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Abstract

In the history of mechanics, there have been two points of view for studying mechanical
systems: The Newtonian and the Cartesian.

A main achievement of Newton was perceiving that the dynamics of the real system
are prescribed by second-order differential equations. To reduce the equations of motion to
the investigation of dynamic system it is necessary to double the dimension of the position
space and to introduce the auxiliary phase space.However, we are interested not in the
phase trajectories themselves but in their projection on the configuration space.

According the Decartes point of view, the motion of mechanical systems is described
by the first-order differential equations in the N dimensional configuration space Q:

t=v(z,t), x€Q.

Decartes gave no principles for constructing the field v (the Decartes vector field ).

V.V. Kozlov in the monograph Dynamical systems X affirms that solving dynamics
problems is possible inside the configuration space.

In this paper we develop the Cartesian approach for mechanical systems with con-
straints which are linear with respect to velocity. We show that the Decartes vector field
in this case admits the following representation

where X741, ...Xny are characteristic elements of the independents 1-forms 21, s, .., Qas,
the functions Apsy1, Aprt2, ..., Any are such that the 1-form o associated to the Decartes
vector field admits the representation

M
wdo = Aj(2)Q;
j=1
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where by 2, we denote the contraction along v.

The obtained results are illustrated into the study of the particular case when the the
smallest Lie algebra of vector fields on O that contains the vector field X;4q,..., Xn is
finite dimensional.

Key words: Non-holonomic systems, Cartesian approach, Newtonian approach, con-
straint, differential equation, Lagrangian systems, Suslov’s problem, Veselov’s problem,
rattleback .
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1. Introduction

In ”Philosophiae Naturalis Principia Mathematica” (1687), Newton considers that
movements of celestial bodies can be described by differential equations of the second order.
To determine their trajectory, it is necessary to give the initial position and velocity.

Descartes in 1644 proposed that the behavior of the celestial bodies be studied from
another point of view. These ideas were stated in ”Principia Philosophiae” (1644) and in
"Discours de la métode” (1637). According to Descarte the understanding of cosmology
starts from acceptance of the initial chaos, whose moving elements are ordered according
to certain fixed laws and form the Cosmo. He consider that the Universe is filled with a
tenuous fluid matter (ether), which is constantly in a vortex motion. This motion moves
the largest particle of matter of the vortex axis, and they subsequently form planets. Then,
according to what Descartes wrote in his ”Treatise on Light”, ”the material of the Heaven
must be rotate the planets not only about the Sun but also about their own centers...and
this will hence form several small Heavens rotating in the same direction as the great
Heaven.”

Newton gave a simpler, but stronger, argument against Descarte’s theory. If the
Descarte’s ideas is correct, bodies are carried by the ether, and the equations of motion
are consequently of first order: the velocity of a particle depend only on its position.
However, Newton noted that some of the observed comets move in a direction opposite to
that of all the planets [Koz1].

In the modern scientific literature the study of the Descarte ideas we can find in the
monographic of V.V. Kozlov in which the author said ”In the present book, one more
attempt is made to rehabilitate Descarte’s vortex theory...” . In this books, Kozlov affirms
”solving dynamics problem is possible inside the configuration space”.

As we observe , the equation of motion in the Descartes theory must be of the first
order

(1.1) x =v(z,t)

Hence, to determine the trajectory from Descartes’s point of view it is necessary to give
only the initial position. Descarte gave no principles for constructing the field v for different
mechanical systems.

Definition

The vector field (1.1) we shall call the Decartes vector field.

The aim of the present paper is to develop the Descarte ideas for mechanical systems
with constraints which are linear with respect to the velocity.
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2. CONSTRUCTION THE CARTESIAN VECTOR FIELD
FOR NON-HOLONOMIC SYSTEM

Firstly we shall introduce the following notation and concepts.
Let Q be a smooth manifold of the dimension N with local coordinates x = (!, ..., 2V)
and equipped by the Riemann metric G = (Gy;(x)).
By £(Q), A(Q), V we denote respectively the Lie algebra of vector fields on Q and
the algebra of the 1-form on O, and the connection:

V1 £(Q) x £(Q) — &(Q)
(u,v) — Vv
which is R lineal with respect to v and C'*° lineal with respect to u and is compatible with

metric G, i.e., V,G(v,w) =0, VYu,v,w € £(Q).
Let v € £(Q) be a vector field:

041(84) Q1(82) ... D(0n) A1
gt | @) Q@) o Qu@N) A
(2.1) VvV = T QMH((‘)l) QMH((‘)Q) e QM+1(8N) )\M+1 s
Qn(01)  Qn(8)) ... QnON) An
01 0o On 0

where T = Q1 A Qq... AQN (01,02, ...,0N), Ok = 8%,“ we shall consider that €4,Qs,....QpN
are 1-forms on Q :

N
Qj:ijk(x)dxk—{—wdxj, ji=12,..,.N, weC
j=1

Furthermore, we assume that they are pointwise independent i.e. T # 0.
The functions \;, j =M +1,...,N are arbitrary functions on Q :

QJ(V):)\J', j:1,2,..,N
The vector v(z) = (vi(z),..., vN(ac))T can be represented as follows
v(z) = M),

where M = (Qj(ak)j7k:17“]\/'>7 A=—(N, ., AM, AMi41, --AN). or, what is the same,

N
7j=1
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where X;, j =1,..., N constitute a set of independent vector fields on Q
The differential equations generated by the vector field v are the following

N
(2.2) X=M"TA=) NX;
j=1
Let o be the 1-form associated with the vector field v, i.e.,
N N
o= (v(z),dx) = Z Gx(z)v! (v)da” = Zpkdxk
k=1

Jk=1

then the 2-form do :

where A = (a;;) is a matrix such that
. 1 Y Y
ajr = (_1)J+’f*1Tda AUA A Qg AQjo A QN (01,02, -, ON)

ﬁj, ﬁk means that these elements are omitted.
It is clear that the contraction of do along v is

N
Lde' = Z Aij,
Jj=1

where

A= COZ(Al, AQ, ceey AN) = AT)\

where A = (a;x (7))
Proposition 2.1 The differential equations

x=v(z), xz€Q

are invariant relationship of the Lagrangian equations with Lagrangian function
L= Lix— a1 G (2) (3 — Lk k
= Sl = VeI = 5 D Gry@)(@ — i (@)@ - 0¥ (@)

In fact, by derivation we deduce that Vg (x — v(z)) = 0, or,
Vi (0xL) =0,
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which are equivalent to Lagrangian equations with the Lagrangian function Lg given above.
It is easy to show that these equations admits the representation

(2.3) V(935 T) = w(95) + Vi—v(x)P;
where
1.9
T =Sl b = o(@)
2
M

The aim of the following assertions is to determine the Cartessian approach in the
next two cases:

CASE 1
In this case we shall consider that the functions Ay, Ao, ..., Ay are such that
Ai=0, j=12,.M
and the 1-form Qq, Qo, ..., Qs are given 1-forms for which the vector field Xp;41, Xasyo, .., XN

constitute a maximal set of independent vector fields on Q satisfying the constraints in
the sense that the components of X; satisfy the equations

O;(Xp) =0, j=1,2.,M, k=M+1,..,N,

i.e., X; are characteristic elements of the given 1-forms, and Qr41, ..., 2y are arbi-
trary 1-forms such that T # 0

CASE 1T

Now we determine the functions i, Ao, ..., A\xy and the 1-form as follows

Aj=a;(x), j=1,2,.,N

;= Z(daj (Or) + day(9;))dz"® + 2wdz’
k=1

where w is an arbitrary parameter which we determine in such away that

Qv)=0
N
Q= Zak(x)d:vk

THE CARTESSIAN APPROACH FOR THE CASE 1



We shall study the case I.
The differential equations which describe the behavior of such mechanical systems

under the restrictions that v
tydo = ZAj(a:)Q
j=1

can be represented as follows

o5vII?

