
a=1
\ RO = R’i‘a:¢a(y7y), o = 1,2,

(4.24) { E(®) =0,

Lo=0,a=1,2,..
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The transpositional relations (4.18)+(4.23) in this case are the following

dz® d d 0L,
dz= _ déa® 596 Z Oash 0 =12,. 5

k
(4.25) dt dt 0y
dy™ doy™ B

7 - 7 07 m = 17 2, ,SQ

Definition 4.4

The mechanical system with equation of motion (4.24), and transpositional relations
(4.25) we call the Generalized Gaponov-Chapliguin System

We now turn to the derivation of Gaponov’s equation by applying the A-model.

Let (z!,22,...... :yt,y2, ..., 4°?) be the generalized coordinates of the system and let

Lo = Lo(y".y*, .., y™, @, i%, 4%, .9 7, ™)
be its Lagrange function, which does not explicitly contain the coordinates x. We shall

assume that the system is subjected to a countable set of nonholonomic constraints of the
form

(4.26) ZAQ ul WP g =0, a=1,2,3,...,

By inserting (4.26) into the first equations of (4.24), after some calculations we obtain the
differential equations which contain only T'(u™), ..u(51) 4. 7)

So
Z 0, j=1,2,..,5

8um

These equations with a slightly different notation were derived in 1953 by Gaponov [Gaponov].
The nonholonomic constraints which have the form of equations (4.26) are realized in
a system containing three-dimensional conductors with sliding contacts.. The equations
of motion of dynamical system with such constraints in the case of a finite number of
degrees of freedom, as we observe above, were first derived by Chapliguin. Thus, elec-
tromechanical system with sliding contact belong to the class of nonholonomic system of
Chapliguin. However, because of the fact that the Chapliguin’s equations of motion con-
tain the coefficients of the nonholonomic constraints, it is difficult to use these equations
in the case of a system with a countable set of constraints. This is because Chapliguin’s
equation contain the original Lagrange function L* and also the transformed function
' = L*|jozga, « = 1,2,... As a result, the equations of motion of electrical machines
derived in this manner contain a countable set of coefficients of nonholonomic constraints.
In his investigation Gaponov [Gap| proposed equations of motion which have the
advantage that, for applications to electromechanical system and, particularly, system
containing three dimensional conductors with sliding contacts, they only contain a single
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function I', whose ”electrical” part may be written down without knowledge of the function
L* and the equations of the nonholonomic constraints[NF].

Now we shall illustrate the A-model in the following example.

Example 4.6

Homogenous sphere on a horizontal plane rotating with a constant angular velocity €.

Let the Oz axis of the fixed system of coordinates Oxyz coincide with the axis of
rotation. Then, as the sphere moves on the plane, it has kinetic energy

1 K2 . . .
T = 5(:&2 + %) + 7(92 + % + 1?4 2¢1) cos 6),

where k is the radius of gyration; the mass of the sphere is m = 1; z and y are the
coordinates of the center of the sphere; and 6, v and 6 are the Eulerian angles. Denoting
by w the instantaneous angular velocity of the sphere and by a its radius, we write down
the condition of rolling without sliding of the sphere on the rotating plane:

ﬂb—a(ésinw—gbsichosgb) +Qx=0
y+a(écosw+<psinﬁsinw) —Qy=0

It is interesting to observe that theses constraints can be rewritten as follows

U—awy =0
{1’)+adjw =0
where
(u=cos(Qt)x —sin (Qt)y
v=cos(Qt)y + sin (Qt)y
@y = Osin(y) — Qt) — psin b cos(y — Q1)
@y = O cos(yh — Qt) + ¢sinOsin(yp — Qt)
L @, :z/)—Q—l-gbCOSQ

Since we have three degrees of freedom and the coordinates z, y, # and v all occur in
the constraint equation and in the expression for kinetic energy, we have an example of
a generalized Chapliguin system. To deduce the equations of motion we use the formula
(4.11)+(4.12) with

1 . . K? : ; .
L* = (3 +§°) + 5 (67 + ¢* + 4% + 203 cos )
By considering that in this case the matrix F(L) is the following
—Q —acosyw, a(sinfcosy) aw,

E(L) = 0 0 0 0

0

Q 0 —asinyw, al(sinfsing) aw,
0

0 0 0 0 0
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where we introduce the well known notations

