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Conrado Mart́ınez Parra, UPC
Pedro A. Ramos Alonso, UAH
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Ismael González Yero
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1

Presentación

Las IX Jornadas de Matemática Discreta y Algoŕıtmica se celebraron en Ta-
rragona del 7 al 9 de Julio de 2014 y fueron organizadas por los miembros del
grupo de Matemática Discreta del Departamento de Ingenieŕıa Informática y
Matemática de la Universitat Rovira i Virgili. Este es un congreso que se ha
celebrado de forma bianual desde que se hiciera por primera vez en Barcelona
en el año 1998. Posteriores ediciones del mismo han sido celebradas en Pal-
ma de Mallorca (2000), Sevilla (2002), Cercedilla (2004), Soria (2006), Lleida
(2008), Castro Urdiales (2010) y Almeŕıa (2012).

Este documento contiene los trabajos presentados en este congreso ce-
lebrado en Tarragona, los cuales son una amplia muestra del potencial de
investigación de gran parte de los grupos españoles que han participado en las
ediciones realizadas hasta hoy. En conjunto, estas actas contienen 58 trabajos,
de los cuales 32 fueron presentados como comunicaciones orales y los restantes
26 en formato de póster.

Es merecido notar que la popularidad y difusión del congreso sigue en au-
mento, lo cual se puede verificar dada la notable presencia de investigadores
de todos los grupos de investigación en temas de Matemática Discreta, aśı co-
mo la representación de investigadores extranjeros, como es el caso de México,
Francia, Canadá, Australia y Portugal.

A pesar del poco patrocinio obtenido, debido a las dificultades económicas
que afrontan actualmente las instituciones españolas, es necesario mencionar
a aquellos que han aportado su granito de arena al desarrollo de este evento.
Aśı, agradecemos a la Sociedad Catalana de Matemáticas, la Universitat Ro-
vira i Virgili y la Real Sociedad Matemática Española por su apoyo económico
e institucional. Agradecemos además la participación de los conferenciantes
invitados, los profesores Sergi Elizalde (Dartmouth College, Estados Unidos),
Günter Rote (Freie Universität Berlin, Alemania) y Oriol Serra (Universitat
Politècnica de Catalunya, España). En especial agradecemos a los miembros
del Grupo de Investigación en Matemática Discreta por todo el trabajo rea-
lizado. Y finalmente, como no puede ser de otra manera, nuestro más grato
agradecimiento a todos los participantes en las Jornadas, los cuales hacen
posible estos momentos de intercambio de ideas y resultados.

A todos, muchas gracias.
Atentamente,

El Comité Organizador
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M. Ceballos, J. Núñez, Á. F. Tenorio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

Connected covering numbers
J. Chappelon, K. Knauer, L. P. Montejano, J. Ramı́rez-Alfonśın . . . . . 255
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An Interlacing approach for bounding
the sum of Laplacian eigenvalues of graphs ?

A. Abiad1, M. A. Fiol2, W. H. Haemers1, and G. Perarnau2

Tilburg University, Tilburg, The Netherlands {A.AbiadMonge,Haemers@uvt.nl}

Universitat Politècnica de Catalunya, Barcelona
{fiol,guillem.perarnau@ma4.upc.edu}

Abstract. We apply eigenvalue interlacing techniques for obtaining lower and upper
bounds for the sums of Laplacian eigenvalues of graphs, and characterize equality.
This leads to generalizations of, and variations on theorems by Grone, and Grone &
Merris. As a consequence we obtain inequalities involving bounds for some well-known
parameters of a graph, such as edge-connectivity, and the isoperimetric number.

Key words: Laplacian matrix, eigenvalue interlacing, edge-connectivity, isoperimet-

ric number

1 Eigenvalue interlacing

Throughout this paper, G = (V,E) is a finite simple graph with n = |V |
vertices. Recall that the Laplacian matrix of G is L = ∆−A where ∆ is the
diagonal matrix of the vertex degrees and A is the adjacency matrix of G. Let
us also recall the following basic result about interlacing (see [5], [2], or [1]).

Theorem 1. Let A be a real symmetric n × n matrix with eigenvalues λ1 ≥
· · · ≥ λn. For some m < n, let S be a real n × m matrix with orthonormal
columns, S>S = I, and consider the matrix B = S>AS, with eigenvalues
µ1 ≥ · · · ≥ µm. Then,

(a)the eigenvalues of B interlace those of A, that is,

λi ≥ µi ≥ λn−m+i, i = 1, . . . ,m, (1)

(b) if the interlacing is tight, that is, for some 0 ≤ k ≤ m, λi = µi, i = 1, . . . , k,
and µi = λn−m+i, i = k + 1, . . . ,m, then SB = AS.

? Research supported by the Ministerio de Ciencia e Innovación, Spain, and the European
Regional Development Fund under project MTM2011-28800-C02-01 and by the Catalan
Research Council under project 2009SGR1387 (M.A.F. and G.P.), and by The Netherlands
Organisation for Scientific Research (NWO) (A.A.).
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Two interesting particular cases are obtained by choosing appropriately the
matrix S. If S = [ I Ω ]>, then B is a principal submatrix of A. If
P = {U1, . . . , Um} is a partition of {1, . . . , n} we can take for B the so-called
quotient matrix of A with respect to P.

The first case gives useful conditions for an induced subgraph G′ of a
graph G, because the adjacency matrix of G′ is a principal submatrix of the
adjacency matrix of G. However, the Laplacian matrix L′ of G′ is in general
not a principal submatrix of the Laplacian matrix L of G. But L′ + ∆′ is a
principal submatrix of L for some nonnegative diagonal matrix ∆′. Therefore
the left hand inequalities in (1) still hold for the Laplacian eigenvalues, because
adding the positive semi-definite matrix ∆′ decreases no eigenvalue.

In the case that B is a quotient matrix of A with respect to P, the element
bij of B is the average row sum of the block Ai,j of A with rows and columns
indexed by Ui and Uj , respectively. If P has characteristic matrix C (that is,
the columns of C are the characteristic vectors of U1, . . . , Um) then we take
S = C∆−1/2, where ∆ = diag(|U1|, . . . , |Um|) = C>C. In this case, the quo-
tient matrix B is in general not equal to S>AS, but B = ∆−1/2S>AS∆1/2,
and thus B is similar to (and therefore has the same spectrum as) S>AS. If
the interlacing is tight, then (b) of Theorem 1 reflects that P is an equitable (or
regular) partition of A, that is, each block of the partition has constant row
and column sums. In case A is the adjacency matrix of a graph G, equitability
of P implies that the bipartite induced subgraph G[Ui, Uj ] is biregular for each
i 6= j, and that the induced subgraph G[Ui] is regular for each i ∈ {1, . . . ,m}.
In case of tight interlacing for the quotient matrix of the Laplacian matrix
of G, the first condition also holds, but the induced subgraphs G[Ui] are not
necessarily regular (in this case we speak about an almost equitable, or almost
regular partition of G).

If a symmetric matrix A has an equitable partition, we have the following
well-known and useful result ([1], Section 2.3).

Lemma 1. Let A be a symmetric matrix of order n, and suppose P is a par-
tition of {1, . . . , n} such that the corresponding partition of A is equitable with
quotient matrix B. Then the spectrum of B is a sub(multi)set of the spectrum
of A, and all corresponding eigenvectors of A are in the column space of the
characteristic matrix C of P (this means that the entries of the eigenvector
are constant on each partition class Ui). The remaining eigenvectors of A
are orthogonal to the columns of C and the corresponding eigenvalues remain
unchanged if the blocks Ai,j are replaced by Ai,j + ci,jJ for certain constants
ci,j (as usual, J is the all-one matrix).

Assuming that G has n vertices, with degrees d1 ≥ d2 ≥ · · · ≥ dn, and
Laplacian matrix L with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn(= 0), it is known
that, for 1 ≤ m ≤ n,
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m∑

i=1

λi ≥
m∑

i=1

di. (2)

This is a consequence of Schur’s theorem [7] stating that the spectrum of any
symmetric, positive definite matrix majorizes its main diagonal. In particular,
note that if m = n we have equality in (2), because both terms correspond
to the trace of L. To prove (2) by using interlacing, let B be a principal
m × m submatrix of L indexed by the subindeces corresponding to the m
higher degrees, with eigenvalues µ1 ≥ µ2 ≥ · · · ≥ µm. Then,

trB =

m∑

i=1

di =

m∑

i=1

µi,

and, by interlacing, λn−m+i ≤ µi ≤ λi for i = 1, . . . ,m, whence (2) follows.
Similarly, reasoning with the principal submatrix B (of L) indexed by the m
vertices with lower degrees we get:

m∑

i=1

λn−m+i ≤
m∑

i=1

dn−m+i. (3)

The next result, which is an improvement of (2), is due to Grone [3], who
proved that if G is connected and m < n then,

m∑

i=1

λi ≥
m∑

i=1

di + 1. (4)

In [1], Brouwer and Haemers gave two different proofs of (4), both using
eigenvalue interlacing. In this paper we extend the ideas of these two proofs
and find a generalization of Grone’s result (4), and another lower bound on
the sum of the largest Laplacian eigenvalues, which is closely related to a
bound of Grone and Merris [4].

2 A generalization of Grone’s result

We begin with a basic result from where most of our bounds derive. Given a
graph G with a vertex subset U ⊂ V , let ∂U be the vertex-boundary of U ,
that is, the set of vertices in U = V \U with at least one adjacent vertex in
U . Also, let ∂(U,U) denote the edge-boundary of U , which is the set of edges
which connect vertices in U with vertices in U .

Theorem 2. Let G be a connected graph on n = |V | vertices, having Lapla-
cian matrix L with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn(= 0). For any given vertex
subset U = {u1, . . . , um} with 0 < m < n, we have

m∑

i=1

λn−i ≤
∑

u∈U
du +

|∂(U,U)|
n−m ≤

m∑

i=1

λi. (5)
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Proof. Consider the partition of the vertex set V into m+1 parts: Ui = {ui}
for ui ∈ U , i = 1, . . . ,m, and Um+1 = U . Then, the corresponding quotient
matrix is

B =




b1,m+1

LU
...

bm,m+1

bm+1,1 · · · bm+1,m bm+1,m+1



,

where LU is the principal submatrix of L, with rows and columns indexed
by the vertices in U , bi,m+1 = (n −m)bm+1,i = −|∂(Ui, U)|, and bm+1,m+1 =
|∂(U,U)|/(n − m) (because

∑m+1
i=1 bm+1,i = 0). Let µ1 ≥ µ2 ≥ · · · ≥ µm+1

be the eigenvalues of B. Since B has row sum 0, we have µm+1 = λn = 0.
Moreover,

m∑

i=1

µi =
m+1∑

i=1

µi = trB =
∑

u∈U
du + bm+1,m+1,

Then, (5) follows by applying interlacing, λi ≥ µi ≥ λn−m−1+i and adding up
for i = 1, 2, . . . ,m.

If equality holds on either side of (5) it follows that the interlacing is tight
(see the proof of Proposition 1 for details), and therefore that the partition of
G is almost equitable. In other words, in case of equality every vertex u ∈ U
is adjacent to either all or 0 vertices in U , whereas each vertex u ∈ U has
precisely |∂(U,U)|/(n−m) neighbors in U . But we can be more precise.

Proposition 1. Let H be the subgraph of G induced by U , and let ϑ1 ≥ · · · ≥
ϑn−m(= 0) be the Laplacian eigenvalues of H. Define b = |∂(U,U)|/(n−m).

(a)Equality holds on the right hand side of (5) if and only if each vertex of U
is adjacent to all or 0 vertices of U , and λm+1 = ϑ1 + b.

(b) Equality holds on the left hand side of (5) if and only if each vertex of U
is adjacent to all or 0 vertices of U , and λn−m−1 = ϑn−m + b.

Proof. Since (a) and (b) have analogous proofs, we only prove (a). Suppose
equality holds on the right hand side of (5). Then

m∑

i=1

λi =

m∑

i=1

µi, and λi ≥ µi for i = 1, . . . ,m

so λi = µi for i = 1, . . . ,m. We know that µm+1 = λn = 0, therefore the inter-
lacing is tight and hence the partition of G is almost equitable. Now by use of
Lemma 1 we have that the eigenvalues of L are µ1, . . . , µm+1 together with the
eigenvalues of L with an eigenvector orthogonal to the characteristic matrix
C of the partition. These eigenvalues and eigenvectors remain unchanged if
L is changed into
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L̃ =

[
Ω Ω

Ω LU + bI

]
.

The considered common eigenvalues of L̃ and L are ϑ1 +b ≥ · · · ≥ ϑn−m−1 +b.
So L has eigenvalues λ1(= µ1) ≥ · · · ≥ λm(= µm), and ϑ1 + b ≥ · · · ≥
ϑn−m−1 + b ≥ λn(= µm+1 = 0). Hence, we have λm+1 = ϑ1 + b. Conversely, if
the partition of G is almost equitable (or equivalently, if the partition of L is
equitable), L has eigenvalues µ1 ≥ · · · ≥ µm, ϑ1 + b ≥ · · · ≥ ϑn−m−1 + b, and
µm+1 = λn = 0. Since λm+1 = ϑ1 + b, if follows that µi = λi for i = 1, . . . ,m
(tight interlacing), therefore equality holds on the right hand side of (5).

Looking for examples of the above results, first observe that there is no
graph with n > 2 satisfying equality in (4) for every 0 < m < n. However the
complete graph Kn provides an example for which both inequalities in Theo-
rem 2 are equalities for all 0 < m < n. In fact, this is a particular case of the
following contruction (just take q = 1): Let us consider the graph join G of the
complete graph Kp with the empty graph Kq. (Recall that G is obtained as
the graph union of Kp and Kq with all the edges connecting the vertices of one
graph with the vertices of the other.) Let V (G) = {v1, . . . , vp, vp+1, . . . , vn},
where n = p + q and the first vertices correspond to those of Kp. Then,
the Laplacian eigenvalues of G are {np, pq−1, 01}, and the following different
choices for U provide some examples illustrating cases (a) and (b) of Propo-
sition 1.

(a1)Let U = {v1, . . . , vm}, with 0 < m ≤ p. Then, b = m, and

∑

u∈U
du + b = m(n− 1) +m = mn =

m∑

i=1

λi.

(a2)Let U = {v1, . . . , vm}, with p < m < n. Then, b = p, and

∑

u∈U
du + b = p(n− 1) + (m− p)p+ p = pn+ (m− p)p =

m∑

i=1

λi.

(b) Let U = {vn−m+1, . . . , vn}, with q ≤ m < n. Then, b = m, and

∑

u∈U
du + b = qp+ (m− q)(n− 1) +m = (q− 1)p+ (m− q+ 1)n =

m∑

i=1

λn−i.

Another infinite family of graphs for which we do have equality on the right
hand side of (5) is the complete multipartite graph (such that the vertices
with largest degree lie in U).

If the vertex degrees of G are d1 ≥ d2 ≥ · · · ≥ dn, we can choose conve-
niently the m vertices of U (that is, those with higher or lower degrees) to
obtain the best inequalities in (5). Namely,
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m∑

i=1

λi ≥
m∑

i=1

di +
|∂(U,U)|
n−m , (6)

and
m∑

i=1

λn−i ≤
m∑

i=1

dn−i+1 +
|∂(U,U)|
n−m . (7)

Note that (7), together with (3) for m+ 1, yields

m∑

i=0

λn−m+i =
m∑

i=1

λn−i ≤
m∑

i=1

dn−i+1 + min

{
dn−m,

|∂(U,U)|
n−m

}
. (8)

If we have more information on the structure of the graph, we can improve
the above results by either bounding |∂(U,U)| or ‘optimizing’ the ratio b =
|∂(U,U)|/(n−m). In fact, the right inequality in (5) (and, hence, (6)) can be
improved when U 6= ∂U . Simply first delete the vertices (and corresponding
edges) of U \ ∂U , and then apply the inequality. Then d1, . . . , dm remain the
same and λ1, . . . , λm do not increase. Thus we obtain:

Theorem 3. Let G be a connected graph on n = |V | vertices, with Laplacian
eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn(= 0). For any given vertex subset U =
{u1, . . . , um} with 0 < m < n, we have

m∑

i=1

λi ≥
∑

u∈U
du +

|∂(U,U)|
|∂U | . (9)

Similarly as we did in (6), if we choose the m vertices of U such that they are
those with maximum degree, then we can write:

m∑

i=1

λi ≥
m∑

i=1

di +
|∂(U,U)|
|∂U | .

Notice that, as a corollary, we get Grone’s result (4) since always |∂(U,U)| ≥
|∂U |.

3 A variation of a bound by Grone and Merris

In [4], Grone and Merris gave another lower bound for the sum of the Lapla-
cian eigenvalues, in the case when there is an induced subgraph consisting of
isolated vertices and edges. Let G be a connected graph of order n > 2 with
Laplacian eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn. If the induced subgraph of a subset
U ⊂ V with |U | = m consists of r pairwise disjoint edges and m− 2r isolated
vertices, then

m∑

i=1

λi ≥
∑

u∈U
du +m− r. (10)
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An improvement of this result was given by Brouwer and Haemers in [1]
(Section 3.10). Let G be a (not necessarily connected) graph with a vertex
subset U , with m = |U |, and let h be the number of connected components
of G[U ] that are not connected components of G. Then,

m∑

i=1

λi ≥
∑

u∈U
du + h. (11)

Following the same ideas as in [4] and using interlacing, the bound (10) of
Grone and Merris can also be generalized as follows:

Theorem 4. Let G be a connected graph of order n > 2 with Laplacian eigen-
values λ1 ≥ λ2 ≥ · · · ≥ λn. Given a vertex subset U ⊂ V , with m = |U | < n,
let G[U ] = (U,E[U ]) be its induced subgraph. Then,

m∑

i=1

λi ≥
∑

u∈U
du +m− |E[U ]|. (12)

Proof. Consider an orientation of G with all edges in E(U,U) oriented from
U to U , and every vertex in U \ ∂U having some outgoing arc (this is always
possible as G is connected). Let Q be the corresponding oriented incidence
matrix ofG, and writeQ = [Q1 Q2 ], whereQ1 corresponds to E[U ]∪E(U,U),
and Q2 corresponds to E[U ]. Consider the matrix M = Q>Q, with entries
(M)ii = 2, (M)ij = ±1 if the arcs ei, ej are incident to the same vertex (+1
if both are either outgoing or ingoing, and −1 otherwise), and (M)ij = 0 if
the corresponding edges are disjoint, and define M1 = Q>1 Q1. Then M has
the same nonzero eigenvalues as L = QQ>, the Laplacian matrix of G, and
M1 is a principal submatrix of M . For every vertex u ∈ U , let Eu be the set
of outgoing arcs from u. Then {Eu |u ∈ U} is a partition of E[U ] ∪ E(U,U).
Consider the quotient matrix B1 = (bij) of M1 with respect to this partition.
Then, buu = d+(u) + 1 for each u ∈ U . Let µ1 ≥ µ2 ≥ · · · ≥ µm be the
eigenvalues of B1, then

trB1 =
m∑

i=1

µi =
∑

u∈U
d+
u +m =

∑

u∈U
du − |E[U ]|+m

and (12) follows since the eigenvalues of B1 interlace those of M1, which in
turn interlace those of M .

Note that (12) also follows from Equation (11). However, the result can be
improved by considering the partition P = {Eu |u ∈ U}∪{E[U ]} of the whole
edge set of G.

Theorem 5. Let G be a connected graph of order n > 2 with Laplacian eigen-
values λ1 ≥ λ2 ≥ · · · ≥ λn. Given a vertex subset U ⊂ V , with m = |U | < n,
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let G[U ] = (U,E[U ]) and G[U ] be the corresponding induced subgraphs. Let ϑ1

be the largest Laplacian eigenvalue of G[U ], then

m+1∑

i=1

λi ≥
∑

u∈U
du +m− |E[U ]|+ ϑ1. (13)

Proof. First observe that the Laplacian matrix of G[U ] is Q2Q
>
2 , and there-

fore ϑ1 is also the largest eigenvalue of Q>2 Q2. Next we apply interlacing
to an (m + 1) × (m + 1) quotient matrix B = S>MS, which is defined
slightly different as before. The first m columns of S are the normalized char-
acteristic vectors of Eu (as before), but the last column of S equals

[
0
v

]
,

where v is a normalized eigenvector of Q>2 Q2 for the eigenvalue ϑ1. Then
bm+1,m+1 = v>Q>2 Q2v = ϑ1, and we find trB =

∑
u∈U du +m− |E[U ]|+ϑ1.

4 Some applications

The previous bounds on the sum of Laplacian eigenvalues are used to provide
meaningful results involving the edge-connectivity of the graph, the size of a
k-dominating set and the isoperimetric number.

4.1 Cuts

Given a vertex subset U of a connected graph G with 0 < |U | < n, the edge set
∂(U,U) is called a cut (since deletion of these edges makes G disconnected).
The minimum size of a cut in G is called the edge-connectivity κe(G) of G.
By use of inequality (6) we obtain the following bound for κe(G).

Proposition 2.

κe(G) ≤ min
0<m<n

{
(n−m)

m∑

i=1

(λi − di)
}
. (14)

Some general bounds on the size of a cut can be derived from the following
lemma.

Lemma 2. Let G be a graph with n vertices and e edges. For any m, 0 < m <
n, there exist some (not necessarily different) vertex subsets U and U ′ such
that |U | = |U ′| = m and

|∂(U,U)| ≥ 2em(n−m)

n(n− 1)
, |∂(U ′, U ′)| ≤ 2em(n−m)

n(n− 1)
. (15)
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Proof. Choose a set S uniformly at random among all the sets of size m in
V . Then the probability that an edge belong to ∂(S, S) is the probability that
either the first endpoint belongs to S and the second one to S or viceversa.
That is,

Pr(edge ∈ ∂(S, S)) = 2
m(n−m)

n(n− 1)
.

Then, the expected number of edges between the two sets is,

E{|∂(S, S)|} =
2em(n−m)

n(n− 1)
,

implying that there are sets, U and U ′, with at least and at most this number
of edges going out, respectively.

Both bounds are tight for the complete graph Kn. Using bounds (15),
Theorem 2 gives:

Corollary 1. For each m (0 < m < n) G has vertex sets U and U ′ of size m
such that

m∑

i=1

λi ≥
∑

u∈U
du +

2em

n(n− 1)
, (16)

and
m∑

i=1

λn−i ≤
∑

u∈U ′
du +

2em

n(n− 1)
. (17)

In particular, if G is d-regular, we have e = nd/2 and the above inequalities
become

m∑

i=1

λi ≥
mdn

n− 1
and

m∑

i=1

λn−i ≤
mdn

n− 1
, (18)

with bounds close to md when n is large.

4.2 k-Dominating sets

A dominating set in a graph G is a vertex subset D ⊆ V such that every
vertex in V \D is adjacent to some vertex in D. More generally, for a given
integer k, a k-dominating set in a graph G is a vertex subset D ⊆ V such that
every vertex not in D has at least k neighbors in D.

Proposition 3. Let G be a graph on n vertices, with vertex degrees d1 ≥ d2 ≥
· · · ≥ dn, and eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn(= 0). Let D be a k-dominating
set in G of cardinality m. Then,

m∑

i=1

λi ≥
∑

u∈D
du + k. (19)
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Proof. First, the inequality (19) follows from Theorem 2 by noting that,
from the definition of a k-dominating set, |∂(D,D)| ≥ k(n−m).

Example 1. Consider the Kp,...,p regular complete multipartite graph with q
classes of size p, so n = pq and d = p(q − 1). The eigenvalues of its Laplacian
matrix are

{(d+ p)q−1, dn−q, 01}.
Observe that the union of some partition classes gives a k-dominating set of
size m = k. If we take the first k eigenvalues, the inequality (19) becomes
(d+ p)(q − 1) + (k − (q − 1))d ≥ kd + k, and using that d = p(q − 1) we get
d(k + 1) ≥ k(d+ 1). Note that if k = d we have equality.

4.3 The isoperimetric number

Given a graph G on n vertices, the isoperimetric number i(G) is defined as

i(G) = min
U⊂V

{
|∂(U,U)|/|U | : 0 < |U | ≤ n/2

}
.

For example, the isoperimetric numbers of the complete graph, the path and
the cycle are, respectively, i(Kn) = dn2 e, i(Pn) = 1/bn2 c, and i(Cn) = 2/bn2 c.
For general graphs, Mohar [6] proved the following spectral bounds.

λn−1

2
≤ i(G) ≤

√
λn−1(2d1 − λn−1). (20)

In our context we have:

Proposition 4.

i(G) ≤ min
n
2
≤m<n

m∑

i=1

(λi − di). (21)

Proof. Apply (6) taking into account that i(G) ≤ |∂(U,U)|
|U | when 0 < |U | ≤

n
2 .

Example 2. Consider the graph join G of the complete graph Kp with the
empty graph Kq, so n = p + q. The Laplacian spectrum and the degree
sequence are

{np, pq−1, 01} and {(n− 1)p, pq},
respectively. Equation (21) gives i(G) ≤ min{p, dn2 e}, which is better than
Mohar’s upper bound (20) for all 0 ≤ q < n.
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Abstract. We give an algorithm to compute the set of primitive elements for an em-
bedding dimension three numerical semigroups. We show how we use this procedure
in the study of the construction of L-shapes and the tame degree of the semigroup.

Key words: Numerical semigroup, L-shapes, primitive elements, tame degree.

1 Introduction

Let S be a numerical semigroup, that is, a submonoid of (N,+) with finite
complement in N (here N denotes the set of nonnegative integers). It is well
known that S is finitely generated as monoid: exists A ⊂ S finite such that
S = 〈A〉 = {∑a∈A λaa | λa ∈ N}. Moreover, there is a unique minimal
(with respect to set inclusion) A satisfying this condition, which is known as
minimal generating system. Suppose that A = {a1, . . . , an}. Then the monoid
morphism

ϕ : Nn → S, (x1, . . . , xn) 7→
n∑

i=1

xiai

is surjective, and so S is isomorphic as monoid to Nn/ker(ϕ), where

ker(ϕ) = {(x, y) ∈ Nn × Nn | ϕ(x) = ϕ(y)}.

The congruence ker(ϕ) is a monoid too, and it is minimally generated by the
set of minimal (with respect to the order given by the Cartesian product)
nonzero elements of ker(ϕ) \ {(0, 0)}, which we denote by I(ker(ϕ)), (see [10,
Chapter 8]). Let ei be the ith row of the n× n identity matrix. Then (ei, ei)
is always one of these minimal elements.

