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Abstract

Abstract.

In the history of mechanics, there have been two points of view for studying me-
chanical systems: The Newtonian and the Cartesian. The Cartesian point of view affirms
(by using the modern mathematical language) that it is possible to solve the dynamics
problem inside the configuration space. In this paper we develop the Cartesian approach
for mechanical systems with constraints which are linear with respect to velocity. The
obtained results are illustrated in several examples. In particular, we analyze the behavior
of the mechanical system with three degrees of freedom and one non-integrable constraint
such as the Chapliguin-Carateodory sleigh, the heavy rigid body in the Suslov case, the
nonholonomically constrained particle in R3, and the mechanical system with N degrees
of freedom and N — 1 integrable constraints (we propose a complete solution of the inverse
problem in dynamics).

Key words: Cartesian approach, Newtonian approach, constraint, differential equa-
tion, Lagrangian systems, nonholonomic systems, optimal control problem, Lie algebra,
Inverse problem in Dynamics.

Mathematics Subject Classifications (2000) 00A71, 34A34, 37J60.

1. Introduction

In the history of mechanics, there have been two points of view for studying mechanical
systems: The Newtonian and the Cartesian. In ”Philosophiae Naturalis Principia Mathe-
matica” (1687), Newton considers that movements of celestial bodies can be described by
differential equations of the second order. To determine their trajectory, it is necessary to
give the initial position and velocity.

Descartes proposed that the behavior of the celestial bodies be studied from another
point of view. These ideas were stated in ” Principia Philosophiae” (1644) and in ” Discours
de la métode” (1637). According to Descarte the understanding of cosmology starts from
acceptance of the initial chaos, whose moving elements are ordered according to certain
fixed laws and form the Cosmo. He consider that the Universe is filled with a tenuous fluid
matter (ether), which is constantly in a vortex motion. This motion moves the largest
particle of matter of the vortex axis, and they subsequently form planets. Then, according
to what Descartes wrote in his ”Treatise on Light”, ”the material of the Heaven must be
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rotate the planets not only about the Sun but also about their own centers...and this will
hence form several small Heavens rotating in the same direction as the great Heaven.”

Newton gave a simpler, but stronger, argument against Descarte’s theory. If the
Descarte’s ideas is correct, bodies are carried by the ether, and the equations of motion
are consequently of first order: the velocity of a particle depend only on its position.
However, Newton noted that some of the observed comets move in a direction opposite to
that of all the planets [Kozlov].

In the modern scientific literature the study of the Descarte ideas we can find in the
monographic of V.V. Kozlov in which the author said ”In the present book, one more
attempt is made to rehabilitate Descarte’s vortex theory...” . In this books, Kozlov affirms
”solving dynamics problem is possible inside the configuration space”.

As we observe , the equation of motion in the Descartes theory must be of the first
order

(1.1) x = v(x)

Hence, to determine the trajectory from Descartes’s point of view it is necessary to give
only the initial position. Descarte gave no principles for constructing the field v for different
mechanical systems.

A main achievement of Newton was perceiving that the dynamics of real systems are
described by second-order differential equations. To deduce the equations of motion to the
investigation of a dynamics systems (i.e., to first order equation), it is necessary to double
the dimension of the position space and to introduce the auxiliary phase space. However,
we are interested not in the phase trajectories themselves but in their projection on the
configuration space.

Definition

The vector field (1.1) we shall call the Cartesian vector field.

The aim of the present paper is to develop the Descarte ideas for mechanical systems
with constraints which are linear with respect to the velocity.

2. CONSTRUCTION THE CARTESIAN VECTOR FIELD
FOR NONHOLONOMIC SYSTEM

Firstly we shall introduce the following notation and concept.
Let Q be a smooth manifold of the dimension N with local coordinates x = (!, ..., 2V)
and equipped by the Riemann metric G = (Gy;(x)).
By £(Q), A(Q), V we denote respectively the Lie algebra of vector fields on Q and
the algebra of the 1-form on O, and the connection:

V1 E(Q) x&§(Q) — £(Q)

(u,v) — Vv

which is R lineal with respect to v and C'*° lineal with respect to u and is compatible with
metric G, i.e., V,G(v,w) =0, Yu,v,w € £(Q).
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Let v € £(Q) be a vector field:

Q1(01) Q1(09) Q1(0n) 0
Qar(01) Qar(09) Qa1 (ON) 0
v=det | Qp41(01) Qar41(02) Qar41(0N) A1
Qn(01) QN (02) QOn(On) AN
01 02 ON 0
where 0y = a%’ we shall consider that y,€,....Q0n, M < N — 1 are given 1-forms,
and Qpr41, Qar42, .....0N, are arbitrary 1-forms on Q. Furthermore, we assume that they

are pointwise independent i.e.

T = Ql VAN QQ N QN(81,82, ...,aN) 7é O,

The functions \;, j= M +1,...,N are arbitrary functions on Q
The vector field v has the following properties

1.
{Qj(v) =0, j=1,2,..M
Qj(V)Z—T)\j, ]ZM—f—l,,N

2.The vector v(z) = (vi(z), ..., UN(ac))T can be represented as follows

v(z) = M),
where M = (Qj(ﬁk)%k:l,__N), A=-"(0,..,0,\ns+1,..-An). or, what is the same,

N
vV = Z )\ij

j=M+1

(2.1)

where X, j = M +1,..., N constitute a maximal set of independent vector fields on Q

satisfying the constraints, in the sense that the components of X; satisfy the equations
Q(Xg)=0, j=1,. M, k=M+1,.,N

3. Let o be the 1-form associated with the vector field v, i.e.,

o= (v(z),dx) = Z Gx(z)v (v)da” = Zpk;dxk
k=1

j.k=1
then the 2-form do :

N
do = Z ajk(:r:)Qj A Qp,
jk=1

DN | —
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where A = (a;x) is a matrix such that

: 1 ~ ~
ajk = (—1)j+k_1Td0 AU A A Qg A Qj A QN(al,ag,

ﬁj, Qk means that these elements are omitted.
It is clear that the contraction of do along v is