M
L T A (0), k=12,

J=1

(2.4) V(93 T) =

and can be interpreted as the equations of motion of non-holonomic mechanical sys-
tems with an active potential field of force with potential U :

1
U= §||V(I)||2 + Uy, Uy = const.

and with the reactive forces with the components

M

ZAQ (O1), Z ), Y A;Q;(0n))

generated by the constraints

The differential equations generated by the vector field under the indicated restrictions
can be represented as follows

(2.5) x=M"TA= ) NX;

where \j, j = M +1,M +2,....,N and the arbitrary 1-form €, j = M +1,.., N are
such that

(2.6) {Aj(m) =0, j=M+1,..,N

T=Q;AQ... A QN(81,82, ...,8]\7) #0

Definition
The studying of the behavior of the non-holonomic systems by using the equations
(2.5), (2.6) or (2.4) we called Cartesian and Lagrangian approach respectively and by
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applying the equations deduced from the D’Alembert-Lagrange Principle we called the
Classical approach.
Corollary 2.2

If
M=N -1
QO =dfj(zx), j=1,2,.,N—1
Qn =dfn
Then the equations (2.5), (2.6) and (2.4) take the form respectively
( dfy(0h) ... dfi(On)
% = Ay det : 5
dfn-1(01) ... dfn-1(On)
O ON
LT =df1 A dfa.... N dfn (01, Do, ...y ON) # 0
o3lIvII* | =
Vx(c‘?ka) = Ok )\NaNj(x)dfj (8k)

=1
where A\ is an arbitrary function.

The Lagrangian approach for this particular case we applied to solve the inverse
problem in dynamics [Ram1, Ram2, Ram3, Sad]

With respect to the proposed us approaches we have the following conjecture.

Conjecture

The Cartesian and Lagrangian approach are equivalent.

This conjecture supported the following facts. First, the solutions of (2.5),(2.6) are
solutions of (2.4) in view of proposition 2.1. Second, the solutions of the equations (2.4)
depend on the 2N — M initial conditions. The solutions of (2.5) depend on N initial con-
ditions and N — M functions which are solutions of the linear partial differential equations
of first order (2.6).

To illustrate this conjecture we study the following example.

A NON-HOLONOMICALLY CONSTRAINED PARTICLE IN R3.

Consider a particle with the kinetic energy

T=5((#)"+ @)+ (2)?)

and non-holonomic constraints
H(X)=x+a(z)y=0

This instructive academic example, in the particular case when a(z) = z, due to
Rosenberg [Ros]. This example was also used to illustrate the theory in Bates and Sniatycki
[Bates]. The Cartesian approach in this case produces the following vector field v :

(27) vV = )\Q(G(Z)ax - 8y) - /\38z = )\QXQ + )\3X3
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and condition (2.6) for this case takes the form

1
(2.8) Ale(TOtV) = 562((1 + az))\g) + (aax)\g) — 6y)\3))\2 =0.
The vector field X5 and X3 are such that

Xo =a(z)0; — 0y
(2.9) X3 =0,
[Xg, XQ] = 8za(z)8x

We shall study the case when in (2.8)

A
Mo = ——— A3 =Dbo(2),
2 a2+1 3 2()

for A an arbitrary constant and by an arbitrary function.
The equations generated by the vector field v in this case are

(a'c: a(z)A
1+a%(z)
4
v 1+ a?(2)
\ z= —bQ(Z)

Hence the all trajectories of these equations are the following

(., — o A a(z)dz
2 ba(2)y/1+a?(2)
z dz
2.10 = — A/
(2.10) Yol Vit (2)
P /Z dz
\ 0 o b2(2)

(. B Aa(z)
# = —b(z)0( a2(z)+1)
A
§=b(z)- a?(z) + 1)
)
| = 0. 5



Corollary 2.3
All the trajectories of the equation of motion of the constrained Lagrangian system

1
<R} L= 5(;1':2 + 92423 = U(2), {& + a(z)y =0} >

can be obtained from (2.10) [Sad].
In fact, the equations of motion obtained from the D’Alembert-Lagrange Principle are

T =
j=alz)p
Z=0,U(2)
T+a(z)y=0
Therefore,
d . . da(z) ..
& a(z)i) = -0 5

which, in view of the constraints, is equivalent to

L1 +a2(2))  —a(z)?eE);

y(1+a2(z))  14a2(z)

hence,

. C
v= V1+a%(z)

where C' is an arbitrary constant.
On the other hand from the equation

2 =0,U(z)

we easily obtain 2 = £4/2(U(z) + h).
Finally by considering the constraints we deduce the system of the first order ordinary

differential equations
(. a(z)C

T VT ek

C

| 2= +£2(U() + h)

which coincide with the system obtained from the Cartesian approach if
C=-A, b(z)=FvV2U(z)+h).
In this example the Cartesian, the lagrangian and Classical approach coincide [Sad].
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With respect to the arbitrary 1-form we posed the following problem.

Problem

Determine the 1-form Qpr41,...Q0n from the condition that the smallest Lie algebra of
vector fields on Q that contains the vector field Xary1, ..., XN is finite dimensional.

If we assume that
X1, Xo, o, Xog, Xgw1y oy Xy ooy X

is a basis of this Lie algebra then

S
(Xj, Xil =) CjiXm, jk=12.5

m=1

where X; € £(Q), j =1,2,..5 and [X, Y] is the Lie brackets of vector field X and Y, and
C7y are the structure constants.
When the algebra is three dimensional then from the Bianchi representation we obtain:

(X1, Xo] = aXo +b3X3
(2.11) [Xy, X3] = by X3
[Xg,Xl] = bQXQ — CLX3

where a, b1, b2, b3 are certain constants
In the example 1 we obtain a finite Lie algebra if in (2.9) the function a is such that

Da(z) =2, 2)a(z) =expz, 3)a(z)=cosz,
A brief calculation shows that for the first case
{Xlzaz, ngzax—c‘?y, ngﬁx
[X17X2] :X3v [X17X3] 207 [X27X3] =0

which correspond to the Heisenberg algebra [Bloch].
For the second case we have

{Xlzﬁz, Xo =expz0, — 0y, Xz=0,
(X1, Xo] = X3+ X1, [X1,X3]=0, [X3,X3]=0

For the case when a(z) = cos z by introducing the vector field X7, Xo, X3, X4 :

X1 = —sinz0, — 0y
Xo = cos 20, — 0y
X3=0,

X4 =0,y

we deduce the four dimensional Lie algebra:
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(X2, X3] = X3+ Xy
(X3, X1] = —Xo — X4
[X27X1] - 07 [X27X4] = 07 [X37X4] - 07 [X17X4] =0

The all examples which we give below are such that the smallest Lie algebra of vector
fields on Q that contains the vector fields X7, ..., Xy is finite dimensional.

3. CARTESIAN APPROACH FOR NON-HOLONOMIC SYSTEM
WITH THREE DEGREE OF FREEDOM
AND ONE CONSTRAINTS .

The case when dimQ = 3 and M = 1 is of specific interest. We consider a natural
mechanical system with configuration space Q and kinetic energy

3
1 ok
T:§k5 Grj(x)d? T~

Jj=1

Obviously, in this case the 1-form ¢ydo can be represented as follow

tydo = A1 + AaQo + A3Qg,
where A;, 7 =1,2,3:

(A = Qo A Q3(v,rotv)
AQ = Ang(TOtV)
A3 = —)\291<7”0tV)

1
rotv = \/ﬁ ((ayp3 - 6zp2)6m + (azpl - 63:173)8?4 + (0mp2 - 8yp1)825) )

3
pr =Y Giv), k=1,2,3

J=1

The system (2.2), (2.6) take the form respectively

(31) X = [Ql X, )\293 — /\392] = /\QXQ + /\3)(37
T#0
(3.2 { o
Qq(rotv) =0
where Q;(z) = (2;(0:),Q2;(0:)Q;(92)), 7 =1,2,3; [ X, ]isthe vector product on R3.
Definition
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The vector field v we call the Kummer vector field if
[v x rotv] =0

It is easy to show that the equations of motion (2.4) for N = 3 under the condition
that v is a Kummer a vector field can be represented in Lagrangian form.

The aim of the following assertions is to illustrate the above results in the concrete
examples.

