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Universitat Politècnica de Catalunya
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Abstract

Abstract.
In the history of mechanics, there have been two points of view for studying me-

chanical systems: The Newtonian and the Cartesian. The Cartesian point of view affirms
(by using the modern mathematical language) that it is possible to solve the dynamics
problem inside the configuration space. In this paper we develop the Cartesian approach
for mechanical systems with constraints which are linear with respect to velocity. The
obtained results are illustrated in several examples. In particular, we analyze the behavior
of the mechanical system with three degrees of freedom and one non-integrable constraint
such as the Chapliguin-Carateodory sleigh, the heavy rigid body in the Suslov case, the
nonholonomically constrained particle in R3, and the mechanical system with N degrees
of freedom and N −1 integrable constraints (we propose a complete solution of the inverse
problem in dynamics).

Key words: Cartesian approach, Newtonian approach, constraint, differential equa-
tion, Lagrangian systems, nonholonomic systems, optimal control problem, Lie algebra,
Inverse problem in Dynamics.
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1. Introduction
In the history of mechanics, there have been two points of view for studying mechanical

systems: The Newtonian and the Cartesian. In ”Philosophiae Naturalis Principia Mathe-
matica” (1687), Newton considers that movements of celestial bodies can be described by
differential equations of the second order. To determine their trajectory, it is necessary to
give the initial position and velocity.

Descartes proposed that the behavior of the celestial bodies be studied from another
point of view. These ideas were stated in ”Principia Philosophiae” (1644) and in ”Discours
de la métode” (1637). According to Descarte the understanding of cosmology starts from
acceptance of the initial chaos, whose moving elements are ordered according to certain
fixed laws and form the Cosmo. He consider that the Universe is filled with a tenuous fluid
matter (ether), which is constantly in a vortex motion. This motion moves the largest
particle of matter of the vortex axis, and they subsequently form planets. Then, according
to what Descartes wrote in his ”Treatise on Light”, ”the material of the Heaven must be
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rotate the planets not only about the Sun but also about their own centers...and this will
hence form several small Heavens rotating in the same direction as the great Heaven.”

Newton gave a simpler, but stronger, argument against Descarte’s theory. If the
Descarte’s ideas is correct, bodies are carried by the ether, and the equations of motion
are consequently of first order: the velocity of a particle depend only on its position.
However, Newton noted that some of the observed comets move in a direction opposite to
that of all the planets [Kozlov].

In the modern scientific literature the study of the Descarte ideas we can find in the
monographic of V.V. Kozlov in which the author said ”In the present book, one more
attempt is made to rehabilitate Descarte’s vortex theory...” . In this books, Kozlov affirms
”solving dynamics problem is possible inside the configuration space”.

As we observe , the equation of motion in the Descartes theory must be of the first
order

(1.1) ẋ = v(x)

Hence, to determine the trajectory from Descartes’s point of view it is necessary to give
only the initial position. Descarte gave no principles for constructing the field v for different
mechanical systems.

A main achievement of Newton was perceiving that the dynamics of real systems are
described by second-order differential equations. To deduce the equations of motion to the
investigation of a dynamics systems (i.e., to first order equation), it is necessary to double
the dimension of the position space and to introduce the auxiliary phase space. However,
we are interested not in the phase trajectories themselves but in their projection on the
configuration space.

Definition
The vector field (1.1) we shall call the Cartesian vector field.
The aim of the present paper is to develop the Descarte ideas for mechanical systems

with constraints which are linear with respect to the velocity.

2. CONSTRUCTION THE CARTESIAN VECTOR FIELD
FOR NONHOLONOMIC SYSTEM

Firstly we shall introduce the following notation and concept.
LetQ be a smooth manifold of the dimension N with local coordinates x = (x1, ..., xN )

and equipped by the Riemann metric G = (Gkj(x)).
By ξ(Q), Λ(Q), ∇ we denote respectively the Lie algebra of vector fields on Q and

the algebra of the 1-form on Q, and the connection:

∇ : ξ(Q)× ξ(Q) 7−→ ξ(Q)
(u, v) 7−→ ∇uv

which is R lineal with respect to v and C∞ lineal with respect to u and is compatible with
metric G, i.e., ∇uG(v, w) = 0, ∀u, v, w ∈ ξ(Q).
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Let v ∈ ξ(Q) be a vector field:

v = det




Ω1(∂1) Ω1(∂2) . . . Ω1(∂N ) 0
...

... . . .
...

...
ΩM (∂1) ΩM (∂2) . . . ΩM (∂N ) 0

ΩM+1(∂1) ΩM+1(∂2) . . . ΩM+1(∂N ) λM+1

...
... . . .

...
...

ΩN (∂1) ΩN (∂2) . . . ΩN (∂N ) λN

∂1 ∂2 . . . ∂N 0




,

where ∂k = ∂
∂xk , we shall consider that Ω1, Ω2, .....ΩM , M ≤ N − 1 are given 1-forms,

and ΩM+1, ΩM+2, .....ΩN , are arbitrary 1-forms on Q. Furthermore, we assume that they
are pointwise independent i.e.

Υ ≡ Ω1 ∧ Ω2... ∧ ΩN (∂1, ∂2, ..., ∂N ) 6= 0,

The functions λj , j = M + 1, ..., N are arbitrary functions on Q
The vector field v has the following properties
1. {

Ωj(v) = 0, j = 1, 2, ..,M

Ωj(v) = −Υλj , j = M + 1, .., N.

2.The vector v(x) = (v1(x), ..., vN (x))T can be represented as follows

v(x) = M−1λ,

where M =
(
Ωj(∂k)j,k=1,..N

)
, λ = −Υ(0, .., 0, λM+1, ..λN ). or, what is the same,

(2.1) v =
N∑

j=M+1

λjXj

where Xj , j = M + 1, ..., N constitute a maximal set of independent vector fields on Q
satisfying the constraints, in the sense that the components of Xj satisfy the equations

Ωj(Xk) = 0, j = 1, .., M, k = M + 1, .., N

3. Let σ be the 1-form associated with the vector field v, i.e.,

σ = (v(x), dx) ≡
N∑

j,k=1

Gjk(x)vj(x)dxk ≡
N∑

k=1

pkdxk

then the 2-form dσ :

dσ =
1
2

N∑

j,k=1

ajk(x)Ωj ∧ Ωk,

3



where A = (ajk) is a matrix such that

ajk = (−1)j+k−1 1
Υ

dσ ∧ Ω1 ∧ ... ∧ Ω̂k.... ∧ Ω̂j .... ∧ ΩN (∂1, ∂2, ..., ∂N )

Ω̂j , Ω̂k means that these elements are omitted.
It is clear that the contraction of dσ along v is

ιvdσ =
N∑

j=1

ΛjΩj ,

where
Λ ≡ col(Λ1, Λ2, ..., ΛN ) = AT λ.

We shall analyze the differential equations

(2.2) ẋ = M−1λ

under the conditions

(2.3)
{

Λj = 0, j = M + 1, .., N

Υ = Ω1 ∧ Ω2.... ∧ ΩN (∂1, ∂2, ..., ∂N ) 6= 0

Corollary 2.1
For the case when M = N − 1 the vector field v takes the form

v = λNdet




Ω1(∂1) Ω1(∂2) . . . Ω1(∂N )
...