N
wdo =Y A0,
j=1

where

A = col(Ay,Aa, ..., Ay) = AT\
We shall analyze the differential equations
(2.2) x =M1\
under the conditions

23) {Ajzo, j=M+1,..N
' T =0 AQo.... AQN (01, oy ..., ON) # 0

Corollary 2.1
For the case when M = N — 1 the vector field v takes the form

L@ D) ... ()
Q@) (@) ... Qu(dn)
VvV = )\Ndet QM+1(81) QM+1(82) e QM+1(8N)
Onv1(01) Ono1(Da) ... Qn_1(On-1)
o1 5 O

where Ay is an arbitrary function.
The conditions (2.3) hold iff

Y = A Qo AQN (01, Da, ..., ON) # 0

where )y is an arbitrary 1-form.
Proposition 2.1 The differential equations




are invariant relationship of the Lagrangian equations with Lagrangian function

L.
Lo = 5 Ik — vx)l?

In fact, by derivation we deduce that Vg (x — v(x)) =0, or,
Vi(9xLo) = 0,

which are equivalent to Lagrangian equations with the Lagrangian function Ly given above.
It is easy to show that these equations admits the representation

Vi(045T) = w(0;) + Vi_v(x)P;

where .
T = IR,
2
w = d@ + tydo,

o is the 1- form associated with the vector field v, p; = (9;).

We shall study the case when (2.2) and (2.3) hold. The differential equations which de-
scribe the behavior of such mechanical systems under these restrictions can be represented
as follows

RIVIP | <
(2.4) Vsc(036T) = =25 57 + > 2950,

j=1
and can be interpreted as the equations of motion of nonholonomic mechanical systems
with an active potential field of force with potential U :

1
U= §||V(CC)||2 + Uy, Uy = const.

and with the reactive forces with the components

M

M
ZAQ (01), Z (02), - > AjQ5(0N))

generated by the constraints



It is interesting to observe that the solutions of the equations (2.4) depend on 2N — M

initial conditions and solutions of the system (2.2) depend of N initial conditions and

N — M arbitrary functions which are solutions of the partial differential equations (2.3).
Corollary 2.2

If
M=N-1
Qj = dfj(l‘), ] = 1,2,...,N —1
Qn =dfy

Then the equations (2.2)+(2.3) and (2.4) take the form respectively

, dh@) ... dfi(On)
X = Ay det : : =Mf, fo, o o1, %
(2.5) N a0 o dfa(0n) s fore v}
o, O
Y = dfy A dfo A dfn (D1, Doy oo, D) £ 0

AL\ |v|2 N—
(2.6) V(0 T) = 2 Z Avan; (x)df; ().
where A\ is an arbitrary function:

di(V) = —T)\N.

The studying of the behavior of the nonholonomic systems by using the equations
(2.2)4(2.3) or (2.4) we called Cartesian and Lagrangian approach respectively [Sad, Ram)].

Remark

For the system

(2.7) x= > NX(w),

we can pose the optimal control problem [Bloch]
min /T 1 i M2 (t)dt
A0 Jo 2 M1 !
subject to the dynamics (3.5)and the endpoint condition

(2.8) x(0) =x9, x(T)=x



This optimal control problem is equivalent to the following variational problem ( when
certain assumptions hold) [Bloch]:

T4 N
2.9 min/ ~ Bailikdt
(2.9 i ) 3 3 B

where B == (Bj) = MM, and subject to the endpoint conditions (2.8) and
(2.10) 0;(%) =0, j=12 .M.

As we can observe from the definition of the vector field v the function A;, j =
M+1, .., N are arbitrary smooth function and the 1-form Q;, j = M +1,.., N are restricted
only to the condition that T # 0.

The arbitrariness can be restricted by using the complementary conditions. The func-
tions Aps41,.., Ay can determine, for example, from the conditions (2.3), or from the
optimal control problem (2.8)+(2.9)4(2.10).

With respect to the arbitrary 1-form we posed and study the following problem.

Problem

Determine the 1-form Qpriq, ...Q0n from the condition that the smallest Lie algebra of
vector fields on Q that contains the vector field Xyr41, ..., XN s finite dimensional.

If we assume that

X17X27 ";XMvXM-i-lv "7XN7 "-7XS

is a basis of this Lie algebra then

S
(Xj, Xpl =Y CjiXm, jik=12.5

m=1

where X; € £(Q), j =1,2,..5 and [X, Y] is the Lie brackets of vector field X and Y, and
C7y are the structure constants.
When the algebra is three dimensional then from the Bianchi representation we obtain:
(X1, Xo] = aXs + b3 X3
(2.11) [Xo, X3] = b1 X4
[Xg,Xl] = bQXQ — CLXg

where a, b1, ba, by are certain constants

3. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH THREE DEGREE OF FREEDOM
AND ONE CONSTRAINTS .

The case when dimQ = 3 and M = 1 is of specific interest. We consider a natural
mechanical system with configuration space Q and kinetic energy

3

1 ik

T = 5}} lej(a:):Uj:c
7‘7:

7



Obviously, in this case the 1-form t,do can be represented as follow

tvdo = A1 Q21 + Ao + A3Q3
where Aj, 7 =1,2,3:

( A1 = QQ VAN Qg(V, TOtV)
Ay = A3Qq(rotv)
As = =X\ Qq(rotv)

1
rotv = \/T—IJ,G ((ayp3 - azp2)8az + (azpl - axpi’»)ay + (a:rp2 - aypl)aza)

3
pe =Y Givl, k=123
\ Jj=1

The system (2.2)4(2.3) take the form respectively

(31) X = [ng X)\Qﬂg — )\392] = )\2X2 + >\3X3
T#0
(3.2) { ’
Qq(rotv) =0
where Q;(z) = (2;(0:),92;(0,)Q;(92)), 7 =1,2,3; [ X, ]is the vector product on R3.
Definition

The vector field v we call the Kummer vector field if
rotv = v(x)v

for certain function v.

It is easy to show that the equations of motion (2.4) for N = 3 under the condition
that v is a Kummer a vector field can be represented in Lagrangian form.

We shall determine the arbitrary 1-form €25, €23 in such form that the smallest Lie
algebra of vector fields on Q that contains the vector field X5, X3 is finite dimensional.