Wy = écosgb—kgbsianingb
Wy = 0 sin v — ¢sinf cosp
w, = 1) + pcos b

After some calculations we obtain the following expression for the equations(4.12) and
transpositional relations in this case

( & =By + A1,
j=— 8%+ Ao
K20 4 ¢ihsind) = — Ba((& cosh + §sin ) (¢ + Hcosh)) + coshAg — sin A,

/@2%(92; + ¢cos ) =af (0 cos B cos) — Qb sin @ sin )z + a(é cosfsiny + w sin 6 cos )Y+

a(sin v sin O\ + cos 1 sin 0}\1)

\ KQ%(zb + ¢ cost) =af ((fcosh + ¢sinfsine)i + a(fsiny — @sind cos )7)

where § =1 — v, and

( 5% — (Zs—f = a(cos (06 — 1259) + sin 0 sin ¢ (P — 12530) + cos 0 cos (05 — pih))
(5% - % = a(sin (06 — ’42(50) — sin 0 cos (o) — 1.;590) + cos O sin 1 (85¢p — pih))
do  doo
AT
dp _doo
a dt
dy sy
S T
where

) =1 —Qt
dx = a(dfsiny — dppsin b cos )
dy = —a(00 cos + dpsinfsin )

For the Lagrangian multiplier it is easy to obtain the following expression:

yﬁ(Q/ﬁQ + a?(1) + pcos 0) + QK>

A= —
! a? + K2
: B2 + a2 (1) 4+ ¢ cos 0) + Q2
)\2:$
a/2_|_,£2
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Using these values and notations, we write down the equations of motion for the sphere

(. a’B(Q —w.)+Qa .
Wy = 5 5 T
a® + K
. a’B(Q —w,)+Qa .
W, =
Y a2 _|_/{2
k2w, = —f3 a(twy + Ywy)
. B(a®Q - a®w,) — Qr? .
r = 2 2 Y
a® + K
. B(a?*Q — d*w,) — Qr?
(Y= 2, 2 v
a® + K

By eliminating w,, w, by means of the equations of the nonholonomic constraints

w:Q -
(4.27) {aw ey

aw, = Qy+
we obtain the equations

K20, = —pQ(xi + yy)
B(a?Q — a*w,) — Qx?

(4.28) %= P Y
. B(a?Q — a’w,) — Qx?
j=- i
a? + k?

which, together with the constraints equations, form a complete system for the determi-
nation w,, w,, wy and x, y as a function of the time.
From the first equation we deduce the first integral

Q
H:sz —|—ﬁ§(1’2 +y2) = Cla

where (' is an arbitrary constant. By inserting w, into the equations respect to x and y
we arrive at the equations:

2 2382 (.2 2) — - ?
A2+ (B3 (2" +y7) = C) =2 e e

a? + K2
) B(a’Q + a?(BL(2? + y?) — C1) — QK2 . )
y:_( 2@2_*_&2 )$E(K1—K2(.I‘2+y2))l‘
where
o B(a?Q — a®Cy) — QK2
1 a2 + K2
a® 39
Koy — 7%
> 7 2(a? + K2)
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The gyroscopic nature of the nonholonomy terms we can see directly from these equa-
tions. As a consequence we obtain a further two first integrals

$2+92 = 027

1
i i+ S [ Ko 4262 4 =

where C7, C5 are arbitrary constants.
By introducing the polar coordinates

T =7CcoST, Y =rsinT,

the obtained first integral can reexpressed as follow

1
k2w, + —BQ r? =C,

7 —|—r27'2 = (Y

1 1
7”27.' — (5[(17“2 — ZKQTA) = Cg

which we apply to obtain for the determination the variables z,y, w,, wy, w. as a function

of time:
. (Kl —|—203 _ K27‘2)
T 4
= Cor? —r*p? = —Ry(r?, 04, Co, C3,Q)

where Ry is a polynomial of degree four and such that

K2 K
+ (=L + 2)g* — (K + Co)qg — CF

K Kk
4 2

Ry(q,C1,C5,C5,Q2) =

4(Q7 1,%v2,V3, ) 16q ]

Clearly, the dependence of time require previously to solve the elliptic integral
dr?