HEAVY RIGID BODY IN THE SUSLOV CASE

In this section we study one classical problem of non-holonomic dynamics formulated
by Suslov [Koz2]. In this problem we consider the rotational motion of a rigid body around
a fixed point and subject to the non-holonomic constraints (a,w) = 0 where w is a body
angular velocity and a is a constant vector. Suppose the body rotates in an force field
with potential U(vy1,72,73). Applying the method of Lagrange multipliers we write the
equations of motion in the form

Iw:[lwxw]+[’yxg—g]+ua

Where
I = diag([l, Iz, Ig),

v=(y1 =sinzsinz, -~ =sinzcosz, 3= cosz)

Iy, I, I3 are the inertial moment of the body.
If we assume that the vector a = (0,0,1) [Koz2], then

(L1 = v307,U — 720, U
Iywy = 74104, U — 730, U
(I — Iy)wiwg + 7204, U — 710, U + 1 =0
Y1 = —Y3w2
Y2 = Y3w1

L Y3 = 71w2 — Yow1

The above system has two independent first integrals

1
Ky = i(wa + Iw3) = U(y1,72,73)
Ky =7 +7 +73
By the Jacobi’s theorem about the last multiplier, if there exits a third independent first
integral K3 which is functionally independent together with K7 and K5, then the Suslov
problem is integrable by quadratures [Koz2, Mac]
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To determine the integrable cases of the Suslov problem seems interesting the following
result which we can prove after straightforward calculations.

Proposition 3.1

Let us suppose that the potential function U in (3.3) is determine as follows

(3.4) U (Iip? + Ip3) — h

T 2L,
where (1, psare solutions of the partial differential equations
opy  Oue Oy Opz

3.5 A o) =Yyt np =0,
(3.5) 55, ") " 2, T o,

then the equations (3.3)+(3.4) admits the first integrals

(3.6) Loy = p2, lwy = —p

The aim of this apartat is to propose the Cartesian approach for heavy rigid body in
the Suslov case.

Let us suppose that @ = SO(3), with the Riemann metric

I3 I3 cos z 0
G= | Iscosz (1 sin2:)3+Igc052x)sin2z+I300822 (I — I)sinx cos z sin z
0 (I; — I5) sinz cos x sin 2 I cos? z + Iy sin? x

detG = I I 15 sin? z,
The given 1-form is the following €2y = dx + cos zdy. By choosing the 1-form €5, (23

as follow
QQ = dy, Q3 =dz

we obtain that T = 1. Hence the vector field v is such that
VvV = )\Q(COS Zax — 8y) — )\382 = )\2X2 — )\3X3
The equations (3.1) and conditions(3.2) take the form respectively

T = COS 2 \a,

(37) y - _)\27
z= _)\37
(3.8) Qi (rotv) = 0,ps — Oyps + cos z0;ps = 0
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where

1
rotv = 0.p2 — Oyp3, Ozp3, —O0,
\/m( D2 yp3 P3 p2)
(3.9)
B 5’T|
Pr = a.fEk X=Vv
From (3.9) we deduce that
sin x
—I1[2)\3zflp3+(12—11)(pgcosx+p2, )
sin z
7 .
I1I5sin 2y = .1p2 + (I3 — I)sinz(ps cosx + pg‘smx)
sin z sin z

By introducing the change

{pg = sin z(pg sinx — py cosx)
P3 = 42 COST + 41 sinx,

we obtain that the system (3.7) and equation (3.8) admit the representation respec-
tively

( t
T = core (I1p1 cosx — Iapo sinx),
I 1
—1
(310) y: m([lul COSiIZ'—IgMgSiH.CE)
1
Z2=——(Lpsinz + Iaus cosx),
\ I 1
(3.11) sin z(sin 20, pa + cos 205 11) + cos x(cos 20, o — sin 20, p11 — Oy i) =0
Clearly,

1
Iv|]* = EUW% + Lop3)

Now we shall study the particular case when (3.11) holds in view of the relations

t az = —Ug
(3.12) { RO i

Oppi2 = tan 20,
From the compatibility conditions we obtain the following partial differential equation

82 . 82 . 8 .
(3.13) sin? zcoszazgjz + cos? Zazz:gjx + sin z% =0, j=1,2

Corollary 3.1
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Let py and po are solutions of the system (3.12), then the function F = py + wug is
holomorphic function on the complex variable w = v5 + 1y; = €' sin 2.

In fact, after the change u = Insinz from (3.12) we deduced the Cauchy-Riemann
equations

{auMZ = —0Ozl1
amﬂ2 - au,ul

i.e., the function
F(u+ ) = F(lnw)

is an holomorphic function, hence

{Ml —RF =0,,5 =0,,7,
po = SF = 0,,8 = —0,,¥

as a consequence we obtain that the functions

{ Lwy = RF(In(y2 + 171))
Iows = =S F(In(y2 +171))
are first integral of (3.3),(3.4).
Corollary 3.2
If Iy = I, then ¥ is a first integral of (3.3) and the function U we determine as

follow
U = [F(In(yz2 + 1))

It is easy to show that the solutions of the equations (3.10) in this case are such that

( / d(In(y1 +172))
F(In(y1 +12))

15 = \/1-22(7) - ()

=T — 170

dr
~t:t0+/\/1—7%(7)—7§(ﬂ

Clearly, if uy1, po satisfies the Cauchy-Riemann condition then they are solutions of
the Laplace equation

Puj | Oy
=0 ) =1, 2.
Oudu + Oxdx i ’
Hence, if
(3.14) pj = Xj(x)Yj(u), j=1,2

then X and Y are solution of the second ordinary differential equation respectively
(3.15) X (z) +v* X;(z) =0,
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and

1’

(3.16) Y (u) —v?Yj(u) =0, j=1,2

where v is a real constant.
Corollary 3.3
Let 1y and po are solutions of the system (3.13), then
0%y u?+10p, u? 9%y

N =0, u= i =1,2
oudu  u—u3 Ou T (u2 _ 1)2 OxOx y u=cosz, ]

If we represent p; by the formula (3.14) then X is a solution of the differential equation
(3.15). and Y is a solution of the Fuchsian equation

u? +1 v2u?

Y/(u) . m

12
(3.17) v () - 2y,

The proof we obtain after the calculations from (3.13), after the change u = cos z.
Analogously we can prove the following assertion
Corollary 3.4
Let py and ps are solutions of the system (3.13), then its are solutions of the partial
differential equations

Ppj , 10p; 1 P,
- - —0, u=si =12
oudu  u Ou + u? 0xdx  u=sme g

Hence, if (3.14) holds then X satisfies (3.15) and Y is a solution of the Euler ordinary
differential equation

(3.18) u?Y;" (u) + uYj' (u) = v?Y;(u) =0, j=1,2

where v is real constant.
Proposition 3.2
The functions
{ Ly = Xa(7)Ya(u)
IQCUQ = —Xl(x)Yl(u)

where X1, Xy are solutions of (3.15) and Y1, Ya are solutions of (3.16) or (3.17) or (3.18),
are the first integrals of the system (3.3),(3.4).

Denoting by 713 = sinzsinz, 7, =sinzcosz, <3 = cosz from (3.10)and (3.11) we
obtain the relations respectively

( I
§a! 1.1 H173
I
3.19 jo = ——
( ) Y2 115 Ha7y3
. —1
V3 = = T1p1y1 + Lap2y2)
. I 1
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Oy Oue Op Otz
g L +
0y2  Om )= 073 n 073

We shall study only the case when

sin z(7ys( ) — cos xOypp — sinxOypi =0

s :,u]'($,2), j = 172

Hence, we obtain the equation (3.5).
By compare (3.19) with (3.3) we deduce that

(320) I1w1 = U2, IQCUQ = — U1

Corollary 3.5
Let py, po are such that The function pq, ps :

88 Y1, 72
pn = % +P1(73 +93.7)
71
S Y1, Y2
p2 = % +Uo (7] + 73, 72)
Y2
satisfies the equation (3.5).
Corollary 3.7
Let w1, po are such that
95(11,72) -
= =19
J 8,}/]

then the potential function (3.4) and first integrals (3.6) are respectively

1 oS oS

U= L(=—)*+ (=) —h
21112( 1(871) 2(872) )

oS
I = —
1W1 5,72,

oS

I = — —
2W2 871’

The following particular cases produces the well known integrable cases[Koz2]: The
Suslov, Kharlamova-Zabelina and Kozlov subcase.