? Investigation supported by MTM2011-28800-C02-01 and 2009SGR1387.
?? Investigation supported by MTM2010-15595, FQM-343, FQM-5849 and FEDER funds
??? Investigation supported by MTM2010-15595, FQM-343 and FEDER funds
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Define

Prim(S) = {ϕ(a) | (a, b) ∈ I(ker(ϕ)) for some b 6= a},

which we call primitive elements of S.
In [4] an algorithm to compute I(ker(ϕ)) is given, and so Prim(S). In this

work, we particularize this method to the very particular case when S is a
numerical semigroup with embedding dimension three (n = 3). Prior to this,
we present two examples where an improvement of this procedure is welcomed.

1.1 L-forms

Let S be a numerical semigroup minimally generated by {a1, . . . , an}. Given
k,m ∈ N, m 6= 0, we denote by [k]m the congruence class of k modulo m, that
is, the set of integers l such that m divides k − l. The Apéry set of m in S is
the set Ap(S,m) = {s ∈ S | s−m /∈ S}. It is well known that if m ∈ S \ {0},
then Ap(S,m) = {w0, . . . , wm−1} with wi = min([i]m ∩ S).

Let us denote the unitary (n− 1)-cube [i1, i1 + 1]× · · · × [in−1, in−1 + 1] in
Rn−1 as [[i1, . . . , in−1]]. Assign two labels to each unitary cube [[i1, . . . , in−1]] ∈
Nn−1, one label is the equivalence class [i1a1 + · · ·+ in−1an−1]an and the other
label is the weight w(i1, . . . , in−1) = i1a1 + · · ·+ in−1an−1. Equivalence classes
modulo an and weights will be used as labels of unitary cubes in Nn−1. We
say that an equivalence class [m]an is represented by the corresponding related
cubes [[x1, . . . , xn−1]] with a1x1 + · · ·+ an−1xn−1 ≡ m(mod an). We denote it
by [[x1, . . . , xn−1]] ∼ [m]an .

Let us define the discrete cone of unitary cubes

∆(i1, . . . , in−1) = {[[j1, . . . , jn−1]] : 0 ≤ j1 ≤ i1, . . . , 0 ≤ jn−1 ≤ in−1}

for (i1, . . . , in−1) ∈ Nn−1, and the set of unitary cubes labeled with [m]an

Qm = {[[i1, . . . , in−1]] : [w(i1, . . . , in−1)]an = [m]an , (i1, . . . , in−1) ∈ Nn−1}.

The minimum weight of unitary cubes representing [m]an will be denoted by

Mm = min{w(i1, . . . , in−1) : [[i1, . . . , in−1]] ∈ Qm}.

Definition 1 (Minimum Distance Diagram). A Minimum Distance Dia-
gram, H, related to the numerical semigroup S = 〈a1, . . . , an〉 is a set of an
unitary cubes in Nn−1 with the following three properties

(a)If X = [[x1, . . . , xn−1]], Y = [[y1, . . . , yn−1]] ∈ H represent the same equiva-
lence class, then X = Y .

(b)If [[x1, . . . , xn−1]] ∈ H, then w(x1, . . . , xn−1) = Mw(x1,...,xn−1).
(c)If [[x1, . . . , xn−1]] ∈ H, then ∆(x1, . . . , xn−1) ⊆ H.
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In fact, the rôle of an in the definition can be taken by any member of the
generators set. Here we choose an for historical reasons.

Minimum distance diagrams were used first in the computation of distances
in weighted and non-weighted Cayley digraphs ([3,9]). These diagrams tesel-
late the Rn−1 space (so they are also named tiles). When n = 3 they are well
known as L-shaped tiles and many works appeared in the bibliography ([1,2])
on Cayley digraphs and numerical semigroups. Less is known of generic tiles
when n ≥ 4, with the exception of some particular cases ([7,9]).

An important property of minimum distance diagrams is given by the
following identity

Ap(S, an) = {w(x1, . . . , xn−1) : [[x1, . . . , xn−1]] ∈ H}

where H is any minimum distance diagram related to the semigroup S. When
n = 3, several applications have been given using this fact, for instance efficient
algorithms for the computation of the Frobenius number and the genus of
numerical semigroups.

Given two unitary cubes X,Y ∈ H, we say that X dominates Y if Y ∈
∆(X). A unitary cube X ∈ H is called vertex of H if no cube Y ∈ H, Y 6=
X, dominates X. The following two examples show the vertices of minimum
distance diagrams for n = 3 and n = 4.

0

9

4

13

8

17

12

21

16

25

18

Fig. 1: Minimum distance diagram related to 〈4, 9, 11〉

Example 1. Consider S = 〈4, 9, 11〉, then Figure 1 shows a minimum distance
diagram related to S. The labels of the cubes are their weights. The vertices
are [[0, 2]] ∼ [7]11 with w(0, 2) = 18 and [[4, 1]] ∼ [3]11 with w(4, 1) = 25. Note
that Ap(S, 11) = {0, 4, 8, 9, 12, 13, 16, 17, 18, 21, 25}.

Now let S = 〈5, 7, 11, 13〉. Then Figure 2 shows a minimum distance
diagram H related to S, labeled with weights also. Now, the vertices are
[[2, 0, 1]] ∼ [8]13 with w(2, 0, 1) = 21, [[1, 2, 0]] ∼ [6]13 with w(1, 2, 0) = 19 and
[[3, 1, 0]] ∼ [9]13 with w(3, 1, 0) = 21. The labels of the cubes also form the
Apéry set Ap(S, 13).

Given s ∈ S, define Z(s) = ϕ−1(s) as the set of factorizations of s in S
(actually in terms of {a1, . . . , an}). We study the number of different L-forms
of S in terms of the factorizations of some elements in the Apéry set of an.
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Fig. 2: Minimum distance diagram related to 〈5, 7, 11, 13〉

For n = 3 there are at most two L-forms, but this is not the case for n > 3.
For instance, for 〈5, 7, 11, 13〉, we have
gap> LFormsOfNumericalSemigroup(NumericalSemigroup([5,7,11,13]));

[[[0,0,0],[1,0,0],[0,1,0],[2,0,0],[0,0,1],[1,1,0],[0,2,0],[3,0,0],[1,0,1],[2,1,0],[1,2,0],[0,3,0],[0,0,2]],

[[0,0,0],[1,0,0],[0,1,0],[2,0,0],[0,0,1],[1,1,0],[0,2,0],[3,0,0],[1,0,1],[2,1,0],[1,2,0],[0,3,0],[3,1,0]],

[[0,0,0],[1,0,0],[0,1,0],[2,0,0],[0,0,1],[1,1,0],[0,2,0],[3,0,0],[1,0,1],[2,1,0],[1,2,0],[2,0,1],[0,0,2]],

[[0,0,0],[1,0,0],[0,1,0],[2,0,0],[0,0,1],[1,1,0],[0,2,0],[3,0,0],[1,0,1],[2,1,0],[1,2,0],[2,0,1],[3,1,0]]]

The implementation has been performed using the numericalsgps ([5])
GAP package.

In the above representation, each L-form is given by a list containing a fac-
torization for each of the elements in Ap(S, 13) with respect to the semigroup
〈5, 7, 11〉. Thus in order to compute all possible L-forms, we first compute
Ap(S, 13), which has 13 elements, and then we compute for each of these
elements its set of factorizations in 〈5, 7, 11〉; finally we have to find a fac-
torization for each element and arrange the chosen factorizations coherently
with the definition of L-form. In this example we see that the eleven first
elements are always the same, while those at the end change: [0, 3, 0] can be
replaced with [2, 0, 1], whilst [0, 0, 2] with [3, 1, 0]. This is due to the fact that
21 = 3 · 7 = 2 · 2 + 1 · 11 and 22 = 3 · 5 + 1 · 7 = 2 · 11. Notice that these two
elements, 21 and 22, are primitive elements that belong to the Apéry set. The
L-shape in Figure 2, corresponds to the last element in the list.

The first problem we encounter is when we try to obtain the Apéry set when
a4 is “big”. We have some evidences that the L-shapes are determined by the
set Prim(〈a1, a2, a3〉) ∩ Ap(S, a4) (and for this we do not need to determine
the Apéry set, since we only have to filter those primitive elements s with the
condition s − a4 6∈ S). With this approach our execution times passed from
hours to a bunch of seconds.

1.2 The tame degree

Let x = (x1, . . . , xn) ∈ Z(s) be a factorization of s ∈ S = 〈a1, . . . , an〉. We
define its length as |x| = ∑n

i=1 xi. If y = (y1, . . . , yn) is another factorization,
we denote by x∧ y = (min{x1, y1}, . . . ,min{xn, yn}). The distance between x
and y is defined as
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d(x, y) = max{|x− (x ∧ y)|, |y − (x ∧ y)|},

that is, the maximum of the lengths of the factorizations once we remove the
common part of x and y.

An N -chain, with N ∈ N, of factorizations joining x with y is a sequence
x1, . . . , xk ∈ Z(s) such that: x1 = x, xk = y, and for all i, d(xi, xi+1) ≤ N .

The catenary degree of s, c(s), is the minimum of the N ∈ N, such that for
any two factorizations of S there exists an N -chain joining them. The catenary
degree of S is the supremum of the catenary degrees of all the elements of S,
and we denote it by c(S). This supremum is indeed a maximum, that is, it is
reached in a particular element of S.

The tame degree of s is the minimum N ∈ N such that whenever x−ai ∈ S
for some i ∈ {1, . . . , n}, for any x ∈ Z(s), there exists y = (y1, . . . , yn) ∈ Z(s)
such that d(x, y) ≤ N . The tame degree of s is denoted by t(s), and the tame
degree of S, as occurs with the catenary degree, it is defined as the supremum
(once more a maximum in our setting) of the tame degrees of the elements of
S, and we denote it by t(S).

In [1], formulas for c(S), for the case n = 3 (embedding dimension three)
are presented in terms of the parameters of any of the L-shapes associated to S.
For arbitrary embedding dimension we know ([3]) that the catenary degree of
S is attained in the elements that are used to construct a minimal presentation
of S (which is a minimal generating set of ker(ϕ) as a congruence). In contrast
to this, the tame degree is attained in the primitive elements of S, which as
we have seen above are those that appear related to the minimal generating
set of ker(ϕ) as a monoid.

A minimal presentation of S is generic if in all its elements every minimal
generator of S appears. In this case, c(S) = t(S) (see [2]). For n = 3, S has
a generic presentation if and only if it is not symmetric (where symmetric
means that x ∈ Z \ S implies F(S)− x ∈ S, with F(S) the Frobenius number
of S; see for instance [4, Chapter 9]). In general, c(S) ≤ t(S), and thanks to
the study of the primitive elements in embedding dimension three, we have
been able, with C. Viola, to characterize those embedding dimension three
numerical semigroups for which the inequality is strict ([12]).

2 Computing primitive elements for embedding dimension
three numerical semigroups

As we have seen above, primitive elements are of great help for the computa-
tion of L-shapes and the tame degree. In this section we sketch how we have
particularized the general procedure explained in [4] to the particular case of
embedding dimension three. So assume in what follows that S is minimally
generated by {n1, n2, n3}. Associated to the kernel congruence of ϕ (defined
in the introduction), we define the subgroup of Z3
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M = {(x1 − y1, x2 − y2, x3 − y3) : ((x1, x2, x3), (y1, y2, y3)) ∈ ker(ϕ)}

(see [10] for more details on this subgroup).
The method proposed in [4], starting from a basis of M , constructs all pos-

sible combinations by changing the sign of its elements, and then “saturates”
these sets (adds two elements until the new ones can be reduced by the ones
already obtained). Let us precise the concept of saturation a bit more.

Definition 2. Let (x1, . . . xn) and (y1, . . . yn) be in Zn. We write (x1, . . . xn) v
(y1, . . . yn) if xiyi ≥ 0 and |xi| ≤ |yi| for all i ∈ {1, . . . , n}.

A set A of Zn is saturated if for any ai, aj ∈ A there exists ah ∈ A such
that ah v ai + aj.

We study the saturation process of Bs = {(0, n3/g,−n2/g), (g,−y2, y3)},
which is a base of M , where g = gcd(n2, n3).

Definition 3. Let x = (x1, x2, x3) ∈ Z3. The signature of x, sg(x), is the tern
formed by the signs of x1, x2 and x3. Zero is assumed to have both positive
and negative sign.

Remark 1. If the signatures of a and b coincide, then the sum is comparable
with both elements, that is, sg(a) = sg(b) implies a v a + b and b v a + b.
Hence, in order to “saturate” we must consider taking elements with different
signature.

Remark 2. In order to check if an element is incomparable with the rest, we
simply have to compare it with those having its same signature.

Thus, two elements are incomparable with respect to v if either they have
different signatures, or they have the same signature and some of their coor-
dinates increase while other decrease (in absolute value).

We start with Bs, whose elements are

x0 = (0, n3/g,−n2/g) = (0,+,−), x1 = (g,−y2, y3) = (g,−,+).

Since they have different signature, by Remark 1 their addition is a possible
new candidate for the saturation. We obtain

a1 = x0 + x1 = (g, n3/g − y2, y3 − n2/g) = (g,+,−).

This new element has the same signature as x0 but the first coordinate is
larger, while the other two are smaller in absolute value. Hence by Remark 2,
we obtain a new incomparable element that we add to the saturation of Bs.

We denote by Ai the ith step in the saturation of A. We write A = Bs,
and thus A1 = {x0, x1, a1}.

We are going to saturate now A1. Since we only have added a1 in the
preceding saturation, we have to add this new element with the older ones.
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As a1 has the same signature as x0, we do not take into account a1 +x0. Thus
we only add with x1 obtaining

a2 = a1 + x1 = x0 + 2x1 = (2g, n3/g − 2y2, 2y3 − n2/g) = (2g, ?, ?).

Lemma 1. No mater what the signature of a2 is, a2 is incomparable with x0,
x1 and a1.

Thus again, we have only added a new element in the saturation procedure.
We see next that this is the case until an element with signature (+,−,−)
shows up.

Lemma 2. In the saturation process, while there is no element with signature
(+,−,−) , only a new element will be added. If ai = ai−1 + aj, then ai+1 =
ai+aj if sg(ai) = sg(ai−1); or ai+1 = ai+ai−1 if sg(ai) = sg(ai−1). Moreover
if we compare ai+1 with the closest in the list with the same signature, then
we observe that the first coordinate is larger, while the other two are smaller
in absolute value.

When the first element with signature (+,−,−) appears, two new elements
are added in the next saturation step.

Lemma 3. If ai is the first element with signature (+,−,−), then b1 = ai+aj
y c1 = ai + ai−1 are incomparable with the preceding a’s.

Next we apply Lemma 2 focusing only in a given coordinate of b1 and
another from c1. Then after the ith step we will start adding elements b2 and
c2 raising from b1 and c1, respectively, where b2 = b1 + aj , or b2 = b1 + ai;
while c2 = c1 + ai−1, or c2 = c1 + ai.

The following lemma asserts that bx + cy is comparable, and thus we do
not add it in any saturation.

Lemma 4. Let bx be an incomparable element obtained from b1 (that is,
adding to b1 either aj or some previous bi), and let cy be another incom-
parable element obtained from c1 (that is, adding ai−1 or some previous cj).
Then ai v bx + cy.

Theorem 1. The primitive elements of S = 〈n1, n2, n3〉 can be computed as
follows. Start with Bs = {(0, n3/g,−n2/g), (g,−y2, y3)} and applying twice
the division algorithm first with n3/g and y2, and then with n2/g and y3, we
obtain two list of elements in which the second coordinate will decreasing until
we reach (n3/g2, 0,−n1/g2) where g2 = gcd(n1, n3), and in the second list the
third coordinate will be decreasing until we obtain (n2/g3,−n1/g3, 0) where
g3 = gcd(n1, n2). Both list will have the same elements until ai is attained,
and then we will get the series of b’s and c’s.
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Observe that according to the procedure presented in [4], we must saturate
Bs and B−s = {(0, n3/g,−n2/g), (−g, y2,−y3)}, but this last set is already
saturated.

Example 2. Take S = 〈17, 31, 41〉.

x0 = (0, 41,−31), x1 = (1,−27, 20),

a1 = (1, 14,−11), a2 = (2,−13, 9), a3 = (3, 1,−2) = 82, a4 = (5,−12, 7)

a5 = (8,−11, 5), a6 = (11,−10, 3), a7 = (14,−9, 1), a8 = (17,−8,−1),

c1 = (31,−17, 0),

b1 = (20,−7,−3), b2 = (23,−6,−5), b3 = (26,−5,−7), b4 = (29,−4,−9)

b5 = (32,−3,−11), b6 = (35,−2,−13), b7 = (38,−1,−15), b8 = (41, 0,−17).

One of the advantages of this procedure is that from the output one can
easily compute a minimal presentation for S.
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[1] F. Aguiló-Gost and P.A. Garćıa-Sánchez. Factoring in embedding dimension three
numerical semigroups, Electronic. Journ. of Combinat., 17, R138: 21 pp. 2010.
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Abstract. Denumerants of numerical semigroups are known to be difficult to ob-
tain, even with small embedding dimension of the semigroups. In this work we give
some results on denumerants of 3-semigroups S = 〈a, b, c〉. The time efficiency of the
resulting algorithms range from O(1) to O(c). Closed expressions are obtained under
certain conditions.
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1 Introduction

Let N0 be the set of non negative integers. Given a set A = {a1, . . . , an} ⊂ N0,
gcd(a1, . . . , an) = 1, the n-numerical semigroup S = S(A) generated by A is
defined by 〈a1, . . . , am〉 = {x1a1 + · · · + xnan : x1, . . . , xn ∈ N0}. If A is
a minimal set of generators then S has embedding dimension e(S) = n. An
element m ∈ S has a factorization (t1, . . . , tn) in S if m = t1a1 + · · · + tnan.
The set of factorizations of m in S is denoted by F(m,S) = {(x1, . . . , xn) ∈
Nn0 : x1a1 + · · · + xnan = m}. The denumerant of m in S is the cardinality
d(m,S) = |F(m,S)|.

In this work we give some results on denumerants of generic elements of
embedding dimension three numerical semigroups S = 〈a, b, c〉. Algorithms of
time–cost ranging from O(1) to O(c) (in the worst case) are also derived. We
use minimum distance diagrams related to S as a main tool. In particular, we
use the main results given in [1].
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2 Tools

From now on we denote the equivalence class of n modulo N as [n]N . Given
m ∈ S \{0}, the Apéry set of m in S is Ap(m,S) = {s ∈ S : s−m /∈ S}. This
set encodes many properties of semigroup. It can be shown that |Ap(m,S)| =
m and Ap(m,S) = {l0, . . . , lm−1} with lk ∈ [k]m for 0 ≤ k < m.

Minimum Distance Diagrams, H, of numerical semigroups are used to
study many distance–related and distribution of the semigroup elements. The
minimum distance diagrams related to S = 〈a1, . . . , an〉 are sets of cardinality
|H| = an of unitary cubes [[i1, . . . , in−1]] = [i1, i1 + 1]× · · · × [in−1, in−1 + 1] in
the first orthant of Rn−1 with coordinates (i1, . . . , in−1) ∈ Nn−1

0 representing
factorizations of the elements of Ap(an, S), where [s, t] = {r ∈ R : s ≤ r ≤ t}.
Each element lk ∈ Ap(an, S) is represented by exactly one cube [[i1, . . . , in−1]]
in H with i1a1 + · · · + in−1an−1 = lk. Given any m ∈ S, with m ∈ [lk]an , we
call the basic coordinates of m with respect to H to (x1, . . . , xn−1) ∈ Nn−1

0

if [[x1, . . . , xn−1]] ∈ H and x1a1 + · · · + xn−1an−1 = lk. We also call the basic
factorization of m in S with respecto to H to (x1, . . . , xn−1,

m−lk
an

) ∈ F(m,S).
These diagrams were used in [1] to study some aspects on factorization

and catenary degree of 3-numerical semigroups S = 〈a, b, c〉. In particular,
we recall here some nomenclature and results. Diagrams related to S are L-
shaped or rectangles (considered as degenerated L-shapes with wy = 0) and
are denoted by H = L(l, h, w, y), where these entries are the lengths of the
sides 0 ≤ w < l, 0 ≤ y < h, gcd(l, h, w, y) = 1 and lh−wy = c. The diagram H
tessellates R2 by translation through the vectors u = (l,−y) and v = (−w, h).
See [2,3] for more details.

For the parameters δ = (la − yb)/c and θ = (hb − wa)/c, we have δ ≥ 0,
θ ≥ 0, δ + θ > 0, δ + y > 0 and θ + w > 0 whenever H = L(l, h, w, y) is a
minimum distance diagram of S = 〈a, b, c〉.

Theorem 1 ([1, Th. 2]). Given H = L(l, h, w, y) a minimum distance dia-
gram of S = 〈a, b, c〉 and m ∈ S, let (x0, y0, z0) be the basic factorization of m
in S respect to H, then

d(m,S) = 1 +

⌊
z0

δ + θ

⌋
+

b z0δ+θc∑

k=0

(Sk + Tk) ,

with

Sk =





⌊
y0+k(h−y)

y

⌋
if δ = 0,

⌊
z0−k(δ+θ)

δ

⌋
if y = 0,

min{
⌊
y0+k(h−y)

y

⌋
,
⌊
z0−k(δ+θ)

δ

⌋
} if δy 6= 0,

and
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Tk =





⌊
x0+k(l−w)

w

⌋
if θ = 0,

⌊
z0−k(δ+θ)

θ

⌋
if w = 0,

min{
⌊
x0+k(l−w)

w

⌋
,
⌊
z0−k(δ+θ)

θ

⌋
} if θw 6= 0.

This theorem does not give an efficient algorithm for computing denumer-
ants. The reason is not the expression of minima appearing in Sk when δy 6= 0

or in Tk when θw 6= 0, these minima can be left out for k ≥
⌈

yz0−δy0

δ(h−y)+y(δ+θ)

⌉
in

Sk when δy 6= 0 and for k ≥
⌈

wz0−θx0
θ(l−w)+w(δ+θ)

⌉
in Tk when θw 6= 0. The reason

is the expression of the sum. Essentially we have to compute sums like

N∑

k=0

⌊
α± kβ
q

⌋
=

N∑

k=0

(α± kβ) +
N∑

k=0

⌊
s± kt
q

⌋
,

for α, β, α, β, q ∈ N, with q 6= 0, α = αq + s, 0 ≤ s < q, and β = βq + t,
0 ≤ t < q.

3 Trying
∑N

k=0

⌊
s±kt

q

⌋

The efficiency of computing denumerants using these sums is compromised
because of the number of terms to be added N , O(N) = O(z0). The coordinate
z0 of a basic factorization can become very large. Thus, we need to save add
up all those terms.

In this section we try the sum
∑N

k=0

⌊
s+kt
q

⌋
with 0 ≤ s, t < q. The sum

with the minus sign can be solved using an analogous method by symmetry.
The idea of the method we propose here is making this addition as a Lebesgue–
like discrete integration. Let us consider the graph of the function f(x) =⌊
s+tx
q

⌋
and pay attention to the constant parts of the graph. Let us denote

the interval Im = [xm, xm+1) where de function f has constant value m, that is
xm = mq−s

t (if t = 0 the entire sum equals zero). Then, some main properties
hold:

(1)There are M + 1 different intervals, with M =
⌊
s+Nt
q

⌋
. Each interval Im

has length xn+1 − xm = q
t except, possibly, I0 and/or IM .

(2)
⌊ q
t

⌋
≤ |Im ∩ N| ≤

⌈ q
t

⌉
except, possibly, I0 and/or IM .

(3)Those intervals Im with xm ∈ N0 are iS–type intervals. Intervals with
|Im ∩ N| =

⌈ q
t

⌉
are mS–type intervals. Intervals iS are also mS except,

possibly, IM . There can be mS–intervals that are not iS–intervals.
(4)The behaviour of intervals at the same relative position between two con-

secutive iS–intervals is the same. There are t − 1 intervals between two
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consecutive iS–intervals. The behaviour of intervals Im is periodic of pe-
riod t. Depending on the values s,t and q, this period is not the minimum
one.

5 10 15 20 25 30

2

4

6

8

Fig. 1: Graph of f with s = 0, t = 3, q = 10

Figure 1 shows the graph of f with parameters s = 0, t = 3 and q = 10.
Note the 3–periodic behaviour of the intervals Im, m ∈ {0, . . . , 9}. In this
case, only the iS–intervals contain

⌈ q
t

⌉
= 4 integral values, except IM (with

M = 9) for N = 30 that is only one integral point I9 = {9}.

5 10 15 20 25 30

1

2

3

4

5

6

7

Fig. 2: Graph of f with s = 5, t = 3, q = 15

We study two main cases, gcd(t, q) > 1 and gcd(t, q) = 1. Figure 1 is the
simple behaviour of the second case. The first case can be studied for t | q and
t - q. When t | q, all intervals have the same behavior except, possibly, the first
and the last ones; this is the case of Figure 2. Note that all intervals are of
type mS and there is no iS–intervals, essentially the existence of iS–intervals
depends on the value s. When t - q and gcd(t, q) = g > 1, depending on the
value of s appear iS–intervals and the period is not t but t/g; Figure 3 shows
this case.

Depending on the behavior of intervals Im the value of the sum can be
arranged in an almost closed expression that sometimes results in a closed
expression. The following results take into account all cases (that are more
than the examples appearing in the three figures mentioned above).
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Fig. 3: Graph of f with s = 0, t = 6, q = 14

From now on set M =
⌊
s+Nt
q

⌋
and xM = Mq−s

t .

Theorem 2 (Case t | q). Assume q = qt. Then,

N∑

k=0

⌊
s+ kt

q

⌋
= q

M(M − 1)

2
+M(N − dxMe+ 1).

Theorem 2 is a simple case for applying the Lebesgue–like discrete sum-
mation. Thi theorem give closed expressions for denumerants.

Now we give the cases t - q with gcd(t, q) = 1 or gcd(t, q) = g > 1. To
describe it we must define another type of intervals. Define ŝ and q̂ by

q = qt+ q̂, s = st+ ŝ, 0 ≤ ŝ, q̂ < t.

We say that Im is an hS–interval if (ŝ−mq̂)(mod t) < q̂. We denote the sets I =
{i1, . . . , iα}, J = {j1, . . . , jn}, K = {k1, . . . , kv} of ordered indices of all hS-
type intervals taken from some region to be defined. We also denote the sums
SI =

∑α
l=1 il, SJ =

∑n
l=1 jl, SK =

∑v
l=1 kl, S = q (M−1)M

2 +M(N −dxMe+1)

and S =
∑N

k=0

⌊
s+kt
q

⌋
.

Theorem 3 (Case t - q and gcd(t, q) = 1). Set m0 ≡ q−1s(mod t) with
m0 ∈ {0, . . . , t− 1} and u =

⌊
M−m0−1

t

⌋
.

(a)If m0 = 0 and u ≤ 0, or m0 = M , take K ⊂ [1,M − 1]. Then S = S+SK .
(b)If m0 = 0 and u > 0, take J ⊂ [0, t − 1] and K ⊂ [ut,M − 1]. Then

S = S + uSJ + nt (u−1)u
2 + SK .