In the assertions below, we illustrate the above results in concrete examples.

Let us suppose that
Oy =edr +alx,y, 2)dy + b(x,y,2)dz, €= const.
We choose 25, Q23 as follow:

1. If e=1 then
QQ = d:li‘, Qg = dy



2. Ifa?+b%+#0,Y(z,y,2) € Q, then
Qo = —bdy + adz, Q3 =dx
The Cartesian vector field in this case takes the form respectively:

V= Aa(ady — 8y) + A3(b8, — 9.) = Mo Xo + A3 X3
v = \a((a® +b%)0, — ead, — €bd,) + A3(bd, — ad.) = Ao Xo + A3 X3

The conditions (3.2) for the vector field ¥ in this case can be rewritten as follow

T=1

3.3 . . . . . . .
( ) Ql(TOt@) = 8y>‘2 — (92)\1 + b(ay(a)\l + b)\g) - a(@z(a)\l + b)\Q) + ar)\Z) = 0,

Clearly, between X5, X3 and Xg, X5 there are the following relations

Xz = CLXQ + ng
X3 = G,X:), — bXQ

Example: The Heisenberg system

We consider the following standard kinetic energy Lagrangian on Euclidean three
dimensional space R? :

1
(3.4) L= 5(:z/:Q + 9% + 2%)
subject to the constraint
NM(X)=t+z2y—yz2=0
The vector field v and v in this case are such that:
v = Ao ((y% + 22)0s — 20, + y9,) — M (ydy + 20.) = Ao Xo + (—A3) X3, T =y + 22
v = ;\g(zﬁx - Gy) + Xg(—yﬁx - 8z) = S\QXQ - 5\3)23, T=1

The vector field X5, X3 and Xg, X 3 are contains in the three dimensional Lie algebra
with basis respectively

Xy = (y* + 2%)0, — 20, + yO.

X3 =y0y, + 20,

X1 = 20y —y0,

[Xo, X3] = 2X; +2Xo, [Xo,X1] = — X5, [X1,X5]=0

and



[Xa, X3) = —2X;,  [X1,X3] = [X1,Xo] =0
Which corresponds to the case in the Bianchi classification

a:bgzbgzo, b1:—2.

This algebra is well known as Heisenberg algebra.
To determine the function Ao, A3 and A3, A3 we need to solve the equation respectively:

(14 40y As3 + y20. A3 — y(Buhs + yA3) — (1 + 22)0. A0 + y20,ha + 2(Fpha + 202)) = 0
(1 + y2 + 22)(y0y>\2 + Z&ZAQ —+ 2)\2) -+ y@z)\g — Zay)\g — (22 + y2)8m)\3 =0

Clearly, the functions

<

v(z)

4
22 4+ 2’

Ay =

Az = ®(v2% +y?)

where ¥ and ® are arbitrary functions, are solutions of the second equation.
The solutions of the differential equation generated by v are

[ =t
o(r) ’

dp B
) /\Il(tango)_t_to

T=1To+ ¢
Y =TCcosp

(2 =7rsing
Clearly, the initial conditions of these trajectories must be such that (zg, yo, 20) # (0,0, 0).
Example: A nonholonomically Constrained Particle in R3.
Consider a particle with the Lagrangian (3.4) and nonholonomic constraints
NM(x)=x+a(z)y=0
This instructive academic example, in the particular case when a(z) = z, due to
Rosenberg [Ros]. This example was also used to illustrate the theory in Bates and Sniatycki
[Bates]. The Cartesian approach in this case produce the following vector field v :

Vv = Aa(a(2)0; — Oy) — A30,
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and condition (3.3) for this case takes the form
1
(35) Ale(TOt{/) = 562((1 + CLQ))\g) + (a@x)\g — ay)\3)>\2 =0.

The vector field X5 and X3 are such that
{ Xo =a(2)0, — 0y
X3 = 8,2
[Xg, X2:| = 62(1(,2)(93;
Clearly, we have a three dimensional Lie algebra if

a(z) =

a(z) =expz

As we can observe in these cases we have respectively

[X27X1] = 07

By introducing the vector fields:
X2 :X27 X3:X37 Xl :Xl

and
Xi=X3, Xz=-Xo+X;, Xo=X;

we deduce the Bianchi representation with by =1, a =by = b3 =0
andblza:bgz(), b3:1
If a(z) = cos z then by introducing the vector fields

Y] = cosz0, — 0y

Y2:az
Y3 = —sinzd, — 0,
Y4=3y
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we deduced the four-dimensional Lie algebra:

(Y1, Y] = Y2 + Y4,
Y2,Y3] = -Y1 =Y,
[Y1,Y5] =0
[Y1,Y4] =0
[Y2,Y4] =0

( [Y3,Ya] =0

We shall study the case when in (3.5)
Ao = 4 Az = ba(2),

for A an arbitrary constant and by an arbitrary function.
The equations generated by the vector field v in this case are

(a'c: a(z)A
1+a%(z)
A
V1+a?(z2)

Hence the all trajectories of these equations are the following

P N a(z)dz
SRR B
z dz
(3.6) = A/o ba(2)\/1+ a?(z)

P _/Z dz
\ - 0 b2(z)

The equation (2.4) in this case may be rewritten as

( Py Aa(z)
a?(z) +1
— Aa(z)
= a5
\ zZ= 8Zb2(Z)

Corollary 3.1 All the trajectories of the equation of motion of the constrained La-
grangian system

1
<R L=+ +2%) —U(2), {& +a(2)j = 0} >
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can be obtained from (3.6) [Sad].
Example
The trajectories of the constrained Lagrangian system

are the following

T =x0— BA/ cos z%dz = xg — ABC(2)
0

Yy =1y — BA/ sin z%dz = yo — ABS(2)
0

L t:to—BZ

Analogously we can show that the trajectories of the constrained Lagrangian system

1
<R3,L:§(a’:2+g)2+22)— {i+tanzy =0} >

z
B2’

are

( ? cos zdz
=2 —BA/ =x9— ABC(z
0 0o VZ ’ 2)

7 sin zdz
=99 — BA =y — ABS
Y=1Y /o \/E Yo (2)
| t=to— BVz

where A, B, tg, xg,yo are constants, C'(z) and S(z) are the Fresnel integrals.