The Suslov Subcase

If
S =Cim+Coye, Cj=const,j=1,2

then
{Ml =C1, p2=03

U = const.
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hence we obtain the Suslov subcase
The integration of the equations (3.19) produces the following solutions

( Wy = Cs w _ G
1 ]17 2 _[2
vy = Ci 1 sin B sin( 1CT + 202t—l—a)+ 2C5 cos 3
VIRCE + 1203 LI VIRC? + 1203
CQIQ

= \/112012+122(]22t+a)_ I,Cy cos 3
VIECE + I3C3 51, VIECE 4+ I5C3

I2C? + 13C3
v3 = sin 8 cos(( #tﬁ- @)
\ L

where C, Cs, a, (3, are the arbitrary real constants.

sin (3 sin (

The Kharlamova-Zabelina Subcase

If

2 =
S = h+Cim+ C
1.C? +12022(\/ 171 272)* +

CCQIQ 001]1
C2I, + C2L, '~ C?, + C21, °

where h, Cy, Co, C are arbitrary constants, then

( C CCQIQ
C C s
M1 = ,—1102 T Lo? \/ h+Ciy + Coye + 21, + C21,
Co CcC 1

h+C C ——
\/ + 1,Yl+ 272 — 012[1_'_022]2

SN o3 e

\U:h—l—Cl’Yl—FCQ’YQ

As a consequence we deduce the Kharlamova-Zabelina subcase.
The solutions of the equation (3.19) give the following solutions

( Cq CCy 15
I = C C —_—
1w1 107 1 L0 \/ h+Cim + Cavya + C?T, + C21,
Cy CCi 1,
I = — h+C C —_—
2W9 ( \/ + C171 + Caye — C2I, + C21, ),

VI C} + 1,C3
U=h+Ciy1+ Coys
v = a1(1 — C3)* + bj(1 — Cy4) + d;j = v;(1,C1,02,C3,Cy), j=1,2

V3 = \/1 - 7%(7—7 01702703704) - 7%(7_7 C17027C3704) = \/P4(T7 01702703704)
11[2 dr

t =t +
\/P4(7-7 C17 C27 037 04)

\
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where
hI;C;

I;C; Cl 15010y _
I,C} + ,CY’

b; =
77 CH(I,C? + I,C2)’

dj =

P, is a polynomial of four degree in 7.

Kozlov Subcase

If we suppose that I; = Is and

S = —2C arctan % + /D(’y% +42)d(v3 + 7%)
2

_hu2+\/1—uu—C’2
- 2

u

(D(u))”

where h and C are arbitrary real constant.

Hence,

( _ 7xC
S
~ mnC
SRRV

+1 D07 +12)

+ 72D} +73)

(U=—h+\1-2f—-2 =+

which correspond to the Kozlov subcase.

The equations (3.10) in this case take the form:

(. Ccosz
T=—
sin” z
. -C
(3.21) y=—
sin” z
_ (¥ +13)D(i +3)
\ sin z

which are easy to integrate.
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The solutions of the equation of motions are:

t:t0+11[2/ 73
P4(73;h; C)

( Py(73,h,C) = hyg — 273 — 2hy3 + 2v3 + h — C?

where xg, 4o, h, C, to are arbitrary constants
Corollary 3.6

Let p1, po are the functions:

{Ml =0 (v2 +72,m)
po = Ua(7F + 73, 72)

then the solutions of (3.19) are the following functions:

( d’yj Ij .
= T —To), =1,2
/Fj(%) VA

7 = \/1 — 73 (1) = 23(7)
dr
\t_tOJr/ V1I=72(r) = 3(7)

Fl(%) Uy (’72 +73771)|'y2+'y3 1—+2
FQ(fY?) = \112(71 +fy3772)|'yl+73 1—~2

where

2

As a particular case we obtain the Tisserand Subcase.
Tisserand Subcase

The interesting solution of the equation (3.20) are

( r}/lC
w + v D(v] + v
S e (7 +72)
v C
w2 = =2 173 — D7 +73)
Y3d3 _ / v3dy3
:c_xo—i—C/ (1—93)2D(1 -3 Ste V(1 =13)Ps(73, h,C)
d d
yzyo—C/ V3 / V3
<1—7)D<1 V@ =23)Pi(y3, 1, C)

= \/h1 +a1(vd +93) + iy + fi(n) = Y15 +3,m)

[y = \/hg + a2(73 +73) + 0293 + fa(2) = o (77 +73,72)
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which produce the following potential function U :
U = I1hy + Ishy + (11by + Iaz)yi + (Iiay + Iabo)ys + (Iiay + Izaz)ys + 11 f1(y1) + Iofa(72)

where aj, b;, hj, 7 = 1,2 are arbitrary real constants and f;, j = 1,2 are arbitrary func-
tions.

The case when f;(v;) = «o;7;, j = 1,2 was studied in [Okuneba], where «;, j = 1,2
are real constants.
The case when f; =0, j = 1,2 is well known as Tisserands case [Koz2].

After integration the equation (3.19) in the Tisserand case we obtain the following
solutions

L = \/hz +a2(73 +77) + 0273

Towy = —\/hl + CL1(”732, +’Y§) + bl,le

hi + )
= 1 Ta sin(v/a1 — b1t + C1) = 7(71)

ayp — b1
ho +as . S
Y2 = a2 2 SlIl as — bQIQT + 02 ( )
2 2

wazvﬁ—vﬂﬂ—vﬂﬂ

dr
t=t 11]2
T /\/1—7%(7)—73(7)

HEAVY RIGID BODY IN THE VESELOV CASE

In this example we study the problem of non-holonomic dynamics formulated by
Veselov in [Veselov] which in certain sense is opposite to the Suslov problem. In this
problem we consider the rotational motion of a rigid body around a fixed point and subject
to the non-holonomic constraints

(3.22) (v,w) =9y +coszi =0

Suppose the body rotates in an force field with potential U(v1,72,73). Applying the
method of Lagrange multipliers we write the equations of motion in the form

U
—]+ X\

Io =[lw X w| + [y x N

¥ =y x W]

where [ is a matrix such that I = diag([, I3, I3).
The Cartesian approach for this system produces the following equations:
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T = Ao

(3.23) Y = — COS 22
2= A3
and
Opz  Op: Opz  Ops
3.24 9ps _ OP1 Op2 _ Ops, _
( ) or 0z + cos 2( 0z oy )
where
p1 = I3 sin? 2o
(3.25) py = (Is — I + (I; — 1) cos® x) cos zsin® 2y 4 (I — Io) cos z sin  sin 23

p3 = (I3 sin’ z + I cos® x)A3 + (I2 — I1) sin x cos x sin z cos z Ay

Hence

3
w1 = Y2 — V173A2
sin 2z

(3.26)

W = —M — Y232

sin z
w3 = sin® 2\

Clearly, in this case

|[v||* =(I3sin® z 4 (I; sin® 2 4 I cos? ) cos? 2) sin® 23+

(3.27) . 9 9 \r2 : :
(I2sin” x + I cos” )5 + 2(I2 — I1) cos x sin x cos z sin zA2\3

It is interesting to observe that from (3.25) after the change

Agsinz = CoST 2 sin x jiy
(3.28) 2 I3+ (I — I3)cos2z I3+ ((I; — I3) cos? z
. A COSZCOST [ CoS z 8in x o
3

a Is+ ((I1 — I3)cos? 2z I3+ ((Iy — I3) cos? 2

we obtain that the equations (3.24) can be rewritten as follows:

(. COS T |42 sinx
"~ sinz(ls + ((Io — Is) cos? 2)  sinz(Is + (I — I) cos? 2)
(3.29) _ COS 2 COS T |42 L COS 2 SIN T [11
sin z(I3 + ((I2 — I3) cos? z)  sinz(Is + (I1 — I3) cos? z)
. COS 2 COS T [ cos z sin T fig
(* ™ Is+ ((Iy — I3)cos?z  Is+ ((Ia — I3)cos? z
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and by require that
Mj:/,bj<113,2), j:172
we deduce the following equation

6xﬂ2 azc,ufl
+ tan z0 + cosx
1+ (a—1)sin?z =H1) (1+(5—1)sin2z
where o = %, 0= % If @« = 8 =1 then this equation coincide with (3.11).
Proposition 3.2
Let py, po are solutions of (3.30). Then the equations of motions of the heavy rigid
body in Veselov case admit the following first integrals:

(3.30) sinz(

—tan z0,pus) = 0,

(i — Y31
! Is + ((I1 — I3) cos? z
_ —Y3H2
(3.31) 2 = T (T — I) cos2 )
wa — Y22 _ V1M1
(3 (Is+ ((Io — Is)cos? z) (I3 + ((I; — I3) cos? 2)

Hence, the Cartesian approach for the Veselov case produce the following first integrals
1.