(c)If 0 < m0 < M and m0 +t ≥M , take I ⊂ [1,m0−1] and K ⊂ [m0,M−1].
Then S = S + SI + SK .

(d)If 0 < m0 < M and m0 + t < M , take the sets I ⊂ [1,m0 − 1] and
J ⊂ [m0,m0 + t− 1]. Take also K ⊂ [m0 + ut,M − 1] whenever u > 0 and

K = ∅ otherwise (thus SK = 0). Then S = S + SI + uSJ + nt (u−1)u
2 + SK .
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Theorem 4 (Case t - q and gcd(t, q) = g > 1). Set t̃ = t/g. Take J ⊂
[0, t̃− 1]. Set m0 = j1 and u =

⌊
M−m0−1

t̃

⌋
.

(a)If m0 ≥M , then S = S.

(b)If 0 ≤ m0 < M , take K ⊂ [m0 +ut̃,M−1]. Then S = S+uSJ +nt̃ (u−1)u
2 +

SK .

Theorems 3 and 4 do not give closed expressions for denumerants because
of the computation of the sets of indices. This task has order O(t) in the
worst case. However, the resulting algorithm is efficient. Similar results can
be obtained to compute the sum

∑N
k=0b s−ktq c.

4 Application example

Each 3-semigroup has its own denumerant’s information encoded in the related
L-shapes. As an example, let us consider for instance S = 〈121, 1111, 2323〉
with related L-shape L(101, 23, 0, 11). Thus, δ = 0 and θ = 25553.

This semigroup belongs to the general case δ = w = 0, according with
Theorem 1 (there are exactly five generic cases {δ = 0, w = 0}, {δ = 0, w 6= 0},
{θ = 0, y = 0}, {θ = 0, y 6= 0} and {δ 6= 0, θ 6= 0}). Let us consider the case
{δ = 0, w = 0} (then yθ 6= 0). Assume S = 〈a, b, c〉 and H = L(l, h, 0, y)
belongs to this case. Then, the denumerant is given by

d(m,S) = 1 +
⌊z0

θ

⌋
+

b z0θ c∑

k=0

(⌊
y0 + k(h− y)

y

⌋
+

⌊
z0 − kθ

θ

⌋)
,

where (x0, y0, z0) is the basic factorization of m ∈ S with respect to H. Set
y0 = y0y + ŷ0 and h− y = ny + n̂ with 0 ≤ ŷ0, n̂ < y. Then,

λ0∑

k=0

⌊
y0 + k(h− y)

y

⌋
= (1 + λ0)[y0 +

1

2
λ0n̂] +

λ0∑

k=0

⌊
ŷ0 + kn̂

y

⌋
,

with λ0 =
⌊
z0
θ

⌋
. Similarly,

λ0∑

k=0

⌊
z0 − kθ

θ

⌋
=

λ0∑

k=0

(λ0 − k) =
1

2
λ0(1 + λ0).

Therefore, the denumerant is given by

d(m,S) = (1 + λ0)[1 + y0 +
1

2
λ0(1 + n̂)] +

λ0∑

k=0

⌊
ŷ0 + kn̂

y

⌋
.

For S = 〈121, 1111, 2323〉, let us take the family of elements of mt ∈ S given
by the basic factorization (x0, y0, z0) = (1, 1, t), i.e. mt = 1232 + 2323t. Then,
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in this case, the parameters are y0 = 0, ŷ0 = 1, n = 1, n̂ = 1, y = 11 and
λ0 =

⌊
t

11

⌋
. Thus, the denumerant is

d(mt, S) = (1 + b t
11
c)2 +

b t11c∑

k=0

⌊
1 + k

11

⌋
.

Applying the results given in Section 2, we can take large values for t. For
instance, when t = 10103

, the denumerant d(mt, 〈121, 1111, 2323〉) is

86401202103681442373725632370418508815236113947008384865900

18355482581937070575687706067297170372656872124127106355013

83705399205261030784757611250382814450458614863741996576336

04381350933152481314521762235166717566155055157623293969446

08615786367662651758827936885013572929910812562936838277177

28615652451360231647622463525737529205087066732129366369694

10298518906363268082467489122400475776673691012914136765846

09475113507696144835778060008209708220861265294901965031701

37343295778759267316777895472559376756325707720000071855742

17322046447831982160259072389696123371066939277711855383683

57767721175049376552251604388714812532134415445726788119363

68575850635618156081169145034427047492856768128250632899016

17212129580044803105058702050223244750468912218659498851826

79421268043289617415276449211375778795179442471940300299127

63714373681696491261302114173003214221470476571235948015220

40805924474753184661427823025445679496557123444293037103918

92419497358929307066648456735251843730273406430491864133064

41135539234447721104466978180270005635128920808812849905257

02863506089428812738102330203742063649097015260203032359621

37368659029328436873147224837998307789261605573480576796432

62618991722039200052628030197744818517237285777788689442446

19935553020251798305234674292358662883696542490554205560718

08819266153700438284637594415248278846875002464266544621032

88133854180289115673176777959791111114837655293948229185572

44097229517541555204729647852029427426683172559095558399454

98778302979322010609690412121408608231615838397400125843956

68593577168522246218425317381671565212196629533706324699481

36819653825790303884550101940617170942701351142361553525485

92011247720180542800904885687437465972185292562403508661788

89888201723589125565572218910631240914633142217355801591441

56915987081038318091955413538125941123771789975049999096223

62687036855313366690934052679792085475244714662187442952179

12806317148265826264562297662155082803832709199101981830544

850830347007054848234787152293363588331442400219780
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On the Roman domination contraction number of
trees with small diameter
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Abstract. The weight of a vertex-labeling of a graph is the sum of all the vertex-
labels. The Roman domination number of a graph is the minimum value over all the
weights of a vertex-labeling that satisfy the following two conditions: (i) the available
labels are {0, 1, 2}; (ii) the set of vertices having a positive label is a dominating set
of vertices in the graph. Contracting an edge, e = vw, of a graph G is an operation
that results in a new graph Ge such that V (Ge) = (V (G) − {v, w}) ∪ {z}, where
z is a new vertex which is adjacent in Ge to every neighbor of {v, w} in G. In this
work we introduce the concept of Roman domination contraction number which is
the minimum number of edges that is needed to be removed in a graph in order to
decrease its Roman domination number. General results are proven and the exact
values are obtained for trees of diameter 4 and 5.

Key words: Domination, Roman domination, edge contraction, Roman domination

number.

1 Introduction

To begin with, we introduce the main terminology and notation which it is
used throughout this paper. To different symbols, notation and terminology
not explicitly given here we refer the reader to [4]. Hereafter G = (V,E)
represents a simple undirected finite graph having neither loops nor multiple
edges. The set of vertices of the graph G is denoted by V (G) or simply V, for
the sake of simplicity. Analogously, the set of edges of the graphs is E = E(G).
The order of G is the number n, of vertices of the graph, that is to say, n = |V |.
We denote two adjacent vertices u, v ∈ V by u ∼ v and, in this case, we say
that uv is an edge of G or, equivalently, we say that uv ∈ E. For a nonempty
set X ⊆ V , and a vertex v ∈ V , let NX(v) denote the set of neighbors
that v has in X, that is to say, NX(v) = {u ∈ X : u ∼ v}. In the case

? This research was partially supported by the Ministry of Education and Science, Spain,
and the European Regional Development Fund (ERDF) under project MTM2011-28800-
C02-02; and under the Catalonian Government project 1298 SGR2009.
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X = V we use only N(v), instead of NG(v), which is also called the open
neighborhood of the vertex v ∈ V . The close neighborhood of a vertex v ∈ V
is N [v] = N(v) ∪ {v}. Given a set of vertices S ⊆ V , the open neighborhood
of S is the set N(S) = {w ∈ V (G) \ S : w ∼ v, for some v ∈ S }. The closed
neighborhood is N [S] = N(S) ∪ S. A universal vertex of G is a vertex which
is adjacent to every other vertex of G.

Let u and v be two (not necessarily distinct) vertices of a graph G. A uv-
path in G is a finite alternating sequence: u0 = u, e1, u1, e2, . . . , uk−1, ek, uk =
v of different vertices and edges, beginning with vertex u and ending with
vertex v, such that ei = ui−1ui for all i = 1, 2, . . . , k. The number of edges in
a path is called the length of the path. The length of a shortest uv-path is the
distance between the vertices u and v, and it is denoted by d(u, v). A cycle
is a uu-path. The length of a shortest cycle in the graph, if any, is called the
girth of the graph. Otherwise, the girth of G is not finite.

The set of vertices D ⊂ V is a dominating set if every vertex v not in
D is adjacent to at least one vertex in D. The minimum cardinality of any
dominating set of G is the domination number of G and it is denoted by γ(G).
A dominating set D in G with |D| = γ(G) is called a γ(G)-set. Notice that a
graph having a universal vertex has domination number equal to one.

The concepts about Roman domination were suggested by Stewart in [8].
Nevertheless the formal definition was presented first in [2]. Some authors have
approach this problem, for example, see [3], [4], [5], [6] and [9]. A map f : V →
{0, 1, 2} is a Roman dominating function for a graph G if for every vertex v
with f(v) = 0, there exists a vertex u ∈ N(v) such that f(u) = 2. The weight
of a Roman dominating function is given by w(f) = f(V ) =

∑
u∈V f(u). The

minimum weight of a Roman dominating function on G is called the Roman
domination number of G and it is denoted by γR(G). A Roman dominating
function in G of minimum weight is called a γR(G)-function.

Let f be a Roman dominating function for G and let V (G) = {B0, B1, B2}
be the sets of vertices of G induced by f , where Bi = {v ∈ V : f(v) = i},
for all i ∈ {0, 1, 2}. It is clear that for any Roman dominating function f
for G of order n we have that f(V ) =

∑
u∈V f(u) = 2|B2| + |B1|. Usually a

Roman dominating function f is denoted by (B0, B1, B2). In [2] was proved
that for any graph G, γ(G) ≤ γR(G) ≤ 2γ(G) and in this paper the authors
called Roman graphs those graphs G satisfying that γR(G) = 2γ(G). Note
that if G is not connected graph with connected components C1, C2, ..., Ct,
then γR(G) =

∑t
i=1 γR(Ci). Therefore, from now on we will only consider

connected graphs.
Given a Roman dominating function in G, f = (B0, B1, B2), we say that

a vertex z ∈ B2 has a linked neighbor if there exists a unique vertex v ∈ B0

such that N(v) ∩ B2 = {z}. In this situation, we write z ∼l v. Let us denote
by LN(B2) the set of vertices in B2 that have a linked neighbor in B0.
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Motivated by several published works related to subdivision and the recent
paper [7], about domination contraction, we consider here the edge contraction
related with Roman domination and we introduce a similar concept which we
call Roman domination contraction number. Given a graph G we define the
Roman domination contraction number, ctγR(G), as the minimum number of
edges which must be contracted in order to decrease the Roman domination
number of G.

Given a graph G and an edge uv ∈ E(G) let us denote by Guv(z) the
graph obtained by contracting the edge uv, that is to say, V (Guv(z)) =
(V (G) \ {u, v}) ∪ {z} such that NGuv(z)(w) = NG(w) for all w 6= z and
NGuv(z)(z) = NG(u) ∪ NG(v). Let f be a Roman dominating function in
G. Associated to f we can define three different roman dominating functions
fuv,z in Guv(z) by choosing a value for fuv,z(z) in {0, 1, 2} and assuming that
fuv,z(w) = f(w) for all w 6= z.

Notice that if γR(G) = 2, then G has a universal vertex v. Thus, the con-
traction of any number of edges of G results in a graph G′ satisfying that
either G′ has order at least two and it has Roman domination number greater
than or equal to two or G′ has order one and in this case the Roman domina-
tion number is one. Therefore, hereafter we will only study those connected
graphs having Roman domination number greater than two.

Let T be a tree with diameter 4 (respectively, diameter 5) and let Γ0(u) =
{u} (respectively, Γ0(u, v) = {u, v}) be the center of T . Let us denote by Γ1

the set of neighbors of the center of T and by Γ2 = V (G)\(Γ0 ∪ Γ1). Moreover,
we denote by Γ1 = N0 ∪ N1 ∪ N2 where N2 = {w ∈ Γ1 : dG(w) ≥ 3} and
N i = {w ∈ Γ1 : dG(w) = i+1} whenever i ∈ {0, 1}. For the sake of simplicity,
we assume that Γ1(u, v) = Γ1(u) ∪ Γ1(v), N i(u, v) = N i(u) ∪N i(v) (see Fig.
1).

N0 N1 N2

0

1

2

Fig. 1: A partition of the set of vertices in a diameter 4 tree.
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Without lost of generality we denote by N i either the set N i(u) when
Diam(T)= 4, or the set N i(u, v) when Diam(T)= 5, i∈ {0, 1, 2}.

2 Main results

First of all, we prove that contracting an edge uv in a graph G lead us to a
new graph Guv(z) for which the Roman domination contraction number is, at
most, the one of the original graph G.

Remark 1. Observe that if f = (B0, B1, B2) is a γR-function in a graph G then
there is no edge joining a vertex u ∈ B1 with a vertex v ∈ B2. Otherwise, we
may define a new function g in such a way that g(u) = 0 and g(w) = f(w) for
all w 6= u. Since g is a Roman dominating function and w(g) < w(f) hence f
is not a γR-function. A contradiction.

Lemma 1. Let G be a connected graph and let f be a γR(G)-function in G.
For every edge uv ∈ E(G), there exists a Roman dominating function, fuv,z,
associated to f in Guv(z), such that fuv,z(V (Guv(z))) ≤ f(V ).

Proof. Let uv be an edge in G. Since f is a γR(G)-function in G hence
{f(u), f(v)} 6= {1, 2}, by applying the Remark 1. If {f(u), f(v)} 6= {0, 2},
we define a Roman dominating function in Guv(z) by means of fuv,z(z) =
min{f(u), f(v)} and fuv,z(w) = f(w) for all w 6= z. As no 2-label disappears,
the resulting is a Roman dominating function and

fuv,z(V (Guv(z))) = fuv,z(z) +
∑

w 6=z fuv,z(w) =

= min{f(u), f(v)}+
∑

w 6∈{u,v} f(w) ≤ f(V )

If {f(u), f(v)} = {0, 2}, then we define fuv,z(z) = 2. It is easy to check that
fuv,z is a Roman dominating function and

fuv,z(V (Guv(z))) = f(V ).

So the result holds.

Since the previous result shows, the more edges are contracted in a graph,
the more γR decrease. So, a question that arise naturally is ‘how many edges
must be contracted in a graph in order to decrease its Roman domination
number?” The following lemma lead us to find an explicit answer to this
question.

Lemma 2. Let G be a Roman graph. If f = (B2, B1, B0) is a γR(G)-function
such that |B2| ≥ 2 and |B1| = 0, then for every u ∈ B2 there exists v ∈ B2,
v 6= u, such that d(u, v) ≤ 3.
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Proof. Suppose on the contrary that there exists u ∈ B2 such that for every
v ∈ B2, v 6= u, it follows d(u, v) > 3. So, for every v ∈ B2, v 6= u, there
exists a shortest path of length at least four between u and v. Let ux1x2...xjv,
j ≥ 3, be one of such a paths. Since B1 = ∅, we have that f(x2) = 0 and
N(x2) ∩B2 = ∅, which is a contradiction. This finishes the proof.

Next, we show the first of our main results. In this theorem we prove that
the maximum number of edge-contractions that it is needed to perform in a
graph in order to decrease its Roman domination contraction number is 3.

Theorem 1. For any graph G without isolated vertices such that γR(G) ≥ 3,

ctγR(G) ≤ 3.

Another interesting question would be “what are the families of graphs Fj
for which the Roman domination contraction number ctγR is equal to j, for
j = 1, 2, 3 ?” The following two results enable us to shed some light on the
matter of this question.

Proposition 1. G is not a Roman graph if and only if ctγR(G) = 1.

Proposition 2. Let G be a graph without isolated vertices. Then ctγR(G) = 3
if and only if for every γR(G)-function f = (B2, B1, B0) the following condi-
tions are satisfied.

• |B2| ≥ 2 and |B1| = 0.
• For every u, v ∈ B2, N(u) ∩N(v) = ∅.
• For every u ∈ B2, |N(u)| ≥ 3.

Both previous results give us some structural properties of the graphs.
However, despite this fact, the problem is that there is not a general charac-
terization of Roman graphs (for a characterization of Roman trees see [5]). In
the following, we try to characterize some particular families of graphs with
given ctγR . From now on, we focus our interest to small trees with diameter 4
or 5.

We prove some technical results that permit us to determine the structure
of a γR-function in a tree of diameter at most 5.

Lemma 3. Let T be a tree so that 4 ≤ Diam(T ) ≤ 5, and let f be a γR −
function. The following two conditions holds,

i) If z ∈ Γ1, d(z) = 2, N(z)={u,t} with u∈ Γ0, t ∈ Γ2 with f(u) = 0 then
there is a γR − function, g, so that g(w) = f(w) for all w6= z, t, g(z) = 2
and g(t) = 0.

ii) If z ∈ Γ1, d(z) ≥ 3, N(z) = {u, t1, ..., td(z)−1} there is a γR − function so
that g(w) = f(w) for all w 6∈ N [z] \ u, g(z) = 2 and g(ti) = 0.
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Lemma 4. Let T be a tree so that 4 ≤ Diam(T ) ≤ 5. Then

γR(T ) ≤ |N0|+ 2|N1|+ 2|N2|.

Lemma 5. Let T be a tree with Diam(T ) = 4 (or with Diam(T ) = 5, respec-
tively). Let v ∈ V (T ) (or uv ∈ E(T ), respectively) be the center of T . If f is
a γR-function then f(v) 6= 1 (f(u) 6= 1 6= f(v), respectively).

Lemma 6. Let T be a tree with Diam(T ) = 4 and let v be the center of T.
Then, f(v) = 0 for all γR-function if and only if |N0(v) ∪N1(v)| ≤ 1.

Finally, we obtain the value of the Roman domination contraction number
of trees of diameter 4 or 5.

Theorem 2. Let T be a tree with Diam(T ) = 4 and let v be the center of T .
Then the following conditions holds,

i) 1 ≤ ctγR(T ) ≤ 2, and

ii) ctγR(T ) = 2 if and only if |N0(v) ∪N1(v)| = 0.

Lemma 7. Let T be a tree with Diam(T ) = 5, if f is a γR-function in T ,
then fTu and fTv are γR-functions in Tu and Tv, respectively.

Theorem 3. Let T be a tree with Diam(T ) = 5, and let {u, v} be the center
of T, then ctγR(T ) = min{ctγR(Tu), ctγR(Tu)}

Corollary 1. Let T be a tree with Diam(T ) = 5 and let {u, v} be the center
of T. Then the following conditions holds,

i) 1 ≤ ctγR(T ) ≤ 2, and

ii) ctγR(T ) = 2 if and only if |N0(u, v) ∪N1(u, v)| = 0.
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On a variant of Roman domination in graphs.
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Abstract. Based on the history that the Emperor Constantine decreed that any
undefended place (with no legions) of the Roman Empire must be protected by a
neighbor ’stronger’ place (having two legions), it could be obtained a graph theoretical
model called Roman domination in graphs. A Roman dominating function (RDF) is
a function f : V → {0, 1, 2} such that every vertex v with f(v) = 0 has at least a
neighbor w ∈ N(v) for which f(w) = 2. The Roman domination number of a graph
is the minimum weight,

∑
v∈V f(v), of a RDF. In this work we introduce a variant

of Roman domination, called Strong Roman domination, in which we approach the
problem of a Roman-domination type defensive strategy under multiple simultaneous
attacks.

Key words: Domination, Roman domination, Roman domination number, Strong

Roman domination.

1 Introduction

In this section we introduce the notation and definitions that will be used
throughout this paper. Unless stated on the contrary, other notation and
terminology not explicitly given here could be find in [4]. Let G = (V,E)
be an undirected finite graph without loops and multiple edges. The set of
vertices (edges) of the graph G is denoted by V = V (G) (E=E(G)). The order
n of a graph is the number of vertices of the graph and the size, m, correspond
to the number of edges. Let us denote by u ∼ v two adjacent vertices u, v ∈ V .
For a nonempty set X ⊆ V , and a vertex v ∈ V , let NX(v) denote the set of
neighbors that v has in X, that is to say, NX(v) = {u ∈ X : u ∼ v}. In the
case X = V we use only N(v), instead of NG(v), which is also called the open
neighborhood of the vertex v ∈ V . The close neighborhood of a vertex v ∈ V
is N [v] = N(v) ∪ {v}. Given a set of vertices S ⊆ V , the open neighborhood
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of S is the set N(S) = {w ∈ V (G) \ S : w ∼ v, for some v ∈ S }. The closed
neighborhood is N [S] = N(S)∪S. An universal vertex of G is a vertex which
is adjacent to every other vertex of G.

A uv-path in G, joining the (end) vertices u, v ∈ V (G), is a finite alternat-
ing sequence: u0 = u, e1, u1, e2, . . . , uk−1, ek, uk = v of different vertices and
edges, beginning with vertex u and ending with vertex v, such that ei = ui−1ui
for all i = 1, 2, . . . , k. The number of edges in a path is called the length of the
path. The length of a shortest uv-path is the distance between the vertices
u and v, and it is denoted by d(u, v). The maximum among all the distances
between two vertices in an graph G is denoted by Diam(G), the diameter of
G. A cycle is a uu-path. The length of a shortest cycle in the graph, if any, is
called the girth of the graph. Otherwise, the girth of G is not finite.

The set of vertices D ⊂ V is a dominating set if every vertex v not in
D is adjacent to at least one vertex in D. The minimum cardinality of any
dominating set of G is the domination number of G and it is denoted by γ(G).
A dominating set D in G with |D| = γ(G) is called a γ(G)-set. Notice that a
graph having a universal vertex has domination number equal to one.

In 1999, Steward [8] introduced the notion of Roman domination in graphs.
A few years later, Cockayne et al. [2] stated the formal definition of Roman
domination number of a graph. Namely, a function f : V → {0, 1, 2} is a
Roman dominating function in a graph G if for every vertex v with f(v) = 0
there exists at least a vertex u ∈ N(v) for which f(u) = 2. The weight of
a Roman dominating function is given by w(f) = f(V ) =

∑
u∈V f(u). The

minimum weight among all the Roman dominating functions on G is called
the Roman domination number of G and it is denoted by γR(G). A Roman
dominating function inG of minimum weight is called a γR(G)-function. There
are many works in the literature trying to shed some light on this problem
(see [3], [4], [5], [6] and [9]).

Let f be a Roman dominating function for G and let V (G) = {B0, B1, B2}
be the sets of vertices of G induced by f , where Bi = {v ∈ V : f(v) = i},
for all i ∈ {0, 1, 2}. It is clear that for any Roman dominating function f
for G of order n we have that f(V ) =

∑
u∈V f(u) = 2|B2| + |B1|. Usually a

Roman dominating function f is denoted by (B0, B1, B2). In [2] was proved
that for any graph G, γ(G) ≤ γR(G) ≤ 2γ(G) and in this paper the authors
called Roman graphs those graphs G satisfying that γR(G) = 2γ(G). Note
that if G is not connected graph with connected components C1, C2, ..., Ct,
then γR(G) =

∑t
i=1 γR(Ci). Therefore, from now on we will only consider

connected graphs.
The defensive strategy of Roman domination is based in the fact that every

place in which there is established a Roman legion (1) is able to protect itself
under external attacks; and that every unsecure place (0) must have at least
an stronger neighbor (2). In that way, if the unsecure place is attacked then
the stronger neighbor could send one of its two legions in order to defend the
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(0) from the attack. Observe the two Roman dominating functions depicted
in Fig. 1.

Fig. 1: Two Roman dominating functions.

Although this two functions satisfy the conditions to be Roman dominating
functions, they correspond to very different real situations. Clearly, the unique
strong place (2) in the graph on the left side must defend up to 12 weak places
from possible external attacks. However, in the graph on the right side of
Fig. 1, the task of defending the unsecure places is divided into several strong
places. This situation lead us to pose the following question: how many weak
places may defend a strong place having two legions? Taking into account that
the strong place must leave one of its legions to defend itself, the situation



50 M. P. Alvarez-Ruiz I. González-Yero, T. Mediavilla, J.C. Valenzuela

depicted on the first graph in Fig. 1 seems to be a very bad defensive strategy.
If several simultaneous attacks to weak places are developed then the only
stronger place will be not able to defend its neighbors efficiently. With this
motivation we introduce the concept of Strong Roman dominating function
as follows. To do that, we consider that an strong place should be able to
defend itself and, at least, one half of its weak neighbors. Let G be a graph
on n vertices and let ∆ be the maximum degree of a vertex in G. Let f :
V (G) → {0, 1, . . . , d∆+1

2 e} be a function that labels the vertices of G. Let
us denote by Bj = {v ∈ V : f(v) = j} for j = 0, 1; and let us denote by
B2 = V \ (B0 ∪ B1) = {v ∈ V : f(v) ≥ 2}. Then, f is an Strong Roman
dominating function (SRDF)of G if for every v ∈ B0 there exists a vertex
w ∈ B2 such that f(w) ≥ 1 +

⌈
1
2 |N(w) ∩B0|

⌉
. In Fig. 2 we may observe

an Strong Roman dominating function for each of the graph shown in Fig.1.
The minimum weight, w(f) = f(V ) =

∑
u∈V f(u), over all the Stong Roman

dominating functions of G is called the Strong Roman domination number of
G and we denote it by γStR(G). An SRDF of minimum weight is called a
γStR(G)-function.

0
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0 0

0

0
0
0

000

0
0
0

0
0

0

0

0
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Fig. 2: Two Strong Roman dominating functions.

2 Main results

First of all, let us observe that a Strong Roman dominating defensive strat-
egy needs, in general, more legions than a Roman dominating one, so the
advantage is not to safe resources but to design an stronger empire against
external attacks. Under the Strong Roman dominating strategy, any strong
vertex must be able to defend itself and at least one half of its weak neigh-
bors. The point is to design this situation by using as few resources (legions)
as possible.
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In our first result, we give the minimum number of legions to protect the
roman empire fortifications under the Strong Roman domination strategy.

Proposition 1. Let G a graph on n vertices. Then

γStR(G) ≥
⌈
n+ 1

2

⌉
.

Let us point out that the star graph permit us to prove that the bound
shown in Proposition 1 is sharp.

From now on, we present some results obtaining bounds for the Strong
Roman domination number.

Proposition 2. Let G be a graph on n vertices and with maximum degree ∆.
Then

γ(G) ≤ γR(G) ≤ γStR(G) ≤
(

1 +

⌈
∆

2

⌉)
γ(G)

Corollary 1.

