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Abstract

We extend the Eruguin result exposed in the paper ”Construction of the whole set of
ordinary differential equations with a given integral curve” published in 1952 and construct
a differential system in RY which admits a given set of the partial integrals, in particular
we study the case when theses functions are polynomials. We construct a non-Darboux
integrable planar polynomial system of degree n with one invariant irreducible algebraic
curve g(z,y) = 0. For this system we analyze the Darboux integrability, Poincare’s problem
and 16th’s Hilbert problem for algebraic limit cycles. We propose the upper bound for the
maximum degree of the invariant curve and for the maximum numbers of the algebraic
limit cycles.
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1. Introduction

Nonlinear ordinary differential equations appear in many branches of applied mathe-
matics, physics and, in general, in applied sciences.
By definition a real autonomous differential system is a differential system of the form

x =v(z), xeRY
where the dependent variables = (2!, 22, ..., 2") are real , the independent variable (time
t) is real and functions v(z) = (v*(z), ...,v" (x)) are continuous functions in D C R¥.

Definition 1.1 The smooth function g and the relation g(x) = 0 are said partial
integral and invariant relation of the vector field v(x) respectively if

dg(v) |g(m):0 =0.

In this paper we are mainly interested in to study the differential system which possess
a given set of invariant relations.



It is always helpful to look at this problem from another point of view. In this paper,
we take an alternative viewpoint of starting with a given set of invariant relations and
determining the form of the system which has such a set as invariant set. [Gall, Gal2,
Chr, Llib, Koo, Baut, Dol, Darb, Jou, Sadl, Sad2, Ram1, Ram2].

This approach was first developed by Eruguin in the paper ” Construction of the whole
set of ordinary differential equations with a given integral curve” published in 1952 [Eru].
In that article the author stated and solved the problem of constructing a planar vector
field for which the given curve is its invariant. It is important to observe that Eruguin
considered only one curve, moreover he didn’t require that this curve was necessarily
algebraic.

Eruguin proved that the most general planar vector field v for which the given curve

9(z,y) =0 (1.1)

is its invariant curve generates the following differential equations

y=v(z,y){g, y} +b(z,y)
where and v, a, b are arbitrary functions:
= 0,90, f — 0,90,
{9, [} 90y f 90z f (1.3)

dg(v) = ®(z,y), Plg=0=0

These Eruguin ideas were applied in different areas. In particular Zubov in [Zub]
constructed the planar system with a given region of stability.
Zubov constructed the following vector field

{ &= fv{g1, 2} + 1 ([, =} + g1pd1)

9= fyion, v} + a (W {f, v} + g1¢ds) (1.4)

where f, 7, di, do,  are arbitrary functions which he choose in such a away that

di(gilf, v} — for, y}) + d2(u{fs 2} — flor, 2}) =1 (1.5)

Under this condition Zubov proved that the following relations holds

dgi1(v) = g1(V{f, o} + gueldif{gr, y} — do{gr, x}))

1.6
i) = 5, Gr=exp - (1.6)
1

Galliulin in [Gal2] determines the most general vector field in RY for which the given
relations

g;(t,zt, 2%, aN)y=0, j=12,.,S< N

are the invariant relations, where g1, go,..,gs are smooth independent functions. The
constructed system is the following



S
. 1
X = f Z F”(q)] — 8tgj)gradgi +Y

ij=1
where x = col(z', 2%, ...,2"V), Y is an arbitrary vector orthogonal to the vectors
. 0
grad g; = col(019;,029;,...,0n9;), Jj=1,...,8, O= et

I' is the Grama determinant, I';; are the minors of I' and ®4,...®g are arbitrary functions:
Qjlg,=0=0, j=12,.,8.

The aim of this paper is to extend the Eruguin-Galliulin ideas to the case when the
number of the given invariant relations is bigger than N — 1. The results which we expose
have been systematically developed in [Sadl].

2. Definitions and statement of the main results

In this section we constructed the most general stationary differential system from the
given set of partial integrals.
First of all we introduce the following concept and notations which we shall use below.

Definition 2.1 We call the vector field:

dg1(01) dg1(02) ...  dgi(On) Q4
dg2 (81) dgg(ag) e dgg(aN) (I)Q
v — _@ dgM((“)l) dgM(82) dgM(ﬁN) (I)M (2 1)
T | dgp1(0) dgn41(92) ... dgm1(On)  Ama ’
dgN(al) dgN(ﬁg) N dgN(aN) /\N
01 O - On 0

the Eruguin-Galliulin Vector Fields, where g1, g2, ..., gn are smooth functions, ®1, s, ..., Dy
are the Eruguin functions and Ayr41, Aar42, ..., AN are arbitrary functions:

{dgk(V) =&, Pily=0=0, k=1,.,M,

2.2
dgi(v)=2X;, j=M+1,.,N, (2:2)

dgi,dga, ...,dgyr are given independents 1-forms and dgps+1,dgary2, ..., dgn are arbi-
trary 1-forms which we choose in such a way that

dgl (61) dg1 (62) e dg1 (81\])
o] ) @) o) |
dgn(01) dgn(02) ... dgn(On)



The functions ®1, ®o, ..., Ppr we call the Eruguin functions|[Gal2].
We can identify the vector field (2.1) with the first order differential system

x ="M 'w, (2.4)

where M and w are the matrices:
M = ((dgj(ﬁk))j,kzl,z..,N)?
W = COl(‘I)l, ceey q)M, /\]\/[+17 ceey )\N)

It is easy to show that the system (2.4) admits the equivalent representation

:tj = (Pl{xjagQ? "gM-i-l'-':gN} +...+ (I)M{gla "7$j7 gM+1, 7gN} + Yj? (25)
where

Yj = )‘MJrl{gl? <y M, xja gM+2,- N } + /\N{gl7 ey dMsGM+1y -GN -1, xj}a
j=1,2,.. N.

Clearly, the vector Y = col(Y!, Y2, ...,Y") is orthogonal to the vectors gradg;, j =
1,2, .., M, hence we obtain the Galliulin result [Gal2].

Example 2.1 We shall construct the Eruguin-Galliulin vector field for the case when
the arbitrary functions

IM+15 M +25 -y gM+K, N =M+ K
are such that

[ dgni41(v) =Lgn+1 + Lag
dgr+2(V) =Lgnm+2 + Ligym+1 + Lag

dgm+r (V) =Lgymyx + Ligvsx—1+ ...+ Lig (2.6)

dg(v) =Ly,
M
g = H .g;'_]a Tj € C7
\ Jj=1

where Li, Lo, ..., Lg, L are arbitrary functions.
By introducing the functions Gy, Ga, ...,Gk :

gM+j:ng7 .j:]-aza"vKa

we obtain



dGl (V) :Ll
dGQ(V) =L1G1+ Lo

dGK(V) :LlGK—l + ...+ Lk
Clearly, the arbitrary functions Aps41, Aar42, ..., AN = Apr+k in this case we determine

as follow
)‘M—i—l :g(LGl + L1>

/\M+2 :g(LGQ -+ L1G1 + LQ)

AMA4K :g(LGK +L1Gg_1+ ...+ LK)

Let us introduce the 1-forms wq, wo,...,wk :
dGl =Ww1
dGy =Giwy + we
dGx =Gg_1wy + ... + wk.
After some straightforward calculations we prove that

{wj = de,
Wj<V):Lj, j:1,2,..,K.

We determine the functions T, Yo, ....T g as follows
de = ¥ tdaG,
where

dO = col(dYy, dYs, ...,dY k),
dG = col(dG1, dGs, ...dG k),

1 0 0 0 0
G, 1 0 0 0
G, Gy 1 0 0
= Gs Gy G, 1 0
: : : C...0
Gk Grx.1 Gk ... Gy 1

In particular for Y1, Yo, ..., T5 we have



GQ
Ty =Gy~
G3
T = Gg—Gle—F?
4 2
T, = Gys— GG + G? GQ_%_%
5 3
s = G5—G1G4+G2G3—G3G2+%+%.
\ .