( wy = 13C1
Is + ((I; — I3) cos? z
g = —73C%
(I3 + ((Iz — I3) cos? 2)
s = 7202 B 71Ch
. (I3 + (I — I3) cos? z) (I3 + ((I; — I3) cos? z)

For the symmetrical case, i.e., I; = I5 we obtain the following trajectories of the body

( _ (sin(a: + ) )
= yo — arcsin(————5—=>
y=w 1+ C3
Cs
{ z=2zy+arctan ———
cos(z + )

3 (I3 cos?(z + a) + 1,03 )dx
\ (v/C2 cos?(z + a) + cost(x + a))3
where C7, Cy, Cs, are arbitrary constants.

2.
(i — 737202
1W1 =
V(B 1)sin® 2 4 1)%
Tnwy = —131Ch
\/((a —1)sin?z +1))3
Toion — ay2m1C1 By172C
3W3 = -
{ \/((a— 1)sin? z 4 1)3 \/((5— 1)sin? z 4 1)2
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For the symmetrical case, i.e., I; = I, we obtain the following trajectories

4

dx
y= - / 1+ U2(x,Cy,Ca, Cs)
z = zo + arctan ¥(z, Cq, Ca, Cs)
f=tg +/ (I3 + I, ¥%(x,Cy, Cy, C3))U3(z, Cy, Cy, C3)dx
cos(z + a)y/(1 + ¥2(x, Cy, Cs, Cy))3
cos* T o Cs

)7 o = C, — 75_01_02

where C7, Csy, C3, yo, 20, to are arbitrary constants.
Corollary 3.8
If I = I, then the functions

U(x,C1,Cq,C5) = C3(———

\ smﬁ xT

( A ~
ts = (14 (8 — 1)sin? 2) Ccosx N 3(2)811133)
smz\/l g—1) sm z cosz
A
t = (14 (8= 1)sin? 2)(— Csinx 3(z)cosm)
\ sin z\/l + (B —1)sin® 2 cos 2

are solutions of the equation (3.28) where C' is an arbitrary constant and A3 is an arbitrary

function on z.
Hence we easily deduced the proof of the following result
Corollary 3.9

The system (3.24)for the symmetrical case Iy = Iy admits the following solutions

/ dz
rz=x9+C
(1 — cos? 2)A3(2)\/I3 + (I — I3) cos? z
cos zdz
_ _c/
y=w (1 — cos? 2) \/I3 + (I; — I3) cos? z
b _/ dz
G A3(2)

In this case there exist the first integral
(I3sin? z + I; cos? 2)w3 = C2.
Clearly, the equation (3.30) holds if

a:r Mo

_— Ot =0

1+(a—1)72+T H
8m/1/1

——— — 70,40 =0

1+ (B—-1)r2 T2
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Hence the functions £ and 7 satisfies the equations

(2, +(1+3a—-Dm)(r+ B -0 + (1 + (a—1D)) (7 4+ (8- 1)7>)0% )1 =0
(02, + (1438 -1 (1 + (o = 1)7?)

w
P
_|_
_|_
Q
|
—_
9
N
3
_|_
=
|
=
\]
<
Q

N
=3
[\
I
o

By represent p; and ps as follows

= X1(@)Y1(7), p2 = Xo(z)Ya(T)
we obtain that X;, Y}, j = 1,2 are such that

X" () +a*X,(x) =0, a= const.
7" (1 —|— 3(05 — 1)’7’2) ’ _ CL2
R P TR e (T [ (AT

Yl(T):O

and

X5 (x) + a*Xo(x) =0 a = const.
7 (1 + 3(ﬁ — 1)T2) ’ a2

O i I L e P V) e )

Yl(T) :0

Finally it is interesting to observe that the construction the Cartesian approach for
the Federov case [Federov], i.e.,

(w,7) =a

it is necessary in the above example make the change y — y + at, a = const.. Hence we
obtain that

A3
w1 =Y —MY3A2 —amn
sin z
3.32 A
( ) W2 = =71 o Y2Y3A2 — a2
sin z

ws = sin? 2y — avs

The equations generated by the Cartesian approach in this case are the following

T = Ao
(3.33) y=—cosz+a
Z= A3
and
Op3 op1 Op2 Ops3
34 ops _ Op1 Ip2 _ Ops\\ _
(3.34) o 9, + cos z( 9, oy )) =0



where

P1 = Ig SiIl2 Z)\Q
po=(Is — I + (I, — I) cos? x) cos zsin 2\ + (I; — I) cos z sin x sin zA3+
a((I; sin® x + Iy cos® z) sin? z + I3 cos? 2)

ps = (12 sin’ z + I cos® x)A3 + (Iz — I) sin x cos x sin z cos z Ay

The equation (3.25) can be represented as follow

oP; 0P oP, 0P
(3.35) 8_903 — 3_21 + cos Z(a—z2 - 8_;) + 2a cos? zsin z(I sin® x + I cos? z — I3) = 0
where
P =p
Py = py — a((I1 sin® & + I, cos® z) sin” z + I3 cos? 2)
P3 =ps

In particular if P; = Pj(z,2) and I; = I we obtain that the above equations takes
the form

I —|— 2(1 COS l

v = \/Igsin22+11c0822
The functions Ao, A3 :

)\3 :)\3<Z)

cos z2 sin zdz

VI3sin® 2 + I cos? z

\/Ig sin? z + I, cos? zsin? 2y =2a (I — I3) + C

where (', is an arbitrary constant, are solutions of (3.36). Hence, we obtain the existence
the first integral

(I3sin? z + Iy cos® 2)(ws + acos 2)? = (C1 +a / sin Z\/Ig sin® z 4 I cos? zdz)?

THE CHAPLIGUIN-CARATHEODORY SLEIGH

We shall now analyse one of the most classical nonholonomic systems : Chapliguin-
Carathodory’s sleigh [NF]. The idealized sleigh is a body that has three points of contact
with the plane. Two of them slide freely but the third, A, behaves like a knife edge sub-
jected to a constraining force R which does not allow transversal velocity. More precisely,
let yoz be an inertial frame and £ An a frame moving with the sleigh. Take as generalized
coordinates the Cartesian coordinates of the center of mass C' of the sleigh and the angle x
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between the y and the £ axis. The reaction force R against the runners is exerted laterally
at the point of application A in such a way that the  component of the velocity is zero.
Hence, one has the constrained system M with the configuration space X = S x R?, with
the kinetic energy T' = %(y2 + %)+ I—QCJUQ, and with the constraint ez + sin xyy —cosxz = 0,
where m is the mass of the system and I. is the moment of inertia about a vertical axis
through C' and e = |AC|. Observe that the ”javelin” (or arrow or Chapliguin’s skate) is a
particular case of this mechanical system and can be obtained when € = 0
To apply the Cartesian approach for this system, first we introduce the 1-form 4, 5, €3

in such a way that the determinant T # 0. In this subcase, we achieve this condition if
Oy = edx + sinxdy — cosxdz, $Qo =sinxdz + cosxdy, 3 =dzx.