γStR(G) ≤
⌈
n+ 1

2

⌉
γ(G)

Proposition 3. Let G be a graph on n vertices and with minimum degree δ.
Then

γStR(G) ≤
(
1 +

⌈
∆
2

⌉)
n

δ + 1

(
ln

(
1 + δ

1 +
⌈
∆
2

⌉
)

+ 1

)

Next, we approach the structure of graphs with extremal values of the
Strong Roman domination.

Proposition 4. Let G be a graph on n vertices. Then

1. γStR = n if and only if ∆(G) = 1
2. γStR = n− 1 if and only if either G = Cq or G = Pq+1 with q = 3, 4, 5 or

the following conditions holds: n ≤ 12, ∆ = 3, Diam ≤ 5 and there is no
cycle in G of length at least 6.

Finally we study the inverse problem, that is to say, given two positive in-
tegers n, p, there is a graph with n vertices and with Strong roman domination
number equal to p.

Theorem 1. Let n, p be two positive integers such that
⌈
n+1

2

⌉
≤ p ≤

⌊
3n+3

4

⌋

There there exist a graph G with n vertices such that γStR(G) = p.
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Dirichlet–to–Robin Matrix on networks ?
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Abstract. In this work, we define the Dirichlet–to–Robin matrix associated with
a Schrödinger type matrix on general networks, and we prove that it satisfies the
alternating property which is essential to characterize those matrices that can be the
response matrices of a network. We end with some examples of the sign pattern
behavior of the alternating paths.

Key words: Response matrix, Schur complements, inverse problem, Dirichlet–to–

Robin matrix, network

1 Preliminaires

The Schur complement plays an important role in matrix analysis, statistics,
numerical analysis, and many other areas of mathematics and its applications.
Our goal is to introduce the Dirichlet–to–Robin matrix associated with a
Schrödinger type matrix on general networks as the Schur complement of
a Schrödinger type matrix with respect to an invertible submatrix defined
troughout the interior vertices. Schur complement is a rich and basic tool in
mathematical research and applications, so we display an important property
that illustrates its power in solving the discrete inverse problem. A complete
version of this work in terms of operators can be found in [2].

Let Γ = (V, c) be a network ; that is, a simple and finite connected graph
where V = {1, 2, . . . , `} is the vertex set and c : V × V −→ R+ is the con-
ductance that defines the set of edges, E. We say that (i, j) is an edge if
c(i, j) = cij > 0. Moreover, when (i, j) /∈ E, then cij = 0, in particular cii = 0

for any i = 1, . . . , `. The (weighted) degree of vertex i is defined as δi =
∑̀
j=1

cij .

If we consider a proper subset F ⊂ V , then its boundary δ(F ) is given by the
vertices of V \ F that are adjacent to at least one vertex of F . It is easy to
prove that F̄ = F ∪ δ(F ) is connected when F is. If F is a non–empty subset

? Supported by the Spanish Research Council under project MTM2011-28800-C02-02
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of V , its characteristic function is denoted by 1F . We denote by N(i), the set
of neighbours of i ∈ V ; that is, the set of vertices adjacent to i.

Of course networks do not have boundaries by themselves, but starting
from a network we can define a network with boundary as Γ = (F̄ , cF ) where
F is a proper subset and cF = c · 1

(F̄×F̄ )\(δ(F )×δ(F ))
. From now on we will work

with networks with boundary and we suppose that the vertices are labelled
as δ(F ) = {1, . . . , n} and F = {n + 1, . . . , n + m}. Moreover, for the sake of
simplicity we denote c = cF .

Given S = {p1, . . . , pk} and T = {q1, . . . , qk} disjoint subsets of δ(F ), there
exist k paths, γ1, . . . , γk, such that γi starts at pi ends at qi and γi\{pi, qi} ⊂ F ,
since F is connected. The pair (S;T ) is called connected trough Γ , when there
exist k paths connecting S and T that are mutually disjoint.

The network Γ = (F̄ , c) is called a circular planar network if it can be

embedded in a closed disc D in the plane so that the vertices in F lie in
◦
D

and the vertices in δ(F ) lie on the circumference C = ∂D. In this case, the
vertices in δ(F ) can be labelled in the clockwise circular order. The pair (S;T )
of boundary vertices is called a circular pair if the set (p1, . . . , pk; q1, . . . , qk)
is in circular order.

Given u ∈ Rn+m, the notation u ≥ 0, respectively u > 0, means that
ui ≥ 0, respectively ui > 0, for any i = 1, . . . , n + m. Any vector σ ∈ Rn+m

such that σ > 0 and moreover
n+m∑
i=1

σ2
i = 1 is called weight on F̄ . The set of

weights is denoted by Ω(F̄ ). If σ ∈ Ω(F̄ ), σ−1 ∈ Rn+m is the vector whose
entries are σ−1

i , i = 1, . . . , n+m.
Given q ∈ Rn+m the Schrödinger type matrix on Γ with potential q is the

matrix whose entries are Lij = −cij for all i 6= j and Lii = δi + qi. Therefore,
for each vector u ∈ Rn+m and for each i = 1, . . . , n+m,

(Lu)i = (δi + qi)ui −
n+m∑

j=1

cijuj =
n+m∑

j=1

cij(ui − uj) + qiui.

Observe that q = 0 corresponds with the so–called combinatorial Laplacian
that will be denoted by L0 throughout this work. Moreover,

L =


 D −C(δ(F );F )

−C(δ(F );F )> L(F ;F )




where D is the diagonal matrix of order n whose diagonal entries are given by
δ + q on δ(F ) and C(δ(F );F ) = (cij)i∈δ(F ),j∈F . In general, given a matrix M

and A,B sets of indexes, the matrix M(A;B) will denote the matrix obtained
from M with rows indexed by A and columns indexed by B.

For any weight σ ∈ Ω(F̄ ), the so–called potential associated with σ is the

vector defined as
(
qσ
)
i

= −σ−1
i

(
L0σ

)
i
.
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The authors proved in [2] the following result.

Corollary 1. If there exist σ ∈ Ω(F̄ ) and λ ≥ 0 such that q = qσ+λ1
δ(F )

, then
the corresponding Schrödinger type matrix is positive semi–definite. Moreover,
it is not strictly definite iff λ = 0, in which case the eigenvectors are v = aσ,
a ∈ R.

From now on, we will work with potentials given by a weight σ ∈ Ω(F̄ )
and a real value λ ≥ 0 such that q = qσ + λ1

δ(F )
; so that the corresponding

Schrödinger type matrix is positive semi–definite. Observe that in this case

(
Lσ
)
i

= 0, i = n+ 1, · · · , n+m and
(
Lσ
)
i

= λσi, i = 1, . . . , n. (1)

In [3, Proposition 4.10], some of these authors proved the following version of
the minimum principle that will be useful in what follows.

Proposition 1 (Monotonicity Property). If u ∈ Rn+m is such that Lu ≥
0 on F and u ≥ 0 on δ(F ), it is verified that either u > 0 on F or u = 0 on
F̄ .

2 Dirichlet–to–Robin matrix

Let us consider the following Dirichlet problem: Given f ∈ Rm and g ∈ Rn
find u ∈ Rn+m satisfying




I 0

−C(δ(F );F )> L(F ;F )



[
u
]

=




g

f


 . (2)

The existence and uniqueness of solution for System (2) were proved in [3].
In fact, the Dirichlet Principle tell us that for any data f ∈ Rm and g ∈ Rn,
Problem (2) has a unique solution.

Associated with the Dirichlet problem we can consider the following semi
homogenous problems, that allow us to introduce the concept of Green and
Poisson matrices.

Given f ∈ Rm find uf ∈ Rm satisfying

L(F ;F )uf = f (3)

and given g ∈ Rn find vg ∈ Rn+m satisfying




I 0

−C(δ(F );F )> L(F ;F )



[
vg

]
=




g

0


 . (4)
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The existence and uniqueness of solution for System (2) implies that matrix
L(F ;F ) is invertible and its inverse is called Green matrix for F and it is
denoted by Γ . Observe that Γ is a symmetric matrix.

On the other hand, we define the Poisson matrix for F as the matrix of
order (n+m)× n given by

P (F ; δ(F )) = Γ ·C(δ(F );F )> and P (δ(F ); δ(F )) = I.

Notice that for any g ∈ Rn, the unique solution of System (4) is vg = P g.
Moreover, from Equation (1), we get that Pσ

δ(F )
= σ.

Kirkhoff’s law say that the sum of the currents flowing out of each interior
vertex is zero, as state by System (4). If a vector g is assigned at the boundary
vertices, the network Γ will acquire a unique harmonic vector vg, with (vg)i =
gi for each i = 1, . . . , n. The vector vg is called the potential due to g.

The function vg determines a current through each boundary node,

(
Lvg

)
i

=

n+m∑

j=n+1

cij
[
gi −

(
vg
)
j

]
.

Now, we are ready to define the Dirichlet–to–Robin matrix on general net-
works and to study its main properties. This map is naturally associated
to a Schrödinger type matrix, and generalizes the concept of Dirichlet–to–
Neumann map for the case of the combinatorial Laplacian matrix.

The Dirichlet–to–Robin matrix, denoted by Λ, is the Schur complement of
L(F ;F ) in L; that is,

Λ = L/L(F ;F ) = D− C(δ(F );F ) · Γ · C(δ(F );F )>.

Observe that for any g ∈ Rn,

Λg = Dg − C(δ(F );F )vg |F = L(δ(F ); F̄ )vg.

Hence, Λ sends boundary Dirichlet date g to boundary Robin currents Lvg.
The inverse problem is to recover the conductances C form Λ, see [2,5,6].
In this work we are not worried about this problem, but in studying some
properties of Λ. The following ones are a direct consequence of the expression
of Λ and of some properties for Schur complements of symmetric matrices, see
[7, Theorem 1.12]

Proposition 2. The Dirichlet–to–Robin matrix is symmetric, negative off–
diagonal, positive on the diagonal and positive semi–definite. Moreover, λ is
the lowest eigenvalue of Λ and its associated eigenvectors are multiple of σ|δ(F )

.

Now we show that the Dirichlet–to–Robin matrix has the alternating prop-
erty, which may be considered as a generalization of the monotonicity prop-
erty; see [6, Theorem 2.1] for the continuous version of this property.
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Theorem 1 (Alternating paths). Suppose that δ(F ) = A∪B, where A and
B are disjoint subsets. Let g ∈ Rn such that gi 6= 0 iff i ∈ B and p1, . . . , pk ∈ A
such that

(−1)i+1
(

Λg
)
pi
> 0. (5)

Then, there exist q1, . . . , qk ∈ B such that

(
Λg
)
pi

gqi < 0. (6)

Moreover, for any i = 1, . . . , k, there exists a path from pi to qi such that
γi \ {pi, qi} ⊂ F and gqivg|(γi\pi)

> 0, where vg = P g.

Proof. As p1 ∈ A, from (5), we have that 0 <
(

Λg
)
p1

= −
m∑

i=1

cp1n+i(vg)n+i.

Then, there exists t ∈ F ∩N(p1) such that (vg)t < 0.
Let W be the connected component of {k ∈ F : (vg)k < 0} containing

t. Suppose that W ∩ B = ∅; that is, W ⊂ F ∪ A. We consider u =
(
vg
)
|W

;

then Lu = 0 on W , u ≥ 0 on δ(W ), then from the monotonicity principle
u ≥ 0 on W which is a contradiction. Therefore, W ∩B 6= ∅ and hence vg ≥ 0
on δ(W ) ∩ F . If vg ≥ 0 on δ(W ) ∩ B, we get that Lvg = 0 on W , vg ≥ 0
on δ(W ), so vg ≥ 0 on W applying again the monotonicity principle which
is a contradiction. So, there exists q1 ∈ δ(W ) ∩ B such that (vg)q1 < 0. As
q1 ∈ δ(W ), there exists z1 ∈ W , so (vg)z1 < 0, such that q1 ∼ z1. As W is a
connected subset we can join q1 and j1 by a path γ1 = {p1 ∼ t ∼ . . . ∼ z1 ∼ q1}
such that {t, . . . , z1} ⊂W and hence vg |(γ1\p1)

< 0.
We can repeat this argument to produce paths γj such that γj joins pj to a

point qj ∈ B such that γj \{pj , qj} ⊂ F and (−1)j(vg)z < 0 for all z ∈ γj \pj .
2

Corollary 2. Suppose that the network is circular planar and δ(F ) = A∪B,
where A and B are disjoint subsets. Let g ∈ Rn such that gi 6= 0 iff i ∈ B and
p1, . . . , pk ∈ A in circular order such that

(−1)i+1
(

Λg
)
pi
> 0. (7)

Then there exist q1, . . . , qk ∈ B in circular order such that

(
Λg
)
pi

gqi < 0. (8)

Moreover, for any i = 1, . . . , k, there exists a path from pi to qi such that
γi \ {pi, qi} ⊂ F and gqivg|(γi\pi)

> 0 in such a way that (p1, . . . , pk; q1, . . . , qk)

is connected through Γ .
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Proof. The paths built on the proof of Theorem 1 do not intersect if the
network is planar and the vertices pj ∈ A are in circular order, since the
values for the vector vg in γj have different sign than the ones on γj−1 and
γj+1. Then, qj ∈ B are the points given by the last theorem and are also in
circular order. 2

The following result can be obtained from Theorem 1 by a slightly modi-
fication of the proof.

Theorem 2 (Strong alternating paths). Suppose that δ(F ) = A∪B, where
A and B are disjoint subsets. Let g ∈ Rn such that gi 6= 0 iff i ∈ B and
p1, . . . , pk ∈ A such that (

Λg
)
pi

= 0 (9)

then there is a sequence of points q1, . . . , qk ∈ B such that

(−1)igqi ≥ 0. (10)

Moreover, for any i = 1, . . . , k, there exists a path from pi ∼ xi1 ∼ . . . ∼ xini ∼
qi such that Pi \ {pi, qi} ⊂ F and there exists mi ∈ {1, . . . , ni + 1} such that
(vg)x` = 0 for all ` = 0, . . . ,mi − 1 and g`i(vg)x` > 0 for all ` = mi, . . . , ni.

The following examples show the behavior of the paths described in the above
results.
1. Consider the Spider graph displayed in Figure 1, see [2] for the definition.

With the following weights and parameters: σ =
1

10
on δ(F ) ∪ {x00} and

σ =
1

5
on F r {x00}, where x00 is the central vertex and λ = 2. Moreover, all

the conductances equal 1 on the edges in the radius and equal 2 on the edges
of the circles. Then, the Dirichlet–to–Robin matrix is

Λ =
1

110384474959




a b c d e f f e d c b

b a b c d e f f e d c

c b a b c d e f f e d

d c b a b c d e f f e

e d c b a b c d e f f

f e d c b a b c d e f

f f e d c b a b c d e

e f f e d c b a b c d

d e f f e d c b a b c

c d e f f e d c b a b

b c d e f f e d c b a




,
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where a = 395732805366, b = −28317414524, c = −19609504324, d =
−15073456676, e = −12739926180 and f = −11741626020. Finally, for
g = (−4, 21,−37.2, 26.38,−6.29519)T , we get the following sign pattern for
vg depicted in Figure 1.
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p3

p5

u = 0

u > 0

u < 0

q1

q3
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q4
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0

0

0

−

− −
−

−
− − − − −

−

− −
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+ +

+ +
+

+

+

+

+

+
+ +

+

+

Fig. 1: Sign pattern in a Spider.

2. Consider now the spider network displayed in Figure 2. In this case, σ =
1

6

on δ(F )∪{x00} and σ =
1

3
on Fr{x00} and λ = 2. Moreover, the conductances

equal 1 on the edges in the radius and equal 2 on the edges of the circles. Then,
the Dirichlet–to–Robin matrix is

Λ =
1

889




a b c d d c b

b a b c d d c

c b a b c d d

d c b a b c d

d d c b a b c

c d d c b a b

b c d d c b a




,

where a = 3128, b = −281, c = −211 and d = −183. Finally, for g =
(−1, 3.5,−3.5, 1)T we get the following sign pattern for vg depicted in Figure
2.
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p1
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Fig. 2: Sign pattern in a Spider.

3. Consider the network displayed in Figure 3. With the following weights

and parameters: σ =
1

4
on A ∪ F and σ =

1

2
on B and λ = 2. Moreover, the

conductances equal 2 on F × F and equal 1 otherwise. Then, the Dirichlet–
to–Robin matrix is

Λ =
1

24




105 −13 −15 −13 −3 −5

−13 105 −13 −15 −5 −3

−15 −13 105 −13 −3 −5

−13 −15 −13 105 −5 −3

−3 −5 −3 −5 57 −1

−5 −3 −5 −3 −1 57




.

Finally, for g = (1,−1.5)T we get the following sign pattern for vg depicted
in Figure 3.

p1

p2

p4

p3

u = 0

u > 0

u < 0

q1 = q3

q2 = q4

F

−
− −

−
+

+

0

0

0

0

Fig. 3: Sign pattern in a non–planar network
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[1] C. Araúz, A. Carmona, and A. M. Encinas: Dirichlet–to–Robin map on finite
networks. submmitted, 2014.

[2] E. Bendito, A. Carmona, and A. M. Encinas: Potential Theory for Schrödinger
operators on finite networks. Rev. Mat. Iberoamericana, 21(3): 771–818, 2005.

[3] E. B. Curtis, D. Ingerman, and J. A. Morrow: Circular planar graphs and resistor
networks. Linear Algebra Appl., 283(1–3): 115–150, 1998.

[4] E. Curtis, and J. Morrow: Inverse Problems for Electrical Networks. Series on
Applied Mathematics, vol. 13. World Scientific 2000.

[5] R.A. Horn, and F. Zhang, Basic Properties of the Schur Complement, The Schur
Complement and Its Applications, Numerical Methods and Algorithms, vol. 4:
17–46. Springer 2005.

[6] D. Ingerman, and J. Morrow: On a characterization of the kernel of the Dirichlet–
to–Neumann map for a planar region. SIAM J. Math. Anal., 29(1): 106–115, 1998.





Recovering the conductances on grids ?
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Abstract. In this work, we present an algorithm to the recovery of the conductance
of a 2–dimensional grid. The algorithm is based in the solution of some overdetermined
partial boundary value problems defined on the grid.
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1 Preliminaires

Our goal is to recover the conductance of a grid network with boundary using
only boundary measurements and global equilibrium conditions. This prob-
lem is known as inverse boundary value problem. In general, inverse problems
are exponentially ill–posed, since they are highly sensitive to changes in the
boundary data. However, in this work we deal with a situation where the
recovery of the conductance is feasible: grid networks.

The recovery of the conductances of a grid network is performed here using
its Schrödinger matrix and boundary value problems associated to it, which
have been extensively studied in [2]. We will use some important results of
this paper. Moreover, we use the Dirichlet–to–Robin matrix, also known as
response matrix of the network, which contains the boundary information.
It is a certain Schur complement of the SchrÃPdinger matrix, and it was
introduced in [1]. The Schur complement plays an important role in matrix
analysis, statistics, numerical analysis, and many other areas of mathematics
and its applications.

First, we present some definitions, notations and results that will be nec-
essary in the sequel. Let Γ = (V, c) be a network ; that is, a simple and finite
connected graph where V = {1, 2, . . . , `} is the vertex set and c : V ×V −→ R+

is the conductance that defines the set of edges, E. We say that (i, j) is an
edge if c(i, j) = cij > 0. Moreover, when (i, j) /∈ E, then cij = 0, in particular

? Supported by the Spanish Research Council under project MTM2011-28800-C02-02
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cii = 0 for any i = 1, . . . , `. The (weighted) degree of vertex i is defined as

δi =
∑̀
j=1

cij . If we consider a proper subset F ⊂ V , then its boundary δ(F ) is

given by the vertices of V \F that are adjacent to at least one vertex of F . It is
easy to prove that F̄ = F ∪ δ(F ) is connected when F is. If F is a non–empty
subset of V , its characteristic function is denoted by 1F . We denote by N(i),
the set of neighbours of i ∈ V ; that is, the set of vertices adjacent to i.

Of course networks do not have boundaries by themselves, but starting
from a network we can define a network with boundary as Γ = (F̄ , cF ) where
F is a proper subset and cF = c · 1

(F̄×F̄ )\(δ(F )×δ(F ))
. From now on we will work

with networks with boundary and we suppose that the vertices are labelled
as δ(F ) = {1, . . . , n} and F = {n + 1, . . . , n + m}. Moreover, for the sake of
simplicity we denote c = cF .

Given u ∈ Rn+m, the notation u ≥ 0, respectively u > 0, means that
ui ≥ 0, respectively ui > 0, for any i = 1, . . . , n + m. Any vector σ ∈ Rn+m

such that σ > 0 and moreover
n+m∑
i=1

σ2
i = 1 is called weight on F̄ . The set of

weights is denoted by Ω(F̄ ). If σ ∈ Ω(F̄ ), σ−1 ∈ Rn+m is the vector whose
entries are σ−1

i , i = 1, . . . , n+m.
Given q ∈ Rn+m the Schrödinger type matrix on Γ with potential q is the

matrix whose entries are Lij = −cij for all i 6= j and Lii = δi + qi. Therefore,
for each vector u ∈ Rn+m and for each i = 1, . . . , n+m,

(Lu)i = (δi + qi)ui −
n+m∑

j=1

cijuj =

n+m∑

j=1

cij(ui − uj) + qiui.

Observe that q = 0 corresponds with the so–called combinatorial Laplacian
that will be denoted by L0 throughout this work. Moreover,

L =


 D −C(δ(F );F )

−C(δ(F );F )> L(F ;F )




where D is the diagonal matrix of order n whose diagonal entries are given
by δ + q on δ(F ) and C(δ(F );F ) = (cij)i∈δ(F ),j∈F . We also define here the

diagonal matrix D̃ of order n whose diagonal entries are the values of δ on δ(F ).
In general, given a matrix M and A,B sets of indexes, the matrix M(A;B)
will denote the matrix obtained from M with rows indexed by A and columns
indexed by B. Also, given a vector v and a set of indices A, the vector vA
denotes the vector obtained from v with entries indexed by A.

For any weight σ ∈ Ω(F̄ ), the so–called potential associated with σ is the

vector defined as
(
qσ
)
i

= −σ−1
i

(
L0σ

)
i
. The authors proved in [1] the following

result.



Recovering the conductances on grids 65

Corollary 1. If there exist σ ∈ Ω(F̄ ) and λ ≥ 0 such that q = qσ+λ1
δ(F )

, then
the corresponding Schrödinger type matrix is positive semi–definite. Moreover,
it is not strictly definite iff λ = 0, in which case the eigenvectors are v = aσ,
a ∈ R.

From now on, we will work with potentials given by a weight σ ∈ Ω(F̄ )
and a real value λ ≥ 0 such that q = qσ + λ1

δ(F )
; so that the corresponding

Schrödinger type matrix is positive semi–definite. Observe that in this case

(
Lσ
)
i

= 0, i = n+ 1, · · · , n+m and
(
Lσ
)
i

= λσi, i = 1, . . . , n. (1)

Let us consider the following Dirichlet problem: Given f ∈ Rm find uf ∈ Rm
satisfying

L(F ;F )uf = f (2)

The existence and uniqueness of solution for System (2) implies that matrix
L(F ;F ) is invertible and its inverse is called Green matrix for F and it is
denoted by Γ . Observe that Γ is a symmetric matrix.

The Dirichlet–to–Robin matrix, denoted by Λ, is the Schur complement of
L(F ;F ) in L; that is,

Λ = L/L(F ;F ) = D− C(δ(F );F ) · Γ · C(δ(F );F )>.

This map is the response matrix to a Schrödinger type matrix, and therefore it
can be assumed to be known, since it provides boundary reactions to boundary
actions, the type of data that we can measure.

2 Overdetermined partial boundary value problems

We define a partition of the boundary of the network Γ = (V, c): let A,B,R ⊂
δ(F ) such thatA = {1, . . . , a},R = {a+1, . . . , a+r} andB = {a+r+1, . . . , n}.
We say that b = |B| = n − a − r and clearly a = |A|, r = |R|. Note that
δ(F ) = A ∪ R ∪ B and that these three boundary sets do not intersect each
other.

Let us consider the following overdetermined partial boundary value prob-
lem: given f ∈ Rm, g ∈ Ra+r and h ∈ Ra, find u ∈ Rn+m satisfying




D̃(A;A ∪R) 0 −C(A;F )

−C(F ;A ∪R) −C(F ;B) L(F ;F )



[
u
]

=




h

f


 . (3)

with the additional condition
[

I 0 0
] [

u
]

=
[

g
]
, (4)
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where I is the identity matrix of order a + r. Note that there is a double
condition on A but there does not exist any condition on B. In [3] the authors
proved the existence and uniqueness of solution of this system for any data
f ∈ Rm, g ∈ Ra+r, h ∈ Ra if and only if |A| = |B| and Λ(A;B) is invertible.
In this case, the following result holds.

Proposition 1 ([3, Corollary 4.5]). The unique solution u ∈ Rn+m of the
overdetermined partial Dirichlet–Neumann boundary value problem (3)&(4)
is given by the equalities

uB = Λ(A;B)−1 ·
(
C(A;F ) · Γ · f − Λ(A;A ∪R) · g + h

)
,

uF = Γ ·
(

f +C(F ;B) · uB +C(F ;A ∪R) · g
)

and, clearly, uA∪R = g.

3 Recovering the conductance on grids

Our purpose is to use the results on last section in order to recover the con-
ductance on grids. First, we define this family of networks. Let us take two
integers a, ` ∈ N such that a ≤ `. We call Γ = (V, c) the grid with length `+ 2
and height a+ 2 the network given in Figure 1.

A B

R

R

Fig. 1: An example of 2 dimensional grid with a = ` = 3.

The vertices of V are labelled now as xij , where i = 0, . . . , a+ 1 is the row
and j = 0, . . . , `+ 1 is the column. We define

F = {xij ∈ V : i = 1, . . . , a, j = 1, . . . , `} ,

A = {xi0 ∈ V : i = 1, . . . , a}, B = {xi `+1 ∈ V : i = 1, . . . , a} and R = V r
(F∪A∪B). Notice that δ(F ) = A∪B∪R and F̄ = V . Moreover, |A| = |B| and
since there exists an a–connection through Γ between A and B, the matrix
Λ(A;B) is invertible; see [6] for the proof of this statement. This means that
any overdetermined partial boundary value problem has solution on a grid.
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Given an index i ∈ {0, . . . , a + 1}, we consider the partial layers of vertices
Di =

{
xij ∈ F̄ : j = i, . . . , `+ 1

}
. In particular, D0 ⊂ R.

The recovery of conductances on a 2 dimensional grid is an iterative pro-
cess, for we are not able to give explicit formulae for all the conductances at
the same time but we can give a recovery algorithm instead. Hence, we de-
scribe the algorithm in steps, each of them requiring the information obtained
in the last one.