For the function T; there are the equivalent representations

3
Il

I
ivgh
Q

3

where a = (@) is some matrix.
Corollary 2.1
Let us suppose that the functions

L, Ly, ..Lx

are such that

J=0

where vy, V1, ...,Vi are constants, then the constructed system (2.5),(2.6) admits the
first integral

K K K
F(x) = g"™ exp Z v;Y; = H g;OTj exp Z v; Y5,
j=1 j=1 j=1

For the particular case when

then the condition on the existence the first integral F' takes the form

M K
Vojz:TjB%-FEZ:LngZZO,
j=1 j=1

For the planar polynomial vector field with invariant algebraic curves g; = 0, j =
1,..., M this condition was deduced in [Chr et al.1]

6



Proposition 2.1 Let

are invariant relations of a differential system (S).

Assume that

T = {917 g2, ---ng7gM+1-'-7gN} 7& 07

for arbitrary smooth functions gar+1, grr+2, - GN-
Then the following statement hold:
System (S) can be written as (2.5).

Proof. Suppose that
= X(z) (2.7)

is a differential system having g1, go, ..., g as partial integrals. Then taking

®] = (gradg]7 X)? J - ]‘727 "7M

Aj = —(gradg;, X), j=M+1,2,..,N

=

we get that the system (2.4), or, what is the same, (2.5) becomes system (2.7). Note that
in the definition of ®; and A; we have used that {g1, g2, ...,gn} # 0.
Now we shall study the case when the given number of partial integrals is § > N.

If S = N then the differential system (2.5) takes the form
Iij :q)l{xj...,gM,...,gN}—{-...—{—@N{gl,...,gM,..,l'j} jzl,N (28)

Proposition 2.2 The differential system (2.8) admits the complementary invariant

relation
g(x)=0, v=N+1,..,8
if and only if
dg1(01) dgi(92) ...  dgi(On) o,
dg2(01) dg2(02) ... dg2(0n) P,
done (D) dor(D) .. dgu(dy)  Pu
det =0 2.9
N dgrr1(8)  dgarr(82) dgr+1(0N)  Parsa ’ (29)
dgN(al) dgN(ag) dgN(aN) (I)N
dg(0oh) dg(02) .. dg(On) o,




or, what is the same,
D1{qg, ..., grry s GN} F -+ PN{91, s 90y - 9+ P {91, s g0ty - gn } = 0. (2.10)
We obtain the proof from the equality
dg,(v) =o,,

which in view of (2.1) coincides with (2.9).
Below we shall use the following identity

{f17 f27 "'7fN—1vgl}{92793; '-~7gN7G}+
+{f1, fos s fn=1,92}{91, 93, ..., gn, G} + ...

2.11
+{f17f27"'7fN717.gN}{917927"'JgN717G}+ ( )
{fl, f27 ey fN—17 G}{g1,g2, ~'-7gN—lagN} =0.
Its proof follow from by considering that (2.11) is equivalent to the relation
dgl(al) dgl(aQ) dgl(aN) {f17f27f37“',fN—lvgl}
de(al) de(aQ) dg2(aN) {f17f27f37“'7fN—17.g2}
det : : : =0 (2.12)
dgN(al) dgN(aQ) dgN(aN) {f17f27f37"'7fN—lagN}
dG(al) dG(GQ) dG(aN) {f17f27f37"'7fN—15G}
It is easy to show that the Eruguin functions ®;, determined by the formula
S+N
Oy = Z )\al)\iz"')‘tjx\rz\j_i {gaw Goas--yGan_1s gk}Gal,ag...aN_l(l'),
1 (2.13)
x1,02,..,00N 1=
k=1,2,..,5

are the most general solutions of (2.10), where Ga, ap..an_1s  Aby» Aoy, AL, are arbi-
trary continuous functions:

Gal,ag...aN,l(l’Mgal: ..... :gaN_lz() 7& Oa
®plgm0=0, k=1,2,...85

and gs4,; = x;. The differential system (2.8) in this case takes the form

S+N
P! = Z )‘tlxl)‘gzg“')‘gN_,ll {ga1, Gas-sGan_1, xJ}GahCYQ---aNfl(x) (2'14)

a1, 2, -'7O¢N71:1

Where 5\];] - {91,9279& ?gN})\I;J



Proposition 2.3 Let g1(x), g2(z),...,gs(xz) S > N are partial integrals of a differ-
ential system (S ).
Assume that

T = {917 927 "'7gN} % 07
then the following statement hold:

System (S) can be written as (2.14).

The proof is analogously to the proof of the proposition 2.2.
In particular when

S
Gay,ay...an_1(z) = H Im (2.15)
=1

(m#aj,7=1,..,N —1)

then the differential equations (2.14) take the form:

S+N o 3 s
il = Z A;1A§2.../\§N—}l{ga1, Jovg s Jon 15 T} H Im
al,ag,..,aN,1:1 m = 1
(m#aj,j=1,..,N —1)
(2.16)
As usual we denote by R[z| the ring of all real polynomials in the variables = =
(z1, T2,,,,, zn). We consider the polynomial vector field in RY, with degree n, i.e.,

{v = (v} (2),...,vN (x)), o (z),v*(x),...,vV (z) € Rlz],
n = maz(deg(v'(x)),..., deg(v™ (x)))

Definition 2.2 We say that {g = 0} C RY is an invariant algebraic hypersurface of
the polynomial vector field v of degree n if there exists a polynomial K € R[x] such that

The polynomial K at the degree at most n — 1 is called the cofactor of g(z) = 0.
Definition 2.3 A nonconstant (multivalued) function is said to be Darbouz if it is of
the form

S
f= 1n<H 97 (x)),

where 0; € C, j =1,2,..,S are certain constants.
Definition 2.4 We shall say that the vector field (2.8) with invariant relations

gi(x)=0, j=1,..,8 >N, (2.17)

9



is integrable if it admits N — 1 independent first integrals f1, fa, .., fn—1, and integrable in
the Darboux sense if

g1, g2, ---.. »ds

are polynomial functions and f1, fa,..., fn—1 are Darboux functions.

Darboux proved the following theorem.

Darboux’s theorem
) ; 1 2).... 1
Si l'on connait ™mt(m+ ,) (min-1) _

, n:
systéme

M, intégreles particuliéres algébriques de

dzq dzo dz,,
—=—=....=——, Ly, Ly, ....L,€R
Ll L2 Ln 3 1, 2, 3 € [.CU]

on pourra trouver lemultiplicateur du systéme.

Si 1> on connait M, +r intégrales particuliéres algébriques du méme systéme, on pourra
en determiner le multiplicateur et r intégrales générales.

Si bon connait M,, +n — 1 = q intégrales particuliéres algébriques uy, usa, ...,uqy on
pourra effectuer 'intégration compléte. Les intégrales se présenteront sous la forma suiv-

ante:
(o, 01, Q2 ag
uitug? gt = Cy

u/flug?..ugq =0y

Mo Ao o Ag
L ultup®ugt = C,_1.

In [Jou] the following result is proved.

Jounolous Theorem

Let v be a polynomial vector field defined in CV of degree n > 0. Then v admits
% + n irreducible invariant algebraic hipersurface if and only if v has a rational
first integral.

Proposition 2.3 The vector field (2.16) with invariant relations (2.17) is integrable

if and only if the vector field v is such that

dgk(V>:5\{f17 f2a ";fN—l)gk}v k:1727"75 (218)

where ) is an arbitrary function.
Proof. Let us suppose that the vector field v is integrable, then it admits the repre-
sentation [Sadl, Ram3|

df1(01) df1(02) .. df1(On)
df2(01) dfa(02) ...  df2(0n)
v = \det : : : Ej\{fl,...,fN_l,*},
dfn-1(01) dfn-1(02) ... dfn—1(0n)
al (92 ce 6N

10



where ) is an arbitrary function. Hence we obtain that

dg;(v) = Mfu - In-1.95}

on the other hand from (2.2) we obtain that
dgj (V) = q)j.

By compare both we deduce (2.18).

We obtain the reciprocity result as follows.

Let us suppose that (2.18) holds. Clearly that the condition (2.10) holds identically
in this case.