The Fresnel integrals has important applications in the physics of diffraction and is
used in the theory of driving motorcar round a corner quickly.

The Cornu spiral, also known as clothoid, is the curve generated by a parametric plot
of S(x) against C(x). The Cornu spiral was created by Marie Alfred Cornu as a nomogram
for diffraction computations in science and engineering.

Example: The Chapliguin-Caratheodory sleigh

We shall now analyse one of the most classical nonholonomic systems : Chapliguin-
Carathodory’s sleigh [NF],[Poliajov]. The idealized sleigh is a body that has three points
of contact with the plane. Two of them slide freely but the third, A, behaves like a knife
edge subjected to a constraining force R which does not allow transversal velocity. More
precisely, let yoz be an inertial frame and & An a frame moving with the sleigh. Take as
generalized coordinates the Cartesian coordinates of the center of mass C' of the sleigh and
the angle x between the y and the £ axis. The reaction force R against the runners is
exerted laterally at the point of application A in such a way that the n component of the
velocity is zero. Hence, one has the constrained system M with the configuration space
X = S' x R?, with the kinetic energy 7' = Z(y? + 22) + L2, and with the constraint

2
€x + sinzy — coszz = (0, where m is the mass of the system and I. is the moment of
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inertia about a vertical axis through C' and € = |AC|. Observe that the ”javelin” (or arrow
or Chapliguin’s skate) is a particular case of this mechanical system and can be obtained
when e =0

To apply the Cartesian approach for this system, first we introduce the 1-form ;, j =
1,2, 3 in such a way that the determinant Y # 0. In this subcase, we achieve this condition
if

Oy = edx +sinzdy — cosxdz, $Qy =sinxdz + cosxdy, 3 =dz.

Under these restrictions we obtain that T = 1.

The vector field v takes the form

v = A\3(0; — €sinzdy — ecos x0,) — Az2(cos x0y — sinxd,) = A3 X3 + A2 Xo
Let X1, X5, X3 be the vector field:
(X3 =0, — esinx0, — ecos x0,
Xy = cosx0y — sinx0,
X1 =0,
1

€

\ [(Xo, X3] = —[X1, X3] =Xy, [X1,Xo] = (X3 — X1)

if € # 0.
Then if we introduce the vector fields respectively:

ZZEXQ, X:Xl, Y:Xl—Xg,

we deduce the Bianchi representation with a = by =0, bg = —by, = 1.
and

X3=0,

Xy = cosx0, — sinzd,

X1 = cosz0, +sinzd,

[Xo, X3] = X7, [X3,X1]=Xo, [X1,X2]=0

if e = 0, then we obtain the Bianchi representation with by = by =1, a = b3 = 0.
The conditions Q4 (rotv) = 0 in this case holds if

€em
Ag= ——" 9.\
OyAs JC—FEQma 2
€m
A3 = ——— 9\
0:A3 Jc—I—EQmay 2
8;,;)\2:6)\3

After some calculations we can prove that the solutions of theses equations are

Ao =cosaVi(y, z,€) +sinaVa(y, z,€) + eu(z, €)

d
h = g T o050 s i)+ 0
eme
o= —FF—
JC + sz
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where K is an arbitrary function and Vi, V5 are functions which satisfy the Cauchy-
Riemann conditions:

(3.7) { oy V1(y, z,€) = 0.Va(y, 2, €)

0:Vi(y, z,€) = —0,Va(y, 2, €).

The aim of the assertions below is to study the differential equations generated by the
vector field v :

T = A3(x,y,2,€)
(3.8) Y = Xa(x,y,2,€) cosT — €Az sinx

Z2=—MXo(x,y,2,€)sinx — €Az cos x
For € # 0 after the change

{a::m, y=¢€Y, z=¢4
Vi=ev(Y,Ze), Vo=eulY,Ze)
the above equations can be rewritten as follow

(- d

_ o ino —
& =—— + v(usina — v cos @)

Y = sinxd— — coszp — u(cosacosx + vsinasinx) — v(sinacos z — v cos asin )
x

Z =—sinxu — cosT—— — v(sinasinz + v cosacosx) — u(sinz cos a — v sin a cos )
x
e2m
vV=———+—, a=Vr.
L Jo + e2m’

Corollary 3.2

Let us introduce the notation v, = lim._,,, v Then the equations generated by the
vector field v, are

T = —;l—/;(x, o0) — R(F(w)exp (1x)), w=Y +1Z
b+ Flw) = (n(a,00) + 15 (2, 00)) exp ()

where F'(w) = u + w is an holomorphic function on D C C In particular if g = 0 the
above equations admits the first integral

H(Y,Z)=C.
where H is a function:
w(Y,Z,00) = -0zH(Y,Z), v(Y,Z,o0)=0yvH(Y,Z)
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Corollary 3.3
Let us suppose that
)‘j:)‘j(x7e)’ J=12

then the all trajectories of the Chapliguin- Caratheodory sleigh under the action of the
potential field of force with potential U :
2(U + h) = mA3(z,€) + (me* + Jo)\3(z, €)
can be obtained from the formula

( T (Aa(x,€) cosx — eAgsinx)dx
ymor [ Dalzdeoss — ysina)
xo 3(':U’E)
/m (Aa(z,y, z,€) sinz — eAs cos x)dx
zZ =20 —
T )\3(%‘,6)

0

t=t +/m de
\ 0 o )\3(1’.76)

Clearly, if the movements are given by inertia, then

)\2 = Cl sin( €T + 02);

Ic + me?

m m
Ag=Chy) ——— — e+ C
3 1\/[0 + me2 COS(\/IC + me2 et 2)

where C, Cy are arbitrary constants.

Corollary 3.4

The all trajectories of the Chapliguin skate (¢ = 0) and the Chapliguin- Caratheodory
sleigh by inertia (K =0, V3 = A, V, = B, A,B = const.) can be obtained from the
Cartesian approach.