Step 1. In this step we do not recover any conductance. However, we set
the necessary tools to obtain them in future steps. Having fixed an index
k ∈ {1, . . . , `}, we consider the overdetermined partial Dirichlet–Neumann
boundary value problem (3) & (4) with data f = 0, h = 0 and g = ex0k ,
where ex0k stands for the vector of Ra+r with entries 0 except for the entry
corresponding to x0k, which equals 1:




D̃(A;A ∪R) 0 −C(A;F )

−C(F ;A ∪R) −C(F ;B) L(F ;F )



[
u
]

=




0

0


 . (5)

with the additional condition uA∪R = ex0k .
There exists a large set of vertices of the grid Γ where the entries of u

are 0. We denote this set by Z(u) =
{
x ∈ F̄ : u(x) = 0

}
= supp(u)c ⊆ F̄ .

Clearly, A ⊆ Z(u). The size of Z(u), however, is much bigger than the size of
A.

Proposition 2. The following equality is satisfied:

Z(u) = {xij ∈ V : i = 1, . . . , a, j = 1, . . . , k + i− 1} .

Actually, the set Z(u) has a very characteristic shape. In Figure 2(a) we
show this pattern.

Now let us gather more information on u. We already know that uA =
0, uRr{x0k} = 0 and ux0k

= 1. Moreover, the values of uB are given by
uB = −Λ(A;B)−1 ·Λ(A;x0k) because of Corollary 1. This means that uδ(F ) is
known, for the Dirichlet–to–Robin map is known. In Figure 2(b) we show all
the information obtained at the end of this step.

Step 2. In this step recover the conductances of all the edges having one end
of the form x0j ∈ R.

Corollary 2. The conductances of the edges joining the vertices of D0 with
the vertices of D1 are given by

c(x0j , x1j) = σ(x0j)σ
−1(x1j)

(
Λ(x0j ;x0j)− Λ(x0j ;B) · Λ(A;B)

−1 · Λ(A;x0j)− λ
)

for all j = 1, . . . , `.
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In Figure 2(c) we show all the information obtained at the end of this step.

Step 3. Again, let us fix the index j ∈ {1, . . . , `} in this step and let us
consider the unique solution u of problem (5). Then, we know all the values
of uD1 , as the following result shows.

Lemma 1. The values of uD1 are known. They are given by

ux1j =
1

c(x0j , x1j)

(
λux0j − Λ(x0j ;x0k)− Λ(x0j ;B) · uB

)
+ σx1jσ

−1
x0j

ux0j

for all k = 1, . . . , `.

In Figure 2(d) we show all the data gathered from the 2 dimensional grid
at the end of this step.

Step 4. Here we find the conductances of all the edges with both ends in
D1. However, we state a more general result.

Proposition 3. Let i ∈ {0, . . . , a− 1}. For every k = 1, . . . , `, let us suppose
that we know the values of uDi−2 and uDi−1. Also, we suppose that the conduc-
tances of all the edges joining vertices from Di−2 and Di−1 are known. Now
fix the index k ∈ {1, . . . , `}. Then, the conductances c(xi−1 k+i−2, xi−1 k+i−1)
are also known. They are given by

c(xi−1 k+i−2, xi−1 k+i−1) = −uxi−2 k+i−2

uxi−1 k+i−1

c(xi−1 k+i−2, xi−2 k+i−2).

When i = 2, Propositions 2 and 3 show that c(x1k, x1 k+1) is known for all
k = 1, . . . , `. See Figure 2(e) in order to see all the known information at the
end of this step.

Step 5. Let us define the values ρij = c(xij , xi j−1)uxi j−1+c(xij , xi j+1)uxi j+1+
c(xij , xi−1 j)uxi−1 j and

ωij = c(xij , xi j−1)σxi j−1 + c(xij , xi j+1)σxi j+1 + c(xij , xi−1 j)σxi−1 j

In this step we give the conductances of all the edges joining the vertices from
D1 and D2. Furthermore, we state a more general result.

Proposition 4. Let i ∈ {0, . . . , a− 1}. For every k = 1, . . . , `, let us suppose
that we know the values of uDi−2 and uDi−1. Also, let us suppose that we know
the conductances of all the edges joining vertices from Di−2 and Di−1, and
the ones of the edges with both ends in Di−1. Now fix the index k ∈ {1, . . . , `}.
Then, the conductances c(xi−1 k+i−1, xi k+i−1) are also known. They are given
by

c(xi−1 k+i−1, xi k+i−1) =
ρi−1 k+i−1σxi−1 k+i−1

uxi−1 k+i−1
σxi k+i−1

− ωi−1 k+i−1

σxi k+i−1

.
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In particular, when i = 2, Propositions 2 and 4 show that c(x1 k+1, x2 k+1)
is known for all k = 1, . . . , `. See Figure 2(f) in order to see all the information
gathered at the end of this step.

Step 6. In this step we are able to obtain the unknown values of uD2 for all
k = 1, . . . , `. In fact, let us state a more general result.

Proposition 5. Let i ∈ {0, . . . , a− 1}. For every k = 1, . . . , `, let us suppose
that we know the values of uDi−2 and uDi−1. Also, let us suppose that we know
the conductances of all the edges joining vertices from Di−2 and Di−1, from
Di−1 and Di and the ones of the edges with both ends in Di−1. Now fix the
index k ∈ {1, . . . , `}. Then, the values of uDi are also known. They are given
by

uxij =
ρi−1 j

c(xi−1 j , xij)
− ωi−1 j

σxi−1 jc(xi−1 j , xij)
uxi−1 j −

σxij
σxi−1 j

uxi−1 j

for all j = k + i, . . . , `.

In particular, when i = 2, Propositions 2 and 5 show that uD2 is known
for all k = 1, . . . , `. Observe that we already knew some of the values of uD2 ,
which are those corresponding to the vertices of Z(u). Figure 2(g) shows the
information obtained until this step.

Step 7 and beyond. We keep repeating the same process to obtain more
conductances, that is, we keep applying Proposition 3 from Step 4, then Propo-
sition 4 from Step 5 and then Proposition 5 from Step 6 for each i = 3, . . . , a.
We stop when we have obtained all the conductances between, and all the
values of u corresponding to, the vertex set

⋃a
i=1Di, see Figure 2(j).

The final step left is to rotate the grid π radians (see Figure2(k)), that
is, to consider the new boundary sets A = {xi `+1 ∈ V : i = 1, . . . , a} and
B = {xi0 ∈ V : i = 1, . . . , a} instead of the previous ones, and consider the
overdetermined partial Dirichlet–Neumann boundary value problem (5) now
on these new sets. By proceeding analogously to the last steps, we obtain the
lacking conductances of all the grid, see Figure 2(l).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 2: The bold items are the ones known at the end of each step for the case
k = 1.
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Abstract. The Ascending Subgraph Decomposition (ASD) Conjecture asserts that
every graph G with

(
n+1
2

)
edges admits an edge decomposition G = H1 ⊕ · · · ⊕Hn

such that Hi has i edges and is isomorphic to a subgraph of Hi+1, i = 1, . . . , n−1. We
show that every bipartite graph G with

(
n+1
2

)
edges such that the degree sequence

d1, . . . , dk of one of the stable sets satisfies di ≥ n − i + 2, 1 ≤ i < k, admits
an ascending subgraph decomposition with star forests. We also give a necessary
condition on the degree sequence which is not far from the above sufficient one.

Key words: Graph decomposition, Ascending graph decomposition problem.

1 Introduction

A graph G with
(
n+1

2

)
edges has an Ascending Subgraph Decomposition

(ASD) if it admits an edge–decomposition G = H1 ⊕ · · · ⊕ Hn such that
Hi has i edges and is isomorphic to a subgraph of Hi+1, 1 ≤ i < n. It was
conjectured by Alavi, Boals, Chartrand, ErdHos and Oellerman [1] that every
graph of size

(
n+1

2

)
admits an ASD. The conjecture has been proved for a

number of particular cases, including forests [5], regular graphs [9], complete
multipartite graphs [8] or graphs with maximum degree ∆ ≤ n/2 [6].

In the same paper Alavi et al. [1] conjectured that every star forest of size(
n+1

2

)
in which each connected component has size at least n admits an ASD in

which every graph in the decomposition is a star. This conjecture was proved
by Ma, Zhou and Zhou [13], and the condition was later on weakened to the
effect that the second smaller component of the star forest has size at least n
by Chen, Fu , Wang and Zhou [4]. The above two results are connected to the
Sumset Partition Problem (SPP): given an integer sequence d1 ≥ · · · ≥ dk > 0
such that

∑
i di =

(
n+1

2

)
, the SPP asks for a partition {X1, . . . , Xk} of the

integer interval [1, n] such that the sum of the elements in Xi is precisely di.

? Supported by the Catalan Research Council under project 2009SGR1387 and the Spanish
Research Council under project MTM2011-28800-C02-01.)
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If the answer is positive we say that the sequence d1, . . . , dk is n–realizable.
The result of Chen et al. [4] states that every sequence with

∑
i di =

(
n+1

2

)

and dk−1 ≥ n is n–realizable.
This result can also be reformulated in terms of ASD of bipartite graphs.

Let G be a bipartite graph with bicoloration {A,B} and size
(
n+1

2

)
. Suppose

that the degree sequence d1 ≥ · · · ≥ dk of the vertices in A is n–realizable.
Then G admits a star ASD. This motivates the study of ASD for bipartite
graphs in terms of the degree sequence of one of the stable sets, which is the
purpose of this paper.

The condition dk−1 ≥ n given by Chen et al. [4] for a sequence to be
n–realizable can not be weakened in the sense that the result fails to be
true for sequences with dk−1 = dk = 1 or dk−1 = dk = 2, say. The two
examples above belong to a family of natural obstructions for a sequence to
be n–realizable. A sequence a1 ≥ · · · ≥ at is a forbidden sequence if there is
no family of pairwise disjoint subsets Y1, . . . , Yt of the integer interval [1, a1]
such that

∑
x∈Y1

= a1, . . . ,
∑

x∈Yt = at. Clearly, a sequence d1, . . . , dk which
contains a forbidden sequence can not be n–realizable. The main result in [12]
states that, for n large enough, a sequence d1 ≥ · · · ≥ dk with

∑
i di =

(
n+1

2

)

is n–realizable if and only if its subsequence of terms smaller than n does
not contain a forbidden subsequence. The full characterization of forbidden
sequences seems to be a difficult problem. In this paper we give some sufficient
conditions which ensure the existence of a star ASD of bipartite graphs in
terms of the degree sequence.

Theorem 1. Let G be a bipartite graph with
(
n+1

2

)
edges. Let d1 ≥ · · · ≥ dk

be the degree sequence of the vertices in one stable set of G. If k ≤ (n+ 1)/4
and dk ≥ 4k then G admits a star ASD. 2

Most of the results on the ASD conjecture use families of graphs for which
the isomorphic contention is easily checked, like matchings or stars. The main
contribution of the paper is to study the conjecture for bipartite graphs in
terms of the dfegree sequence of one of the stable sets by using star forests as
building blocks. Our main result is the following one.

Theorem 2. Let G be a bipartite graph with
(
n+1

2

)
edges. Let d1 ≥ d2 ≥ · · · ≥

dk be the degree sequence of one of the stable sets of G. If di ≥ n− i+ 2 then
there is a star forest ASD of G. 2

The proof of Theorem 2 is based in a reduction lemma, which uses a
deep result of Häggkvist [10] on edge–colorings, and on results on the Sumset
Partition Problem [12]. The sufficient condition in Theorem 2 is not far from
necessary.

Lemma 1. Let G be a bipartite graph with
(
n+1

2

)
edges. Let d1 ≥ d2 ≥ · · · ≥ dk

be the degree sequence of the stable set A of G. If G admits a star forest ASD
with the centers of the stars in A then
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t∑

i=1

di ≥
t∑

i=1

(n− i+ 1), t = 1, . . . , k.

2

The paper is organized as follows. We first consider star ASD in section 2,
where we recall some results derived from the Sumset Partition Problem and
prove Theorem 1. Section 3 contains a reduction lemma for the star forest
ASD of bipartite graphs and the proof of Lemma 1. The proof of Theorem 2
is contained in section 4.

2 Star ASD of bipartite graphs

A sequence d1 ≥ · · · ≥ dk of nonnegative integers with d1 + · · · + dk =
(
n+1

2

)

is n–realizable if there is a partition {X1, . . . , Xk} of [n] such that the sum of
the elements in Xi is di for each i.

Let G be a bipartite graph with stable sets A = {a1, . . . , ak} and B.
Let d1 ≥ . . . ≥ dk be the degrees of the vertices a1, . . . , ak. If the sequence
(d1, . . . , dk) is n–realizable then G clearly admits a star ASD. Known results
on the Sumset Partition Problem [4,12] imply the following results on the
ASD problem

Proposition 1. Let G(A,B) be a bipartite graph with
(
n+1

2

)
edges. If |A| ≤ 4

and n ≥ 7 then G(A,B) admits an ASD. 2

Chen et al. [4] proved that a sequence (d1 ≥ · · · ≥ dk) such that
∑

i di =(
n+1

2

)
and dk−1 ≥ n is n–realizable. The result can be rephrased in terms of

ASD of bipartite graphs as follows.

Corollary 1. Let G(A,B) be a bipartite graph with
(
n+1

2

)
edges. Let d(A) =

(d1 ≥ · · · ≥ dk) be the degree sequence of the elements in A. If dk−1 ≥ n then
G(A,B) admits a star ASDn.

Proposition 2. Let G(A,B) be a bipartite graph with
(
n+1

2

)
edges. If k ≤

(n+ 1)/4 and dk ≥ 4k then G(A,B) admits a star ASDn.

3 A reduction Lemma

Let G be a bipartite graph with stable sets A = {a1, . . . , ak} and B. Let
d = (d1 ≥ · · · ≥ dk) be the degree sequence of the vertices in A, di = d(ai), i =
1, . . . , k. We denote by G0 the bipartite graph with stable sets A and B′ =
{b1, . . . , bd1} where ai is adjacent to the vertices b1, . . . , bdi , i = 1, . . . , k, and
call G0 the compression of G. In this section we prove that, if G0 admits a
star forest decomposition then so does G. This reduces the problem of giving
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sufficient conditions on the degree sequence of one stable set to ensure the
existence of a star forest ASD to bipartite compressed graphs. For the proof
of our reduction Lemma we use the following result [10] on edge list–colorings
of bipartite multigraphs.

Theorem 3. [10, Theorem 2.5] Let H be a bipartite multigraph with stable
sets A and B. If H admits a proper edge–coloring such that each vertex a ∈ A
is incident with edges colored {1, 2, . . . , d(a)}, then H can be properly edge–
colored for an arbitrary assignment of lists {L(a) : a ∈ A} such that |L(a)| =
d(a) for each a ∈ A. 2

Lemma 2 (Reduction Lemma). Let G be a bipartite graph with bipartition
A = {a1, . . . , ak} and B and degree sequence d = (d1 ≥ · · · ≥ dk), d = d(ai),
of the vertices in A. If the compression G0 of G admits a decomposition

G0 = F ′1 ⊕ · · · ⊕ F ′t ,
where each F ′i is a star forest, then G has an edge decomposition

G = F1 ⊕ · · · ⊕ Ft
where Fi ∼= F ′i for each i = 1, . . . , t.

Proof. Let C be the (k × t) matrix whose entry cij is the number of edges
incident to ai in the star forest F ′j of the edge decomposition of G0.

Consider the bipartite multigraph H with A and U = {u1, . . . , ut} as stable
sets, where ai is joined with uj with cij parallel edges. Now, for each pair
(i, j), color the cij parallel edges of H with the neighbors of ai in the forest
F ′j bijectively. Note that in this way we get a proper edge–coloring of H:
two edges incident with a vertex ai receive different colors since the bipartite
graph G0 has no multiple edges, and two edges incident to a vertex uj receive
different colors since F ′j is a star forest.

By the definition of the bipartite graph G0, each vertex ai ∈ A is incident
in the bipartite multigraph H with edges colored 1, 2, . . . , di. Let L(ai) be the
list of neighbours of ai in the original bipartite graph G. By Theorem 3, there
is a proper edge–coloring χ′ of H in which the edges incident to vertex ai in
A receive the colors from the list L(ai) for each i = 1, . . . , k. Now construct
Fs by letting the edge aibj be in Fs whenever the edge aius is colored bj in
the latter edge–coloring of H. Thus Fs has the same number of edges than
F ′s and the degree of ai in Fs is cis, the same as in F ′s. Moreover, since the
coloring is proper, F ′s is a star forest. This concludes the proof. 2

4 Ascending Star forest decompositions

Let G = G(A,B) be a bipartite graph with
(
n+1

2

)
edges. We denote by d =

(d1 ≥ · · · ≥ dk) the degree sequence of the vertices in the stable set A of G.
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We focus on star forest ASD with the stars of the decomposition centered
at the vertices in A. We say that a degree sequence d = (d1 ≥ · · · ≥ dk) with∑

i di =
(
n+1

2

)
is good if every bipartite graph G(A,B) with A = {a1, . . . , ak}

and d(ai) = di, 1 ≤ i ≤ k, admits a star forest ASD with the centers of the
stars in A. We next give a necessary condition for a sequence to be good.

Lemma 3. If the sequence (d1 ≥ · · · ≥ dk) is good then

t∑

i=1

di ≥
t∑

i=1

(n− i+ 1) for each t = 1, . . . , k. (1)

Proof. Consider the compressed bipartite graph G = G(A,B) such that
ai ∈ A is adjacent to {bj : j = 1, . . . , di}, i = 1, . . . , k. Let

G = F1 ⊕ · · · ⊕ Fn
be a star forest ASD of G. Since Fn has n leaves in B we clearly have |B| =
d1 ≥ n. Thus (1) is satisfied for t = 1.

Suppose that (1) is satisfied for some t = j−1 < k. If dj ≥ n−j+1 then the
inequality extends to t = j. Suppose that dj ≤ n− j. Since G is compressed,
the neighborhhod of the vertices aj+1, . . . , ak is contained in the neighborhood
of aj . It follows that the forest Fn has at least (n− dj) end–vertices adjacent
only to vertices from {a1, . . . , aj}. Likewise, Fn−i has at least (n− i+ 1− dj)
end–vertices adjacent only to vertices from {a1, . . . , at}, i = 1, . . . , t. Hence,

j∑

i=1

di ≥ jdj + (n− dj) + (n− 1− dj) + · · ·+ (n− t+ 1− dj)

= n+ (n− 1) + · · ·+ (n− j + 1),

and (1) is satisfied for t = j. This concludes the proof. 2

We next obtain a close sufficient condition for a sequence to be good. We
first introduce some definitions.

Given two k–dimensional vectors c = (c1, . . . , ck) and c′ = (c′1, . . . , c
′
k), we

say that c � c′ if there is a permutation σ ∈ Sym(k) such that ci ≤ c′σ(i) for
i = 1, 2, . . . , k. In other words, after reordering the components of each vector
in nonincreasing order, the i–th component of c is not larger than the i–th
component of c′. This definition is motivated by the following remark.

Remark 1. Let F, F ′ be two forests of stars with centers x1, . . . , xk and
x′1, . . . , x

′
k respectively. Then F is isomorphic to a subgraph of F ′ if and only

if (dF (x1), . . . , dF (xk)) � (dF ′(x
′
1), . . . , dF ′(x

′
k)). 2

Given a sequence d = (d1 ≥ · · · ≥ dk) of positive integers with
∑

i di =(
n+1

2

)
, we say that a (k × n) matrix C with nonnegative integer entries is

d–ascending if it satisfies the following three properties:
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(A1)
∑

j cij = di, i = 1, . . . , k,
(A2)

∑
i cij = n− j + 1, j = 1, . . . , n,

(A3) cj � cj+1, j = 1, . . . , n− 1, where cj denotes the j–th column of C.
Next Lemma gives a sufficient condition for a degree sequence to be good

assuming the existence of an appropriate ascending matrix.

Lemma 4. Let d = (d1 ≥ · · · ≥ dk) be a sequence of positive integers with∑
i di =

(
n+1

2

)
. Suppose that there is a d–ascending matrix C such that cij ≥ 1

for each pair (i, j) with i+ j ≤ k + 1. If

di ≥ n− i+ 1, i = 1, . . . , k − 1,

then d is good.

Proof. By the reduction Lemma it suffices to show that the compressed
graph G with degree sequence d admits a star forest decomposition.

Let H be the bipartite multigraph with stable sets A = {a1, . . . , ak} and
U = {u1, . . . , un} and with cij parallel edges joining ai ∈ A with uj ∈ U . We
next show that H can be properly edge–colored in such a way that the edges
incident to ai receive colors from the set {1, . . . , di}, i = 1, . . . , k.

For each s = 1, . . . , k denote by Ms the matching in H formed by the s
edges

a1us, a2us−1, . . . , asu1.

Such matchings exist by the condition cij ≥ 1 for each pair (i, j) with i+ j ≤
k + 1. We color the edges of the matching Ms with k − s+ 1. In this way the
vertex ai is incident in M1 ⊕ · · · ⊕Mk with edges colored {1, . . . , k − i+ 1}.

Let H ′ denote the bipartite multigraph obtained from H by removing the
edges in M1⊕· · ·⊕Mk. Let d′A = (d′1 ≥ · · · ≥ d′k) be the degree sequence of A
in H ′. Since di ≥ n− i+ 1, we have d′i = di− (k− i+ 1) ≥ n− k, i = 1, . . . , k.
On the other hand, each vertex ui has degree n − i + 1 in H and, for i ≤ k,
it is incident to the matchings M1, . . . ,Mk+1−i. Hence, every vertex in U has
degree at most n− k in H ′.

Let ∆′(A) be the maximum degree in H ′ of the vertices in A. If ∆′(A) >
n−k then there is a matching M ′1 in H ′ from the vertices of maximum degree
in A to U . Color the edges of this matching with ∆′(A). By removing this
matching from H ′ we obtain a bipartite multigraph in which the maximum
degree of vertices in A is ∆′(A) − 1. By iterating this process we reach a
bipartite multigraph H ′′ with ∆′′(A) = n − k, while the maximum degree
of the vertices in U still satisfies ∆′′(U) ≤ n − k. By König’s theorem, the
edge–chromatic number of H ′′ is n − k. Hence H ′ can be properly edge–
colored in such a way that vertex ai is incident in H ′ with colors {1, . . . , d′i =
di− (k− i+ 1)}. By Theorem ??, there is also a proper edge–coloring of H ′ in
which each vertex ai is incident with edges colored {k− i+1, k− i+2, . . . , di}.
By combining this coloring with the one of M1 ⊕ · · · ⊕Mk defined above we
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get a proper edge–coloring of the original bipartite multigraph H in which the
vertex ai is incident with edges colored {1, . . . , di} for each i = 1, . . . , k.

We use this coloring to obtain a star forest decomposition

G = F1 ⊕ · · · ⊕ Fn,

of the compressed bipartite graph with stable sets A and B = {b1, . . . , bd1}
by letting Fs consist of the edges aibj such that aius is colored bj in the edge-
colored multigraph H. Thus Fs has degree sequence dA(Fs) = (cs1, . . . , csk).
By the column sum property of the matrix C, the star forest Fs has

∑
i cis =

n− s+ 1 edges and, by the ascending column property, it is isomorphic to a
subgraph of Fs−1. This completes the proof. 2

We are now ready to prove our main result.
Proof. Consider the matrix C ′ whose first row vector is (n−k+1, . . . , n−k+
1, n−k, n−k−1, . . . 3, 2, 1) and, for j > 1 the i-th row of C ′ has k− i+1 ones
followed by zeros. The sum of the entries of the j–th column of C ′ is n− i+ 1.
Thus C ′ is an ascending matrix for the degree sequence d′1 =

(
n−k

2

)
+(n−k+1)k

and d′i = k − i+ 1 for i = 2, . . . , k.
Hence,

di − d′i ≥ n− i+ 2− (k − i+ 1) = n− k + 1, i = 2, . . . , k.

Consider the sequence (d2−d′2, . . . , dk−d′k, α) where α is such that
∑k

i=2(di−
d′i) + α =

(
n−k+1

2

)
. Since all but perhaps one elements of the sequence are

larger than n− k + 1, the sequence is (n− k + 1)–realizable. Thus there is a
partition {X2, . . . , Xk, Xk+1} of the interval [1, n−k+1] with Σ(Xi) = di−d′i,
i = 2, . . . , k.

By permuting the corresponding entries from the first column to the i–th
we get an ascending matrix which has row sum dA. 2

The next Figure illustrates an example.

C =




5 5 5 5 4 3 2 1

1 1 1 0 0 0 0 0

1 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0




C =




5 5 5 0 0 0 0 1

1 1 1 5 0 0 0 0

1 1 0 0 0 3 2 0

1 0 0 0 4 0 0 0




Fig. 1: An example with n = 8 and the sequence dA = (16, 8, 7, 5).
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Abstract. Let G be a connected graph. An edge e of G is subverted if the set of
adjacent edges to e is deleted from G, together with the two ends of e. An edge set S
is subverted in a graph G, and it is denoted by G	S, if every edge in S is subverted.
An edge cut strategy is a set of edges S such that G 	 S is either disconnected, or
empty, or trivial (a graph is trivial if it contains only one vertex). The edge neighbor
connectivity of G is the cardinality of a minimum edge cut strategy, denoted by
λNB(G). It is easy to check that λNB(G) ≤ δ(G), being δ(G) the minimum degree of
G. We prove that the previous inequality is, in fact, an equality for every connected
graph of girth g ≥ 5 and diameter at most g − 3.

Key words: Connectivity, edge neighbor connectivity, diameter, girth.

1 Introduction

Throughout this paper, all the graphs are simple, that is, without loops and
multiple edges. Notations and terminology not explicitly given here can be
found in the book by Chartrand and Lesniak [4].

Let G be a graph with vertex set V = V (G) and edge set E = E(G).
The cardinalities of these sets are denoted by |V (G)| and |E(G)|. For any
subset W of vertices of G, the induced subgraph by W in G, denoted by
G[W ], has vertex set W and edge set formed by all the edges of G with the
two ends in W . A subset W of vertices of G is called an independent set if
G[W ] has no edges. The maximal size of an independent subset of vertices of
G is called the independence number of G and it is denoted by β(G). Let u
and v be two distinct vertices of G. A path from u to v, also called an uv-
path in G, is a subgraph P with vertex set V (P ) = {u = x0, x1, . . . , xr = v}
? This research was supported by the Ministry of Education and Science, Spain, and the

European Regional Development Fund (ERDF) under project MTM2011-28800-C02-02.
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and edge set E(P ) = {x0x1, . . . , xr−1xr}. This path is usually denoted by
P : x0x1 · · ·xr and r is the length of P . A cycle in G of length r is a path
C : x0x1 · · ·xr such that x0 = xr. The girth of G, denoted by g(G), is the
length of a shortest cycle in G, if any. Otherwise, we set g(G) =∞. The set of
adjacent vertices to v ∈ V (G) is denoted by NG(v) and it is called the (open)
neighborhood, whereas the closed neighborhood, denoted by NG[v], is the set
NG(v) ∪ {v}. For any subset W ⊆ V (G), NG(W ) =

(⋃
v∈W NG(v)

)
\W and

NG[W ] = W ∪ ⋃v∈W NG(v). The degree of v is dG(v) = |NG(v)|, whereas
δ(G) = min{dG(v) : v ∈ V (G)} and ∆(G) = max{dG(v) : v ∈ V (G)} stand
for the minimum degree and the maximum degree of G, respectively.