By inserting (2.18) in (2.8) we obtain

V(*) = )‘({fla f27 f37 "'7fN—1vgl}{*7g2vg3a 79N}+
"'+{f17f27f37"'7fN—17gN}{917927g37"'7*})'
In view of the identity (2.11) we deduce

V(%) = {01,092, 93, 0 N N1y f2 35 s N1, %} = M f1, o fN—1, %1

as a consequence the vector field is integrable.
Corollary 2.2 Let us suppose that the system (2.16) is polynomial of degree n.
Then it s Darboux integrable if and only if

j\q:a;":constants j:12 S, a=1,2,., N -1
(2.19)

)\5+1—Va{f°‘a: 3, . } N—Va{l' 22, 3 e O}

where vq, vs,...,vn_1 are arbitrary rational functions.
The proof follows from the fact that in view of (2.19) we obtain

N-1 N-1 N-1
dgr (v (1+ vi + Z Vil + ...+ H Vj) {fi, s =1, g}
j=1 3.k=1, j£k j=1

Example 2.2 We shall suppose that the given invariant relations of the differential
system (2.16) are the hyperplane

We choose the Eruguin functions as follows

N cee — ]
(pj:\llj(l’y){QOb y PN—-1, T }
{(1017902-'-;90N}

11



where pr;(z¥), W;(0) =0, k,j=1,2,..,N and p;, j = 1,2,..,N are arbitrary func-
tions. Hence we obtain that this system takes the form

| | i
i = \Ifj(xﬂ){‘pl""’w‘l’ o} j=1,2,.,N (2.20)
{e1,02.., 0N}

We shall study the case when

{9017 9027(;0]\7} 7& 0

N
, (2.21)
dp; = Zgokj(xk)dxk, j=12,.,N
k=1

The differential system (2.20), (2.21) is integrable.

In fact, by considering that

 ny (@) dat {Lifj:N

£ Wy (ah) 0,if j £ N

we deduce the existence of N — 1 independents first integrals

= %ij(xk) k
filz) =) \Ilk(:ck)dx =c¢j, j=1,2,.,N—1. (2.22)
k=1

It is easy to show that the vector field v(x) is such that

%) — {fl;"‘afN—lv*} o al k
vt = el = [T weh,

For the subcase when the invariant hyperplane are such that
2" — =0, k=1,2,.,N,m=1,2,...M

and

S
5
<.
—~
8
=
~—
I
—~
8
S
~—
S,
L
o
<
I
\'H
no

(2.23)

then the first integrals (2.22) in this case take the form

N M _
fi=In H H (zF — am+k)ai+m7 j=1,..,N
k=1m=1
j (aker)]

Om+k = HM
=1, m a - m
" I 1# (@k+i — Atm)

12



as a consequence the system (2.20),(2.21),(2.23) is Darboux integrable.
An interesting particular case is the following

M 2 :
: : Xz ]
i =2 [ (=% 1 {1, o 27} (2.24)
S m {o1, p2.., 0N}
Hence, by making M — +oo we deduce

“+o00 2 . .

: , T3 J ; J
[ H(_JQ_l){QO% ’@N’x}zsinmg?{%’ :@Nax}‘ (2.25)

me—1 T {o1, 2., 0N} {e1, 2., 0N}

We observe that the differential systems of the type (2.20) appear in the theory of
the Stdckel mechanical system [Sadl,Ram3]. With respect to this system we state the

following problem:
Determine the real constants K1, Ko, ..., Kny_1, L in such a way that the hyperplane

N-1
i Z Kz’ + L
j=1
is invariant of the system (2.20).

We solve this problem for the case when

a
N:27 @2:§($2+y2)+$y,

(@)= AT -0 T =AT](5 -1

where a,aq,...,ap; are real constants and A is an arbitrary function.
The system (2.20) in this case takes the form

( M ,CCQ
a::)\(:z:%—ay)H(? —1)
=t 2.26)
M o (2.
i=A o+ [[(G-1)
\ Jj=1 "J
We require to determine the real values of the constants K and L in such a way
(2.27)

y=Kx+ L

is an invariant straight line of (2.26).
Clearly that the parameter K must be satisfies the relation

KM L gk2PM=1 _ oK —1=0.

13



Hence we obtain that K1 = 1, Ky = —1 satisfies this relation. For M > 2 there exist at
most four real values of K which satisfy this equation.

By using the algebraic computer packages we can solve the stated problem. In par-
ticular for the cubic and quintic system when

M
A=)
j=1

a:\/g, ap=1, M=1
a:\/g, ap =1, a2:\/5—2, M =

we obtain respectively

(Ki=1, L;=0, Ky=—1, Ly=0,
1 5 1 V5
Ko—_-_ Y2 . _-,.V°
3 9 27 573
1 5 3 V5
Ky—=2>_Y2 g __°2_ V2
4 2 27 4 2+27
K3:—1/2—§, L5_1/2—\/7§,
Ko—1ja Y0 g o3 V5
\ 9 2 9

The quintic polynomial system in this case was constructed in [Art et al.]

{o'c: (z+ Vo) (a® - 1)(@* ~ (V5 - 2)%)
§=(V5z +y)(y* — 1)(y* — (V5 - 2)?)
and admits 14 straight lines.

The Eruguin functions in this case are:

Oy = (z+V5y)(2? — 1)(2® — (V5 -2)?),
@4+m:(\/gx+y)(y2—1)(y2—(\/_—2)2), m=1,2,3,4

hence the constructed system is not Darboux integrable.
For the case when in (2.26)

we obtain the system

M 523'2
x:xH(j—Q—l)

. 2 (2.28)
y=yH(?—2— )



In this case the system admits the following invariant straight line

x:ja «'L':—j, j:1727"7M

y=17J, Yy=-J

y=x, yYy=-—x

Clearly, the system (2.28) is Darboux integrable
If M = 400 then the system (2.28) takes the form

;

a'c:xH(_—Q—l):sinmc
el
J

y=y|[(55—1) =sinmy
=17

\

for which the infinity numbers of the straight lines
.T:j,l‘:—j, j:1,2,..,+00
y:j7 y:_] j:1,2,..,—|—OO
y=x+2m, y=-—-x+2m, mel

are its invariant.

The problem of the determination of the upper bound for the maximum number of
the invariant straight lines (L(n)) for the polynomial system is an open problem.

It is easy to show that [Ram?2]

2n + 1, when n is even,
2n + 2, when n is odd.

L(n) > {

There exist the following conjecture
Conjecture [Art et al.]

L(n) <3n-1
This upper bound is reached in particular for n = 2, 3,4, 5.
3. Inverse approach for the planar vector fields

In this section we analyze the Eruguin-Galliulin theory developed in the above section
for the case when N = 2.
The differential system (2.8) in this case take the form

{j: = @1{z, g2} + 2{g1,2} = P(z,y) (3.1)

J=®1{y, 92} + P2{1,y} = Qz,y),
we set v = (P, Q).

15



For the case when this equations admit the subsidiary invariant curves

g](x,y)zO, j:3747"'787

The Eruguin functions must be satisfy the relations (see formula (2.10))

®1{gj,92} + P2{91,9;} + {92, 91} =0 j=1,2,...S. (3.2)

Hence the Eruguin functions ®,, can be determine as follows

S

S
O = N(@){g gm} [ 96+ Qsia{z, gm} + Asr2{ gm, v})g,

k=1, k#j (3.3)

where A1, Ao, ..., Ast2, are arbitrary functions.

The veracity of

this representation we obtain by inserting (3.3) into (3.2) and by

considering the identity (2.11) which in this case takes the form

{9x, 9iH{ 9> gm’} + {9k gmHgi> 9i} + {96, 9 Hgs> gm} =0, (3-4)
Corollary 3.1 The differential equations (3.1), (3.3) can be rewritten as follows

(

\

{9]7 z}

Mm

= gle ) (5w 4 Ss0) = Play

7 (3.5)
i = 9o e R, = Q)

j=1 J

We deduce the proof by inserting (3.3) into (3.1) by using the identity (3.4).
From these relations we obtain the following proposition

Proposition 3.1 Let g;j(z,y) =0, j = 1,2,..., S are the irreducible algebraic curves,
then the polynomial differential system (3.5) admits the Darboux first integral

S
= ln(Hgf )

if and only if in (3.3)

Aj = Vo = constants, Ast1=v{f,y}, Asi2=v{z, f,},

where vy, v are arbitrary rational functions and o; = constants, j =1,2,..., 5.
The proof is easy to obtain from (3.5).
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The system (3.5) in this case takes the form

{j::V{a:, F}
y=WV{y, F}

where

S
O‘j VO
F=]]d7, V=y9(% +v)
j=1

We illustrate the above results in the following concrete cases.