It is easy to prove that for e = 0 the following relation holds

rotv = —mv — m(K(m, 0) + 0, Va(y, 2,0)sinz — 0,Va(y, 2,0) cos :1:) Oz,
As a consequence we give that the vector field v :

&= —(bcosz — asin )
y=—(ay+bz+c)cosz
2=—(ay+bz+c)sinx

is a Kummer vector field.

Example : Heavy rigid body in the Suslov case
In this section we study one classical problem of non-holonomic dynamics formulated
by Suslov [Suslov]. In this problem we consider the rotational motion of a rigid body around
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a fixed point. The motion of the body is restricted by one non-holonomic constraints
(a,w) = 0 where w is a body angular velocity.
The nonholonomic equations of motion we take in the form

oU
Iw = [vaw] + [77 8_’)/] + [vafy] + pna

Where
I = diag(]l, IQ, Ig),

A = diag(A1, A2, A3), [ = consts.
v = (y1 =sinzsinz, v, =sinzcosz, 73 = cosz)

Iy, I, I3 are the inertial moment of the body.
If we assume that the vector a = (0,0,1) [Koz2], then

([iwr — A1 =Py
Lws — A1y2 = P2
D1 = 7305, U — 720, U
Dy =710, U — 730, U

(3.9)
(Il — IQ)W1CU2 + 72872U — ’72871[] + on = 0
Y1 = —Y3we
Yo = Yaw1

( Y3 = Y1wa — Yawi

The above system has two independent first integrals

1
Ky = 5( 103+ Lwsd) — U(y1,72,73)

Ky =9+ +

By the Jacobi’s theorem about the last multiplier, if there exits a third independent first
integral K3 which is functionally independent together with K7 and K5, then the Suslov
problem is integrable by quadratures [Koz2, Mac]

The integrable cases of system (3.8) are the following;:

Suslov case

If we suppose that U = 0 then

Kz = Liwy + Xav1, Ky = lhwy + A2

Kharlamova-Zabelina case

17



If we suppose that
U =¥(Ciy1 + Cav2)

where U is an arbitrary smooth function, then
K3 = I;Ciw1 + ICowa + (A2C1m1 + A1 Ca2)

Kozlov case
If

U=V(1-7i—-193), Li=D, M=X=0
where W is an arbitrary smooth function, then
K3 = w1y + w22

Corollary 3.5
Let us suppose that the potential function U in (3.9)is determine as follows

(3.10) U (Iip? + Lp3) — h

= oL 1,

where 1, poare solutions of the partial differential equations

Oy Otz
3.11 g Ok2y, O G2
(3.11) 73(872 871) V2 ol

Then the equations (3.9)+(3.10) admits the first integrals
(3.12) Ks = Lwi + X1 — 1, Ky = Towa + Aiy2 + pi2

The proof we obtain by considering that (3.9)+(3.10) can be rewritten as follows:

(

®y =fig + Ky
Dy = — f11 + Koo
(L1 — Ia)wiwz + L1 pi1 (Y204, i1 — 1104, pi2)+
Lo pia (7205, 12 — Y104, p12) + Aaway1 — Awiy2 +p =0
O Ops Oy Opi2
K= IS
\ 7l o2 o’ oy Mo

The aim of this apartat is to propose the Cartesian approach for this nonholonomic
system.
Let us suppose that @ = SO(3), with the Riemann metric

I3 I5cosz 0
G= | Iscosz ([ sin® x + I cos® ) sin? z + I3 cos? 2 (I; — I3) sinx cos z sin z
0 (I — Iy)sinz cosxsin z Iy cos?z + Ihsin? z

detG = I 1,15 sin® z,
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The given 1-form is the following €2; = dx + cos zdy. By choosing the 1-form o, €23

as follow
Qg = dy, Qg =dz

we obtain that T =1
The equations (3.1) and conditions(3.2) take the form respectively

T = COS 2z \a,

(3.13) Y= —Az,

z= _)‘37
(3.14) Qi (rotv) = 0,ps — Oyps + cos z0;ps = 0
where

1
rotv = (asz -0 P3, a:tp37 —81;]72)
(3.15) VdetG Y
orT

Pr = W|X:v
By introducing the vector field X, Xs, X3 :
X1 = —sinz0, — 0y
Xo = cos 20, — 0y
X3 =0,
X4 =0,y
we deduce the four dimensional algebra introduce in the example: A nonholonomically

Constrained Particle in R3.
From (3.15) we deduce that

sinx
— ILs = Iips + (I, — I)(ps cos = + °=
sin 2
7 )
— I Issin z\g = — .1]92 + (I; — Iy) sinx(ps cosx + pQ‘sm:c)
sin z sin 2z

By introducing the change
{pg = sin z(pg sinx — py cosx)
P3 = 42 COST + 41 Sinx

We obtain that the system (3.13)and equation (3.14) admit the representation respec-
tively

(. cot z

T = L (I1p11 cosz — Iapug sinx),
—1
(316) = m([lul COSI‘—IQIUQ Sin(E)
1
2= ——(lpysinx + Isus cosx),
L 11,
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(3.17) sin z sin 20, pg + cos 2 cos Oy fla — COS TOy ho+
' cos zsin x0,pqp — sin zcos x0, 1 — = 0

Clearly,

1
Iv|]? = E(IW% + Lop3)

Denoting by 71 = sinzsinz, v, =sinzcosz, <3 = cosz from (3.16)and (3.17) we
obtain the relations respectively

(. L

7= 11[2/“73
(3.18) = 2
. T2 = 11[2M273

X —1
V3 = 7 (i + Lapze)

\ L1,

0 0

coszsinz(a—'l;; - a—/ﬁ) — cos 0y iy — sinzdyp; =0

We shall study the case when

>\1:)\2:07 /J/J:M]<$,Z),j:]_,2

Hence,

Oy Oua
3.19 it
( ) V2 om

by compare (3.18) with (3.9) we deduce that

Iiwr = po, ITaws = —pu
In view of (3.19) we obtain
08
i om
08
= 02

S = So(v1727v3) + S1(71,72)

where S, Sy are arbitrary smooth functions.
The following particular case are well known:
Suslov case [Koz].