... . . .
...

ΩM (∂1) ΩM (∂2) . . . ΩM (∂N )
ΩM+1(∂1) ΩM+1(∂2) . . . ΩM+1(∂N )

...
... . . .

...
ΩN−1(∂1) ΩN−1(∂2) . . . ΩN−1(∂N−1)

∂1 ∂2 . . . ∂N




,

where λN is an arbitrary function.
The conditions (2.3) hold iff

Υ = Ω1 ∧ Ω2.... ∧ ΩN (∂1, ∂2, ..., ∂N ) 6= 0

where ΩN is an arbitrary 1-form.
Proposition 2.1 The differential equations

ẋ = v(x), x ∈ X
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are invariant relationship of the Lagrangian equations with Lagrangian function

L0 =
1
2
||ẋ− v(x)||2

In fact, by derivation we deduce that ∇ẋ(ẋ− v(x)) = 0, or,

∇ẋ(∂ẋL0) = 0,

which are equivalent to Lagrangian equations with the Lagrangian function L0 given above.
It is easy to show that these equations admits the representation

∇ẋ(∂ẋj T ) = ω(∂j) +∇ẋ−v(x)pj

where
T =

1
2
||ẋ||2,

ω = d
||v||2

2
+ ιvdσ,

σ is the 1- form associated with the vector field v, pj = σ(∂j).
We shall study the case when (2.2) and (2.3) hold. The differential equations which de-

scribe the behavior of such mechanical systems under these restrictions can be represented
as follows

(2.4) ∇ẋ(∂ẋkT ) =
∂ 1

2 ||v||2
∂xk

+
M∑

j=1

ΛjΩj(∂k).

and can be interpreted as the equations of motion of nonholonomic mechanical systems
with an active potential field of force with potential U :

U =
1
2
||v(x)||2 + U0, U0 = const.

and with the reactive forces with the components

(
M∑

j=1

ΛjΩj(∂1),
M∑

j=1

ΛjΩj(∂2), ....,
M∑

j=1

ΛjΩj(∂N )),

generated by the constraints

Ωj(ẋ) ≡
N∑

k=1

Ωj(∂k)ẋk = 0.
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It is interesting to observe that the solutions of the equations (2.4) depend on 2N − M
initial conditions and solutions of the system (2.2) depend of N initial conditions and
N −M arbitrary functions which are solutions of the partial differential equations (2.3).

Corollary 2.2
If 




M = N − 1
Ωj = dfj(x), j = 1, 2, ..., N − 1
ΩN = dfN

Then the equations (2.2)+(2.3) and (2.4) take the form respectively

(2.5)





ẋ = λN det




df1(∂1) . . . df1(∂N )
...

...
dfN−1(∂1) . . . dfN−1(∂N )

∂1 . . . ∂N


 ≡ λ{f1, f2, ..., fN−1, ∗}

Υ = df1 ∧ df2.... ∧ dfN (∂1, ∂2, ..., ∂N ) 6= 0

(2.6) ∇ẋ(∂ẋkT ) =
∂ 1

2 ||v||2
∂xk

+
N−1∑

j=1

λNaNj(x)dfj(∂k).

where λN is an arbitrary function:

dfN (v) = −ΥλN .

The studying of the behavior of the nonholonomic systems by using the equations
(2.2)+(2.3) or (2.4) we called Cartesian and Lagrangian approach respectively [Sad, Ram].

Remark
For the system

(2.7) ẋ =
N∑

j=M+1

λj(t)Xj(x),

we can pose the optimal control problem [Bloch]

min
λ(·)

∫ T

0

1
2

N∑

j=M+1

λ2
j (t)dt

subject to the dynamics (3.5)and the endpoint condition

(2.8) x(0) = x0, x(T ) = x1

6



This optimal control problem is equivalent to the following variational problem ( when
certain assumptions hold) [Bloch]:

(2.9) min
λ(·)

∫ T

0

1
2

N∑

j,k=1

Bjkẋj ẋkdt

where B == (Bjk) = MMT , and subject to the endpoint conditions (2.8) and

(2.10) Ωj(ẋ) = 0, j = 1, 2, ...M.

As we can observe from the definition of the vector field v the function λj , j =
M +1, .., N are arbitrary smooth function and the 1-form Ωj , j = M +1, .., N are restricted
only to the condition that Υ 6= 0.

The arbitrariness can be restricted by using the complementary conditions. The func-
tions λM+1, .., λN can determine, for example, from the conditions (2.3), or from the
optimal control problem (2.8)+(2.9)+(2.10).

With respect to the arbitrary 1-form we posed and study the following problem.
Problem
Determine the 1-form ΩM+1, ...ΩN from the condition that the smallest Lie algebra of

vector fields on Q that contains the vector field XM+1, ..., XN is finite dimensional.
If we assume that

X1, X2, .., XM , XM+1, .., XN , ..., XS

is a basis of this Lie algebra then

[Xj , Xk] =
S∑

m=1

Cm
jkXm, j, k = 1, 2, ..S

where Xj ∈ ξ(Q), j = 1, 2, ..S and [X, Y ] is the Lie brackets of vector field X and Y, and
Cm

jk are the structure constants.
When the algebra is three dimensional then from the Bianchi representation we obtain:

(2.11)





[X1, X2] = aX2 + b3X3

[X2, X3] = b1X1

[X3, X1] = b2X2 − aX3

where a, b1, b2, b3 are certain constants

3. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH THREE DEGREE OF FREEDOM

AND ONE CONSTRAINTS .

The case when dimQ = 3 and M = 1 is of specific interest. We consider a natural
mechanical system with configuration space Q and kinetic energy

T =
1
2

3∑

k,j=1

Gkj(x)ẋj ẋk
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Obviously, in this case the 1-form ιvdσ can be represented as follow

ιvdσ = Λ1Ω1 + Λ2Ω2 + Λ3Ω3

where Λj , j = 1, 2, 3 :





Λ1 = Ω2 ∧ Ω3(v, rotv)
Λ2 = λ3Ω1(rotv)
Λ3 = −λ2Ω1(rotv)

rotv =
1√

detG
((∂yp3 − ∂zp2)∂x + (∂zp1 − ∂xp3)∂y + (∂xp2 − ∂yp1)∂z,

)

pk =
3∑

j=1

Gkjv
j , k = 1, 2, 3

The system (2.2)+(2.3) take the form respectively

(3.1) ẋ = [Ω1,×λ2Ω3 − λ3Ω2] ≡ λ2X2 + λ3X3

(3.2)
{

Υ 6= 0
Ω1(rotv) = 0

where Ωj(x) = (Ωj(∂x),Ωj(∂x)Ωj(∂x)), j = 1, 2, 3; [ ×, ] is the vector product on R3.
Definition
The vector field v we call the Kummer vector field if

rotv = ν(x)v

for certain function ν.
It is easy to show that the equations of motion (2.4) for N = 3 under the condition

that v is a Kummer a vector field can be represented in Lagrangian form.
We shall determine the arbitrary 1-form Ω2, Ω3 in such form that the smallest Lie

algebra of vector fields on Q that contains the vector field X2, X3 is finite dimensional.
In the assertions below, we illustrate the above results in concrete examples.