Example 3.1

In this section we give the results exposed in [Sadl], related with the construction the
planar polynomial vector field with invariant circumferences:

gj(a:',y)E(x—aj)Q—}—(y—bj)z—r]Z:O, j:1,2,...,S
The system (3.5) under the restrictions
Asi1=Asi2 =0

takes the form

( s s
p==Y"%-b) [] om=Ply)
J=1 m=1, m#j
s S (3.6)
y:ZAJ(x_a]) H gm = Q(z,Y),
\ Jj=1 m=1, m#j
or, what is the same,
( S S
i = —y(z? 4 y?)51 Z)‘J T Z)\]bj +.. = P(z,vy)
Jj=1 j=1
S _ S ~
g = x(x? +y*)5! Z Aj A+ (2% +yH)5 Z Nja; + ... = Q(z,y)
\ Jj=1 Jj=1
Now we determine the arbitrary functions Ay, As, ..., Ag in such a way that the above

vector field is polynomial of the fixed degree n.
Corollary 3.2 Let us suppose that

)\JER[Iﬂy]ﬂ .7_]-727 75
S
S1 = degZS\J,
j=1
S ~ S ~
Sy = max(deg(z Ajbs), deg(z Aja;)
\ i=1 i=1



then
n = maz(deg(P),deg(Q)) <25 — 1+ 57,

if
S ~
j=1
and
n = maz(deg(P),deg(Q)) < 25 — 2+ So,
if

M=
O
<.
Il
o

<
I
—

From this results we obtain the proof of the following result

Proposition 3.2 Fvery configuration of the circumferences in the plane is realizable
by a polynomial of the degree at most 25 + 51 — 1 or 25 + Sy — 2 where S5, 7 = 1,2 are
the degree of the polynomials introduced above.

In a paper [Llib4] the authors proved that every configuration of cycles on the plane
is realizable (up to homeomorphism) by a polynomial of the degree at most 2(m +r) — 1,
where m is the number of cycles and r is the number of primary cycles (a cycle C'is primary
if there are no other cycles contained in the bounded region limited by C).

It is interesting to observe that the upper bound for the degree of the constructed
vector field is independent from whether its cycles are primary or not.

Now we shall study the case when the circumferences form two nests with the centers
at the points (0,0) and (a,0) respectively, hence

gj(ﬂ?,y)EI2+y2—T]2-:07 j:1727'--7l17
gj(l',y)E(l'—a)Q-i-yQ—’l“]Q-:O, J=h,.,8

Clearly, for this case the Eruguin functions are such that

@2 = ®11+1 = q)ll+2 = ..... = q)s = —4ay25\jg2 H 9dm-

\ j=1 m=l1+1

takes the form

6)
S ~
IT o+ > XN]]owv
=l 1
S ~ ~
+ Z Al gk)r —2a Z /\ngk.
+1 j

(

The differential system (3
b
i=-20)" X
j=1 &
S

1
g=20_% [ o
j=1

k=l

+1
\ j=li+1 k=l j=li+1 k=l
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In particular for the case when

(n=214+1=S5S+1, [ =1,

l
—QZS\j:x—a—Fy,

j=1

S
-2 Z S\j:m—ky,
L j=l+1

we obtain the vector field constructed in [Sad1].
By designating by F,(z,y), Fo(x,y) the following polynomials

+1

Fa(wy) = (@ +y—a) [[(@=a) +4* =1]) 121,

F()(,T,y) = Fa(x7y)|a:0‘
we can deduce that the above vector field takes the form:
T = (F()(I’,y) - Fa(xay)) Yy = P(l‘,y)
i =~ (Fo(@,y) = Falw,y)) 2 + aFo(x,y) = Q(a,y).

This system has the following properties:

1) has only 3 critical points in the finite plane R?
a
(070)7 (57 0)7 (a7 O)
2) the Liapunov quantities o and A for the system are :

i)
{0(0, 0) = o(a,0)
A(0,0) = A(a,0)

\ Jj=1 7j=1 j=1



4 l
o0 =a (47—
a Lo l l a |
AGo=-F TG -DX I (7 -73)
\ =1 I=1 j=1,j#1

The circumferences do not intersect if
ry<a/2, j=1,..1,

SO

and, as a consequence the critical point (§,0) is a saddle.

It is evident that the other critical points are the stability or non stability foci de-
pending on whether k is odd or even.

Hence we obtain that the constructed polynomial vector field of degree n = S + 1
admits S = 2[ invariant circumferences.

The proposition 3.1 we illustrate in the next two examples.
Example 3.2 The particular case of the Lienard equation

i — ih(x)ac — ah(x)ih(m) =0

dx dx

or, what is the same,

& =1y+ h(z)
i = ah(e) wh(z)

is Darboux integrable.
In fact, the first integral F' in this case is the following

F(z,y) = 97'95"

where g1, g2, 01, 02 are such that

(
1++vVi4a+1
a(ey) =y + 0 )
1—+vda+1
po(ey) =y + L h)

1—ViaF1 1+vAa+1
0l =——F———, 0= —F———
- 2VAa + 1 T 9VAat 1

It is easy to show that in this case the Eruguin functions are

o Lt vAa+l 1—da +1

S e M N i
YT o lart Y T odagl
20




Clearly, if 4o + 1 < 0 then the function F' takes the form

F(z,y) = (y° + h(z)y — ah®(@)) exp <marcmn mh(x)>

y + sh(z)

It is interesting to observe that if the function h admits the following development
h(z) = x + agz® + ...

then the origin of the given system is a focus.
Example 3.3 The differential equation

z2=1 (CLloZ + ag1z + Z ajkzj Zk) (37)
Jj+k=3

is Darboux integrable, where a = (a;x), j,k = 0,2, 3 are real constants matrix and
z=x4+1y, Z=x—1Y

are the complex coordinate in the plane R2.
In fact, the equations (3.7) are equivalent to the cubic planar system

{53 = y(ao1 — a1o + (a12 — az1 + 3(ao3 — aso) @ + (a12 — as1 + aso — ap3) y*)
y = z(ao1 + aro + (a12 + az1 + aos + aso) «° + (a12 + as1 — 3(aso + ao3)y®).
Hence, by introducing the correspondent notations we obtain the system

{i:y(a+bx2+cy2) (3.8)

y=az(a+pfa®+vy°).

We shall analyze the case when ¢ # 0.
Let g1, g2 are the functions:

gi(z,y) =vj(@® = Xo) —y* + A1, j=1,2

where Ay, A2, /1, Vo are constants:

( Yya—ac ab—[Ga
=", A1=—F"—>,
by —cf by — B
_7—b 7—b2 é _v—b_ 'y—b2 é
Y= 26+ (20)+c’ 27 o <2c)+c
\1/1—1/2#0,

then the following relations hold
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{dgj(V)=2$y(7—VjC)9j> j=12 (3.9)
{91, g2} = 4z y (11 — 12).
The proof is easy to obtain after some calculations.
The given vector field is Darboux integrable with F':
Flony) = (12 =20) =+ A)ne
€T =
T a(a = 2g) — 42+ Mgy
here we use the relation
c(vy +12) =7 —0.
Now we shall study the case when vy, v5 are complex numbers.
By introducing the notations
vy—b=2cq, ~v+b=2cr
we obtain that
vi=q+ip, vr=q—ip, p°=-4Bc—¢’,p >0
The system (3.8) takes then the form (we put ¢ = 1)
{j::y(aﬂr_qmuy% (3.10)
g=a(a— @ +¢) a2+ (r+qy°).