VRa(r2,C4,C2,C5,9Q)

(4.29) = ot — to)

In [NF] the authors derive the following equations of motion for homogenous sphere
on a horizontal plane rotating with a constant angular velocity 2

. af)

Cr = awy — 2y
af)

Wy = o 2(aw;n —Qy)

which together with the constraints equations, form a complete system for the determina-
tion of z, ¥, ws, wy, w, as functions of the time.
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From the above equations it is easy to deduce the existence of the three first integrals

al)
——a2+/{21‘—01
al)
_ " u=C
RO L 2

Wy

wz:CS

Eliminating w,, w, from the constraints, by means of the above relations, we arrive at the
following equations for x and y :

i 2
€T _— =
PR

2
. K
I- et =0

From these equations the authors deduced the differential equations

. 2
z (a2+/€2)x—04
K2Q
.. _RTL —C
y+(a2+/{2) ) 5

where Cy and Cjy are arbitrary constants. Clearly, all theses relations can be obtained from
the A-model by putting g = 0.

In [ NF] the authors affirm that from these equations follow, in general case, that the
sphere on a rough rotating horizontal plane describes an ellipses whose parameters depend
on the initial conditions and which does not move in the fixed system of coordinates.

Now we compare the obtained result deduced from the A-model for homogenous sphere
on a horizontal plane rotating with a constant angular velocity {2 and the result obtained
in [NF].

By compare the two mathematical model we observe that:

1. If © # 0 then in the A-model the sphere describe the curve

x=r(t) sin/(K1 +2Cy  Kor (t))dt

r2(t) 4
y=r(t) Cos/(Klrj_(tQ)C3 — Kzz *) )dt

where r(t) is a function of time determine from (4.29). In the equations proposed by [NF]
the sphere describe the circumferences

K20
a? + K2

(z —[( )!171C3)% + (y — [(

where C3, Cy, C' are arbitrary constants.
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2. In the A-mechanics the curve describe by the sphere depend of the values of the
wy, which is not observe in the result given in [NF].
3. For the case when 2 = 0 in the A-model the sphere describe the curve

_ —a?Cy + 2C,
x =r(t) sm/(#)dt

y =r(t) cos/((*o—;m)’)dt

where 7(t) is the function of time determine from the elliptic integral

dr?

4(—a?Ch+C ac? =ut—t0),C1 #0

\/7“4— (_f 21+22)r2— e S
(—a2Ch) (—a*Ch)

In [NF] the sphere describe the straight line
C5.CIZ — C’4y = C()

where C5, Cy, Cy are arbitrary constants, which not depend of the values of w,.

The problem of rolling of the homogenous sphere on the horizontal plane has been
considered by many authors, for example, Coriolis [Cor], Hemming [Hem], Routh [Routh],
Singe [Singe], and others. The assumption that the sphere and the plane make contact at
a point leads to the conclusion that the vertical component of the angular velocity remains
constant in the inertial motion of the sphere and that the rotation of the sphere about the
vertical axis does not influence the trajectory of the motion of the center of the sphere.
This phenomena is not observe in the A-mechanic, where the vertical component remains
constant if and only if

BQU(xx +yy) =0,

and the influence of the rotation of the sphere about the vertical axis is considerable.

It is interesting to compare the obtained result from the A-model in the problem
of rolling of the homogenous sphere on the horizontal plane which the results given in
[Neimark]| when they study the Rolling of a sphere on an absolutely rough surface rotating
with a constant angular velocity 2. In particular for w, the following equation is deduced

(430) wz = 191&);1; - 192wy

where 191, U293 are the component of the instantaneous angular velocity of the moving
coordinates axes O1&n( with the origin at the center of the sphere.

If we denote by 01, gsthe radii of curvature of the normal section of the surface along
the directionO:€ and O1n. Then



By inserting into (4.30) the conditions (4.27) we finally deduced the equation

) o1 1 T )
aww, = zy(— — —) + Q(— + y_y)
02 01 01 02
If we consider that
o2
01 = 02 = %

we deduced the equation with respect w, obtained from the A-model (see for instance
formula (4.28)).

Clearly, the rolling of a sphere on a plane we obtain when g1 = 02 = o0, i.e., when
B8 = 0, and if o1 = p3 = C = const, then we obtain the rolling of a heavy sphere on a
spherical surface.
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