Let us suppose that

Ω1 = εdx + a(x, y, z)dy + b(x, y, z)dz, ε = const.

We choose Ω2, Ω3 as follow:
1. If ε = 1 then

Ω2 = dx, Ω3 = dy
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2. If a2 + b2 6= 0, ∀(x, y, z) ∈ Q, then

Ω2 = −bdy + adz, Ω3 = dx

The Cartesian vector field in this case takes the form respectively:
{

v̂ = λ̂2(a∂x − ∂y) + λ̂3(b∂x − ∂z) = λ̂2X̂2 + λ̂3X̂3

v = λ2((a2 + b2)∂x − εa∂y − εb∂z) + λ3(b∂y − a∂z) ≡ λ2X2 + λ3X3

The conditions (3.2) for the vector field v̂ in this case can be rewritten as follow

(3.3)
Υ = 1

Ω1(rot ṽ) = ∂yλ̂2 − ∂zλ̂1 + b(∂y(aλ̂1 + bλ̂2)− a(∂z(aλ̂1 + bλ̂2) + ∂xλ̂2) = 0,

Clearly, between X2, X3 and X̂2, X̂3 there are the following relations
{

X2 = aX̂2 + bX̂3

X3 = aX̂3 − bX̂2

Example: The Heisenberg system

We consider the following standard kinetic energy Lagrangian on Euclidean three
dimensional space R3 :

(3.4) L =
1
2
(ẋ2 + ẏ2 + ż2)

subject to the constraint
Ω1(ẋ) = ẋ + zẏ − yż = 0

The vector field v and v̂ in this case are such that:

v = λ2((y2 + z2)∂x − z∂y + y∂y)− λ1(y∂y + z∂z) = λ2X2 + (−λ3)X3, Υ = y2 + z2

v̂ = λ̂2(z∂x − ∂y) + λ̂3(−y∂x − ∂z) = λ̂2X̂2 − λ̂3X̂3, Υ = 1

The vector field X2, X3 and X̂2, X̂3 are contains in the three dimensional Lie algebra
with basis respectively





X2 = (y2 + z2)∂x − z∂y + y∂z

X3 = y∂y + z∂z

X1 = z∂y − y∂z

[X2, X3] = 2X1 + 2X2, [X2, X1] = −X3, [X1, X3] = 0

and
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



X̂2 = z∂x − ∂y

X̂3 = y∂x − ∂z

X̂1 = ∂x

[X̂2, X̂3] = −2X̂1, [X̂1, X̂3] = [X̂1, X̂2] = 0

Which corresponds to the case in the Bianchi classification

a = b3 = b2 = 0, b1 = −2.

This algebra is well known as Heisenberg algebra.
To determine the function λ̂2, λ̂3 and λ2, λ3 we need to solve the equation respectively:

(1 + y2)∂yλ̂3 + yz∂zλ̂3 − y(∂xλ̂3 + yλ̂3)− ((1 + z2)∂zλ̂2 + yz∂yλ̂2 + z(∂xλ̂2 + zλ̂2)) = 0
(1 + y2 + z2)(y∂yλ2 + z∂zλ2 + 2λ2) + y∂zλ3 − z∂yλ3 − (z2 + y2)∂xλ3 = 0

Clearly, the functions

λ2 =
Ψ(y

z )
z2 + y2

, λ3 = Φ(
√

z2 + y2)

where Ψ and Φ are arbitrary functions, are solutions of the second equation.
The solutions of the differential equation generated by v are





∫
dr

Φ(r)
= −t + t0

∫
dϕ

Ψ(tan ϕ)
= t− t0

x = x0 + ϕ

y = r cosϕ

z = r sin ϕ

Clearly, the initial conditions of these trajectories must be such that (x0, y0, z0) 6= (x0, 0, 0).

Example: A nonholonomically Constrained Particle in R3.

Consider a particle with the Lagrangian (3.4) and nonholonomic constraints

Ω1(ẋ) ≡ ẋ + a(z)ẏ = 0

This instructive academic example, in the particular case when a(z) = z, due to
Rosenberg [Ros]. This example was also used to illustrate the theory in Bates and Sniatycki
[Bates]. The Cartesian approach in this case produce the following vector field v̂ :

v̂ = λ2(a(z)∂x − ∂y)− λ3∂z
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and condition (3.3) for this case takes the form

(3.5) λ2Ω1(rotṽ) =
1
2
∂z((1 + a2)λ2

2) + (a∂xλ3 − ∂yλ3)λ2 = 0.

The vector field X2 and X3 are such that

{
X2 = a(z)∂x − ∂y

X3 = ∂z

[X̃3, X̃2] = ∂za(z)∂x

Clearly, we have a three dimensional Lie algebra if

a(z) = z

a(z) = exp z

As we can observe in these cases we have respectively





[X̃2, X̃3] = X̃1 ≡ ∂x

[X̃3, X̃1] = 0

[X̃2, X̃1] = 0,





[X̃2, X̃3] = −X̃2 + X̃1, X̃1 = ∂y

[X̃3, X̃1] = 0

[X̃2, X̃1] = 0,

By introducing the vector fields:

X2 = X̃2, X3 = X̃3, X1 = X̃1

and
X1 = X̃3, X3 = −X̃2 + X̃1, X2 = X̃1

we deduce the Bianchi representation with b1 = 1, a = b2 = b3 = 0
and b1 = a = b2 = 0, b3 = 1.
If a(z) = cos z then by introducing the vector fields





Y1 = cos z∂x − ∂y

Y2 = ∂z

Y3 = − sin z∂x − ∂y

Y4 = ∂y

11



we deduced the four-dimensional Lie algebra:




[Y1, Y2] = Y2 + Y4,

[Y2, Y3] = −Y1 − Y4

[Y1, Y3] = 0
[Y1, Y4] = 0
[Y2, Y4] = 0
[Y3, Y4] = 0

We shall study the case when in (3.5)

λ2 =
A√

a2 + 1
, λ3 = b2(z),

for A an arbitrary constant and b2 an arbitrary function.
The equations generated by the vector field v̂ in this case are





ẋ =
a(z)A√
1 + a2(z)

ẏ = − A√
1 + a2(z)

ż = −b2(z)

Hence the all trajectories of these equations are the following

(3.6)





x = x0 −A

∫ z

0

a(z)dz

b2(z)
√

1 + a2(z)

y = y0 −A

∫ z

0

dz

b2(z)
√

1 + a2(z)

t = t0 −
∫ z

0

dz

b2(z)

The equation (2.4) in this case may be rewritten as




ẍ = ∂z(
Aa(z)√
a2(z) + 1

)

ÿ = a(z)∂z(
Aa(z)√
a2(z) + 1

)

z̈ = ∂zb2(z)

Corollary 3.1 All the trajectories of the equation of motion of the constrained La-
grangian system

< R3, L =
1
2
(ẋ2 + ẏ2 + ż2)− U(z), {ẋ + a(z)ẏ = 0} >
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can be obtained from (3.6) [Sad].
Example
The trajectories of the constrained Lagrangian system

< R3, L =
1
2
(ẋ2 + ẏ2 + ż2), {ẋ + tan z2ẏ = 0} >

are the following




x = x0 −BA

∫ z

0

cos z2dz = x0 −ABC(z)

y = y0 −BA

∫ z

0

sin z2dz = y0 −ABS(z)

t = t0 −Bz

Analogously we can show that the trajectories of the constrained Lagrangian system

< R3, L =
1
2
(ẋ2 + ẏ2 + ż2)− z

B2
, {ẋ + tan zẏ = 0} >

are 



x = x0 −BA

∫ z

0

cos zdz√
z

= x0 −ABC(z)

y = y0 −BA

∫ z

0

sin zdz√
z

= y0 −ABS(z)

t = t0 −B
√

z

where A,B, t0, x0, y0 are constants, C(z) and S(z) are the Fresnel integrals.
The Fresnel integrals has important applications in the physics of diffraction and is

used in the theory of driving motorcar round a corner quickly.
The Cornu spiral, also known as clothoid, is the curve generated by a parametric plot

of S(x) against C(x). The Cornu spiral was created by Marie Alfred Cornu as a nomogram
for diffraction computations in science and engineering.