A graph is said to be connected if for every pair of vertices there is a path
connecting them. The distance between two vertices u, v in G, dG(u, v), is the
length of a shortest uv-path. The diameter of G, written as D = D(G), is
the maximum among all the distances between pairs of vertices of G. Observe
that D(G) is finite whenever G is connected. A cut set of a connected graph
G is a set X of vertices such that G − X is not connected or is an isolated
vertex. Each connected subgraph of G −X is called a component of G −X.
The (vertex)-connectivity of G, denoted κ(G), is the minimum cardinality of
a cut set, and it is widely known that κ(G) ≤ δ(G).

If we think of a graph as a model of a network, vulnerability parameters [1]
measure the resistance of the network to disruption of operations after the
failure of certain stations or communication links. There are different param-
eters to analyze the efficiency of a network, as connectivity [8], toughness [2],
binding number [9], integrity [3] and tenacity [5]. In a Spy Network, vertices
correspond to stations or operatives, and edges represent lines of communi-
cation. If a station or an operative is captured, the adjacent stations will be
betrayed and are therefore useless in the whole network. Therefore, instead of
removing only vertices from a graph, the analysis is focused in the resulting
structure by removing a set of vertices or edges and all of their adjacent ones.
The search of nodes and/or edges whose failure could cause a collapse of the
system is very important in network design, whether the goal is to break the
network as if the aim is to maintain its efficiency. The previous case of spy
network is an example where the objective is to cause maximum damage to
the network, while in the case of transport logistics network the aim is just
to analyze what sites are most critical in the efficiency of the network.

Gunter and Hartnell [7] introduced the concept of neighbor connectivity
of a graph, in which a vertex is said to be subverted when the complete
closed neighborhood of the vertex is removed from the graph. The concept
was extended to an edge version by Cozzens and Wu [6]. Given an edge
e = uv ∈ E(G), the open neighborhood of e is the set ωG(e) = {e′ ∈
E(G) : e′ is adjacent with e in G} and the closed neighborhood is the set
ωG[e] = ωG(e) ∪ {e}. For a set of edges S, ωG(S) = {e′ ∈ E(G) \ S :
e′ is adjacent with some edge of S in G} and ωG[S] = ωG(S) ∪ S. A set of
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edges S is said to be subverted if the edges of S together with its end vertices
are deleted from the graph. We denote the subversion of an edge-set S in
the graph G by G 	 S. Let us observe that G 	 S = G[V (G) \ V (G[S])] =
G− V (G[S]).

An edge cut strategy is a set of edges of G such that G	S is either empty, or
the trivial graph K1, or a disconnected graph. The edge neighbor connectivity
of a graph is the cardinality of an edge cut strategy of minimum cardinality,
and it is denoted by λNB(G).

In [6] Cozzens and Wu obtained some bounds for the edge neighbor con-
nectivity and they gave some classes of graph achieving these bounds. They
determined λNB for complete bipartite and Harary graphs. In [10] Zhao et
al. approached the study of the edge neighbor connectivity of the Cartesian
product graph G × K2, being G a regular graph. Moreover, they proved a
more general result for some bijective connection graphs.

Observe that given a vertex v ∈ V (G) of degree dG(v) = δ(G), the set
S = ωG (NG(v)) \ ωG(v) is an edge cut strategy, since v is isolated when
X = V (G[S]) is removed from G. Furthermore, NG(v) ⊆ X, yielding that
λNB ≤ |S| ≤ |NG(v)| = dG(v) = δ(G). Thus, λNB(G) ≤ δ(G) clearly holds
for every connected graph G.

In this work we give a sufficient condition for a connected graph G to have
λNB(G) = δ(G). Namely, we prove that equality holds if D(G) ≤ g(G)− 3.

2 Main result

Since every edge has exactly two ends, we see that |V (G[S])| ≤ 2|S| holds
for every edge set S. Moreover, denoting by X = V (G[S]), we also have
|S| ≥ β(G[X]).

In order to prove the main result, for a given edge cut strategy S in a
connected graph G, we previously relate the maximum distance from a vertex
of G	 S to S, to the independence number of G[X], being X = V (G[S]).

Lemma 1. Let G be a connected graph with girth g ≥ 6 and minimum degree
δ. Let S be an edge cut strategy of G and let X be the set of vertices of G[S].
If max{d(v,X) : v ∈ V (C)} ≤ b(g − 4)/2c for some component C of G 	 S,
then β(G[X]) ≥ δ.

The second technical lemma relates the structure of a component C of
G 	 S whose maximum distance to S is (g(G) − 3)/2, to the independence
number of G[X], being X = V (G[S]).

Lemma 2. Let G be a connected graph with odd girth g ≥ 5 and minimum
degree δ. Let S be an edge cut strategy of G and let X be the set of vertices
of G[S]. Denote by µ(C) = max{d(v,X) : v ∈ V (C)} and by F(C) = {v ∈
V (C) : d(v,X) = µ(C)}, for every component C of G 	 S. If there exists a
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component C of G 	 S such that µ(C) = (g − 3)/2, then β(G[X]) ≥ δ or
G[F(C)] contains a path of length at least 2.

As a consequence of Lemma 1 and Lemma 2 we give a sufficient condition
for a connected graph G to have λNB(G) = δ(G).

Theorem 1. Let G be a connected graph of girth g ≥ 5 and minimum degree
δ. Then λNB(G) = δ if D(G) ≤ g − 3.

An interesting open question is to prove if Theorem 1 is best possible in
the sense that the hypothesis on the diameter-girth cannot be relaxed. At
this moment, we have no answer to this question. It is easy to find graphs
G with girth g ≥ 5 and diameter D(G) = g − 1 such that λNB(G) < δ(G).
For instance, the graph G formed by two hexagons which share an edge has
minimum degree 2, girth 6 and diameter 5 (that is, D(G) = g(G)−1). Clearly,
the set S formed by the common edge of both hexagons is an edge cut strategy,
which means that λNB(G) = 1 < 2 = δ(G). However, at this moment, we have
not found a graph with girth g at least 5 and diameter D = g − 2 such that
λNB < δ.
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Abstract. A vertex v ∈ V (G) is said to distinguish two vertices x, y ∈ V (G) of a
nontrivial connected graph G if the distance from v to x is different from the distance
from v to y. A set S ⊂ V (G) is a local metric generator for G if every two adjacent
vertices of G are distinguished by some vertex of S. A local metric generator with the
minimum cardinality is called a local metric basis for G and its cardinality, the local
metric dimension of G. In this paper we study the problem of finding exact values
for the local metric dimension of corona product of graphs.

Key words: Metric generator; metric dimension; local metric set; local metric di-

mension, corona product graph.

1 Introduction

A generator of a metric space is a set S of points in the space with the
property that every point of the space is uniquely determined by the distances
from the elements of S. Given a simple and connected graph G = (V,E), we
consider the function dG : V × V → R+, where dG(x, y) is the length of a
shortest path between u and v. Clearly, (V, dG) is a metric space, i.e., dG
satisfies dG(x, x) = 0 for all x ∈ V , dG(x, y) = dG(y, x) for all x, y ∈ V and
dG(x, y) ≤ dG(x, z) + dG(z, y) for all x, y, z ∈ V . A vertex v ∈ V is said to
distinguish two vertices x and y if dG(v, x) 6= dG(v, y). A set S ⊂ V is said
to be a metric generator for G if any pair of vertices of G is distinguished
by some element of S. A metric generator with the minimum cardinality is
called a metric basis, and its cardinality the metric dimension of G, denoted
by dim(G).

Motivated by the problem of uniquely determining the location of an in-
truder in a network, the concept of metric dimension of a graph was introduced
by Slater in [8], where the metric generators were called locating sets. The con-
cept of metric dimension of a graph was also introduced by Harary and Melter
in [3], where metric generators were called resolving sets. Applications of this
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invariant to the navigation of robots in networks are discussed in [7] and appli-
cations to chemistry in [5,6]. Several variations of metric generators including
resolving dominating sets [1], independent resolving sets [3], local metric sets
[7], strong resolving sets [8], etc. have since been introduced and studied.

In this article we are interested in the study of local metric generators, also
called local metric sets [7]. A set S of vertices in a connected graph G is a local
metric generator for G if every two adjacent vertices of G are distinguished by
some vertex of S. A local metric generator with the minimum cardinality is
called a local metric basis for G and its cardinality, the local metric dimension
of G, is denoted by diml(G).

In this paper we study the local metric dimension of corona product graphs.
We begin by giving some basic concepts and notations. For two adjacent ver-
tices u and v of G = (V,E) we use the notation u ∼ v and for two isomorphic
graphs G and G′ we use G ∼= G′. For a vertex v of G, NG(v) denotes the
set of neighbors that v has in G, i.e., NG(v) = {u ∈ V : u ∼ v}. The set
NG(v) is called the open neighborhood of v in G and NG[v] = NG(v) ∪ {v} is
called the closed neighborhood of v in G. The degree of a vertex v of G will
be denoted by δG(v), i.e., δG(v) = |NG(v)|. Given a set S ⊂ V , we denote
by 〈S〉G the subgraph of G induced by S and by NG(S) = ∪v∈SNG(v) the
open neighborhood of S. In particular, if S = {x} we will use the notation 〈x〉
instead of 〈{x}〉.

We will use the notation Kn, Kr,s, Cn, Nn and Pn for complete graphs,
complete bipartite graphs, cycle graphs, empty graphs and path graphs, re-
spectively.

Let G and H be two graphs of order n and n1, respectively. The corona
product G�H is defined as the graph obtained from G and H by taking one
copy of G and n copies of H and joining by an edge each vertex from the ith-
copy of H with the ith-vertex of G, [4]. We will denote by V = {v1, v2, ..., vn}
the set of vertices of G and by Hi = (Vi, Ei) the copy of H such that vi ∼ x
for every x ∈ Vi.

The join G + H is defined as the graph obtained from disjoint graphs G
and H by taking one copy of G and one copy of H and joining by an edge
each vertex of G with each vertex of H. Notice that the corona graph K1�H
is isomorphic to the join graph K1 + H. For instance, the graph K1 + Ct is
a wheel graph, K1 + Kr

∼= Kr+1 and K1 + Nt is isomorphic to a star graph
whose central vertex is the vertex of K1 and whose t leaves are the vertices of
the empty graph Nt. From now on, the vertex of K1 will be denoted by v.

The metric dimension of and related parameters have been recently studied
for the case of corona graphs. For instance, the metric dimension was studied
in [6] and [9], the strong metric dimension was studied in [5] and the partition
dimension was studied in [12]. In this article we study the local metric dimen-
sion. The article is organized as follows: In section 2 we give closed formulae
for diml(G �H) in terms of diml(G) and diml(K1 �H). Then, we establish
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lower and upper bounds for diml(G�H) by using the orders of G and H, and
we characterize all graphs when the bounds are attained. Finally, in Section 3
we investigate the value of diml(G�H) when H is a bipartite graph of radius
three, and in particular, we compute diml(G� T ) when T is a tree.

2 General results

To begin with, we consider some straightforward cases. If H is an empty
graph, then K1 �H is a star graph and diml(K1 �H) = 1. Moreover, if H is
a complete graph of order n, then K1 �H is a complete graph of order n+ 1
and diml(K1 �H) = n.

Theorem 1. Let G be a connected nontrivial graph. For any empty graph H,

diml(G�H) = diml(G).

We present now the main result on the local metric dimension of corona
graphs G�H for the case where H is a non-empty graph.

Theorem 2. Let H be a non-empty graph. The following assertions hold.

(i) If the vertex of K1 does not belong to any local metric basis for K1 +H,
then for any connected graph G of order n,

diml(G�H) = n · diml(K1 +H).

(ii) If the vertex of K1 belongs to a local metric basis for K1 + H, then for
any connected graph G of order n ≥ 2,

diml(G�H) = n(diml(K1 +H)− 1).

As a direct consequence of Theorem 2 we obtain the following results.

Corollary 1. The following assertions hold for any connected graph G of or-
der n ≥ 2.

(i) For any integer t ≥ 2, diml(G�Kt) = n(t− 1).
(ii) For any positive integers r and s, diml(G�Kr,s) = n.

(iii) Let t ≥ 4 be an integer. If t ≡ 1(4), then diml(G � Pt) = n
⌊
t
4

⌋
and if

t 6≡ 1(4), then diml(G� Pt) = n
⌈
t
4

⌉
.

(iv) For any integer t ≥ 4, diml(G� Ct) = n
⌈
t
4

⌉
.

Corollary 2. For any connected graph H and any connected graph G of order
n ≥ 2, diml(G�H) ≥ n · diml(H).

Now we will give some results involving the diameter D(H) or the radius
r(H) of H.
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Corollary 3. For any graph H of diameter two and any connected graph G
of order n ≥ 2, diml(G�H) = n · diml(H).

Lemma 1. Let H be a graph of radius r(H). If r(H) ≥ 4 then the vertex of
K1 does not belong to any local metric basis for K1 +H.

The converse of Lemma 1 is not true. In Figure 1 we show a graph H of
radius three where the vertex of K1 does not belong to any local metric basis
for K1 +H.

Fig. 1: A graph H and the join graph K1 + H. White vertices form a local
metric basis for K1 +H.

Theorem 3. For any connected graph G of order n and any graph H of radius
r(H) ≥ 4, diml(G�H) = n · diml(K1 +H).

Another consequence of Theorem 2 is the following result.

Corollary 4. For any non-empty graph H of order n′ and any connected
graph G of order n ≥ 2, n ≤ diml(G�H) ≤ n(n′ − 1).

Theorem 4. Let H be a graph of order n′ and let G be a connected graph
of order n ≥ 2. Then diml(G � H) = n(n′ − 1) if and only if H ∼= Kn′ or
H ∼= K1 ∪Kn′−1.

The radius r(G) of a graph G is the minimum eccentricity of any vertex
of G. The center of G, denoted by C(G), is the set of vertices of G with
eccentricity equal to r(G).

Theorem 5. Let H be a non-empty graph and let G be a connected graph of
order n ≥ 2. Then diml(G � H) = n if and only if H is a bipartite graph
having only one non-trivial connected component H∗ and r(H∗) ≤ 2.

3 The value of diml(G�H) when H is a bipartite graph of
radius three

Theorems 3 and 5 and bipartite graphs of radius three. To do that, we need
the following additional notation. For any a ∈ V (H), we denote

N
(i)
H (a) = {w ∈ V (H) : dH(w, a) = i}.
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We also define N
(i)
H [a] = N

(i)
H (a) ∪ {a}. Note that N

(1)
H (a) = NH(a) and

N
(1)
H [a] = NH [a]. Given two sets A,B ⊂ V (H) we say that A dominates B

if every vertex in B − A is adjacent to some vertex belonging to A. From
now on we will use the notation A � B to indicate that A dominates B. For
every x ∈ C(H), let β(x) = min

{
|A| : A ⊆ NH(x) and A � N (2)

H (x)
}

and let

δ′(H) = minx∈C(H) {β(x)} .
Lemma 2. For any bipartite graph H of radius three, diml(K1+H) ≤ δ′(H)+
1. Moreover, diml(K1 +H) = δ′(H)+1 if and only if the vertex of K1 belongs
to a local metric basis for K1 +H.

Theorem 6. Let H be a bipartite graph of radius three and let G be a con-
nected graph of order n ≥ 2. Then diml(G�H) ≤ n · δ′(H).

Now we show that the above bound is attained for a subfamily of bipartite
graphs of diameter three that does not contain a square (a subgraph isomor-
phic to K2,2). In such a case, the girth of H must be six and H = (U1∪U2, E)
satisfies the following property:

� For any i ∈ {1, 2} and any two distinct vertices a, b ∈ Ui, |NH(a)∩NH(b)| =
1.

Therefore, H is the incidence graph of a finite projective plane. So, we have
two possibilities (see, for instance, [1]):

(P1) H = (U1∪U2, E) is the incidence graph of a degenerate projective plane.
In this case |U1| = |U2| = t, t ≥ 3, and H is a pseudo sphere graph St
(also called near pencil) defined as follows: we consider t−1 path graphs
of order 4 and we identify one extreme of each one of the t − 1 path
graphs in one pole a and all the other extreme vertices of the paths in a
pole b. In particular, S3 is the cycle graph C6.

(P2) H = (U1 ∪ U2, E) is the incidence graph of a non-degenerate projective
plane of order q. In this case H is a regular graph of degree δH = q + 1
and |U1| = |U2| = q2 + q + 1. Note that |U1| = |U2| = δ2

H − δH + 1.

In the case (P1) the set B = {a, b} composed by both poles of the pseudo
sphere is a dominating set of St. Thus, B is a local metric basis for 〈v〉+Sr and
NSt(a) ∩NSt(b) = ∅. Also, there are no local metric generators composed by
two vertices at distance two, so the vertex v does not belong to any local metric
basis for 〈v〉 + St and, by Theorem 2 (i), we obtain that for any connected
graph G of order n ≥ 2, diml(G� St) = 2n.

The rest of this section covers the study of case (P2), i.e., the case where
H is the incidence graph of a non-degenerate projective plane.

Lemma 3. For any bipartite graph H 6∼= St of diameter three and girth six,
δ′(H) = δH .
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Lemma 4. Let H 6∼= St be a bipartite graph of diameter three and girth six.
Then the vertex of K1 belongs to any local metric basis for K1 +H.

Theorem 7. Let H 6∼= St be a bipartite graph of diameter three and girth six.
Then for any connected graph G of order n ≥ 2, diml(G�H) = n · δH .

Let π = (P,L) be a finite non-degenerate projective plane of order q, where
P is the set of points and L is the set of lines. Given two sets P ′ ⊂ P and
L′ ⊂ L, we say that P ′ ∪ L′ satisfies the property G, if for any point p0 and
any line l0 such that p0 ∈ l0 we have

• there exists p ∈ P ′ such that p ∈ l0, or
• there exists l ∈ L′ such that po ∈ l.

We define Υ (π) = min{|P ′∪L′| such that P ′∪L′ satisfies the property G}.
We have that if H is the incidence graph of π, then a set P ′∪L′ satisfies the

property G if and only if P ′ ∪L′ ∪ {v} is a local metric generator for 〈v〉+H.
Therefore, according to Lemmas 2, 3 and 4 we conclude Υ (π) = δH = q. Note
that if P ′ ∪ L′ satisfies the property G and its cardinality is the minimum
among all the sets satisfying this property, then either P ′ = ∅ and L′ is the
set of lines incident to one point or L′ = ∅ and P ′ is the set composed by all
the points laying on one line.

As a direct consequence of Theorems 2 and 5 we derive the following result.

Remark 1. For any connected graph H of radius r(H) ≥ 3 and any connected
graph G of order n ≥ 2, diml(G�H) ≥ 2n.

Lemma 5. If H is a graph of radius three and diml(K1 + H) = 2, then the
vertex of K1 does not belong to any local metric basis for K1 +H.

Theorem 8. Let H = (U1, U2, E) be a bipartite graph of radius three and let
G be a connected graph of order n. Then diml(G � H) = 2n if and only if
diml(K1 + H) = 2 or for some i ∈ {1, 2}, there exist a, b ∈ Ui such that
NH(a) ∪NH(b) = Uj, where j ∈ {1, 2} − {i}.

Consider the following decision problem. The input is an arbitrary bipar-
tite graph H = (U1 ∪U2, E) of radius three. The problem consists in deciding
whether H satisfies diml(K1 + H) = 2, or not. According to the next re-
mark we deduce that the time complexity of this decision problem is at most
O(|U1|2|U2|2).

Remark 2. Let H = (U1, U2, E) be a bipartite graph of radius three. Consider
the following statements:

(i) For some i ∈ {1, 2}, there exist a, b ∈ Ui such that {NH(a), NH(b)} is a
partition of Uj , where j ∈ {1, 2} − {i}.

(ii) There exist two vertices a ∈ U1 and b ∈ U2 such that for every edge
xy ∈ E, where x ∈ U1 and y ∈ U2, it follows y ∈ NH(a) or x ∈ NH(b).
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Then diml(K1 +H) = 2 if and only if (i) or (ii) holds.

Note that if H = (U1 ∪ U2, E) is a bipartite graph of diameter D(H) = 3,
then for any i ∈ {1, 2} and x, y ∈ Ui we have NH(x) ∩NH(y) 6= ∅. Hence, we
deduce the following consequence of Remark 2.

Corollary 5. Let H be a bipartite graph where D(H) = r(H) = 3. If B =
{a, b} is a local metric basis for K1 +H, the a and b belong to different color
classes.

Corollary 6. Let H = (U1, U2, E) be a bipartite graph of radius three. If
for some i ∈ {1, 2}, there exist a ∈ Ui such that δH(a) = |Uj | − 1, where
j ∈ {1, 2} − {i}, then diml(K1 +H) = 2.

3.1 Closed formulae for diml(G�H) when H is a tree of radius
three

Let T be a tree of radius three. For the particular case when C(T ) = {u}
we consider the forest Fu = ∪w∈NT (u)Tw composed of all the rooted trees
Tw = (Vw, Ew), of root w ∈ NT (u), obtained by removing the central vertex
u from T . The height of Tw is hw = maxx∈V (Tw){d(w, x)}. We denote by ς(T )
the number of trees in Fu with hw equal to two, i.e., ς(T ) = |S(T )|, where

S(T ) = {w ∈ NT (u) : hw = 2}.

Note that if hw 6= 1, for every w ∈ NT (u), then ς(T ) = δ′(T ). So, as the
following result shows, the bound diml(G� T ) ≤ n · δ′(T ) is tight.

Theorem 9. Let T be a tree of radius three and center C(T ). The following
assertion hold for any connected graph G of order n ≥ 2.

(i) If |C(T )| = 2, then diml(G� T ) = 2n
(ii) If C(T ) = {u}, then

diml(G�T ) =

{
n · (ς(T ) + 1), if there exists w ∈ NT (u) such that hw = 1,

n · ς(T ), otherwhise.
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[10] D. Kuziak, I. G. Yero and J. A. Rodŕıguez-Velázquez, On the strong metric di-
mension of corona product graphs and join graphs, Discrete Applied Mathematics
161 (2013) 1022–1027.

[11] F. Okamoto, B. Phinezy, P. Zhang, The local metric dimension of a graph, Math-
ematica Bohemica 135 (3) (2010) 239–255.
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Abstract. Permutation decoding is a technique which involves finding a subset S,
called PD-set, of the permutation automorphism group PAut(C) of a code C in
order to assist in decoding. A method to obtain s-PD-sets of size s + 1 for partial
permutation decoding for the binary linear Hadamard codes Hm of length 2m, for all

m ≥ 4 and 1 < s ≤
⌊
2m−m−1

1+m

⌋
, is described. Moreover, a recursive construction to

obtain s-PD-sets of size s+ 1 for Hm+1 of length 2m+1, from a given s-PD-set of the
same size for the Hadamard code of half length Hm is also established.

Key words: Permutation decoding, Hadamard codes, automorphism groups.

1 Introduction

Let Fn2 be the set of all binary vectors of length n. The Hamming weight wt(v)
of a vector v ∈ Fn2 is the number of nonzero coordinates in v. The Hamming
distance d(u, v) between two vectors u, v ∈ Fn2 is the number of coordinates
in which u and v differ, that is, d(u, v) = wt(u + v). Let 0 and 1 denote the
all-zero and all-one vectors, respectively.

A binary code C of length n is a subset of Fn2 . The vectors of a code C are
called codewords and the minimum (Hamming) distance, denoted by d, is the
smallest distance between any pair of different codewords in C. We said that
a code C is a t-error-correcting code if it corrects all error vectors of weight
at most t and does not correct at least one error vector of weight t + 1, so
t =

⌊
d−1

2

⌋
[7]. A binary code C is linear if it is a k-dimensional subspace of

Fn2 . A generator matrix for a linear code C of length n and dimension k is any
k × n matrix G whose rows forms a basis of C.

Let C be a binary code of length n. For a vector v ∈ Fn2 and a set I ⊆
{1, . . . , n}, we denote by vI the restriction of the vector v to the coordinates
in I and by CI the set {vI | v ∈ C}. For example, if I = {1, . . . , k} and

? This work has been partially supported by the Spanish MICINN under Grants TIN2010-
17358 and TIN2013-40524-P, and by the Catalan AGAUR under Grant 2014SGR-691.
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v = (v1, . . . , vn), then vI = (v1, . . . , vk). Suppose that C has size |C| = 2k.
A set I ⊆ {1, . . . , n} of k coordinate positions is an information set for C if
|CI | = 2k. For each information set I ⊆ {1, . . . n} of k coordinates positions,
the set {1, . . . , n}\I of the remaining n− k coordinate positions is a check set
for C. If C is linear, we can label the ith coordinate position by the ith column
of a generator matrix of C, so we will consider any information set (or check
set) not only as a set of coordinate positions, but also as the set of vectors
representing these positions.

Let Sym(n) be the symmetric group of permutations on the set {1, . . . , n}
acting on Fn2 by permuting the coordinates of each vector. More specifically,
for every vector v = (v1, . . . , vn) ∈ Fn2 and permutation σ ∈ Sym(n), we
define σ(v1, . . . , vn) = (vσ−1(1), . . . , vσ−1(n)). Then, for any binary code C,
we denote by PAut(C) the permutation automorphism group of C, that is,
PAut(C) = {σ ∈ Sym(n) | σ(C) = C}.

Permutation decoding is a technique, introduced in [7] by MacWilliams,
which involves finding a subset S of the permutation automorphism group
PAut(C) of a code C in order to assist in decoding. The method works as
follows: Given a t-error-correcting linear code C ⊆ Fn2 with fixed information
set I, we denote by y = x + e the received vector, where x ∈ C and e is
the error vector. Suppose that at most t errors occur, that is, wt(e) ≤ t. The
aim of permutation decoding is to move all errors in a received vector out the
information positions, that is, move the nonzero coordinates of e out of I, by
using an automorphism of the code. This technique is strongly based on the
existence of some special subsets S ⊆ PAut(C), called PD-sets.