By considering that in this case
91(z,y) = q(z® — No) — y* + A1 +ip(z? — o),

we obtain that the first integral F' takes the form

p(x? — X\o) )
Y2 — M —q(2? — X))

4. Planar differential system with one invariant algebraic curve
In this section, by applying the results of the section 3, we construct the analytic

planar vector field
{ &= P(z,y)

¥ = Q(x,y),

where P and Q are analytic functions on the region G C R?, from a given set of trajectories:

F(x,y) = ((3/2 — A1 —q(z? = Xo))? + p?(z? — )\0)2)ewp<2r arctg

(4.1)

gi(z,y) =y —y;(x) =0, j=12,...,82>2

S (4.2)
Hyj (z) #0
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where dﬂ = yj and y1, y2, ...,ys € C"(G C R), r > 1.
We shall study the particular case when y;, ys, ...ys are solutions of the equation

g(xayj)zoa j:1727“7S

where g(x,y) = 0 is an algebraic irreducible curve.
By considering (2.8) we obtain that the require system (4.1), (4.2) :

{ &= & (z,y) — Pa(z,y) (4.3)

§ = D1 (2,y)ys(x) — a(z, )y (z)

The condition (3.2), on the existence of the complementary partial integrals, in this
case take the form

©1(y2(7) = ; (7)) + P2(y;(2) —y1(2)) + @5(y1(2) —92(2)) =0, j=3,4...,5 (44)

The given set of differential equations (3.5) in this case can be rewritten as follows

s
:Z H (Y = Ym) + As429 = P(z,y)

Jj=1 m#j

. (4.5)
= Ny [] W= vm) — Ass19 = Q(z,v)
j=1 m#j
or, what is the same,
( S ~ ~ S S ~ S S ~
=y A2+ TN = Aep2 > w) + v PO Nwi =D ui > ) )+
7j=1 J=1 Jj=1 Jj=1 k=1
) s ) S s S s
g=—y" X +u7 O Ny = sk D u) 5O S Ny =D wi Y M KYRY-er) F oo
L j=1 j=1 j=1 j=1 k=1
(4.6)

we set v = (P, Q). ) o )
Proposition 4.1 Let us suppose that the arbitrary functions A1, ...\s, As+1, Ag+2 are
such that

( :\s+1 = —qo(x), 5\S+2 = po()

ISPS S—k
_A_O(kzzopk<x)yj (z))

5oy = D : S—k
jyj_A_O(kZ:O ar(2)y; " (),

(4.7)

\
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where pi, qr are continuous functions on D C R.

1 1 1 1
Ao = det hn Y2 Yj Ys
vt oyt vt oyt (4.8)
1 1 1 1 1
A = det y‘1 y'z yj'—l yj'—i—l - Ys :
RSO 7 e S
Then the differential system (4.6) takes the form
) =qo()y° + ... + qs(z) = Q(x,y)

and we set v = (P, Q).
We shall study the case when pg, p1, ..., Ps, qo, q1, ---qs are polynomials on the variable
x and such that v represented a polynomial vector field of degree

n = maz(degP, degQ)

Corollary 4.1 Let g be a irreducible polynomial on the variables x and y:

S S
g=ao(@) [[(v—u;(@) =D a;(x)y*7, (4.10)
i=1 i=0
where
a1 = — ao(x) Zyj(x)
az =ao(z) [ ] v;(=)yn(z)
i<k
as =(—1)%ao(x) [ ] y; ()
\ J=1
then
S .
dg() = (32 2o = K()a



where K is the cofactor of g = 0.
Proposition 4.2 Let the curve (4.10) is invariant of the non zero polynomial system
of degree n :

J=q(2)y" + ... + qu(7) = Q(z,y)
where r;(x), ¢;(x), 7 =0,1,..,n are polynomials of degree j in the variable x, then
S < 2n.

Proof, al absurd, let us suppose that S = 2n + 1, then from (4.9), (4.11) we obtain

that
Pn+1 (37) - 07

pi(z) =0,
¢j(z) =0, j=0,1,.n,
on the other hands from (4.7), (4.8) we obtain that
Ai(z)=0, j=1,2,...2n+2

hence the vector field is a zero vector field. Contradiction.
5. Quadratic system with one invariant algebraic curve

In this section we shall study the case in which the vector field (4.9) is quadratic i.e.,

{ & =ps—2y” + ps—1(x)y +ps(x) = P(z,y)

9y =qs—2y” +qs-1(2)y + gs(z) = Q(z,y)

where maz(degP, degQ) = 2 and gs—j, ps—j, j = 0,1,2 are polynomials in the variable .
Below, for simplicity we shall denote this system as follows

{ & =poy” + p1(x)y + pa(z) = P(z,y) (5.1)

9 =a0y° + q1(2)y + g2(x) = Q(,y)
First we prove the following general results related with the system (5.1).
Proposition 5.1 Let us suppose that (5.1) is such that

dg(v) = (aoy + ax + B)g, (5.2)

where g is given in the formula (4.10) and oo, o, B are real constants and pj, q; are
polynomials of degree j in the variable x :

( J
_ k
pb; = E Pjkx,
k=0

(5.3)

J
g => qrz*, j=012
k=0

\
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Then,
If po # 0 hence

max(dega;(z)) < j,
(dega;(e) < J 5
max(deg g) < S.
If
po=0, pu#0,
ap = (Sk+m)pi1, qo=kpu (5.5)
Sk+meN
hence
{ max(dega;(x)) <kj+m, j=12.,8 (5.6)
max(deg g) < Sk + m. '
In fact, from (5.2) we deduced the differential system
( da
22— B.
dx a
d
) poﬂ -0 (5.7)
dx
da
P2d—s + qras—1 = (az + B)as
\ x
where
a = col(ag, ay, ...,as)
is a vector and A, B are matrix which we determine respectively as follow
P1 DPo 0 0 0 “e 0
P2 P11 Po 0 0 . 0
0O po pr po O ... O
00 0 0 p2 p1 Do
0 0 0 0 0 P2 D1
o — Sqo 0 0 0 0
ar+ 03— Sq ag— (S —1)qo 0 0 0
—5¢2 ar+fB—-(S-1)g a—(5—-2)0 0 0
0 0 —2¢2 azx+fB-q Qo
0 0 0 —q2 ar + 3
From (5.7) we easily deduce that if py # 0 then the coefficients a;, j =0,1,2,..,5
are polynomials of degree at most j.
For the second case, after integration we easily deduce that
(5.8)

a=TRp
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where
p = col(p}", p71”+1, ..... ,p'i”Jrk, ..... ,p’i’”rks)

Ry 0 0 0 0 0 0 0 0O ... 0 ... 0 0
RV RE 0O 0 0 0 R, 0 .0 0 0
R: R} RZ 0 0 0 R, R:Z,, 0 ... 0 R O 0
R} R} R} R 0 O R} Ry, R, 0O 0 R3 R}, O
S S | R : : 0 ... 0
R R RS ... ... R& 0 R} R;., Ry, 0 RS, RS,

Hence we easily obtain the veracity of our assertion.

Corollary 5.1 If the invariant algebraic curve is non reducible and k = % > 0 then
m = 0.

In fact, if m # 0 and under the indicated condition we have that the given invariant
curve is reducible.

Proposition 5.2 The mazimum degree of the irreducible invariant algebraic curve of
the non Darbouz integrable quadratic system (5.1) is 12. if p11 # 0

In fact from (5.8), (5.5) by considering that the given curve is irreducible, then we
obtain that m = 0.

On the other hand from the last of equation of (5.7) in particular we deduce that if

k > 3 then )
p_2 R:gk (p%opzz — P1op21pP11 + pzopfl) =0. (5.9)
11

Hence, if RZ, = 0 then the degree of the algebraic curve is not maximal. On the other
hand if
PioP2z — Propa1pi1 + paopty =0

then the quadratic system is Darboux integrable.
Corollary 5.2 Let us suppose that the algebraic curve

S kS

g9(z,y) = Z ZRé'(plliE +p10)’ Ty =0 (5.10)
1=0 j=0

18 tnvariant curve of the maximum degree of the quadratic vector field. Then:
v = ((p112+Pp10)y + P222” + P21+ P20) Iz + (3p11Y> + (q112 + q10)Y + ¢227% + @217 + 420) I

and 19
dg(v) = E(P%ﬂ/ + P22 + P21p11 — 2P22P10)9-

This results can be extended analogously for the polynomial system of degree n.

27




Proposition 5.3 Let us give the invariant curve with S branches of non-Darboux
integrable polynomial system of degree n :

i = ij(x)y”‘j = P(z,y)
7= (5.11)

7= q(x)y"7 =Q(z,y)
\ J=0

with cofactor K = Z;:Ol aj(x)y" 177 where aj(z) = Zi:o Tikx®, and T = (1) is a
constant real matrix.

Then .
57 pro 7é 0

maxdeg(g) < { ,
) Sn+1), ifpo=0,p11#0

For the case when p;; = 0 it is easy to show that

Qg = Sqo;
maxdega; < j,

maxdegg < S.