Example: The Chapliguin-Caratheodory sleigh

We shall now analyse one of the most classical nonholonomic systems : Chapliguin-
Carathodory’s sleigh [NF],[Poliajov]. The idealized sleigh is a body that has three points
of contact with the plane. Two of them slide freely but the third, A, behaves like a knife
edge subjected to a constraining force R which does not allow transversal velocity. More
precisely, let yoz be an inertial frame and ξ Aη a frame moving with the sleigh. Take as
generalized coordinates the Cartesian coordinates of the center of mass C of the sleigh and
the angle x between the y and the ξ axis. The reaction force R against the runners is
exerted laterally at the point of application A in such a way that the η component of the
velocity is zero. Hence, one has the constrained system M with the configuration space
X = S1 × R2, with the kinetic energy T = m

2 (ẏ2 + ż2) + Ic

2 ẋ2, and with the constraint
εẋ + sin xẏ − cosxż = 0, where m is the mass of the system and Ic is the moment of

13



inertia about a vertical axis through C and ε = |AC|. Observe that the ”javelin” (or arrow
or Chapliguin’s skate) is a particular case of this mechanical system and can be obtained
when ε = 0

To apply the Cartesian approach for this system, first we introduce the 1-form Ωj , j =
1, 2, 3 in such a way that the determinant Υ 6= 0. In this subcase, we achieve this condition
if

Ω1 = εdx + sin xdy − cos xdz, Ω2 = sin xdz + cosxdy, Ω3 = dx.

Under these restrictions we obtain that Υ = 1.
The vector field v takes the form

v = λ3(∂x − ε sin x∂y − ε cosx∂z)− λ2(cos x∂y − sin x∂z) = λ3X3 + λ2X2

Let X1, X2, X3 be the vector field:



X3 = ∂x − ε sin x∂y − ε cos x∂z

X2 = cos x∂y − sinx∂z

X1 = ∂x

[X2, X3] = −[X1, X3] = εX2, [X1, X2] = −1
ε
(X3 −X1)

if ε 6= 0.
Then if we introduce the vector fields respectively:

Z = εX2, X = X1, Y = X1 −X3

we deduce the Bianchi representation with a = b1 = 0, b3 = −b2 = 1.
and





X3 = ∂x

X2 = cos x∂y − sinx∂z

X1 = cos x∂z + sin x∂y

[X2, X3] = X1, [X3, X1] = X2, [X1, X2] = 0
if ε = 0, then we obtain the Bianchi representation with b1 = b2 = 1, a = b3 = 0.

The conditions Ω1(rotv) = 0 in this case holds if




∂yλ3 =
εm

JC + ε2m
∂zλ2

∂zλ3 = − εm

JC + ε2m
∂yλ2

∂xλ2 = ελ3

After some calculations we can prove that the solutions of theses equations are




λ2 = cos α V1(y, z, ε) + sin α V2(y, z, ε) + εµ(x, ε)

λ3 =
εm

JC + ε2m

(
cosα V2(y, z, ε)− sin α V1(y, z, ε)

)
+

dµ

dx
(x, ε),

α =
ε2mx

JC + ε2m

14



where K is an arbitrary function and V1, V2 are functions which satisfy the Cauchy-
Riemann conditions:

(3.7)
{

∂yV1(y, z, ε) = ∂zV2(y, z, ε)
∂zV1(y, z, ε) = −∂yV2(y, z, ε).

The aim of the assertions below is to study the differential equations generated by the
vector field v :

(3.8)





ẋ = λ3(x, y, z, ε)
ẏ = λ2(x, y, z, ε) cos x− ελ3 sin x

ż = −λ2(x, y, z, ε) sin x− ελ3 cos x

For ε 6= 0 after the change
{

x = x, y = εY, z = εZ

V1 = εv(Y, Z, ε), V2 = εu(Y, Z, ε)

the above equations can be rewritten as follow





ẋ = −dµ

dx
+ ν(u sinα− v cos α)

Ẏ = sin x
dµ

dx
− cos xµ− u(cos α cos x + ν sinα sin x)− v(sin α cos x− ν cosα sin x)

Ż = − sin xµ− cos x
dµ

dx
− v(sin α sin x + ν cos α cosx)− u(sinx cosα− ν sinα cos x)

ν =
ε2m

JC + ε2m
, α = ν x.

Corollary 3.2
Let us introduce the notation v∞ = limε→∞ v Then the equations generated by the

vector field v∞ are




ẋ = −dµ

dx
(x,∞)−<(F (w) exp (ıx)), w = Y + ıZ

ẇ + F (w) = (µ(x,∞) + ı
dµ

dx
(x,∞)) exp (ıx)

where F (w) = u + ıv is an holomorphic function on D ⊂ C In particular if µ = 0 the
above equations admits the first integral

H(Y, Z) = C.

where H is a function:

u(Y,Z,∞) = −∂ZH(Y,Z), v(Y,Z,∞) = ∂Y H(Y, Z)

15



Corollary 3.3
Let us suppose that

λj = λj(x, ε), j = 1, 2

then the all trajectories of the Chapliguin- Caratheodory sleigh under the action of the
potential field of force with potential U :

2(U + h) = mλ2
2(x, ε) + (mε2 + JC)λ2

3(x, ε)

can be obtained from the formula




y = y0 +
∫ x

x0

(λ2(x, ε) cos x− ελ3 sin x)dx

λ3(x, ε)

z = z0 −
∫ x

x0

(λ2(x, y, z, ε) sin x− ελ3 cos x)dx

λ3(x, ε)

t = t0 +
∫ x

x0

dx

λ3(x, ε)

Clearly, if the movements are given by inertia, then





λ2 = C1 sin(
√

m

IC + mε2
εx + C2),

λ3 = C1

√
m

IC + mε2
cos(

√
m

IC + mε2
εx + C2)

where C1, C2 are arbitrary constants.
Corollary 3.4
The all trajectories of the Chapliguin skate (ε = 0) and the Chapliguin- Caratheodory

sleigh by inertia (K = 0, V1 = A, V2 = B, A, B = const.) can be obtained from the
Cartesian approach.