Under these restrictions we obtain that T = 1 and it is easy to show that the vector field
v takes the form:

v = A3(0y + esinxdy, + ecosx0,) — Ag(cos 20y — sinzd,) = A3 X3 + A2 Xo
It is easy to show that the vector field X, X5, X3 :

[ X3 =0, + esinxdy + € cos z0,

Xo = cosz0, — sinzd,

X, =0,
| [, X] = (X0, X5 = X, [X3, Xa] = =2 (X — X))
if € # 0 and
X3 =0,

Xy = cosx0y — sinx0,
X1 = cosz0, + sinzd,
[Xo, X3] = [ X1, Xo] = —X1, [X;5,X5]=0

if € = 0, generated a three dimensional Lie-algebra
If we introduce the vector fields respectively:

ZZEXQ, X:Xl, Y:Xl—Xg

and
X=X;3 Y=X,, Z=X,
we deduce the Bianchi representation with a = by = 0, b3 = —by = 1 for the both case .
The Cartessian approach in this case produce the differential equations
T = A3(z,y, 2, €)
(3.37) ¥ = Xao(x,y, 2,€) cosz — ez sinx

Z = Xo(x,y,2,€)sinx + €Az cos
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where Ay, A3 are solutions of the partial differential equations

(3.38) sinz((Jo + €2m)0, A3 + emdy )+ cos x((Jo + €m)dy Az —
. €m62>\2) — m(@x)\g — 6)\3) =0
Hence, for the arrow (e = 0) we have

T = )\3(331 Y, z, 0)
(3.39) Yy = Aa(z,y,2,0)cosx
2= Aa(z,y,2,0)sinx
(3.40) Jo(sinz0, A3 + cosxOyA3) — my e =0

Clearly, the equation (3.38) holds if

€em
Oydz = ———— 0, A
y3 Jo + €2m 2
(3.41) Ag=——" 9\
0= Jo + 62ma‘y 2
ax)\g = a)\g

After some calculations we can prove that the functions

Ao =cosaVi(y,z,€) +sinaVa(y, z,€) + a/K(x, €)dx
(3.42) A3 = Jci% (cosa Va(y, z,a) —sina Vi (y, z, e)) + K(x,€),
e2max
o0=—:—"
X Jo + e2m

are solutions of (3.38), where K is an arbitrary function and Vj, V5 are functions which
satisfy the Cauchy-Riemann conditions:

{ ayvl(ya z, 6) = aZVQ(:Ua z, 6)
azvl(yv 276) - _6yv2(yvza 6)'

The aim of the assertions below is to study the differential equations generated by the
vector field v :

From the above it is easy to show the following consequences [Sad].

Corollary 3.10

The all trajectories of the Chapliguin skate (e = 0) and the Chapliguin- Caratheodory
sleigh by inertia can be obtained from (3.39), (3.40).
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In fact, for the case when € = 0 the classical approach gives the following equations
of motion

z=0
1y =mg+sinzu
Z = —CcosTl
sinxy —coszz =0
Hence,by derivation we obtain
d, z
dt ( sin

) =gcosx

as a consequence,
T = COa CO 7é 0
gsinz

Co

g =( + C1)cosx

or,
z=0
y = (gt coszg + C1) cos xg
Z = (gtcosxg+ Cy)sinzg

Clearly, the solutions of these equations coincide with the solutions of (3.39), (3.40) with
the subsidiary conditions

JoA2 +mA\2 =2(U + h).

are particular case of the equations obtained from the Cartessian approach.
Let us suppose that

)‘j = Aj('x7€)> Jj=12

then the all trajectories of the Chapliguin- Caratheodory sleigh under the action of the
potential field of force with potential U :

2(U + h) = mA3(z,€) + (me* + Jo)A3(z, €)

can be obtained from the formula

( _ (A2(x, €) cosx — €Az sinx)dz
y_y°+/ N (2, €)

/ (A2(z,y, z,€) sinz — e\ cos x)dx
Z =20 —

)\3(.%’,6)
t=t +/ da
\ - )\3(1’,6)
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For the Chapliguin- Caratheodory sleigh by inertia from the classical approach we
deduce the following equations

Jo@ =€
my = sinxu
mz = — COS T

€ex +sinzy —cosxz =0

Hence, after straightforward calculations we obtain the system

2 m
N Jo + me?
y = Co(sin(gex + C') cosx — ge cos(gex + C') sin )

& = qCycos(qgex + C), ¢

2 = Cy(sin(gex + C) sinx + ge cos(ge + C') cos x)
which are particular case of the equations (3.37)with

A2 = Cycos(gex + C), A3 = Cpqcos(gex + C)
Evident that in this case

2HVH2 = (Jo + mez))\g(a;,e) + m)\g(x, €)= ng

4. CARTESIAN APPROACH FOR NONHOLONOMIC SYSTEM
WITH FOUR DEGREE OF FREEDOM
AND TWO CONSTRAINTS .

In this apartat we illustrate the Cartesian approach for mechanical system with four
degree of freedom and two constraints in the well known example which we call the Gant-
macher system | Gantmacher]

GANTMACHER SYSTEM
Let

4
1 .

Q =R*, L:§E u?—gug
J=1

be the configuration space and kinetic energy of the mechanical system which is under the

constraints
{ ULy + ugtty = 0

Ulﬂg — UQﬂ4 =0
To construct the Cartessian approach in this case we firstly determine the 1-forms
Q3, Q4 as follow

Qg = uldug — u2du1, Q4 = UQdU3 —+ UldU4
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hence we obtain
T = (uf + u3)?
v =v3(u102 — u201) + v4(u203 + u104) = v3X3 + 14 X
v =Aj(ui +uz), j=1,2
The conditions (2.3)
A3 =A4=0
in this case hold iff u3 + u3 # 0 and
(4.1) U01Vy — U104 + U033 + w1043 = 0
The vector fields X3, X4 are contain in three dimensional Lie algebra:
(X3, Xo] = u105 — u204 = X3
{ (X1, X2l =0, [X1,X3]=-X,

which correspond to the Bianchi representation with a = by =0, b3 = —by = 1.
It is easy to show that the functions vs, vy :

2(—QU3 + h)
vs = g3(ui +u3), vy = \/W—gg(lﬁ-l-ug),

where g, h are constants, are solutions of (4.1) as a consequence
2[v(@)I]* = (uf +u3)(v5 + vi) = 2(—gus + h)

The solutions of the differential equations generated by the vector field v in this case

are
(U1 = rcosa

Ug = rsinao

V29C
uz = u + I_4 29 sin2a — — Y97 cosa
2g3(r)  4g3(r) 9s()

ug = —h+ sina + C)?

g5 (r) V9
29 (\/igg(r)

a=ag+ gs(r)t

— )2 2
[ T =\ul T U

where C, r, ag, u3, h, are arbitrary constants, gz is an arbitrary on r function.

To compare with the solutions obtained from the classical approach , firstly we de-
termine the equations of motion obtained from the d’Alembert-lagrange principle are the
following

U] = VU

UQ = V1U2

Uz = —g + Uy
Uy = —VoUs
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where v1, v are the Lagrangian multipliers.
By derivation the equations generated by the vector field v we easily obtain

2 2 2,2 2 gui
Vg == gg(ul + Uz), I/]_ - —g3(u1 ‘l’ U/Q), VZ - 1/3]/4 + P P
uy + uj

and

d qus
4.2 g = ——
(4.2) @t T T g

On the other hand from the condition (4.1) we deduce that vy = v4(u? + u3, us, ug).
Clearly, the function vy :

2(—gus + h
vy = \/w—g%ﬁﬂé)

(uf + u3)
vy :C—F&, C = const.
V3

satisfies the above differential equation (4.2). The cartesian approach give as a solution
only the first case. In [Gantmacher] the author give as a solution the second case, which
produce the potential function

1
U=3(C+Z2)? 403 +u3) — h
3

which does not correspond to the study case.

5. CARTESIAN APPROACH FOR NON-HOLONOMIC SYSTEM
WITH FIVE DEGREE OF FREEDOM
AND TWO CONSTRAINTS
This case we shall illustrate in one of the interesting non-holonomic mechanical system:
the rattleback.

THE RATTLEBACK

The rattleback’s amazing mechanical behaviour is a convex asymmetric rigid body
rolling without sliding on a horizontal plane. It is known for its ability to spin in one
direction and to resist spinning in the opposite direction for some parameters values, and
for others values to exhibit multiple reversals. Basic references on the rattleback are [Wal,
Mar, Kar, Bor,Tsyg].