From this result and proposition 4.2 we deduce the proof of the following proposition.
Proposition 5.4 The maximum degree of the invariant curve of the non Darboux
integrable polynomial planar vector field of degree n (N'(n)) is 2n(n + 1),1i.e.,

N(n) <2n(n+1). (5.12)

6. Quadratic system with one invariant algebraic curve. Examples
First we study the case when S = 2, i.e., we analyze the quadratic system with
invariant algebraic curve of the type

g(x,y) = ao(2)y* + a1 (2)y + az(z) = 0 (6.1)

where ag, a1, as are polynomial on the variable x.
We shall study the cases when pg =0, p1; # 0 and py # 0.
For the first case the he equation (5.10) takes the form

2 2k

g(:z:,y) = ZZR;(Z?HIE +p10)jyl =0. (6.2)

1=0 j=0

Clearly, the maximum degree of this curve is six.
We shall illustrate this particular case in concrete examples.
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Example 6.1. The quadratic vector field

i =azx’ + (—2ac+y+b)x+ 25C1a® — 10aCyd + Cyd?
1y =3y* 4+ (—12ac + 6b + dx)y + (—150C,a*Cs — 3a* + 60C 1 adCs3+
da — 6C,C3d®)x? + (db — 2adc)x — 750a>C2Cs3 + 225C 1 a® + 450a*C2dCs
— 2d3C — 140C 1 a?d 4 12a*c? + 3b* — 90d*C2aC3 — 12cab + 29C d?a + 6d>C3C?

where (', C5 are arbitrary nonzero constants, admits the invariant curve of degree six

1 3
g =C1y? + (953 + (C1d — 3C1a)x — 4C1ac + 2C1b)y + 28C5 + (§d — 5@

+ (=3C3C%d% — 9aC1d + 21C1a® — 75C3C%a? + C1d* + 30C5C3ad) x>+
75
(—=3C1ab — 2C1dac + Crdb + 6a2010)x + 150033Cfa2d - ?CLQCIQCH’

15 1 125
7cz2(112a + C11b* — 25003C3a® — §d3(112 +2C303d® + 7ai”cf—

4C1abe — 30C3C;d*a + 4a*c*Cy = 0

)zt + (b — 2ac)z®

with cofactor 6(y + ax — 2ac + b).
Example 6.2 Now we study the case in which § =2, pg # 0. Clearly, in this case
the invariant algebraic curve of the quadratic system is the family of the conics
_ 2 2 —
g = apy” + (a11x + a10)y + ag2x” + a1z + azp =0 (6.5)

where ag, a11, a1g, ag2, a1, asy are real constants.
In particular, for the quadratic system

{w'ZByQ—(5+2)$y+(ﬂ—4)1‘2—2ﬁw

Y= (06—4)3/2_2(a+2)xy—|—(a_4)x2_2ax (67)

we have that pg = 6 # 0.
After some calculations we can prove that the invariant curve is the parabola

(y —x)* =22 =0

with the cofactor
K =28+ a)y+2(8+ a)r —25.

The quadratic system with invariant parabola was constructed in [Sadl] and admits
the equivalent representation :

{”’TZB((y—x)Q—”)_“(‘”y), (6.7)

y:a((y—m)Q—Qm)—4(1‘+y)2
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The points

0(0,0), N(: —%), M(%, 5(2+3—/8))

2 Y
are its critical points, where K3 = 2((aw — 3)? — 2a). The bifurcation analysis show that
this system is generic. The bifurcation curves divide the plane («, ) in 17 region in which
we observe a qualitative change in the behavior of the trajectories of the constructed
quadratic system. We determine 38 different quadratic systems, among these there is one
with one limit cycles [Rey].
The quadratic system

1 1
T = ﬁ<A$2 + By2 + ZC)AO + Z(—QBqu — 2$BQQ2 + acAlAngzl)y
. 1
Y= ﬁ(fhzf +yqu1 T + qoor® + g1z + A, C),

admits as invariant the curve
Az + By* +2C =0

with cofactor K = Apx + Ay, where A, B,C, Ay, A1, q11,q21, 22, are real constants such
that A #£ 0, B # 0.

Now we study the case when S = 3, i.e., we analyze the quadratic system with
invariant algebraic curve of the type

2 3k

g(z,y) = ZZRé‘(pllfL’ + p10)y’ = 0. (6.8)

1=0 j=0

Example 6.3 (The Filipstov system ).
For the quadratic system

{ & =16(14+a)x —6(2+ a)z® + (2 + 122)y
g = 3a(14 a)z® 4+ (15(1 + a) — 2(9 + 5a)z)y + 16¢>

we have that 3k =4 — m = 0.
As we can observe in this case the quadratic system possesses the irreducible invariant
algebraic curve

g(z,y) =y> + 3(3(1 +a) — 6(1 + a)x)y* + Z(l + a)az’y + Z(l +a)a’z* = 0.
The cofactor of this curve is
K =48y —4(1+a)z +5(1 +a).
Example 6.4 For the quadratic system
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{j:: (2+3a)x® + (2+4y)r +y
g =(5+4(1+a))y+ 6y + ax?
we obtain that K =2 = m = 0.
The quadratic system possesses the irreducible invariant algebraic curve of degree four

[Chr et al.3]
a’z + +2ar*(x + Dy + (1 +2)y* +94° =0

The cofactor K in this case is
K =18y + (5 + 6a)x + 5.

For the case when S = 4 we obtain the invariant algebraic curve of the type

2 4k

g(z,y) = ZZRé‘(plll’ + p10)’y’ =0. (6.9)

1=0 j=0

Clearly, the maximum degree of this curve is 12. The upper bound is reached in particular
in the following example [Chr et al.3]
Example 6.5 For the non Darboux integrable quadratic system

t=ay+a’+1
81 57
2_ S 2, 90

i3
) Y 5 9

has we have that k = 3 = m = 0 as a consequence the above vector field has the invariant
irreducible algebraic curve of the maximum degree 12. In the indicated paper was showed
that the the curve

— 442368 — 72465842 + 715465172 — 979065002° 4 413437502° — 2343750020 + 48828125212
+ (3222722 — 1212631223 + 234630002° + 112500027 + 1562500027 )y —
(98784 — 711288z% + 50580002* — 3750002°%)y? 4 (329282 — 112400023)y® — 5488y* = 0

is its invariant.

7. Construction the polynomial planar system
with invariant algebraic curves with variables separable
In this section we deal with the polynomial system with invariant algebraic curve with
variables separable

g(z,y) = Fi(x) + Fa(y) = 0,

where Fy, F5 are arbitrary polynomials :

deg(g(, ) = maz (deg(Fi (), maz(deg(Fa(y))).

31



We state and study the following problem.
Problem 7.1 Let g be a function:

g(w,y)Zgo+A/ﬂ(x—aj)dx+3/ﬁ(y—bj)dy

where A, B, a1, az, ..., Qm,, b1, b2, ..., by, are real parameters such that

a; < ag < ... < Qpy, by < Dba..... <bpm,, AB#DO0.
We require to determine the non-Darboux integrable polynomial vector v of degree n for
which the given curve is its invariant.

We propose the solution of the state problem for the following particular cases

me=n—1m; =n-—1,
me=2m—1,my=2m-+1,n=2m+ 1,
me =2m — 2, my = 2m, n = 2m,
Mo =mi=m, n=2m-+1,

mo=m;=m, n=2m-+ 2.
Proposition 7.1 The polynomial system of degree n [Sad2]

{ & = (Az + By + C)dyg(z,y) = P(z,y)
y = —(Az + By + C)0,9(z,y) + Ag(z,y) = Q(z,y)

admits as invariant curve
n—1 n—1
9(x,y) = go +K1/ H(y— bj)dy+K2/ H(w—aj)dx =0,
Jj=1 j=1

where aq, as, ...,a,_1, b1, ba,...,bn_1, K1, Ko, go, A, B, C, A are arbitrary real parame-
ters.

By choosing the arbitrary parameters properly we can construct the nonsingular al-
gebraic curve of degree n, hence the genus (G) of this curve is:

g = 5(n-1)(n-2)

Example 7.1 Let g is a nonsingular curve of degree 2m + 2 such that

I (@29) = go + / Ex((%)2 )de + / gy<<%>2 )y =0
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It is easy to show that the polynomial system of degree n = 2m + 1 :

;

& = (Am® + By + Cn, Hy i )? = 1) = P(x,y)
7j=1
Y = —(Amz + By + Cpn) HCL‘ . _1)+)‘gm($7y) = Q(z,y)
\ J=1 j
admits as invariant the given curve.
By considering that
T Y
H((j—w)2 —1)=siny= lUm gm(z,y)=go+cosz+cosy
j=1

and choose the arbitrary parameters A,,, B,,, C,, properly, we obtain the analytic planar

vector field
& =siny = P(z,y)
g = —sinx + A(go + cosz + cosy) = Q(z,y)

for which the curve
go +cosz +cosy =0
is its invariant.