It is easy to prove that for ε = 0 the following relation holds

rotv = −mv −m
(
K(x, 0) + ∂yV2(y, z, 0) sin x− ∂zV2(y, z, 0) cos x

)
∂x,

As a consequence we give that the vector field v :




ẋ = −(b cos x− a sin x)
ẏ = −(ay + bz + c) cos x

ż = −(ay + bz + c) sin x

is a Kummer vector field.

Example : Heavy rigid body in the Suslov case
In this section we study one classical problem of non-holonomic dynamics formulated

by Suslov [Suslov]. In this problem we consider the rotational motion of a rigid body around
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a fixed point. The motion of the body is restricted by one non-holonomic constraints
(a, ω) = 0 where ω is a body angular velocity.

The nonholonomic equations of motion we take in the form





Iω̇ = [Iω, ω] + [γ,
∂U

∂γ
] + [Λω, γ] + µa

γ̇ = [γ, ω]
(a, ω) = 0

Where
I = diag(I1, I2, I3),
Λ = diag(λ1, λ2, λ3), lj = consts.

γ = (γ1 = sin z sinx, γ2 = sin z cosx, γ3 = cos z)

I1, I2, I3 are the inertial moment of the body.
If we assume that the vector a = (0, 0, 1) [Koz2], then

(3.9)





I1ω1 − λ2γ1 ≡ Φ1

I2ω2 − λ1γ2 ≡ Φ2

Φ̇1 = γ3∂γ2U − γ2∂γ3U

Φ̇2 = γ1∂γ3U − γ3∂γ1U

(I1 − I2)ω1ω2 + γ2∂γ2U − γ2∂γ1U + µ = 0
γ̇1 = −γ3ω2

γ̇2 = γ3ω1

γ̇3 = γ1ω2 − γ2ω1

The above system has two independent first integrals

K1 =
1
2
(I1ω

2
1 + I2ω

2
2)− U(γ1, γ2, γ3)

K2 = γ2
1 + γ2

2 + γ2
3

By the Jacobi’s theorem about the last multiplier, if there exits a third independent first
integral K3 which is functionally independent together with K1 and K2, then the Suslov
problem is integrable by quadratures [Koz2, Mac]

The integrable cases of system (3.8) are the following:
Suslov case
If we suppose that U = 0 then

K3 = I1ω1 + λ2γ1, K4 = I2ω2 + λ1γ2

Kharlamova-Zabelina case
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If we suppose that
U = Ψ(C1γ1 + C2γ2)

where Ψ is an arbitrary smooth function, then

K3 = I1C1ω1 + I2C2ω2 + (λ2C1γ1 + λ1C2γ2)

Kozlov case
If

U = Ψ(1− γ2
1 − γ2

2), I1 = I2, λ1 = λ2 = 0

where Ψ is an arbitrary smooth function, then

K3 = ω1γ1 + ω2γ2

Corollary 3.5
Let us suppose that the potential function U in (3.9)is determine as follows

(3.10) U =
1

2I1I2
(I1µ

2
1 + I2µ

2
2)− h

where µ1, µ2are solutions of the partial differential equations

(3.11) γ3(
∂µ1

∂γ2
− ∂µ2

∂γ1
) + γ2

∂µ1

∂γ3
− γ1

∂µ2

∂γ3
= 0

Then the equations (3.9)+(3.10) admits the first integrals

(3.12) K3 = I1ω1 + λ2γ1 − µ1, K4 = I2ω2 + λ1γ2 + µ2

The proof we obtain by considering that (3.9)+(3.10) can be rewritten as follows:




Φ̇1 =µ̇2 + KI1µ1

Φ̇2 =− µ̇1 + KI2µ2

(I1 − I2)ω1ω2 + I1µ1(γ2∂γ1µ1 − γ1∂γ2µ2)+
I2µ2(γ2∂γ1µ2 − γ1∂γ2µ2) + λ2ω2γ1 − λ1ω1γ2 + µ = 0

K ≡ γ3(
∂µ1

∂γ2
− ∂µ2

∂γ1
) + γ2

∂µ1

∂γ3
− γ1

∂µ2

∂γ3

The aim of this apartat is to propose the Cartesian approach for this nonholonomic
system.

Let us suppose that Q = SO(3), with the Riemann metric

G =




I3 I3 cos z 0
I3 cos z (I1 sin2 x + I2 cos2 x) sin2 z + I3 cos2 z (I1 − I2) sin x cosx sin z

0 (I1 − I2) sin x cos x sin z I1 cos2 x + I2 sin2 x




detG = I1I2I3 sin2 z,
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The given 1-form is the following Ω1 = dx + cos zdy. By choosing the 1-form Ω2, Ω3

as follow
Ω2 = dy, Ω3 = dz

we obtain that Υ = 1
The equations (3.1) and conditions(3.2) take the form respectively

(3.13)





ẋ = cos z λ2,

ẏ = −λ2,

ż = −λ3,

(3.14) Ω1(rotv) = ∂zp2 − ∂yp3 + cos z∂xp3 = 0

where

(3.15)





rotv =
1√

detG
(∂zp2 − ∂yp3, ∂xp3, −∂xp2)

pk =
∂T

∂ẋk
|ẋ=v

By introducing the vector field X1, X2, X3 :




X1 = − sin z∂x − ∂y

X2 = cos z∂x − ∂y

X3 = ∂z

X4 = ∂y

we deduce the four dimensional algebra introduce in the example: A nonholonomically
Constrained Particle in R3.

From (3.15) we deduce that



− I1I2λ3 = I1p3 + (I2 − I1)(p3 cos x +

p2 sin x

sin z

− I1I2 sin zλ2 = − I1p2

sin z
+ (I1 − I2) sin x(p3 cos x +

p2 sinx

sin z
)

By introducing the change
{

p2 = sin z(µ2 sin x− µ1 cos x)
p3 = µ2 cosx + µ1 sin x

We obtain that the system (3.13)and equation (3.14) admit the representation respec-
tively

(3.16)





ẋ =
cot z

I1I2
(I1µ1 cosx− I2µ2 sin x),

ẏ =
−1

I1I2 sin z
(I1µ1 cos x− I2µ2 sin x)

ż =
1

I1I2
(I1µ1 sinx + I2µ2 cosx),
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(3.17)
sin z sin x∂zµ2 + cos z cos x∂xµ2 − cos x∂yµ2+
cos z sin x∂xµ1 − sin z cosx∂zµ1− = 0

Clearly,

||v||2 =
1

I1I2
(I1µ

2
1 + I2µ

2
2)

Denoting by γ1 = sin z sin x, γ2 = sin z cos x, γ3 = cos z from (3.16) and (3.17) we
obtain the relations respectively

(3.18)





γ̇1 =
I1

I1I2
µ1γ3

γ̇2 =
I2

I1I2
µ2γ3

γ̇3 =
−1
I1I2

(I1µ1γ1 + I2µ2γ2)

cos z sin z(
∂µ1

∂γ2
− ∂µ2

∂γ1
)− cosx∂yµ2 − sin x∂yµ1 = 0

We shall study the case when

λ1 = λ2 = 0, µj = µj(x, z), j = 1, 2

Hence,

(3.19)
∂µ1

∂γ2
− ∂µ2

∂γ1

by compare (3.18) with (3.9) we deduce that

I1ω1 = µ2, I2ω2 = −µ1

In view of (3.19) we obtain




µ1 =
∂S

∂γ1

µ2 =
∂S

∂γ2

S = S0(γ1γ2γ3) + S1(γ1, γ2)

where S, S0 are arbitrary smooth functions.
The following particular case are well known:
Suslov case [Koz].
If in the above relations we suppose that