Introduce the Euler angles v, ¢, 6 using the principal axis body frame relative to an
inertial reference frame. These angles together with two horizontal coordinates z, y of the
center of mass are coordinates in the configuration space @ = SO(3) x R? of the rattleback.
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The Lagrangian of the rattleback is computed to be
L :%(11 cos? 1 + I sin® ¢ + m(T'y cos @ — ( sin 0)2)6?
%(Il sin? ¢ + I, cos® ) sin? 0) + I5 cos? 0)¢?
%(13 +mI3sin” 0)y° + %(332 +9°)
+ m(I'y cos @ — Csin 0Ty sin 004 + (I; — I5) sin @ sin ) cos Y
C cos i) + mg(T'1 sin @ + ( cos )

_|_

where I, I, I3 are the principal moments of inertia of the body, m is the total mass of the
body,

'y =¢&siny +ncosy, Ty =Ecosy —nsiny

(&(0,), n(0,), ((0,v)) are the coordinates of the point of contact relative to the body
frame.

The shape of the body is encoded by the functions &, 7 and (. The constraints are

i — a1 — asth — azd =0
(5.1) { o 2~ as¢
Y — 5160 — Batp — B3¢ =0
where
(a1 = —(I'y sinf + ( cos #) sin ¢,
as = Iy cosfsin ¢ + I'y cos ¢,
ag =Tasing + (I'y cos§ — (sinf) cos ¢,
8ak
=——, k=1,2,3
L ﬁk/ a¢ ) ) Y
It is evident that the rattleback equations of motion in this particular case formally
contain the equations of the heavy rigid body in the singular case

m—0, mg—1l, [#0

To determine the Cartesian approach of the Rattleback we first determine the vector
field v.

The 1-forms 5, j = 1,...,5 in this case are the following

O =dr — ay1df — asdy) — azdo,
Qo =dy — $1dl — Badyp — B3do,
Q3 =db, Qu=dy, Q5=do¢

Hence T =1 and

v =A3X3+ Xy + A5 X5

X3 = 10, + 410y + 0p

X4 = a0y + (20, + Oy,

X5 = a0y + 330, + 04

(5.2.)
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We now proceed to the consideration of the particular case for which &, n and ( are
constants. It is easy to show that under this consideration the vector field X7, X5, X3
generated a three dimensional Abelian Lie algebra.

Let (z!, 22, 23, 2%, 25) be a new set of variables derived from z,, y, 0, 1, ¢ by the

transformation

"gbzl'l
¢ = a?,
0 = 23

y + Csinfcos ¢ — 'y cos@sin ¢ — 'y cos ¢ = x*
(| T+ (sinfsing + 'y cosfcosp —ysing = z°

The vector field v and the constraints on account of this change, take respectively the
form

zt, 250 +b(xt, ., 2°)0,e + c(at, ..., 2°)0,s

(5.3) i* =0,
.5 0 ?

<
I
2.

where G = (Gj,) is the Riemann metric which is easy to calculate.
We shall now determine the Cartesian approach under the given conditions.
Proposition 5.1
The vector field v given by the formula (4.2) is a Kummer vector field.
Proof.

In fact, by considering that in this case the 1-form associated to the vector field v is
the following

o = prdx' 4 poda® + psda®

5.4 5 ,
(54) Pk = Zij(af)v(xJL k=1,2,...5
j=1
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then :
1ydo = ZAjda:j
j=1
(Alz(apl 3p2)b (3])1_%)

a2 dat 0z~ ox1°

_ Opa Ops Opz  Opi
Az = (8x3 B 8:1:2>c+ (8901 B 83:2)

_ (Ops  Ops dps  Op
As = (8332 3m3) (3x1 8m3)a

A, — _apla_ Op2 _ 51936
4 Ox? ozt ox*

Op1 Op2 Ops

As =— — —
0 025" " 915" 9a5C
Let v(z) and rotv(x) are the following vectors
v(z) = (a, b, ¢)

1 Ops Opz Op1  Ops Opa Oy
rotv = — —

VdetG 0z 0x3’ 0x3 Ozl Ozl 8w2>
We have therefore that the equations (2.5),(2.6) take the form respectively

it = a(at, 2?23, Cy, Cs)
(55) jf.z = b(x17x27x37c47c5)
i3 = c(zt, 2%, 23, Cy, Cs)

(5.6) [v X rotv(z)] =0,
hence the constructed vector field is a Kummer vector field.

For the general case, i.e., when the &, n and ( are functions on the variables 6 and ¥
the Cartesian approach produce the following equations

: oxd  Oxt oxi  Ox*
J=1
5
Op2  Op Opy  Op, Ops  Op,
> (5o~ 9a + (505 ~ 5ot + Blog ~ 58 vEE) =0




where
{1/}::1317 ¢:x27

9:1‘3’ y:x47 x:xE)
and v is given by the formula (5.2).
6. THE CARTESIAN APPROACH IN THE CASE II

For the case II the vector field v = v,, is the following

(6.1)
2da1(31) + 2w da1(82> + da2(81) ce da1 (aN) + daN(al) aq
daq (62) + dasg (61) 2das (82) + 2w .. das (8N) + dapn (82) as
det : : : :
Vu = T dCLM(al) +da1(6M) dCLM(82> +da2(8M) daM(é?N) +daN(8M) apnr
daN(c%) + da; (8N) daN((‘?Q) + dag(aN) ... QdaN(ﬁN) + 2w an
01 O ON 0

By introducing the matrix

2da1(81) + 2w daq (62) + dag(al) ... dal(ﬁN) + daN((‘)l)
dal(ﬁg) + dag(ﬁl) 2da2(82) + 2w e dag(aN) + daN(ﬁg)
B+ wl = . . e . :
daM(61)+da1(6M) daM(ﬁg) —|—da2(0M) daM(ﬁN) -I—daN((‘)M)
daN(é?l) -+ dal(aN) daN(ﬁg) + dag(aN) . 2daN(8N) + 2w

we obtain the equivalent representation for v

_ ZkN:1 wNF X,

(6:2) det(B + Iw)
( N
Xy = Z%‘(I)aj
]]; N N
(6.3) Xo = (4da;(9;)X1 — ;> ai(2))0;) —2 Y a;(x)0;ax(x) Oy
j=1 k=1 Jk=1
\ XN — Vw|w:0




where a = (a1, ag, ..,ay) and 0 = (01, 02, ..., ON.)
Corollary 6.1
Let us denote by F' the following function

Plw) = Q(vy) = Szt UK

det(B + Iw)
where
N
0= Z a;(x)da’

j=1
then
1. The all zeros of F' are real.
2. Let wy, wa, ...,wn_1 the different real zeros of the function F' then the following

relations hold

(

e Q(X)
(=" ; wj = TXT)

64 L
L X n
(_1) 1:[1 w; = Q((Xl))

In particular, for N = 3 and 2 = df we have

w1 + wo = df(Xl)H
wiws = (df (X1))2 K

where H and K are the middle and Gaussian curvature of the surface f(z,y,2) = c.
Corollary 6.2

Let wy, wa, ...,wn_1 the different real zeros of the function F and | et we denote by
vj, 3 =1,2,.., N — 1 the vector field:
Vj = Volw=w,, J=1,2,.,N—1

then:

~

v1, V2, ...,UN_1 are orthogonal.
2 The most general characteristic element of the -form €2 admits the representation

N-1 NN Nk N

6.5 CA v — B B S A\ X

(6.5) EDILED Zdet(B+ij) 2 Ak Xi
j=1 j=1 k=1 k=1



where

The proof of the first assertion is analogously to the proof of the proposition 6.2.
To determine the Cartessian approach in this case we need to construct the 1-form o
associated to the vector field v. It is easy to prove that

N ~
= Z )‘k,uka
Jj=1

where u, k=1,2,..,N are 1-form associated to the vector fields X7, X5,..Xy. Clearly,

=0 = Zaj d:z:J

As a consequence
N
(66) ’L{,dO’ = Alﬂ + Z AJ,U,J
j=2

Proposition 6.1
The Cartessian and Lagrangian approach for a mechanical system with kinetic energy

1 N
=3 > Gt
Jik=1

with the constraints generated by the 1-form ) produce the following equations respectively

N
(6.7) &= MXp(x)
k=1
with the conditions

Aj=0, j=2,3..,N
(6.8) { 7 J

det(B + Twy,) #0, k=1,2,.,.N—1

and .
Ek(T)=8j§||V||2+A1aj, j=1,2,..,N

which can be interpreted as equations of motion under the active forces with potential
2(U + h) = ||v|* and reactive forces with components

(A1ar, Aag, ..., Ajan)

38



generated by the constraint
N
> ail =0.
j=1

Now we shall study the case when
Q=R"Y, G=1I=diag(1,..,1), Q=df

In this case the matrix B+ w/ is symmetrically, as a consequence the all zeros the function
F
F(w) = (gradf, (B + Iw) " *gradf)

are real.