Clearly, the constructed analytic system admits infinity many number of limit cycles.

Proposition 7.2 The polynomial vector field of degree n
{ & =(a+ byx)0yH (z,y)
y=—(a+byx)0,H(z,y)+ (n+ 1)byH (z,y)
admits as invariant the algebraic curve of degree n + 1
H(z,y)=2"" +G,_1(z,y) =0, (7.2)

where G,,_; is an arbitrary polynomial of degree n — 1. Clearly, this system in general has
no Darboux integrating factors or first integrals.

The following particular case is an interesting one:

Corollary 7.1 Let

x m+1 m—1
gm(ﬂf,y)zgo+/ I1 z(=* - a2 dw+/ 1] v® —b)dy =
T Y

0 j=1 0 4=1

(7.1)

is a curve of degree 2m + 2 with the maximum genus G = 2(m + 1)(m — 1) + 1 is invariant
of the vector field of degree n = 2m + 2 :

y=—(a+bpyx) H x(2? —a + (2m + 2)byygm (z,y)
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Example 7.2 By making m — 400 and choose the arbitrary parameters properly we
deduce from the above system as a particular case the analytic system

{i‘ :an(y)
v =—aJo(x) + Ay(Ji(w) + J1(y) + go)

where Jy, J; are the Bessel functions. This analytic system admits an infinity many number
of limit cycles.

Analogously we construct the polynomial system of degree n = 2m :
(

m—1
& =(a+ bpyx) H Y —62
j=1

m—+1

§=—(a+bmyz) [ (° = af) + 2mbnygm (,y)
\ Jj=1

with invariant curve

x m+1 y m—
gm(:zz,y):go—l—/ H:z:—a d:c+/ Hy—b2 =0
T Y

is a curve of degree 2m + 2 with maximum genus G = 2m(m — 1)
By using the algebraic packages it is possible to show the following proposition.
Proposition 7.3 . There exist polynomials p(x,y), q(x,y) of degree n for which the
non-Darboux integrable differential system

{9’3 =adyg(z,y) + p(x,y), a = const. (7.3)

Y =—ady9(x,y) + q(z,y)

has the invariant curve of degree n 4 1
o) =g+ [([J@~apde+ B [([J-b)ay=0. (7.4)
j=1 J=1

for certain values of the real parameters gg, A, B, a1, ..., am, b1, bg, iy by ag, bo.
Clearly if this curve is non singular then the genus is G = In(n —1).

Example 7.3
Let us suppose that the given algebraic curve (7.4) is such that

swy) =g+ A [([[ae* = addo+ B [([]uts? - ¥)a.
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It is possible to construct the non-Darboux integrable polynomial vector fields of
degree n = 2m + 1. In particular for n = 3,5,7 we construct the following non-Darboux
integrable polynomial systems.

For the polynomial system of degree seven

(& =y(160p*y2q® — 192p%y*q® + 64p?y° — 96p*y* + 32p°y* — 64prq* — 32p%¢% —
96y q* — 32p%¢® + 32y°¢° + 160p°y*q* + 64y°¢*)vo + Ay(—12p°x* — 4p*y”® — 4y ¢+
8p2y2332 + 4p2y4 + q6 _p2q4 + 12$2p2q2 + 8y2x2q2 - 8p2y2q2 + 8.’136 + 2302]94—1—
222¢* — 8yta? — 122%¢2 — piq® + 1° + dytq?)
y = —1/64x(—64p*q* — 32p°¢5 — 962 p* + 32p522 + 3222¢° — 32p°¢°—
1922*p% ¢ 4+ 160p*z2¢* + 160p222q* + 64p*2® — 962 ¢* + 642°¢%) / (p* + ¢*)vo
. 1/64x>\(8p2y2x2 . 12p2y4 . 8y2x4 ~pPgt — 8a2p2? 8y222q% + 12p%y%¢° + 2p4y2—
(42t — 42 + O+ p® + 207" — p' P+ Pt + 4t - 1290+ 8y0) /(P + @)

the invariant curve is

1
g(z,y) =1/82°% + (—1/4p* — 1/4¢*)2° + (1/8p" + 1/2p*¢* + 1/8¢*)z* Z(p“q2 +pPgh)a?+
)

1/8y° + (—1/4p® — 1/4¢%)y° + (1/8p" + 1/2p°¢* + 1/8¢*)y* + (—1/4p*¢*—
1/4p%¢*)y? — 1/128¢% +1/32¢5p* + 13/64¢*p* + 1/32¢%p° — 1/128p° =0

with the cofactor
K=X-y+a)(z+y)(—p* — ¢ +y° +2°)yz.

In this example we have that

1
ay =—a2=p, a3=—04=¢, a5 = —0= §(P2+q2)-

For the quintic vector field

{ § =vo(—322 +12)(6r% — 622)z + A(—32% + r2) (1 + )y
& = —vo(6r° — 6y°)(r — 3y®)y — A(r? — 2?)x(r® — 3y°)

The curve

1s 1 1 1, 1 1 )
g(:b“,y) = éyG - §T2y4 + 67"4:(/2 + 6$6 — §$4T2 + 67,.41:2 . @7’6 -0

is its invariant with the cofactor
K = 6y*\(32% — r?).
The cubic polynomial system
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{ & =1o(y® —y) + A\x(2¢%2? — 2p*y* — 3¢* + p*)
y = — 1/0(373 — l’) + )\y(2q25€2 - 2p2y2 + 3q4 - p4)7

has as invariant curve of degree four
g(z,y) = 1/8¢* + 1/8p* + 1/42* — 1/2¢%x* + 1/4y* — 1/2p*y* =0

with cofactor
K =4X2¢°%" — 2p°y> — ¢* + p*).

It is interesting to observe that the above constructed polynomial system of degree

seven under the change
r=vVX, y=VY,

V= (%, M>|m:ﬁ,y:ﬁa

T

can be transformed to the cubic system

(Y =(—64p% — 64¢%) X3 + (96¢* 4+ 192p%¢> + 96p*) X2+
(—32p° — 32¢° — 160¢*p* — 160¢*p?) X + 64p*¢* + 32p*¢® + 32p5¢%)p0 + (—8Y >+
(12p? +12¢*)Y? + (=2p* — 2¢* — 8p°X — 12p%¢* — 8X¢* + 8X?)Y + ¢*p* — p° — ¢°+
*p* + 8XpPg® — 4p® X2 + 4X ¢t + 4Xp* — 4X2P)N)

X = — ((—64p* — 64¢*) Y3 + (964" + 192p°¢* + 96p*) Y+

(—32p° — 32¢° — 160¢°p* — 160¢*p*)Y + 64p*¢* + 32p?¢® + 32p5¢%)p0 + 8 X3+
(12p2 4+ 12¢3) X2 + (—12p%¢% — 8p°Y — 8V ¢® +8Y2 — 2¢* — 2p*) X —

\ p6 _ q6 + q4p2 +q2p4 - 4Y2q2 +4Yq4 + 8p2Yq2 + 4p4Y . 4p2Y2)/\)

which admits the invariant curve of degree four
g(X,Y) =1/8X"* + (—1/4p® — 1/4¢*) X3 + (1/2p°¢* + 1/8p* +1/8¢1) X+
(—1/4¢°p* — 1/4¢*p*) X + 1/8Y* + (—=1/4p” — 1/4¢*)Y?> + (1/2p°¢*+
1/8p* +1/8¢M)Y? 4 (—1/4¢%p* — 1/4¢"*p*)Y — 1/128p® + 1/32p5¢*—
1/128¢% + 13/64p*¢* + 1/32p?¢"
with cofactor

KX,)Y)=(X -Y)(X+Y - >+ )\

Example 7.4
Finally we analyze the case when

x m+1 y m
9(z,y) = g(zo,y0) +/ H x(xQ — a?)dx +/ H y(y2 — b?)dy
z Y

0 j=1
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is a curve of degree 2m + 4.