S = C1γ1 + C2γ2

20



or, what is the same

µ1 = C1, µ2 = C2, Cj = const., j = 1, 2

then we obtain the Suslov case.
Suslov-Kharlamova-Zabelina case.
If we suppose that

S =
3

2
√

I1C2
1 + I2C2

2

(
√

h̃ + C1γ1 + C2γ2)3 +
C

2C1I1
γ1 − C

2C2I2
γ2

where h̃, C1, C2, C are constants, then





µ1 =
C1√

I1C2
1 + I2C2

2

√
h̃ + C1γ1 + C2γ2 +

C

2C1I1

µ2 =
C2√

I1C2
1 + I2C2

2

√
h̃ + C1γ1 + C2γ2 − C

2C2I2

which correspond to the Suslov-Kharlamova-Zabelina case.
Now we shall study the case when (3.17) holds in view of the relations

(3.20)
{

tan z∂zµ2 = −∂xµ1

∂xµ2 = tan z∂zµ1

From the compatibility conditions we obtain the following partial differential equation

sin2 z cos z
∂2µj

∂z∂z
+ cos3 z

∂2µj

∂x∂x
+ sin z

∂µj

∂z
= 0, j = 1, 2

Corollary 3.6
Let µ1 and µ2 are solutions of the system (3.20), then the function F = µ2 + ıµ1 is

holomorphic function on the complex variable w = γ2 + ıγ1.
In fact, after the change u = ln sin z from (3.20) we deduced the Cauchy-Riemann

equations

{
∂uµ2 = −∂xµ1

∂xµ2 = ∂uµ1

i.e., the function
F (u + ıx) = F (ln w)

is an holomorphic function, hence

µ1 = <F, µ2 = =F
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Clearly, µ1, µ2 are solution of the Laplace equation

∂2µj

∂u∂u
+

∂2µj

∂x∂x
= 0

Hence, if

(3.21) µj = Xj(x)Yj(u), j = 1, 2

then X and Y are solution of the second ordinary differential equation respectively

(3.22) X
′′
j (x) + ν2Xj(x) = 0,

and

(3.23) Y
′′
j (u)− ν2Yj(u) = 0, j = 1, 2

where ν is a real constant.
Corollary 3.7
Let µ1 and µ2 are solutions of the system (3.20), then its are solutions of the partial

differential equations

∂2µj

∂u∂u
+

u2 + 1
u− u3

∂µj

∂u
+

u2

(u2 − 1)2
∂2µj

∂x∂x
= 0, u = cos z, j = 1, 2

If we represent µj by the formula (3.21) then X is a solution of the differential equation
(3.22). and Y is a solution of the Fuchsian equation

(3.24) Yj
′′(u) +

u2 + 1
u− u3

Yj
′(u)− ν2u2

(u2 − 1)2
Yj(u) = 0, j = 1, 2

The proof we obtain after the calculations from (3.20), after the change u = cos z.
Analogously we can prove the following assertion
Corollary 3.8
Let µ1 and µ2 are solutions of the system (3.20), then its are solutions of the partial

differential equations

∂2µj

∂u∂u
+

1
u

∂µj

∂u
+

1
u2

∂2µj

∂x∂x
= 0, u = sin z, j = 1, 2

Hence, if (3.21) holds then X satisfies (3.22) and Y is a solution of the Euler ordinary
differential equation

(3.25) u2Yj
′′(u) + uYj

′(u)− Yj(u) = 0, j = 1, 2

where ν is real constant.

22



Proposition 3.1
The functions {

K3 = I1ω1 −X1(x)Y1(u)
K4 = I2ω2 −X2(x)Y2(u)

where X1, X2 are solutions of (3.22) and Y1, Y2 are solutions of (3.23) or (3.24) or (3.25),
are the first integrals of the system (3.9)+(3.10)+(3.11)+(3.19).

Corollary 3.9
Let us suppose that in (3.18) I1 = I2. Then if the conditions of corollary hold then

these equations can be rewritten as follow




γ̇1 = γ3∂γ2H(γ1, γ2)
γ̇2 = −γ3∂γ1H(γ1, γ2)
γ̇3 = γ2∂γ1H(γ1, γ2)− γ1∂γ2H(γ1, γ2)

where H is a function:

µ1 = ∂γ2H(γ1, γ2), µ2 = −∂γ1H(γ1, γ2).

Hence we obtain the existence of the first integral

H(γ1, γ2) = C.

To conclude the construction the Cartesian approach for heavy rigid body in the
Suslov case we analyze the case when v is a Kummer vector field.

In view of (3.15) we obtain that v is a Kummer vector field if





∂zp2 − ∂yp3 = 0
∂xp3 = νp2

∂xp2 = −νp3

Hence we deduce that if ν = const. 6= 0 then

{
p2 = a(y, z) cos νx + b(y, z) sin νx

p3 = b(y, z) cos νx− a(y, z) sin νx

where a and b are function:
∂ya = ∂zb, ∂za = −∂yb,

and if ν = 0 then
p2 = ∂yS(y, z), p3 = ∂zS(y, z)

The relation between p2, p3 and µ1, µ2 are the following

µ1 = p3 sin x− p2

sin z
cos x, µ2 = p3 cos x +

p2

sin z
sin x.

23



It is easy to observe that if I1 = I2 then S is a first integral of v.

4. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH FOUR DEGREE OF FREEDOM

AND TWO CONSTRAINTS .

In this apartat we illustrate the Cartesian approach for mechanical system with four
degree of freedom and two constraints in the well known example which we call the Gant-
macher system [ Gantmacher]

Example: Gantmacher system
Let

Q = R4, T =
1
2

4∑

j=1

u̇2
j

be the configuration space and kinetic energy of the mechanical system which is under the
constraints {

u1u̇1 + u2u̇2 = 0
u1u̇3 − u2u̇4 = 0

By choosing the 1-forms Ω3, Ω4 as follow

Ω3 = u1du2 − u2du1, Ω4 = u2du3 + u1du4

we obtain that

Υ = (u2
1 + u2

2)
2

v = ν3(u1∂2 − u2∂1) + ν4(u2∂3 + u1∂4) ≡ ν3X3 + ν4X2

νj = λj(u2
1 + u2

2), j = 1, 2

The conditions (2.3)
Λ3 = Λ4 = 0

hold iff

(4.1) u2∂1ν4 − u1∂2ν4 + u2∂3ν3 + u1∂4ν3 = 0

The vector fields X3, X4 are contain in three dimensional Lie algebra:
{

[X3, X2] = u1∂3 − u2∂4 ≡ X1

[X1, X2] = 0, [X1, X3] = −X2

which correspond to the Bianchi representation with a = b1 = 0, b3 = −b2 = 1.
It is easy to show that the functions ν3, ν4 :

ν3 = g3(u2
1 + u2

2), ν4 =

√
2g(u4 + h)
(u2

1 + u2
2)

− g2
3(u2

1 + u2
2),
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where g, h are constants, are solutions of (4.1).
The solutions of the differential equations generated by the vector field v in this case

are




u1 = r cos α

u2 = r sin α

u3 = u0
3 +

g

2g3(r)
t− g

4g2
3(r)

sin 2α−−
√

2gC

g3(r)
cosα

u4 = −h +
r2g2

3(r)
2g

+
( √

g√
2g3(r)

sin α + C)2

α = α0 + g3(r)t

r =
√

u2
1 + u2

2

,

where C, r, α0, u0
3, h, are arbitrary constants, g3 is an arbitrary on r function. These func-

tions coincide with the solutions of the equations of motion obtained from the d’Alembert-
Lagrange principle [Gantmacher].