Proposition 6.2

Let v; and vy, the vector field correspond to the roots w; and wy, respectively.

Then they are orthogonal.

In fact, the zeros of F' coincide with the values of the Lagrangian multipliers in the
following problem:

Determine
1 oL 9%
Extremum(=
2 %_: Oz 893k ™)
under the conditions
N
Z Tj2 —2=0
j=1
df () =
As well known the solution of this problem require to solve the system
of
- “J _
E: &w&ﬁ Ve T =0
(6.9)
Z sz —2=0
j=1
L df (1) =
This system can be represented in matrix form as follows
Rb =0
where
_0*f _O*f o*f of
amlﬁg; +w 8629:1:18962 e azgng daT
f f f
F21 072 faoz TW - 9220zN
R = : : :
(6.10) o2 f o2 f o o2 f + Of
OxloxN Ox29xN T 9xN N W N
of of of 0
Ozl Ox2 T oxN

b= col(T1, T2y .., TN, V)
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Clearly, detR = det(B + Iw)F(w)
By considering that the vector b is nonzero vector, hence we obtain that the given
system holds if and only if

detR = det(B + [w)F(w) =0

If we denote by 7, and 73 the solutions of (6.8) for the values w, and wg of the lagrangian
multiplier w, then after some calculations we can prove that

N
(Wo, — wg) Z 7275 =0
j=1
hence we obtain the orthogonality of the given vector fields.
The vector field 7, can be determine as follow
VOC

Ty = ———
" lvall

CARTESSIAN AND LAGRANGIAN APPROACH
FOR A PARTICLE ON THE ELIPSOIDE
Now we shall study the particular case when the the function f :

N

f= Zaj(xj)Q, a1 < as < ....< an
j=1

The vector field v, in this case can be represented as follows

_ > 0N TR

[T (w+ aj)

(6.11) Vi

where
(

N
X1 = gradfl, 2f1 = Z CLj (.I‘j)Q
j=1

N
Xy =gradfs, 2f; = Z Z ay,a;(a?)?

J=1 k1 #j

N
X3 = gradfg, 2f3 = Z Z aklakQCL]‘ (.’L‘j)2
J=1 k1#ka#j

N N
Xy =gradfy, 2fy=][[a;> (")

\ j=1 k=1
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Corollary
The set of vector field X7, X5, ..., X formed an Abelian Lie algebra.
Moreover, from the above formula we easily obtain

k

N
(6.11) V=Y

e
ar + w
=1 kT

The function F' in this case takes the form

(6.12) F(w) = e (ax

ap +w
k=1 "7+

Proposition 6.3

The all zeros of F' are simple.

In fact, by considering that the matrix R is symmetrically we obtain that the zeros
of F' are real. on the other hand from the equality

N
dF Z agz® , dF .
_ = — lw=w; O, :172,..,N_1,
dw k_l(ak—f—w) ’ dw| ;=0

we deduced that the zeros are simply.
By considering that for F' is valid the following representation

[ (w—w;)
[Ty (w + ax)

and by using the residuos theorem we have

F(w) =

N-1
Hj:l (wj + ax)

a2 (2%)? = resy——a, F(w) = df (X1) I 7ék(an — ay)

Definition Let 0 < a1 < as < .... < any be distinct positive numbers. For each
r = (21, T2, ...,2zx5) € RN the equation

(6.13) > <ak —

Jj=1

defines n real numbers a1, as, ..., an which separate a1, as, ...,an.

The number o, as,...,ay serve sa curvilinear coordinates in R™ and are called Ja-
cobi’s elliptic coordinates.

Clearly, the equation of the elipsoide
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Zak(xk)Q =1

j=1
in this coordinates is ay = 0. Below we consider that this equation holds.
By introducing the function G(w) = F(w) — 1 we obtain

—wN + Zj.v:l(aj —df (X)wN 4+ (=) H;.V:l aj —df(Xn))  B(w)

Glw) = _
() [T (w + ar) A(w)
where
N-1 N
Jj=1 k=1
Hence we deduce
N-1
(614) (akaj‘k)g = /]"esw:7akG(w) — _ak Hk:1 (a] + ak)

[z (ax — aj)
The formula
(ohy2 = Blar) _ Tl (o + o)
Alae) a1 z(ar — aj)
expressed the coordinates on the elipsoide through the eliptic coordinates oy, ag,..,an_1.
From (6.14) we give

( N N
df(X1)=> aj+ (DD aj, an =0
j=1 j=1
N N
df (Xq) = Z ag, ak, + Z Qg Oy, an =0
(6.15) k1 £ ks k1#ks

Proposition 6.4
The most general characteristic element v of the 1-form

N
0= E apz”dzF
j=1

admits the following equivalent representations

N—-1 N Ko ZCk
6.16 = — IR 9

j=1 k=1
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N N
v=> MNX;=> X\gradf,
(6.17) " =t
- -1 wjv_"/ij
Ap = ~
L j=1 Hj:l(w] +an)
( Zn—Z(ak)N_nlibn
v Ok
ar® [Ty (as — ak)
N—-1
¢2 - ';”'_77 /’i] _df(X1>’%]
j=1
(6.18) i )
¢3 = Wn K j
J=1 n#j
N—-1
YN = H Wp R
\ J=1 n#j
From these relations we obtain
dg;(v) =205, gz Zakxk, j=1,2,.N —1
and finally in elliptic coordinates
N N n
(6.19) Z May) T O,

s;éj (aj 5)

To determine the Cartessian approach for the study case we determine the 1-form o asso-
ciated with the vector field v.
Clearly, if v admits the representation (6.17) then

N ~
Z)\ df;,

Hence,
N

wwdo = Adfy, A= Z(afjj\l - aflj\j)dfj(v)

Jj=2

if and only if 3
/\jzaqu)(fluf27"'afN)a J=23,.,N
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Hence, the Cartessian and lagrangian approach for the study case are the following

( N—-1

k
. KiQRT
ik — E: J

a w;
=1 M

( —1 N—n

z

7 J
— 5 T .. 2.3....N
det(B—i—IwJ) (fl’fQ’ » f), 735

<.
Il
_

7

wé\]_l
det(B + Twj)

I{j ~

Ve
7
<.
I
[y

1
= 8k§||V||2 + Aagz®, k=1,2,..,N

N

2[vI[* =Y _(A;)*|lgrad ;|

j=1

N
Ay = (05,M — 05, 0;)df;(v))
=2

\

If the vector field we determine by the formula (6.19) then by considering that in this

case
N N—-1

Zw? = F/(ozj)ozf

j=1 j=1
ie., / / /
G = diag(F (an), F (a2),..., F (an-1))

hence the 1-form o in elliptic coordinates takes the form

N—-1

N
F (o) doy = Z¢jdgj

j=1
where N 1
N nd
Moy)" My g N
7j=1 s 1(aj CLS)
we shall study the case when
o=4dS,

which we obtain if the arbitrary functions %, j = 2,3,.., N are such that

N
Yy, = 0,,8 = Z F,(aj)aj)N_"OajS, n=273,..
j=1

N

Y
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Corollary 6.3
If
wn = wTL(Qn)

then the problem of motion of a point on the elipsoide is integrable by method of separation
of variables.
In fact in this case the function S admits the representation

N
S = ZSJ 2i), Sj —/¢(Q3 doj, j=2,.,N
71=2

Clearly, under this conditions the Cartessian and Lagrangian approach produce the
following equations respectively

. _ 6Oth
Y Fluy)
Ek(L): , k=1,..,N—1,
N-—1
1 ' (04.5)?
L=2) (F (u)(d;)? — =)
2~ o F (uy)
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