If in the above relations we suppose that

S = Cim + Caye
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or, what is the same
p1=Cr, pp=Cs, Cj=const.,j=12

then we obtain the Suslov case.
Suslov-Kharlamova-Zabelina case.
If we suppose that

¢ ¢
20 L YT 20,1,

3 -
S = h+Ciy + Coy2)® +
2 11012+12022(\/ o+ Con)

Y2

where h, Cy, Cy, C are constants, then

c, C
B+ Ciyy + Corya +
M1 = #02 T LC? \/ 1M 272 5011,
s
h+C C
SN eI e \/ tomt e - oa T

which correspond to the Suslov-Kharlamova-Zabelina case.
Now we shall study the case when (3.17) holds in view of the relations
tan 20, (g = —0y
(3.20) { H2 H1
Oppi2 = tan 20,

From the compatibility conditions we obtain the following partial differential equation

0? 0? 0
sin? z cos 2 = + cos® z ) +smzﬂ20, j=12

020z 0x0x 0z

Corollary 3.6

Let p1 and pg are solutions of the system (3.20), then the function F' = pg + 2y is
holomorphic function on the complex variable w = 5 + 17;.

In fact, after the change u = Insin z from (3.20) we deduced the Cauchy-Riemann
equations

{auﬂ2 = —0Oz 1
83:,“2 = au,ul

i.e., the function
F(u+wx) = F(lnw)

is an holomorphic function, hence
Mm1 = %F y Ho2 = SF
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Clearly, 1, puo are solution of the Laplace equation

Py Ony _
oudu  Oxdx
Hence, if
(3:21) p = X;(x)Y;(u), j=1,2

then X and Y are solution of the second ordinary differential equation respectively

12

(3.22) X; (z) +v*X;(z) =0,
and
(3.23) Yy (u) = v*Yj(u) =0, j=1,2

where v is a real constant.

Corollary 3.7

Let pq and po are solutions of the system (3.20), then its are solutions of the partial
differential equations

82uj u2 + 1 a,LL] u2 anuj
=0, u= j=1,2
oudu  u—u3 Ou <u2 _ 1)2 Oror , U=cosz, ] ,

If we represent p; by the formula (3.21) then X is a solution of the differential equation
(3.22). and Y is a solution of the Fuchsian equation

u?+1 v2u?

(3.24) V5" (u) + Yj'(u) — myj(u) =0, j=12

u—ud

The proof we obtain after the calculations from (3.20), after the change u = cos z.
Analogously we can prove the following assertion
Corollary 3.8
Let 1 and po are solutions of the system (3.20), then its are solutions of the partial
differential equations

Ppj  10p; 1 P,
- —ZM g, u=si i=1,2
Oudu + u Ou  u? 0x0x  u=sme g

Hence, if (3.21) holds then X satisfies (3.22) and Y is a solution of the Euler ordinary
differential equation

(3.25) WYy (u) + u¥y' () - V(w) =0, j=1,2
where v is real constant.
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Proposition 3.1

The functions
{Kg = Ilwl — Xl(IIT))/l(U)
K4 = IQ(,UQ — XQ(.’.I?)YvQ(u)
where X1, X5 are solutions of (3.22) and Y7, Ys are solutions of (3.23) or (3.24) or (3.25),
are the first integrals of the system (3.9)4(3.10)+(3.11)+(3.19).
Corollary 3.9

Let us suppose that in (3.18) I; = I5. Then if the conditions of corollary hold then
these equations can be rewritten as follow

Y1 = 7307, H(71, 72)
Vo = —73371H(717 Y2)
V3 = 72871H(71, 72) - 715%2}[(717 72)

where H is a function:

p1 =0y, H (71, 72), po = —0,H(m, 72).

Hence we obtain the existence of the first integral

H(v1, v2) =C.

To conclude the construction the Cartesian approach for heavy rigid body in the
Suslov case we analyze the case when v is a Kummer vector field.
In view of (3.15) we obtain that v is a Kummer vector field if

0.p2 — Oyp3 =0
Ozp3 = VP2
Ozp2 = —VD3

Hence we deduce that if v = const. # 0 then

p2 = a(y, z) cosvx + b(y, z) sinve
ps = b(y, z) cosve — a(y, z) sinve

where a and b are function:

Oya = 0.b, 0.a = —0yb,

and if v = 0 then
p2 = 0yS(y,2), p3=0.5(y, %)

The relation between ps, ps and w1, po are the following

. b2 P2 .
U1 = p3sinx — — CoSx, Hg = P3COST + — sin x.
Sin 2z Sin z
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It is easy to observe that if Iy = I then S is a first integral of v.

4. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH FOUR DEGREE OF FREEDOM
AND TWO CONSTRAINTS .

In this apartat we illustrate the Cartesian approach for mechanical system with four
degree of freedom and two constraints in the well known example which we call the Gant-
macher system [ Gantmacher]

Example: Gantmacher system

Let

be the configuration space and kinetic energy of the mechanical system which is under the

constraints
{u1u1 + UgUg = 0

Ulﬂg - UQiL4 =0

By choosing the 1-forms 23, Q4 as follow
Qg = uldu2 — u2du1, Q4 = uzdu:g + UldU4

we obtain that

T = (u% + u%)2
vV = Vg(ulag — u281) + 1/4(U263 + u184) = 13X3 + 14 X9
vi=Aj(uf +u3), j=1,2
The conditions (2.3)
A3 = A4 =0
hold iff

(4.1) UgO1 Vs — U1 09V4 + U033 + U043 = 0

The vector fields X3, X, are contain in three dimensional Lie algebra:
{ [X3, Xo] = u103 — u204 = X
(X1, Xo] =0, [X1,X3]=—-X>

which correspond to the Bianchi representation with a =b; =0, b3 = —by = 1.
It is easy to show that the functions vs, vy :

2g(uq + h)
vs = gs(uf + u3), V4:\/m—9§(?ﬁ+ug)7
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where g, h are constants, are solutions of (4.1).
The solutions of the differential equations generated by the vector field v in this case
are

(U] = rcosa

Ug = rsino

V2gC
uz = u3 + I__4_ 29 sin2a — — Y cosa
2g3(r)  4g5(r) g3(r)

U4:—h+

r2g3(r) ( V9o )
+

29

a=ay+ g3(r)t

— /2 2
[ 7= uy + uj

where C, r, ag, u3, h, are arbitrary constants, g3 is an arbitrary on r function. These func-
tions coincide with the solutions of the equations of motion obtained from the d’Alembert-
Lagrange principle [Gantmacher].