The Cartesian approach in this case produces additional possible trajectories of the
Gantmacher system. In fact, by introducing the polar coordinates





u1 = r1 cos ϕ1

u2 = r1 sin ϕ1

u3 = r2 cos ϕ2

u4 = r2 sin ϕ2

we obtain that the differential equations generated by the vector field v take the form




ṙ1 = 0
ϕ̇1 = ν3

ṙ2 = ν4r1 cos(ϕ1 − ϕ2)
ϕ̇2 = ν4r1 sin(ϕ1 − ϕ2)

We shall study the case when

ν3 = K1r1, ν4 = K2r2, Kj = conts., j = 1, 2

Hence, the solutions of the above equations are:





r1 = C1

ϕ1 = C1t + C2

ϕ2 = C1t + C2 −Ψ(t)

r2 = exp(C1

∫ t

t0

cos Ψ(t)dt)C3
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where Ψ(t) = ϕ1 − ϕ2 is a solution of the equation

∫
dΨ

1− K2
K1

sin Ψ
= K1C1t + C4

where Cj , j = 1, 2, 3, 4, K1,K2 are arbitrary constants. It is easy to show that the given
differential equations admits the following first integrals

r1 = C1, r2(1− K2

K1
sin(ϕ1 − ϕ2)) = C.

5. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH N DEGREE OF FREEDOM

AND N-1 CONSTRAINTS .

We apply the obtained above results to solve the inverse problem in Dynamics [Ram].
One of the fundamental classical problems in celestial mechanics is to determine the

potential-energy function U such that every curve from a given family of curves will be a
possible trajectory of a particle moving under the action of potential forces F , admitting
U ; i. e. F = gradU .

The importance of this problem was already acknowledged Szebehely [Sze1]. Szebe-
hely, indeed, affirms that in order to establish accurate physical descriptions and accurate
constants, one needs to address the inverse problem of dynamics.

The first inverse problem in Celestial Mechanics was stated and solved by Newton
(1687) [New] and concerns the determination of the potential field of force that ensures
the planetary motion in accordance to the observed properties, namely to Kepler’s laws.

Bertrand (1877) [Ber] proved that the expression for Newton’s force of attraction can
be obtained directly from the Kepler first law to within a constant multiplier.

Bertrand stated also a more general problem of determining a positional force, under
which a particle describes a conic section under any initial conditions.

The ideas of Bertrand were developed by Dainelli [Dai], Suslov [Sus], Joukovski [Jou],
.

Dainelli in [Dai] essentially states a more general problem of how to determine the
most general field of force (the force being supposed to depend only on the position of the
particle on which it acts) under which a given family of planar curves is a family of orbits
of a particle.

The solution proposed by Dainelli is the following [Whi,Dain,Sad].
The most general field of force F = (Fx, Fy) capable of generating the family of planar

orbits f(x, y) = Const is the following:

(5.1)
{

Fx = −λ2{f, ∂yf} − λ{f, λ}∂yf

Fy = λ2{f, ∂xf}+ λ{f, λ}∂xf.

where λ is an arbitrary function,
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{f, λ} ≡ ∂xf∂yλ− ∂yf∂xλ

In [Sus], Suslov stated and solved a problem which was a further development of
Bertrand’s problem. He shows that, given a (N − 1)-parametric family of orbits in the
configuration space of a holonomic system with N degrees of freedom and a kinetic energy
T, it is necessary to determine the potential field of force under which any trajectory of
the family can be traced by the representative point of the system.

Suslov deduced the following system of linear partial differential equations with respect
to the require potential function:

∂θ

∂4k

∂U

∂xN
− ∂θ

∂4N

∂U

∂xk
=

U + h

θ

( ∂θ

∂4N

∂θ

∂xk
− ∂θ

∂4k

∂θ

∂xN
+

N∑
m=1

4m(
∂θ

∂4k

∂2θ

∂4N∂xm
− ∂θ

∂4N

∂2θ

∂4k∂xm
)
)

where θ, 41, 42, ...,4N are functions:

N∑

j=1

∂fα

∂xj
4j = 0, 4k =

N∑

j=1

Gjk(x)4j , α = 1, 2, .., N − 1, k = 1, 2, .., N.

θ =
1
2

N∑

k,j=1

Gkj(x)4k4j ≡ θ(x1, x2, .., xN ,41, 42, ...,4N )

and proved that theses equations represented the necessary and sufficient conditions
under which the equations of motion of the study mechanical system admits the given
N − 1 partial integrals.

Assuming that given trajectories admit a family of the orthogonal surfaces, Joukovski
in [Jou] constructed the potential-energy functions in explicit forms for systems with two
and three degrees of freedom.

The following theorem was enunciated by Joukovski in 1890, that
if q = const is the equation of the family of curves on a surface, and p = const denotes

the family of curves orthogonal to these, then the curves q = const can be freely described
by a particle under the influence of forces derived from the potential-energy function

V = ∆1(p)
(
g(p) +

∫
h(q)

∂

∂q
(

1
∆1(p)

)dq
)

where h and g are arbitrary functions, and ∆1 denotes the first differential parameter
In the most general form the inverse problem in dynamics was studied in [Sad]. By

applying the results presented in that work we propose the following new results:
1. Generalization the Dainelli problem for a mechanical system with N degree of

freedom
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2. New approach to solve the Suslov problem
3. Generalization of the Joukovski problem for a mechanical system with N degree

of freedom

Generalized Dainelli’s and Generalized Joukovski’s problem
We introduce necessary notations and give a brief
overview of the main results obtained in [Sad].

Definition 2.1 [ Generalized Dainelli’s problem].
Given a N − 1 -parametric family of orbits

(5.2) fj(x) = Cj , j = 1, 2, ..., N − 1

in the configuration space of a holonomic system with N degrees of freedom and kinetic
energy

T = ||ẋ||2 =
1
2

N∑

j,k=1

Gkj(x)ẋj ẋk.

The Generalized Dainelli problem is the problem of determining the most general field of
force that depends only on the position of the system under which any trajectory of the
family can be traced by a representative point of the system.

Proposition 5.1 (Solution of the Generalized Dainelli Problem).
Given a mechanical system M with configuration space X and a kinetic energy T .