Let C be a t-error-correcting linear code with information set I. A subset
S ⊆ PAut(C) is a PD-set for the code C if every t-set of coordinate positions
is moved out of the information set I by at least one element of the set S.
Equivalently, a subset S ⊆ PAut(C) is an s-PD-set if every s-set of coordinate
positions is moved out of the information set I by at least one element of S,
where 1 ≤ s ≤ t.

Let Sm be the binary simplex code of length 2m − 1, dimension m and
minimum distance 2m−1 with generator matrix GSm containing as column
vectors the 2m − 1 nonzero vectors from Fm2 , with the basis elements eTi ,
i ∈ {1, . . . ,m}, in the first m positions. We take the set of standard basis
elements of Fm2 to be the information set Im of this code, that is, Im =
{e1, . . . , em} = {(1, 0, . . . , 0), . . . , (0, . . . , 0, 1)}. Let Hm be the binary linear
Hadamard code of length 2m, that is, the extended code of the simplex code
Sm with generator matrix GHm constructed from GSm by adding an all-one
row vector and an all-zero column vector as follows:

GHm =

(
1 1

0 GSm

)
. (1)
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Now we consider as information set for Hm the set Im = {w1, . . . , wm+1} =
{(1, 0, . . . , 0), (1, 1, . . . , 0), . . . , (1, 0, . . . , 1)} consisting of the first m+1 column
vectors from the matrix GHm considered as row vectors. The check set Cm for
Hm is the set containing the remaining column vectors from the matrix GHm
considered as row vectors and denoted by Cm = {wm+2, . . . , w2m}.

It is a well-know fact that PAut(Sm) = GL(m, 2), where GL(m, 2) is the
general linear group of degree m over F2. It is also known that PAut(Hm) =
AGL(m, 2) [8]. Recall that the affine group AGL(m, 2) consists of all mappings
α : Fm2 → Fm2 of the form α(xT ) = AxT + bT for x ∈ Fm2 , where A ∈ GL(m, 2)
and b ∈ Fm2 , together with the function composition as the group operation.
The monomorphism

ϕ : AGL(m, 2) −→ GL(m+ 1, 2)

(b, A) 7−→
(

1 b

0 A

)

defines an isomorphism between AGL(m, 2) and the subgroup of GL(m+1, 2)
consisting of all nonsingular matrices whose first column is (1, 0, . . . , 0). From
now on, we identify the AGL(m, 2) with this subgroup.

Now, we describe how to identify a permutation σ ∈ PAut(Hm) ⊆ Sym(2m)
with a matrix B ∈ AGL(m, 2). Recall that each coordinate position can be
labelled by the corresponding column of the generator matrix GHm given in
(1). The first m + 1 coordinate positions are labelled by the vectors of the
information set Im and the remaining coordinate positions are represented
by the vectors of the check set Cm. The vector wi represents the ith position,
for all i ∈ {1, . . . , 2m}. Note that an index i ∈ {1, . . . ,m + 1} represents a
position in the information set and an index i ∈ {m+ 2, . . . , 2m} a position in
the check set. By multiplying any vector wi by the matrix B ∈ AGL(m, 2),
we obtain another vector from the information set or the check set. Thus,
wiB = wj will denote that the ith position of a codeword moves to the jth

position of that codeword. Therefore, any matrix B ∈ AGL(m, 2) can be seen
as a permutation of the coordinate positions and, in fact, an automorphism of
the code Hm, that is, an element of PAut(Hm) ⊆ Sym(2m). Along the paper,
we will represent PD-sets for Hm as subsets of matrices of the affine group
AGL(m, 2).

In [3], it is shown how to find s-PD-sets of size s + 1 that satisfy the
Gordon-Schönheim bound for partial permutation decoding for the binary
simplex code Sm, for all m ≥ 4 and 1 < s ≤

⌊
2m−m−1

m

⌋
. In this paper, we

establish similar results for the binary linear Hadamard code Hm, for all m ≥ 4

and 1 < s ≤
⌊

2m−m−1
1+m

⌋
, following the same techniques as the ones described

in [3]. In [27], a 2-PD-set of size 5 and 4-PD-sets of size
(
m+1

2

)
+ 2 are found

for binary linear Hadamard codes Hm, for all m > 4. As a consequence, 3-
PD-sets of size

(
m+1

2

)
+ 2 are also found for these codes. Small PD-sets that
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satisfy the Gordon-Schönheim bound have been found for binary Golay codes
[4,10] and for the binary simplex code S4 [5,6].

This work is organized as follows. In Section 2, we adapt the so-called
Gordon-Schönheim bound for Hm and we define a bound that allow us to
obtain s-PD-sets of size s+ 1 for Hm. In Section 3, we provide a criterion on
subsets of matrices of AGL(m, 2) to be an s-PD-set of size s+1. In Section 4,
we define a recursive construction to obtain s-PD-sets of size s+ 1 for Hm+1

from a given s-PD-set of the same size for Hm. Finally, in Section 5, we show
the conclusions and a further research on this topic.

2 Bound on the minimum size of s-PD-sets for Hm

There is a well-known bound on the minimum size of PD-sets for linear codes
based on the length, the dimension and the minimum distance of such codes.

Proposition 1. [4] Let C be a t-error correcting linear code of length n, di-
mension k and minimum distance d. Let r = n − k be the redundancy of C.
If S is a PD-set for C, then

|S| ≥
⌈
n

r

⌈
n− 1

r − 1

⌈
. . .

⌈
n− t+ 1

r − t+ 1

⌉
. . .

⌉⌉⌉
.

The above inequality is often called the Gordon-Schönheim bound. Recall
that a linear code with minimum distance d can correct up to

⌊
d−1

2

⌋
errors,

so for the binary linear Hadamard code Hm, we have that its error-correcting
capability, denoted by tm, is

tm =

⌊
d− 1

2

⌋
=

⌊
2m−1 − 1

2

⌋
= 2m−2 − 1.

For m = 3, since the minimum distance of H3 is d = 4, the error-correcting
capability is 1. Due to this fact, permutation decoding for this case becomes
unnecessary, and we do not take it into account in the results.

The Gordon-Schönheim bound can be adapted to s-PD-sets for all s up to
the error correcting capability of the code. We are going to compute the right
side of this bound given in Proposition 1 in the particular case of the binary
linear Hadamard code Hm, for all 1 ≤ s ≤ tm. Since Hm has length 2m and
dimension m+ 1, taking t = s, the right side becomes

⌈
2m

2m −m− 1

⌈
2m − 1

2m −m− 2

⌈
. . .

⌈
2m − s+ 1

2m −m− s

⌉⌉
. . .

⌉⌉
. (2)

Let gm(s) be the function given by (2). We compute its minimum value in the
following lemma.
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Lemma 1. Let m be an integer, m ≥ 4. Let Hm be the binary linear Hadamard
code. For 1 ≤ s ≤ tm,

gm(s) =

⌈
2m

2m −m− 1

⌈
2m − 1

2m −m− 2

⌈
. . .

⌈
2m − s+ 1

2m −m− s

⌉⌉
. . .

⌉⌉
≥ s+ 1,

where tm = 2m−2 − 1 is the error-correcting capability of Hm.

The smaller the size of the PD-set is, the more efficient permutation de-
coding becomes. Because of this, we will focus on the case when we have that
gm(s) = s + 1. Let m be an integer, m ≥ 4. For the binary linear Hadamard
code Hm, we define the following integer:

fHm = max{s | 2 ≤ s, gm(s) = s+ 1}.

For each binary linear Hadamard code Hm, the integer fHm represents the
greater s in which we can find s-PD-sets of size s + 1. The following result
characterize this parameter from the value of m.

Lemma 2. For m ≥ 4, fHm =
⌊

2m−m−1
1+m

⌋
.

The integer fSm = max{s | 2 ≤ s, gm(s) = s+1} =
⌊

2m−m−1
m

⌋
is computed

for the binary simplex code Sm, m ≥ 4, in [3]. It is easy to check that fSm
is always greater than or equal to fHm . For example, if we take m = 4, we
obtain fS4 = fH4 = 2, but for m = 5, we have that fS5 = 5 > 4 = fH5 . This
implies that we can find 5-PD-sets of size 6 for the binary simplex code S5,
but such set cannot be found for the binary linear Hadamard code H5.

3 Finding s-PD-sets of size s+ 1 for Hm

Let M be a matrix of GL(m, 2). We can regard the rows of M as row vectors
and consider the set V = {v1, . . . , vm} consisting of such row vectors. We
define M∗ as the matrix with rows given by V ∗ = {v1, v1 + v2, . . . , v1 + vm}.
We denote by Idm the m×m identity matrix.

An s-PD-set of size s+1 meets the Gordon-Schönheim bound for correction
of s errors if s ≤ fHm . The following proposition provides us a condition on
sets of matrices of AGL(m, 2) in order to be s-PD-sets of size s+ 1.

Proposition 2. Let Hm be the binary linear Hadamard code of length n = 2m,
with m ≥ 4. Let Ps = {Mi | 0 ≤ i ≤ s} be a set of s+1 matrices in AGL(m, 2).
Then, Ps is an s-PD-set of size s + 1 for Hm if and only if no two matrices
(M−1

i )∗ and (M−1
j )∗ for i 6= j have a row in common. Moreover, any subset

Pk ⊆ Ps of size k + 1 is a k-PD-set for k ∈ {1, . . . , s}.
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Example 1. The set of matrices P2 = {Id5,M1,M2}, where

M1 =




1 1 1 1 1

0 0 0 0 1

0 0 1 0 0

0 1 0 0 1

0 0 1 1 0



, M2 =




1 1 1 1 1

0 1 0 0 1

0 0 1 1 0

0 0 1 0 0

0 0 0 0 1




and Id5 is the 5 × 5 identity matrix, is a 2-PD-set for the binary linear
Hadamard code H4 of length 16. Note that these matrices are elements of
the subgroup AGL(4, 2) ⊂ GL(5, 2). The inverse matrices of M1 and M2 are

M−1
1 =




1 0 0 1 1

0 1 0 1 0

0 0 1 0 0

0 0 1 0 1

0 1 0 0 0




and M−1
2 =




1 1 1 0 0

0 1 0 0 1

0 0 0 1 0

0 0 1 1 0

0 0 0 0 1



,

respectively. It is straightforward to check that the matrices Id∗5,

(M−1
1 )∗ =




1 0 0 1 1

1 1 0 0 1

1 0 1 1 1

1 0 1 1 0

1 1 0 1 1




and (M−1
2 )∗ =




1 1 1 0 0

1 0 1 0 1

1 1 1 1 0

1 1 0 1 0

1 1 1 0 1




have no rows in common. In addition, note that fH4 = 2, so no s-PD-set of
size s+ 1 can be found for s ≥ 3. We can also observe that fH4 = 2 < 3 = t4,
where t4 is the error-correcting capability of H4. In fact, the value of the
bound fHm is always smaller than tm, for all m ≥ 4. Finally, also remark that
the matrices of P2 can be regarded as elements of Sym(16). In this case, we
obtain {id, σ1, σ2} as a 2-PD-set, where

σ1 = (1, 14, 11, 9, 6, 10, 13, 3, 15, 5, 16, 2, 12, 8)(4, 7),

σ2 = (1, 14, 11, 2, 7, 9, 5, 12, 3, 16, 13, 6)(4, 15, 8, 10).

Let S be an s-PD-set of size s + 1. The set S is a nested s-PD-set if
there is an ordering of the elements of S, S = {σ0, . . . , σs}, such that Si =
{σ0, . . . , σi} ⊆ S is an i-PD-set of size i + 1, for all i ∈ {0, . . . , s}. Note
that Si ⊂ Sj if 0 ≤ i < j ≤ s and Ss = S. From Proposition 2, we have
two important consequences. The first one is related to how to obtain nested
s-PD-sets and the second one provides another proof of Lemma 1.
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Corollary 1. Let m be an integer, m ≥ 4. If Ps is an s-PD-set of size s + 1
for the binary linear Hadamard code Hm, then any ordering of the elements
of Ps gives nested k-PD-sets for k ∈ {1, . . . , s}.

Corollary 2. Let m be an integer, m ≥ 4. Let Ps be an s-PD-set of size s+ 1

for the binary linear Hadamard code Hm. Then, s ≤
⌊

2m−m−1
1+m

⌋
.

4 Recursive construction of s-PD-sets of size s+ 1

Given an s-PD-set of size s + 1 for the binary linear Hadamard code Hm of
length 2m, where 0 ≤ s ≤ fHm , we can construct recursively an s-PD-set of
the same size for Hm′ of length 2m

′
, for all m′ > m.

Let M ∈ AGL(m, 2) and v = (0, v2 . . . , vm+1) be the last row of the matrix
M . We define the matrix M(v) ∈ AGL(m+ 1, 2) as

M(v) =




1

0 M
...

0 1 v2 . . . vm+1



. (3)

Since the first column of M(v) is e1 = (1, 0, . . . , 0), we can guarantee that the
first column of M(v)−1 is e1 as well. Thus, both matrices M(v) and M(v)−1

belong to the affine group AGL(m+1, 2). Also note that the vector v ∈ Fm+1
2

depends on each matrix M ∈ AGL(m, 2).

Proposition 3. Let m be an integer, m ≥ 4, and Ps = {Idm+1,M1, . . . ,Ms}
be an s-PD-set of size s+1 for the binary linear Hadamard code Hm. Let Ni =
M−1
i , for all i ∈ {1, . . . , s}. Then, Qs = {Idm+2, (N1(v))−1, . . . , (Ns(v))−1} is

an s-PD-set of size s+ 1 for the binary linear Hadamard code Hm+1.

Example 2. Considering the matrices from the 2-PD-set P2 = {Id5,M1,M2}
for H4 of length 16, given in Example 1, matrices N1(v) = (M−1

1 )(v) and
N2(v) = (M−1

2 )(v) are

N1(v) =




1 1 0 0 1 1

0 0 1 0 1 0

0 0 0 1 0 0

0 0 0 1 0 1

0 0 1 0 0 0

0 1 1 0 0 0




and N2(v) =




1 1 1 1 0 0

0 0 1 0 0 1

0 0 0 0 1 0

0 0 0 1 1 0

0 0 0 0 0 1

0 1 0 0 0 1




.

Note that the last row of N1 is v = (0, 1, 0, 0, 0), and the last row of N2 is
v = (0, 0, 0, 0, 1). It is clear that matrices Id∗6,
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(N1(v))∗ =




1 1 0 0 1 1

1 1 1 0 0 1

1 1 0 1 1 1

1 1 0 1 1 0

1 1 1 0 1 1

1 0 1 0 1 1




and (N2(v))∗ =




1 1 1 1 0 0

1 1 0 1 0 1

1 1 1 1 1 0

1 1 1 0 1 0

1 1 1 1 0 1

1 0 1 1 0 1




have no rows in common, so the set {Idm+2, (N1(v))−1, (N2(v))−1} becomes
a 2-PD-set for the binary linear Hadamard code H5 of length 32.

Note 1. Proposition 3 is also true if we define the matrix M(v) taking as
vector v any of the last m rows of the matrix M instead of the last one as it
is considered in (3).

Note 2. The bound fHm+1 for the binary linear Hadamard code Hm+1 cannot
be achieve recursively from an s-PD-set for Hm. The recursive construction
only works when fixing the number s of errors we want to correct and increas-
ing the length of the Hadamard code.

5 Conclusions and further research

In this work, we studied how to find s-PD-sets for partial permutation decod-
ing for binary linear Hadamard codes. An alternative permutation decoding
algorithm for Z2Z4-linear codes [2] is described in [1]. In particular, it can be
applied to Hadamard Z2Z4-linear codes. Nevertheless, this method assumes
that we know an appropriate PD-set for such codes. Further work on this
topic will be study how to find s-PD-sets for Hadamard Z2Z4-linear codes
(not necessarily binary linear Hadamard codes) and establish the size of these
s-PD-sets.
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Abstract. Let G = (V,E) be a graph of order n and let B(S) be the set of vertices
in V \ S that have a neighbor in the vertex set S. The differential of a vertex set
S is defined as ∂(S) = |B(S)| − |S| and the maximum value of ∂(S) for any subset
S of V is the differential of G. A Roman dominating function of G is a function
f : V → {0, 1, 2} such that every vertex u with f(u) = 0 is adjacent to a vertex
v with f(v) = 2. The weight of a Roman dominating function is the value f(V ) =∑
u∈V f(u). The minimum weight of a Roman dominating function of a graph G is

the Roman domination number of G, written γR(G). In this work, we show that,
although these two parameters have been studied intensively but separately, they
have a strong and hitherto unnoticed relation, namely, γR(G) = n− ∂(G).

Key words: Roman domination, differential, domination number.

1 Introduction

The Roman domination number is a variant of the domination number sug-
gested by I. Stewart [20], motivated by a problem from military history. A
Roman dominating function (RDF) of a graph G = (V,E) is a (total) func-
tion f : V → {0, 1, 2} satisfying the condition that every vertex u for which
f(u) = 0 is adjacent to at least one vertex v with f(v) = 2. The definition
of a Roman dominating function is given implicitly in [20] and [19]. The idea
is that the values of f represent the number of legions stationed at a given
location (modeled as a vertex). A location is considered to be unsecured if
no legions are stationed there. An unsecured location u can be secured by

? The first author was partially supported by Plan Nacional I+D+I Grant MTM2012-35107
and Junta de Andalućıa FQM-260.
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sending a legion to u from an adjacent location v. But Emperor Constantine
the Great, in the fourth century A.D., decreed that a legion cannot be sent off
from a location v if doing so leaves that location unsecured (i.e., if f(v) = 1).
Thus, two legions must be stationed at a location (f(v) = 2) before one of the
legions can be sent to an adjacent location.

The weight of a Roman dominating function is the value f(V ) =
∑

u∈V f(u).
The minimum weight of a Roman dominating function of a graph G is
called the Roman domination number of G, and it is denoted by γR(G).
This parameter (as well as related ones) has been studied by many au-
thors [8,9,11,13,14,15,18,21,22]. Alternatively, an RDF can be presented in
terms of the ordered partition of V induced by f , i.e., f = (V0, V1, V2) with
Vi = {v ∈ V : f(v) = i}. An RDF f = (V0, V1, V2) is a γR-function if
f(V ) = γR(G).

The differential of a graph was introduced in [19] in 2006, and it has been
studied by several authors [2,4,10,11,4], motivated by its applications to infor-
mation diffusion problems in social networks. Informally, this problem consists
in determining the most effective group of nodes to influence the rest. More
formally, the differential of a vertex set S is defined as ∂(S) = |B(S)| − |S|,
where B(S) is the set of vertices in V \S that have a neighbor in the vertex set
S, and the differential of a graph is defined as ∂(G) = max{∂(S) : S ⊆ V }. We
will say that S ⊆ V is a ∂-set or differential set if ∂(S) = ∂(G). If we return to
the motivation of introducing this parameter, we observe the following. Since
the differential of a set is the difference between the number of neighbors of a
set and the number of elements in this set, the differential of a set could act
as a measure of how this set can influence the rest of the elements.

These two parameters have been independently studied, as no relationship
between them was known before, and until very recently, also none of us
realized the strong relation they exhibit. In this paper, we show that the sum
γR(G) + ∂(G) equals the order of G, and we present several consequences of
this relationship. This type of Gallai identity result complements what was
previously known for the domination number and the enclaveless number of
a graph (defined below) and several other domination parameters [1], and the
best known of such relationships is probably Gallai’s identity [10], stating that
the sum of the independence number and the vertex cover number of a graph
is equal to its order.

Moreover, we thoroughly revise what is known about both parameters,
turning this paper in a bibliographical study that might be interesting in its
own right.

Finally, we fix some general notation and terminology. G = (V,E) denotes
a simple graph of order n = |V | and size m = |E|. We denote two adjacent
vertices u and v by u ∼ v. For a vertex v ∈ V we write N(v) = {u ∈ V : u ∼ v}
for its open neighborhood. The degree of a vertex v ∈ V will be denoted by
δ(v) = |N(v)|. For a non-empty subset S ⊆ V , the subgraph in G induced by
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the vertex set S will be denoted by G〈S〉. Given a graph H, the graph G is
called H-free if G has no induced subgraph isomorphic to H.

We will discuss several basic graph parameters: the order n and size m of
a graph were already mentioned; δ(G) denotes the minimum degree of any
vertex of G, while ∆(G) refers to the maximum degree. The distance between
two vertices x, y is the length of the shortest path between x and y, and
the diameter D(G) refers to the largest distance between any two vertices
from G. There is a wealth of graph parameters related to domination [12]
and some of these will come into play in our exposition. Recall that a set D
of vertices in G = (V,E) is a dominating set if B(D) = V \ D. The size of
the smallest dominating set is also known as the domination number of the
graph G, written as γ(G). Domination can be generalized in several ways. A
vertex set D ⊆ V is a k-dominating set if every vertex not in D has at least
k adjacent vertices in D. The k-domination number of G, denoted by γk(G),
is the minimum cardinality of a k-dominating set. Clearly, a 1-dominating
set is just a dominating set. The enclaveless number of a graph G = (V,E),
denoted Ψ(G), is defined as Ψ(G) := max{|B(D)| : D ⊆ V }. As mentioned
above, γ(G) + Ψ(G) = n for any graph G of order n.

2 Relating the Roman domination number and the differential
of a graph

For every graph G with connected components G1, . . . , Gk, γR(G) = γR(G1)+
· · · + γR(Gk) and ∂(G) = ∂(G1) + · · · + ∂(Gk). Therefore, it is unnecessary
to consider disconnected graphs. Most of the results in this paper will be
obtained by using the following theorem, which has not been observed so far,
and it has quite a number of consequences that we will exhibit in the next
sections.

Theorem 1. If G = (V,E) is a graph of order n, then γR(G) = n− ∂(G).

As a consequence of this theorem we obtain the following corollary.

Corollary 1. Given a graph G, f = (V0, V1, V2) is a γR-function of G if and
only if V2 is a ∂-set of G and V0 = B(V2).

3 New bounds for the Roman domination number and for the
differential of a graph

In this section, we show new bounds for the Roman domination number of a
graph which can be directly obtained from results about the differential of a
graph. Occasionally, we also get new combinatorial bounds for the differential
from published results on the Roman domination number.
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3.1 Relations to basic graph parameters

Here, we focus on the order, size, minimum and maximum degree and the
diameter of a graph. Sometimes, other parameters come into play, as well,
refining previously made assertions.

A simple lower bound on the Roman domination number appeared in [9]:

Proposition 1. For any graph G of order n with ∆(G) ≥ 1, γR(G) ≥ 2n
∆(G)+1 .

Using Theorem 1 and Theorem 2.16 from [4], the same result follows.
Moreover, an infinite family of graphs attaining this bound was also given in
[4].

To get an upper bound for the Roman domination number in terms of the
order and the minimum degree of a graph, we can consider the lower bound

of the differential given in Theorem 2.15 in [2], which is ∂(G) ≥
⌈
n(δ(G)−1)
3δ(G)−1

⌉
,

together with Theorem 1 to conclude:

Theorem 2. Let G be a graph of order n. Then γR(G) ≤
⌊

2nδ(G)
3δ(G)−1

⌋
.

Lower bounds on the differential of a graph in terms of its order, size and
maximum degree as proved in [2] translate as follows to so far unknown upper
bounds on the Roman domination number:

Theorem 3. If G is a graph of order n and size m, then

γR(G) ≤ min

{⌊
3∆(G)n− 2m

3∆(G)− 1

⌋
,

⌊
(3∆(G) + 4)n− 2m

3∆(G) + 4

⌋}
.

Moreover, if G is a C5-free graph, then γR(G) ≤
⌊

(3∆(G)+2)n−2m
3∆(G)+2

⌋
.

Conversely, we can obtain a new tight lower bound on the differential of a
graph in terms of its minimum degree and its order, based on [23, Theorem 12].

Theorem 4. For any graph G with δ(G) > 0, ∂(G) ≥
(

21+1/δ(G)·δ(G)

(1+δ(G))1+1/δ(G) − 1
)
n.

In [8], it was proved that, for every sufficiently large connected graph G
with δ(G) ≥ 1, it holds that γR(G) ≤ 4n

5 and, if δ(G) ≥ 2, then γR(G) ≤
8n
11 . This also follows from Theorems 3.1 and 3.4 in [10] by making use of
Theorem 1. Observe that different techniques were used in the proofs of these
theorems. Moreover, Liu and Chang proved in [15] that γR(G) ≤ 2n

3 if δ(G) ≥
3, which provides the unknown lower bound n/3 for the differential in such a
case. Let us formulate these important results explicitly:

Theorem 5. Let G be a connected graph of order n.

• If n ≥ 2, then γR(G) ≤ 4n
5 and ∂(G) ≥ n

5 .
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• If n ≥ 9 and δ(G) ≥ 2, then γR(G) ≤ 8n
11 and ∂(G) ≥ 3n

11 .
• If δ(G) ≥ 3, then γR(G) ≤ 2n

3 and ∂(G) ≥ n
3 .

Moreover, from results in [10] and [11], we can improve these upper bounds
for the Roman domination number in two cases: (a) if we consider the number
of vertices having exactly two so-called hairs connected to it as an additional
parameter and (b) if we consider special pendant subgraphs in a graph of
maximum degree three.

Let us turn to Case (a) first. A hair is a sequence of two vertices w − v,
where w is a vertex of degree one and v has degree two. We denote by p5(G)
the set of vertices in V which have exactly two hairs connected to them. Notice
that these are centers of certain induced paths on five vertices. Some infinite
families of graphs attaining the following bound were given in [11].

Theorem 6. Any connected graph G of order n ≥ 6 satisfies γR(G) ≤
3n+|p5(G)|

4 .

Now we come to Case (b). We say that a (connected) graph G1 = (V1, E1)
is a pendant subgraph of G = (V,E) from v ∈ V1, if V1 ⊆ V , G1 = G〈V1〉
and there exist u ∈ V \ V1 and e = uv ∈ E such that e is a bridge (an
edge whose deletion disconnects the graph). For instance, a hair (described
by w − v) can be viewed as a pendant subgraph of the form ({w, v}, {wv}).
We are particularly interested in the graph G1 depicted in Fig. 1 as being
pendant from v.

Fig. 1: A subgraph counted in Theorem 7.

Theorem 7. Let G be a graph of order n ≥ 12 with δ(G) ≥ 2 and ∆(G) ≤ 3.
If G has t pendant subgraphs isomorphic to G1, then γR(G) ≤ 5n+t

7 .

A consequence from [4] for Roman domination is the following one.

Proposition 2. If G is a graph of order n and diameter D(G), then

γR(G) ≤ n−
(⌊

D(G)

3

⌋
+ 1

)
(δ(G)− 1).