The Cartesian approach in this case produces additional possible trajectories of the
Gantmacher system. In fact, by introducing the polar coordinates

U1 = 71 COS Y1
Ug = 11 Sin 1
U3 = T2 COS Y2

Ug = T2 SIN P9
we obtain that the differential equations generated by the vector field v take the form
7 =0
Y1 =13
To = 411 cos(p1 — P2)

Do = vyry sin(p1 — p2)
We shall study the case when
v3 = Kiri, vs= Kory, K;=conts.,j=12
Hence, the solutions of the above equations are:

(11 =C1
golzClt+C’2
{ P2 :Clt—f—Cz—\If(t)

t
ro = exp(C’l/ cos U(t)dt)Cs

\ tO
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where ¥(t) = 1 — o is a solution of the equation

AU
/1 K gmy Gt

Ky
where Cj, j=1,2,3,4, Ky, K, are arbitrary constants. It is easy to show that the given
differential equations admits the following first integrals

Ky .
r1=0C1, 7ro(l— Fi sin(¢1 — ¢2)) = C.

5. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH N DEGREE OF FREEDOM
AND N-1 CONSTRAINTS .

We apply the obtained above results to solve the inverse problem in Dynamics [Ram].

One of the fundamental classical problems in celestial mechanics is to determine the
potential-energy function U such that every curve from a given family of curves will be a
possible trajectory of a particle moving under the action of potential forces F', admitting
U;i. e. F=gradU.

The importance of this problem was already acknowledged Szebehely [Szel]. Szebe-
hely, indeed, affirms that in order to establish accurate physical descriptions and accurate
constants, one needs to address the inverse problem of dynamics.

The first inverse problem in Celestial Mechanics was stated and solved by Newton
(1687) [New| and concerns the determination of the potential field of force that ensures
the planetary motion in accordance to the observed properties, namely to Kepler’s laws.

Bertrand (1877) [Ber] proved that the expression for Newton’s force of attraction can
be obtained directly from the Kepler first law to within a constant multiplier.

Bertrand stated also a more general problem of determining a positional force, under
which a particle describes a conic section under any initial conditions.

The ideas of Bertrand were developed by Dainelli [Dai], Suslov [Sus], Joukovski [Jou],

Dainelli in [Dai] essentially states a more general problem of how to determine the
most general field of force (the force being supposed to depend only on the position of the
particle on which it acts) under which a given family of planar curves is a family of orbits
of a particle.

The solution proposed by Dainelli is the following [Whi,Dain,Sad).

The most general field of force F = (F, F,) capable of generating the family of planar
orbits f(z,y) = Const is the following:

(5.1) {F = XL 0y} = MS N, f
Fy = N{£.0.f} + MF. N0 f.

where A is an arbitrary function,
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{f7 )‘} = 8mfay)\ - ayfam)\

In [Sus], Suslov stated and solved a problem which was a further development of
Bertrand’s problem. He shows that, given a (N — 1)-parametric family of orbits in the
configuration space of a holonomic system with /N degrees of freedom and a kinetic energy
T, it is necessary to determine the potential field of force under which any trajectory of
the family can be traced by the representative point of the system.

Suslov deduced the following system of linear partial differential equations with respect
to the require potential function:

00 U 90 oU

oA, 0N AN Oxk

U+h< 00 90 90 96 N
0 \dAN OzF O OzN

iﬂm( 90 90 90 %0 )
o 0N ONANOT™ 0NN ONLOxT™

where 0, A, A2, ..., AN are functions:

N oot . N .
%‘;N =0, A= z:lajk(x)w, a=1,2,.,.N—1,k=1,2,., N.
=

j=1

N
1 .
0 = 5 2 : Gk]<$)AkAJ = 9($1,$2,.,7,’BN,A1, AQ?""AN)
k

J=1

and proved that theses equations represented the necessary and sufficient conditions
under which the equations of motion of the study mechanical system admits the given
N — 1 partial integrals.

Assuming that given trajectories admit a family of the orthogonal surfaces, Joukovski
in [Jou] constructed the potential-energy functions in explicit forms for systems with two
and three degrees of freedom.

The following theorem was enunciated by Joukovski in 1890, that

if ¢ = const is the equation of the family of curves on a surface, and p = const denotes
the family of curves orthogonal to these, then the curves ¢ = const can be freely described
by a particle under the influence of forces derived from the potential-energy function

V=800 (s0) + [ 1l (57 )da)

where h and g are arbitrary functions, and A1 denotes the first differential parameter

In the most general form the inverse problem in dynamics was studied in [Sad]. By
applying the results presented in that work we propose the following new results:

1.  Generalization the Dainelli problem for a mechanical system with N degree of
freedom
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2. New approach to solve the Suslov problem
3. Generalization of the Joukovski problem for a mechanical system with N degree
of freedom

Generalized Dainelli’s and Generalized Joukovski’s problem
We introduce necessary notations and give a brief
overview of the main results obtained in [Sad].

Definition 2.1 [ Generalized Dainelli’s problem)].
Given a N — 1 -parametric family of orbits

(5.2) i@ =05, j=1,2,...,N—-1

in the configuration space of a holonomic system with N degrees of freedom and kinetic
energy

N
T =|%|)? = % > Grjla)id i,
J k=1
The Generalized Dainelli problem is the problem of determining the most general field of
force that depends only on the position of the system under which any trajectory of the
family can be traced by a representative point of the system.
Proposition 5.1 (Solution of the Generalized Dainelli Problem).