Analogously to the above case we can construct a non-Darboux integrable polynomial
vector fields of degree n = 2m + 2

In particular for n = 4,6 we construct the following polynomial systems.

Forn=4

{ &= (1/6y%x? — 5/108y* — 1/18x* + 7/3242* + 1/729) v + (1/6xy> — 1/54xy)\
y = (—1/54xy + 1/4xy® — 1/12yx3) v + (1/4y* — 5/1082* — 1/18y* + 4/2187 + 4/2432%)\

the invariant curve is
g(x,y) =1/6x% — 5/36x* +2/8122 + 1/4y* — 1/18y* + 4/2187 = 0.
The cofactor in this case is

1
K=— 145825 — 12152* + 21622 + 2187y* — 48642 + 16)\.
236196( x x* + x° + Y Yy~ + 16)

For n = 6 we construct the following vector field

(& =(—1/128y*x? — 4/3y* + 1/642° — 1/22* + 1/12y* + 40/922 + 1/8y*x* — 256/27)vp+
(1/8zy*® — 3/512xy° — 1/2xy)\
1 o5 41 o 4 4 16
J=(=ggmy’ + gty F gghr — g¥ vt
1 5 11 , 1, 1024 ) s 1
-y - — R 1 — %)\
| sy — 6 T3¥ T op T 6t )

The invariant curve and its cofactor are respectively

glx,y) = 1/6y5—16/3y* +128/3y* 4+ 1/82° —16/3x5 +704/92* — 4096 /9 2 +65536/81 = 0,

K = (—4y +y® — 3/64y° )\ + (1/82° — 8/3 2% — 1/16y* = + y2x + 32/3 z)uyp.
We observe that after the change

x:XQ, y:YQ,
V — (M v(z)

) ) |a::X2,y:Y2
T Y

the above system takes the form
X =Y ((—1/2X%Y? +1/8X2Y° — 3/512X %Y%)+
(—1/128Y3X* +1/64X"'? — 256/27 — 4/3Y* +40/9X* + 1/8Y*X* — 1/2X5 + 1/12Y®))\)
Y =X((—1/128Y'2 — 2Y* 4+ 1/4Y® +1/16X*2 — 11/6X® + 16X * — 1024/27) v+
(—1/96X2Y 10 —4/9Y2X°® +5/18X2Y % 4+ 1/48Y? X0 + 16/27X2Y?))\)
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This polynomial system of degree 13 admit as invariant curve of degree 16

g(X,Y) =1/6Y'2-16/3Y3+128/3Y*+1/8X16—-16/3X'2+704/9X®—4096 /9 X *+65536/81 = 0

with cofactor

K = 916(1/0(24)(10 512X°0+192Y4 X2 —12Y3 X2 12048 X )+ \(192Y° —9Y 'Y —768Y %)Y X)
We observe that the constructed above curve are singular curves.
We state the following problem
Problema 7.2 To construct the differential system (7.3) for which the invariant
curve (7.4) is non singular.
Clearly, if the curve (7.4) is non singular then the genus is

1
G = §n(n —1).

as a consequence the maximum number of algebraic limit cycles are %n(n —-1)+1.

To construct the require vector field should be satisfied the relation dg(v) = K(x)g
under the condition that the curve g(z,y) = 0 is non singular. To obtain the explicit
expression for the vector field in general it is necessary to solve a lot of technical and
theoretical problems. In particular for the cubic system we have 31 parameters which
must be satisfies 27 equations. By solving these equations we obtain that the nonsingular
curve of genus 3:

g(z,y) =1/42* — 1/3(a2 + al)x3 + 1/2a2a1:1:2 + 1/4y4 - 1/3(b2 + bl)y3 + 1/2bgb1y2—|—
203bta3 — 2b2b‘11a1a2 + 2ata3b3 + 5b3b§’a1a2 — 2b3b%aras+
5()1&1&252 + 2b1a1a2 5@1&2[)2 2b1a1a2b2 + 2a1a2b2 5bla1a2 + 2b1a1a2> - 0,
—1

= ((a% — a1a9 + a%)(—bgbl + b% + b?))

which is invariant of the cubic system if the parameters ai, as, by, by are roots of the
certain homogenous polynomials Pj(a1, az,b1,bs), j =1,2,3 such that

Pj(Aa1, Aag, Aby, Aba) = N°Pj(an, az,b1,b2),  j=1,2
Ps(Aa1, Adaz, Aby, Abz) = XN P3(ar, az, b, by)

8. The Poincaré problem and 16th Hilbert problem
for algebraic limit cycles

8.1 The Poincaré problem.
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The question on the existence an effective procedure to find a natural number N (n)
which bounds the degree of all irreducible invariant curve of a non-Darboux integrable
polynomial system of a degree n is well known as Poincaré problem [Poin, Car, Sadl].

The problem on the existence of the polynomial planar systems with an invariant
algebraic curve of the maximum degree was studied in particular in [Chr, Sad2|. In [Chr| the
author gave an explicit polynomial system of degree n for each non-singular real algebraic
curve g = 0 of degree n what is that system’s invariant. The author states also that n is
optimal for a generic class of algebraic curve.

Proposition 8.1

Let N (n) is the maximum degree of the irreducible algebraic curve (4.10) that is
invariant curve of the polynomial system (3.5) of degree n.

Then

(n+1) <N(n)<2n(n+1)

The proof of the lower bound follows from the proposition 7.2 and 7.3 and the upper
bound from the proposition 5.4. The upper bound is reached in particular for n = 2.

8.2 The 16th Hilbert Problem for Algebraic Limit Cycles

In 1900 Hilbert [Hil] proposed in the second part of his 16th problem to estimate a
uniform upper bound for the number of limit cycles of all polynomial vector fields of a
given degree. This question has been studied in particular in [Sadl, Sad2] for algebraic
limit cycles.

By considering that the ovals of the invariant algebraic curve are isolated periodical
solutions of the vector field for which is it invariant we deduce that the maximum number
of algebraic limit cycles of the polynomial system of degree n with one invariant curve (we
denote this number by A(n, 1) ) is at most the genus of the curve +1, i.e.,

A(n,1) <G +1

hence we observe that to solve the 16th Hilbert’s Problem for Algebraic Limit Cycles it is
necessary firstly to solve the Poincaré problem for this case, i.e.,it is necessary to find the
maximum degree of the invariant curve [Sadl].

Proposition 8.2

An,1) < (2n® +2n—1)(n? +n—1) + 1.

The proof follows from the proposition (5.4) and from the Harnak theorem on the
maximum numbers of the ovals of the algebraic curve.

From the above results we prove the following

Proposition 8.3

The mazimum number of the algebraic limit cycles for the polynomial planar vector
field of degree n with one invariant algebraic curve A(n,1) is such that

A(n,1) > maz(ho(n), hi(n), he(n), hs(n), ha(n),)
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where hj(n) are the maximum numbers of ovals of the algebraic curves H;(z,y) =0 :

n
Ho(xa y) = Z Ap—mmz"Yy" """,
m=0

n—1

Hy(,y) = 0z Yty ma™y" ",

m=0

m

lg
Hi(z,y) = / (L= - a5)de + [y — by)dy),

1
a1 < a2.... < Ay, by <b2----<blk7 k=234

mo=Ilo=n—1, mg=n+1, I3=n—1, my=n,ly=n.

From this inequality we deduce the following result[Sad2];
Corollary 8.1

An,1) > =(n—1)(n—2) + 1.

N | —

Conjecture

n(n —1)
2

This conjecture can be solve if we construct the polynomial system of degree n with one
invariant nonsingular irreducible invariant curve of degree n + 1 (see proposition 8.1).
It is interesting to observe that in [Llib1] stated the following problems:
Is 1 the maximum number of algebraic limit cycles that a quadratic system can have?.
Is 2 the maximum number of algebraic limit cycles that a cubic system can have?.
The answer to this questions for the system (3.5) with S > 1 was given in [Sad2].
Is there a uniform bound for the number of algebraic limit cycles that a polynomial
vector field of degree n could have?.

A(n,1) >

What is the maximum degree of an algebraic limit cycle of a quadratic polynomial
vector field?.

What is the maximum degree of an algebraic limit cycle of a cubic polynomial vector
field?

The partial solutions of these problems we obtain from the above results and results
proposed in [Sadl, Sad2].
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