Then the most general field of force that depends only on the position of the system and
is capable of generating the given orbits (5.2) is described by the equation (2.6), or what
is the same, 




d

dt

∂T

∂ẋn
− ∂T

∂ xn
= ω(∂n), n = 1, 2, .., N

ω = d
‖v‖2

2
+ ıvdσ,

(5.3)

Here ıv is the contraction along the vector field v, f1, . . . , fN−1 are independent
functions of class Cr(X̃ ⊆ X), r ≥ 2, v is the vector field (2.5), and σ is a 1-form
associated with v.

Definition [Suslov’s problem]. Given a (N − 1)-parametric family of orbits in the
configuration space of a holonomic system with N degrees of freedom and kinetic energy
T. The Suslov problem is the problem of determining the potential field of force under
which any trajectory of the family can be traced by a representative point of the system.

Corollary 5.1 (Solution of the Suslov Problem).

(5.4) ω = dU(x) ⇔ ıvdσ = −dh(f1, f2, ..., fN−1)

If (5.4) holds then

(5.5) U(x) =
1
2
λ2(x)||v||2 + h(f1, f2, ..., fN−1)
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Definition [Generalised Joukovskis problem]. The generalized Joulovski prob-
lem is a particular case of the Suslov problem, which is obtained by assuming that the
vector field (2.5) has the form :

{f1, f2, . . . , fN−1, ∗ } = ν(x)∇S, (5.6)

where

∇S =
N∑

j=1

Gjk(x)∂jS∂k,

G−1 = (Gjk) is the inverse matrix of the Riemann metric G and ν is a certain function.
The stated problem coincides with Joukovski’s problem when N = 3. [Whit, Jou]
Corollary 5.2 ( Solution of the Joukovski Problem)

(5.7) ω = dU(x) ⇔ ıΓ∇Sd(ΓdS) = −dh(f1, f2, ..., fN−1), Γ ≡ λν

Hence, in view of (5.7) we obtain

U(x) =
1
2
Γ2(x)||∇S||2 + h(f1, f2, ..., fN−1)

Corollary 5.3
If

Γ = Γ(S)

then

U(x) = Γ2(S)||∇S||2 + h0

Corollary 5.4 The field of force (5.3) takes for a particle in R2 the following forms:

(5.8) ω = d
1
2
λ2((∂xf)2 + (∂yf)2) + λ

(
∂x(λfx) + ∂y(λfy)

)
df

It is possible to show that (5.8) coincide with (1.1)[Ram].
Corollary 5.5 The field of force (5.3) for a particle in R2 is potential iff

λ
(
∂x(λfx) + ∂y(λfy)

)
df = −dh(f)

and respectively in R3, iff

λı curl v(df1 ∧ f2) = −dh(f1, f2)

where v = λ(x, y, z)[ grad f1 × grad f2], [× ] is the vector product on R3.
Clearly, if v is a Kummer vector field the dh = 0.
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In 1974 Szebehely [Sze2] obtained a linear first-order partial differential equation for
the potential function U which gives rise to a one-parameter family of planar orbits with
a given total energy h. This result originated many works on the inverse problems (see for
instance [Boz]). The equation of Szebehely was generalized to a two-parameter family of
three-dimensional orbits by Bozis (1983) .

We show that the results, presented in those works, can be obtained from the solutions
of the Suslov problem.

By applying the above results we prove the following result
Corollary 5.6 (Solution of the Bertrand Problem)
The potential-energy function U capable of generating a one-parameter family of con-

ics with eccentricity b 6= 0
r(1 + b cos θ) = Const

is the function

U = a−1(H1(cos θ)−K1 log r(1 + b cos θ)) +
∑

j∈Z\{−1}
ajr

j+1(Hj(cos θ)− 1 + b cos θ

j + 1
)

where aj K1 j ∈ Z, are real constants and Hj , j ∈ Z are solutions of the Heun equations
with singularities at the points

0, 1 ,
1 + b

b
,∞

and with the exponents

(0,
j + 3 + b(j + 1)

2b
); (0, j − j + 3 + b(j + 1)

2b
); (0, j + 1); (−1− j, 1− j)

respectively.
The solution of this problem for the case when b = 0 it is easy to obtain.
We prove the following proposition which represented an extension of the Joukovski

theorem for a mechanical system with N degree of freedom.
Proposition 5.2
If

(5.9) xj = Cj = const, j = 1, 2, .., N − 1

are the equations of the N − 1 parametric family of curves on X, and xN = const denotes
the family of curves orthogonal to these, then the curves (5.9)can be freely described by
a representative particle under the influence of forces derived from the potential-energy
function

U =
1

GNN (x1, x2, .., xN )

(
g(xN ) +

N−1∑

j=1

∫
h(x1, x2, .., xN−1)

∂GNN (x1, x2, ..xN )
∂xj

dxj
)

where h and g are arbitrary functions.
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Clearly, for N = 2 we exactly obtain the Joukovski result given in the introduction.
Definition [Stäckel system]. The Stäckel system is the triplet

M =< X, T =
1
2

N∑

k=1

ẋ2
k

Ak(x)
, ω = dU(x) >,

where A1, ..., AN , U are functions that :

(5.10) Ak(x) =
1
∆

∂∆
∂ϕk1(xk)

,

(5.11) U(x) =
N∑

k=1

Ψk(xk)Ak,

∆ = det




dϕ1(∂1) . . . dϕ1(∂N )
...

...
...

dϕN (∂1) . . . dϕN (∂N )


 = dϕ1 ∧ ... ∧ dϕN (∂1, ..., ∂N ),

dϕα =
N∑

k=1

ϕkα(xk)dxk,

ϕkα, Ψk are arbitrary functions, k = 1, ..., N, α = 2, ..., N.

The trajectories of the Stäckel system are [Char]:

(5.12) fµ−1(x) ≡
n∑

k=1

∫
ϕkµ(xk)√
Kk(xk)

dxk = cµ, µ = 2, ..., N,

where Kk(xk) = 2Ψk(xk) + 2
∑N

j=1 αjϕkj(xk), αj , k = 1, 2, ..N are constants.

Corollary 5.7
The system (2.5)+(5.11) can be rewritten as follow





ẋ =
λ∏N

n=1 Kn(xn)
det




dϕ1(∂1) . . . dϕ1(∂N )
...

...
dϕN−1(∂1) . . . dϕN−1(∂N )

∂1 . . . ∂N




Υ = ∆ 6= 0, dfN = dϕN

Clearly, if

λ =
∏N

n=1 Kn(xn)
∆

then (5.10) and (5.11) can be rewritten as follows
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An(x) = v(xn)
U(x) = dψ(v)

We define the inverse Stäckel problem as follows [Sad]
Definition [Inverse Stäckel problem]. Let M be a mechanical system with con-

figuration space X and kinetic energy

T =
1
2

N∑

k=1

ẋ2
k

Ak(x)
,

where A1, ..., AN are function determine by formulae (5.10)
The problem of constructing the potential field of force

ω = −dU(x, y),

which is capable of generating orbits (5.12)is called the inverse Stäckel problem.

We obtain that the solution to the inverse Stäckel problem is the function U :

U(x) = Γ2(S)(
N∑

k=1

Ψk(xk)Ak + α)− h0

where

S =
N∑

n=1

∫ √
Kn(xn)dxn

In particular if Γ = 1, α = h0, then U =
∑N

k=1 Ψk(xk)Ak.
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