Given a mechanical system M with configuration space X and a kinetic energy 7'
Then the most general field of force that depends only on the position of the system and
is capable of generating the given orbits (5.2) is described by the equation (2.6), or what
is the same,

d oT oT
— = =w(dy), n=12,..,N
9 .
w = alM + 1y do,
2
Here 1, is the contraction along the vector field v, fi,...,fy_1 are independent

functions of class CT()? C X), r > 2, v is the vector field (2.5), and o is a 1-form
associated with v.

Definition [Suslov’s problem]. Given a (N — 1)-parametric family of orbits in the
configuration space of a holonomic system with N degrees of freedom and kinetic energy
T. The Suslov problem is the problem of determining the potential field of force under
which any trajectory of the family can be traced by a representative point of the system.

Corollary 5.1 (Solution of the Suslov Problem).

(54) W = dU(IE) S aydo = —dh(fl, f2, ceny fN—l)
If (5.4) holds then
(55) U(a) = gV @)IVIP +Alfa, for o 1)
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Definition [Generalised Joukovskis problem]. The generalized Joulovski prob-
lem is a particular case of the Suslov problem, which is obtained by assuming that the
vector field (2.5) has the form :

{fis fas oo s In—1ox }=v(x)VS, (5.6)

where

N
VS =Y G*(x)0;50k,
j=1

G~ = (G7%) is the inverse matrix of the Riemann metric G and v is a certain function.
The stated problem coincides with Joukovski’s problem when N = 3. [Whit, Jou]
Corollary 5.2 ( Solution of the Joukovski Problem)

(5.7) w=dU(x) < iwrvsd(I'dS) = —dh(f1, fo, ., fn-1), T =
Hence, in view of (5.7) we obtain

U(a) = gT2@IVSIP + A, for o Fv-1)

Corollary 5.3
If

I'=T(S)
then

Uz) =T2(S9)||VS|]* + ho
Corollary 5.4 The field of force (5.3) takes for a particle in R? the following forms:

(58) = AN (@) + 0,0)%) + AP (Mf) + Dy (M) df

It is possible to show that (5.8) coincide with (1.1)[Ram].
Corollary 5.5 The field of force (5.3) for a particle in R? is potential iff

MOy (M f) + By (ML) df = —dh(f)

and respectively in R3, iff

/\Zcurlv(dfl A f2) = _dh<f17f2)

where v = \(x,y, z)[grad f1 x grad f»], [ x] is the vector product on R3.
Clearly, if v is a Kummer vector field the dh = 0.
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In 1974 Szebehely [Sze2] obtained a linear first-order partial differential equation for
the potential function U which gives rise to a one-parameter family of planar orbits with
a given total energy h. This result originated many works on the inverse problems (see for
instance [Boz|). The equation of Szebehely was generalized to a two-parameter family of
three-dimensional orbits by Bozis (1983) .

We show that the results, presented in those works, can be obtained from the solutions
of the Suslov problem.

By applying the above results we prove the following result

Corollary 5.6 (Solution of the Bertrand Problem)

The potential-energy function U capable of generating a one-parameter family of con-
ics with eccentricity b # 0

r(1+bcosf) = Const

is the function

1+bcosh
j+1

U=a_1(Hi(cost) — Kylogr(l+bcosh)) + Z a;r? T (H;(cos 0) — )

JjeZ\{—-1}

where a; K1 j € Z, are real constants and Hj, j € Z are solutions of the Heun equations

with singularities at the points
1456

0,1
) ) b

, 00
and with the exponents

j+3+b(+1) 340G+ 1)

); (0,5 +1); (=1 —34,1—7)

respectively.

The solution of this problem for the case when b = 0 it is easy to obtain.

We prove the following proposition which represented an extension of the Joukovski
theorem for a mechanical system with N degree of freedom.

Proposition 5.2

If

(5.9) r! =Cj=const, j=1,2,..,N—1

are the equations of the N — 1 parametric family of curves on X, and z”" = const denotes
the family of curves orthogonal to these, then the curves (5.9)can be freely described by
a representative particle under the influence of forces derived from the potential-energy
function

)

_ dﬂ
Gyn(xt 22, . oxI o

N-1
1 _1.0G ot 22,
U xN)<g(a:N)+E /h(xl,xQ,..,xN h v ( :
Jj=1

where h and g are arbitrary functions.
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Clearly, for N = 2 we exactly obtain the Joukovski result given in the introduction.
Definition [Stéckel system]. The Stéickel system is the triplet

1oL 2
M=<X,T=3 k_w=dU(z) >,
AR (z)’
k 1
where A', ..., AN U are functions that :
1 0A
5.10 Ab () = ————,
(5.10) (z) A Do (7F)
N
(5.11) U)=) v
k=1
dp1(01) ... dp1(On)
A = det = ngl N .../\ngN(al,...,(?N),
d(pN(al) d(,DN(aN)

N
dpe = Z o (x®)dz",
k=1

Vka, Yy are arbitrary functions, k =1,..., N, a = 2, ..., N.

The trajectories of the Stéckel system are [Char]:

Spku k
(5.12) Fua( Z/ d —cy, p=2...,N,
\/Kk .l‘k

where Ky (aF) = 20 (2%) + 22 L ajori(z®), «j, k=1,2,..N are constants.

Corollary 5.7
The system (2.5)4(5.11) can be rewritten as follow

( dgpl(81> . ngl(aN)
X = N; det
[1=) Kn(z™) don-1(01) ... dpn-1(9n)
%] On
(T=A#0, dfy=dpn

Clearly, if

\ = Hﬁle Kn(zn)
A

then (5.10) and (5.11) can be rewritten as follows
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A" (z) = v(z")
U(x) = dip(v)
We define the inverse Stickel problem as follows [Sad]

Definition [Inverse Stickel problem]. Let M be a mechanical system with con-
figuration space X and kinetic energy

T —

N —

N .
>
o A
where Al,..., AN are function determine by formulae (5.10)
The problem of constructing the potential field of force
w=—dU(z,y),

which is capable of generating orbits (5.12)is called the inverse Stéckel problem.

We obtain that the solution to the inverse Stackel problem is the function U :

z

U(z) =T%(9)(>_ Up(a")A* +a) — ho
k=1

where

s:é/mw

In particular if I' = 1, & = hyg, then U = 25:1 Uy (xF) A*.
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