The proposition above clearly improves Theorems 3 and 4 in [18] when
δ(G) ≥ 2. Moreover, the authors in [4] gave some infinite families of graphs
satisfying this upper bound.
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Since ∂(G) ≥ ∆(G) − 1, it is clear that γR(G) ≤ n − ∆(G) + 1. This
was also observed in [8]. The next theorem, obtained by Theorem 2.14 in [2]
and Theorems 2.15 and 2.17 in [4], gives better upper bounds with additional
conditions.

Theorem 8. Let G be a graph of order n. Then, the following upper bounds
on the Roman domination number of G are true.

(a) If δ(G) ≥ 2 and n > ∆(G)(δ(G)+1)
δ(G)−1 + 1, then γR(G) ≤ n−∆(G).

(b) If δ(G) ≥ 2 and n > (∆(G)+k−1)(3δ(G)−1)
δ(G)−1 for some natural number k, then

γR(G) ≤ n−∆(G)− k.
(c) If D(G) > 4, then γR(G) ≤ n−∆(G)− δ(G) + 2.

(d) If D(G) > 4, δ(G) ≥ 2 and n > 2∆(G)(δ(G)+1)
δ(G)−1 + 2, then

γR(G) ≤ n−∆(G)− δ(G) + 1.

3.2 Relations to other graph parameters

Here, we will consider several other domination parameters and their relation
to the Roman domination number. The following result appears in [9] and
it has been used by most of the authors who have worked on the Roman
domination number.

Proposition 3. For any graph G, γ(G) ≤ γR(G) ≤ 2γ(G).

Using Theorem 1 and n− 2γ(G) ≤ ∂(G) ≤ n− γ(G)− 1, which is satisfied
except when G is an isolated vertex (see [19]), we can strengthen Proposition 3
towards:

Corollary 2. For any connected graph G of order n > 1, γ(G)+1 ≤ γR(G) ≤
2γ(G).

It was proved in [11] that, for any graph G of order n ≥ 3, γR(G) ≤
n− γ(G)

2 , and the authors even characterized the graphs attaining this bound.
The same upper bound and even a lower bound can be obtained from Theorem
1 and Theorem 2.4 in [2], where the authors proved that γ(G)

2 ≤ ∂(G) ≤
γ(G)(∆(G)− 1) using so-called big star packings. Namely, we derive:

Theorem 9. If G is a graph of order n ≥ 3, then

n− γ(G)(∆(G)− 1) ≤ γR(G) ≤ n− γ(G)

2
.

The upper bound is better than 2γ(G) only when 2n
5 ≤ γ(G). Now, let us see

that this upper bound can be improved in some classes of graphs, using the
following result which was proved in [2].
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Lemma 1. For any connected graph G of order n, the following is true.

(a) If n ≥ 3 and δ(G) ≥ 1, then ∂(G) ≥ 3n
5 − γ(G).

(b) If n ≥ 9 and δ(G) ≥ 2, then ∂(G) ≥ 7n
11 − γ(G).

Consequently, By Theorem 1, we obtain the following.

Theorem 10. For any connected graph G of order n, the following is true.

(a) If n ≥ 3 and δ(G) ≥ 1, then γR(G) ≤ 2n
5 + γ(G).

(b) If n ≥ 9 and δ(G) ≥ 2, then γR(G) ≤ 4n
11 + γ(G).

Let us remark that McCuaig and Shephard [17] proved that γ(G) ≤ 2n
5 for

every graph of order n with δ(G) ≥ 2 if n ≥ 8. Hence, (b) is better than the
bound given in [11] when n ≥ 9 and δ(G) ≥ 2.

Moreover, using the definition of 2-dominating set, Theorem 1 and a result
from [2], we can get another upper bound that is better than the one presented
in [11] when δ(G) ≥ 3. In [2], it was proved that, for every graph G with

minimum degree δ(G) ≥ 3, we have ∂(G) ≥ max
{
γ2(G)− γ(G), γ2(G)

2

}
, so

we deduce the following.

Theorem 11. If G is a graph of order n, with minimum degree δ(G) ≥ 3,
then

γR(G) ≤ min

{
n+ γ(G)− γ2(G), n− γ2(G)

2

}
.

A set S ⊆ V is a 2-packing if for all u, v ∈ S, d(u, v) > 2. The 2-packing
number of G, denoted by α2(G), is the maximum cardinality of a 2-packing of
G. Corollary 1 in [9] relates the Roman domination number and the 2-packing
number of the graph. Using that ∂(G) ≥ α2(G)(δ(G) − 1), proved in [2], we
give a new result relating the Roman domination number and the 2-packing
number.

Proposition 4. If G is a graph of order n, then γR(G) ≤ n−α2(G)(δ(G)−1).
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Abstract. In this work, we obtain several tight bounds for the differential of a graph.
In particular, we relate the differential of a graph with known parameters of a graph,
namely, its order, size, minimum and maximum degree, its girth, its domination num-
ber, its 2-domination number, its 2-packing number and its independence number.

Key words: domination number, differential, packing number, independence num-

ber.

1 preliminary considerations

Let G = (V,E) be a graph of order n, for every set D ⊆ V let B(D) be the set
of vertices in V \D that have a neighbor in the vertex set D, and let C(D) =
V \ (D ∪B(D)). The differential of D is defined as ∂(D) = |B(D)| − |D| and
the differential of a graph G, written ∂(G), is equal to max{∂(D) : D ⊆ V }.
A set D satisfying ∂(D) = ∂(G) is called a ∂-set or differential set. The study
of the mathematical properties of the differential in graphs, together with a
variety of other kinds of differentials of a set, started in [18,19]. In particular,
several bounds on the differential of a graph were given. This parameter has
also been studied in [9,10,11,4,20], and the differential of some products of
graphs has been studied in [32]. The differential of a set D was also considered
in [13], where it was denoted by η(D), and the minimum differential of an
independent set was considered in [23]. The case of the B-differential of a
graph or enclaveless number, defined as ψ(G) = max{|B(D)| : D ⊆ V }, was
investigated in [19,22].

We begin by stating some notation and terminology. Let G = (V,E) denote
a simple graph of order n = |V | and size m = |E|. We denote two adjacent
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vertices u and v by u ∼ v. For a vertex u ∈ V we denote N(v) = {u ∈ V :
u ∼ v} and N [v] = N(v) ∪ {v}. The degree of a vertex v ∈ V will be denoted
by δ(v) = |N(v)|. We denote by δ and ∆ the minimum and maximum degree
of the graph, respectively. The subgraph induced by a set S ⊆ V will be
denoted by G[S]. For a non-empty subset S ⊆ V , and any vertex v ∈ V , we
denote by NS(v) the set of neighbors v has in S: NS(v) := {u ∈ S : u ∼ v} and
δS(v) = |NS(v)|. Finally, we denote N(S) =

⋃
v∈S N(v) and N [S] = N(S)∪S.

Notice that, for every graph G with connected components G1, ..., Gk,
∂(G) = ∂(G1) + · · · + ∂(Gk). Therefore, we will only consider connected
graphs.

2 The differential and other parameters in graphs

First of all, let us mention that depending on the election of the differ-
ential set D of the graph, we have different properties for the partition
{D,B(D), C(D)}. Let us show now some properties about {D,B(D), C(D)}
when we consider a minimum ∂-set.

Proposition 1. If D is a minimum ∂-set, then the set {D,B(D), C(D)} is a
partition of V such that:

(a) for all v ∈ D, |epn[v,D]| ≥ 2,
(b) for all v ∈ B(D), δC(D)(v) ≤ 2,
(c) for all v ∈ C(D), δC(D)(v) ≤ 1.

In the first results we relate the differential with some well-known domi-
nation parameters. A set S ⊂ V is a dominating set if every vertex not in
S is adjacent to a vertex in S. The domination number of G, denoted by
γ(G), is the minimum cardinality of a dominating set. For more information
on domination in graphs see [16,17].

The following result was proved in [19], it relates the domination number
and the differential of a graph.

Theorem 1. For any graph G of order n without isolated vertices,

n− 2γ(G) ≤ ∂(G) ≤ n− γ(G)− 1.

Let us prove the following lemma which will be used in the proof of the
theorem.

Lemma 1. If D is a ∂-set of a graph G, then |D| ≤ γ(G).

Proof. Let A be a minimum dominating set. If |A| < |D|, we have

∂(A) = n− 2|A| > n− |D| − |D| ≥ |B(D)| − |D| = ∂(G),

a contradiction. Therefore, |D| ≤ γ(G). 2
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Theorem 2. If G is a graph with order n ≥ 3 and maximum degree ∆, then

∂(G) ≤ γ(G)(∆− 1).

Proof. If D is a ∂-set of G, since |B(D)| ≤ ∆|D| we have that

∂(G) = |B(D)| − |D| ≤ |D|(∆− 1).

By Lemma 1, the upper bound follows. 2

The upper bound is sharp as we can check in the graphs G = C3n and
G = Kn.

It is known that γ(G) ≥ n
∆+1 for every graph G of order n and maximum

degree ∆. The following result shows that the graphs attaining this lower
bound can be characterized by its differential.

Proposition 2. Let G be a graph with order n and maximum degree ∆. Then,
γ(G) = n

∆+1 if and only if ∂(G) = n(∆−1)
∆+1 .

Proof. If γ(G) = n
∆+1 we have

n(∆− 1)

∆+ 1
= n−2

(
n

∆+ 1

)
= n−2γ(G) ≤ ∂(G) ≤ γ(G)(∆−1) =

n(∆− 1)

∆+ 1
,

so ∂(G) = n(∆−1)
∆+1 .

Now, we suppose that ∂(G) = n(∆−1)
∆+1 and let D be a differential set. Since

|B(D)|−|D| = n(∆−1)
∆+1 = n−2

(
n

∆+1

)
, if |D| > n

∆+1 , then |B(D)| > n− n
∆+1 >

n− |D|, a contradiction. Therefore, |D| ≤ n
∆+1 . Finally, using that

n(∆− 1)

∆+ 1
= ∂(G) ≤ |D|(∆− 1) ≤ n(∆− 1)

∆+ 1
,

we conclude that |D| = n
∆+1 and |B(D)| = n − n

∆+1 , in consequence, D is a
dominating set and γ(G) = n

∆+1 . 2

As we have mentioned before, ∂(G) ≥ n
5 for any graph G and order n ≥ 3

and ∂(G) ≥ 3n
11 for any graph G of order n ≥ 9 and minimum degree δ ≥ 2.

Let us see other result relating the differential, the order and the domination
number of a graph.

Theorem 3. For any graph G of order n and minimum degree δ.

(a) If n ≥ 3, then 3n
5 ≤ ∂(G) + γ(G) ≤ n− 1.

(b) If n ≥ 9 and δ ≥ 2 , then 7n
11 ≤ ∂(G) + γ(G) ≤ n− 1.

Proof. In both cases, if D is a differential set, since γ(G) ≤ |D| + |C(D)|,
we have

∂(G)+γ(G) ≤ |B(D)|−|D|+|D|+|C(D)| = |B(D)|+|C(D)| = n−|D| ≤ n−1.
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Now, we study the lower bound separately. (a) If γ(G) ≥ 2n
5 , since ∂(G) ≥

n
5 , we have ∂(G) + γ(G) ≥ 3n

5 . If γ(G) < 2n
5 and we take a dominating set

S ⊆ V such that |S| = γ(G), we obtain

∂(G) + γ(G) ≥ ∂(S) + γ(G) = n− γ(G) > n− 2n

5
=

3n

5
.

(b) Since ∂(G) ≥ 3n
11 if δ ≥ 2 and n ≥ 9, we can use the same argument used

in (a), using 4n
11 instead of 2n

5 , to get the bound.

The lower bounds given in this theorem are tight on the family of graphs
given in Proposition 3.2 and 3.5 in [9], and the upper bound is tight on any
graph G such that γ(G) = 1.

Next, using the definition of 2-dominating set, we can get another lower
bound for the differential when the graph has a minimum degree at least 3.
A set S ⊂ V , is a k-dominating set if every vertex not in S has at least k
adjacent vertex in S. The k-domination number of G, denoted by γk(G), is
the minimum cardinality of a k-dominating set.

Theorem 4. If G is a graph with minimum degree δ ≥ 3, then

∂(G) ≥ max

{
γ2(G)− γ(G),

γ2(G)

2

}
.

Proof. If D is a minimum ∂-set of G, then ∂(G) = |B(D)| − |D|. Since
the minimum degree of G is greater than or equal to 3, by Proposition 1,
we have that B(D) is a 2-dominating set of G. Using now that |D| ≤ γ(G),
we obtain ∂(G) ≥ γ2(G) − γ(G). On the other hand, since B(D) is a 2-
dominating set of G and using, again by Lemma 1, that |B(D)| ≥ 2|D|, we

have ∂(G) = |B(D)| − |D| ≥ |B(D)|
2 ≥ γ2(G)

2 .

Given a graph G = (V,E), a subset S of V is called independent if its ver-
tices are mutually non-adjacent. The independence number α(G) is the largest
cardinality among all independent sets of G. A set of vertices Uc is called crit-
ical if |Uc| − |N(Uc)| = µc = max{|U | − |N(U)| : U ⊆ V }. In [23] was proved
that αc = µc, where αc = max{|I| − |N(I)| : I ⊆ V is an independent set}.

Theorem 5. For any graph G, ∂(G) ≥ αc.

Proof. If an independent set Ic satisfies |Ic| − |N(Ic)| = αc and we take S =
N(Ic), we have |B(S)| ≥ |Ic|, therefore,

αc = |Ic| − |N(Ic)| ≤ |B(S)| − |S| ≤ ∂(G).

2
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Note that the previous bounds are reached in G = Sn. Moreover, the
bounds are also reached in the graphs formed by a cycle of order n with two
or more leaves added to each vertex.

A set S ⊆ V is a 2-packing if for all u, v ∈ S, d(u, v) > 2. The 2-packing
number of G, denoted by α2(G), is the maximum cardinality of a 2-packing
of G (for more information see [15]). The following result appears in [19].

Proposition 3. For every k-regular graph G, ∂(G) ≥ α2(G)(k − 1).

A similar result can be given for any graph G of minimum degree δ.

Theorem 6. If G is a graph with minimum degree δ, then

∂(G) ≥ α2(G)(δ − 1).

Proof. If S is a 2-packing of cardinality k, any pair of vertices u, v ∈ S have
no common neighbors, thus ∂(S) ≥ kδ − k = k(δ − 1). 2

We can also give a lower and upper bound of the differential using other
well-known parameter of the graph, its girth. The girth of a graph G, denoted
g(G), is the length of the shortest induced cycle contained in G. The following
results, which were proved in [4], will be used in the next proposition.

Lemma 2. For paths Pn, n ≥ 1 and cycles Cn, n ≥ 3, ∂(Cn) = ∂(Pn) =
⌊
n
3

⌋
.

Theorem 7. Let G be a graph with girth g(G). Then

⌊
g(G)

3

⌋
≤ ∂(G) ≤ n− 2

⌊
g(G)

3

⌋
.

Proof. If G′ is an induced subgraph of G, it is clear that ∂(G′) ≤ ∂(G). Since
the girth of a graph is a cycle which is an induced subgraph, then

⌊
g(G)

3

⌋
≤ ∂(G).

Let C be a induced cycle of length g(G) in G. The inequality on the right is
trivial if g(G) = 3, 4 or 5, then we suppose g(G) ≥ 6. In such a case, a vertex
which is not in V (C) can be adjacent to at most one vertex of C, otherwise
we obtain an induced cycle of length less than g(G), which is a contradiction.

Finally, if D is a ∂-set and D <
⌊
g(G)

3

⌋
there exist three consecutive vertices

{v1, v2, v3} in C such that {v1, v2, v3} ∩B(D) = ∅, so ∂(D ∪ {v2}) > ∂(D). In

consequence, |D| ≥
⌊
g(G)

3

⌋
and, therefore, ∂(G) ≤ n− 2|D| ≤ n− 2

⌊
g(G)

3

⌋
. 2

The lower bound is reached, for instance, in the cycle graph Cn. The upper
bound is attained in cycle graphs C3k, complete graphs Kn and wheel graphs
Wn.
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Recall that a graph consisting of one central vertex c and d neighbors
that in turn have no further neighbors other than c is also known as a star
Sd = K1,d. We also denote an Sd star S by S = {c; v1, . . . , vd} to indicate that
c is its center and v1, . . . , vd are its ray vertices. We will call an Sd star big
if d ≥ 2. Given a graph G = (V,E), a big star packing is given by a vertex-
disjoint collection S = {Xi | 1 ≤ i ≤ k} of (not necessarily induced) big stars
Xi ⊆ V , i.e., the graph induced by Xi, written G[Xi] for short, contains some
Sd with d = |Xi| − 1 ≥ 2. We will write S(D) when we want to specify that
D is the set of vertices which are star centers of S. The set St(D) collects
all St stars from S(D) for t ≥ 2, and S≥t(D) collects all Sd stars from S(D)
such that d ≥ t. If S is a big star packing of G, we denote this property by
S ∈ SP (G).

In [9] it was proved that ∂(G) = max{∑X∈S (|X| − 2) : S ∈ SP (G)}.
For every S ∈ SP (G) we write ∂(S) =

∑
X∈S (|X| − 2) and call this the

differential of the big star packing S. We call a star packing S ∈ SP (G) a
differential (star) packing if it assumes the differential of the graph, i.e., if
∂(S) = ∂(G). A maximum differential (star) packing is a differential packing
of maximum cardinality, i.e., with the maximum number of stars contained
in it. Let maxSP (G) collect all maximum differential packings of G.

Lemma 3. For every big star packing S(D) ∈ maxSP it is satisfied that
δC(D)(v) ≤ 1 for every v ∈ B(D). Moreover, there exists a big star packing
S(D) ∈ maxSP such that B(D) is a dominating set in G.

Theorem 8. Let G be a graph of order n and minimum degree δ. Then

∂(G) ≥
⌈
n(δ − 1)

3δ − 1

⌉
.

Proof. If we take the big star packing S(D) ∈ maxSP given in Lemma 3,
we have that δC(D)(v) ≤ 1 for every v ∈ B(D) and δC(D)(v) ≤ 1 for every
v ∈ C(D), then, if C(D) = {c1, ..., ct}, we have that (δ − 1)|C(D)| ≤ |B(D)|.
Thus,

n = |D|+ |B(D)|+ |C(D)| ≤ |D|+ |B(D)|+ |B(D)|
δ − 1

.

Since |D| ≤ ∂(G), we conclude that n(δ − 1) ≤ ∂(G)(3δ − 1), that is,

∂(G) ≥ n(δ−1)
3δ−1 .

2

A graph G is said to be dominant differential if it contains a ∂-set which
is also a dominating set. Some examples of dominant differential graphs are
complete graphs, star graphs, wheel graphs, and path graphs Pn and cycle
graphs Cn with n = 3k or n = 3k + 2.

Theorem 9. A graph G is dominant differential if and only if ∂(G) = n −
2γ(G).
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Proof. If D is a ∂-set of G which is a dominating set, by Lemma 1, we have
|D| ≤ γ(G), so |D| = γ(G) and ∂(G) = n− 2γ(G).

If A is a minimum dominating set and ∂(G) = n − 2|A| = |B(A)| − |A|,
then A is a ∂-set and a dominating set. 2
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Abstract. If X is a geodesic metric space and x1, x2, x3 ∈ X, a geodesic triangle
T = {x1, x2, x3} is the union of the three geodesics [x1x2], [x2x3] and [x3x1] in X.
The space X is δ-hyperbolic (in the Gromov sense) if any side of T is contained in a
δ-neighborhood of the union of the two other sides, for every geodesic triangle T in
X. We denote by δ(X) the sharpest hyperbolicity constant of X, i.e. δ(X) := inf{δ ≥
0 : X is δ-hyperbolic }. In this paper we study the graphs with small hyperbolicity
constant.

Key words: Graphs; infinite graphs; geodesics; Gromov hyperbolicity; hyperbolicity

constant.

1 Introduction

Hyperbolic spaces play an important role in geometric group theory and in
geometry of negatively curved spaces(see, e.g., [16]). The concept of Gromov
hyperbolicity grasps the essence of negatively curved spaces like the classical
hyperbolic space, Riemannian manifolds of negative sectional curvature, and
of discrete spaces like trees and the Cayley graphs of many finitely generated
groups. It is remarkable that a simple concept leads to such a rich general
theory (see, e.g., [16]).

The study of mathematical properties of Gromov hyperbolic spaces and
its applications is a topic of recent and increasing interest in graph theory;
see, for instance [1,2,4,9,6,11,15,9,11,21,23,15,16,29,19,20,22,22,31,14,34] and
the references therein. In particular, in [19,24,14] it is proved the equivalence
of the hyperbolicity of many negatively curved surfaces and the hyperbolicity
of a very simple graph; hence, it is useful to know hyperbolicity criteria for
graphs.
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The theory of Gromov’s spaces was used initially for the study of finitely
generated groups, where it was demonstrated to have practical importance.
This theory was applied principally to the study of automatic groups (see
[18]), that play an important role in computer science. Another important
application of these spaces is secure transmission of information by internet
(see [11,20,21]), the spread of viruses through the network (see [20,21]), or the
study of DNA data (see [9]).

Now we give the basic facts about Gromov’s spaces. We say that a curve
in a metric space (X, d) γ : [a, b] −→ X is a geodesic if it is an isometry,
i.e., L(γ|[t,s]) = d(γ(t), γ(s)) = |t − s| for every s, t ∈ [a, b]. We say that X is
a geodesic metric space if for every x, y ∈ X there exists a geodesic joining
x and y; we denote by [xy] any of such geodesics (since we do not require
uniqueness of geodesics, this notation is ambiguous, but it is convenient). It
is clear that every geodesic metric space is path-connected. If X is a graph,
we use the notation [u, v] for the edge of a graph joining the vertices u and v.

We consider graphs such that the length of every edge is k ∈ (0,∞). In
order to consider a graph G as a geodesic metric space, we must identify any
edge [u, v] ∈ E(G) with the real interval [0, k]; therefore, any point in the
interior of any edge is a point of G. Hence, if we consider the edge [u, v] as a
graph with just one edge, then it is isometric to [0, k]. A connected graph G
is naturally equipped with a distance defined on its points, induced by taking
shortest paths in G. Then, we see G as a metric graph.

Along the paper we just consider simple (without loops and multiple edges)
connected graphs whose edges have length equal to k; these properties guaran-
tee that the graphs are geodesic metric spaces. Note that to exclude multiple
edges and loops is not an important loss of generality, since [1, Theorems 8
and 10] reduce the problem of compute the hyperbolicity constant of graphs
with multiple edges and/or loops to the study of simple graphs.

If X is a geodesic metric space and J = {J1, J2, . . . , Jn}, with Jj ⊆ X,
we say that J is δ-thin if for every x ∈ Ji we have that d(x,∪j 6=iJj) ≤ δ.
We denote by δ(J) the sharpest thin constant of J , i.e., δ(J) := inf{δ ≥
0 : J is δ-thin }. If x1, x2, x3 ∈ X, a geodesic triangle T = {x1, x2, x3}
is the union of the three geodesics [x1x2], [x2x3] and [x3x1]; it is usual to
write also T = {[x1x2], [x2x3], [x3x1]} and we will say that x1, x2, x3 are
the vertices of the triangle. The space X is δ-hyperbolic (or satisfies the
Rips condition with constant δ) if every geodesic triangle in X is δ-thin.
We denote by δ(X) the sharp hyperbolicity constant of X, i.e., δ(X) :=
sup{δ(T ) : T is a geodesic triangle in X }. We say that X is hyperbolic if
X is δ-hyperbolic for some δ ≥ 0. If X is hyperbolic, then δ(X) = inf{δ ≥ 0 :
X is δ-hyperbolic }.

The hyperbolicity constant δ(X) of a geodesic metric space can be viewed
as a measure of how “tree-like” the space is, since those spaces with δ(X) = 0
are precisely the metric trees. This is an interesting subject since, in many
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applications, one finds that the borderline between tractable and intractable
cases may be the tree-like degree of the structure to be dealt with.

Since the hyperbolicity of many geodesic metric spaces is equivalent to the
hyperbolicity of some graphs related to them, the study of hyperbolic graphs
becomes an interesting topic. The main aim of this paper is to study the
graphs with small hyperbolicity constant, i.e., the graphs which are like trees
(in the Gromov sense).

We state now the main results in this work and the lemmas used in their
proofs, see [3] for the detailed proofs.

2 Previous results

As usual, by cycle we mean a simple closed curve, i.e., a path with different
vertices, unless the last one, which is equal to the first vertex. It is known (see
[24, Lemma 2.1]) that, for every graph G, it is satisfied

δ(G) = sup{δ(T ) : T is a geodesic triangle in G that is a cycle}.

Let G be a graph with edges of the same length k. We denote by J(G)
the union of the set V (G) and the midpoints of the edges of G. Consider the
set T1 of geodesic triangles T in G that are cycles and such that the three
vertices of the triangle T belong to J(G), and denote by δ1(G) the infimum
of the constants λ such that every triangle in T1 is λ-thin.

The following results, which appear in [4, Theorems 2.5, 2.6 and 2.7], will
be used throughout the paper.

Theorem 1. For every graph G with edges of lengths k we have δ1(G) = δ(G).

Theorem 2. For every hyperbolic graph G with edges of lengths k, δ(G) is a
multiple of k

4 .

The following result is a direct consequence of Theorems 1 and 2; it states
that in the hyperbolic graphs with edges of length k there always exists a
geodesic triangle for which the hyperbolicity constant is attained.

Theorem 3. For any hyperbolic graph G with edges of lengths k, there exists
a geodesic triangle T ∈ T1 such that δ(T ) = δ(G).

3 Characterizations of graphs with small hyperbolicity
constant

The results in this section show some characterizations for hyperbolic graphs
with small hyperbolicity constant. In this sense, in [15, Theorem 11] appears
the following result.
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Theorem 4. Let G be any graph with edges of length k.

(a)δ(G) = 0 if and only if G is a tree.

(b)δ(G) = k
4 ,

k
2 is not satisfied for any graph G.

(c) δ(G) = 3k
4 if and only if G is not a tree and every cycle in G has length

3k.

In order to characterize the graphs with edges of length k and hyperbolicity
constant greater than 3k

4 it is necessary to obtain some previous results. If H
is a subgraph of G and w ∈ V (H), we denote by degH(w) the degree of
the vertex w in the subgraph induced by V (H). A subgraph H of G is said
isometric if dH(x, y) = dG(x, y) for every x, y ∈ H. Note that this condition
is equivalent to dH(u, v) = dG(u, v) for every vertices u, v ∈ V (H).

Theorem 5. Let G be any graph with edges of length k. Then δ(G) ≥ 5k
4 if

and only if there exist a cycle g in G with length L(g) ≥ 5k and a vertex w ∈ g
such that degg(w) = 2.

For every m ≥ 4, we say that a graph G with edges of length 1 is m-chordal
(see [34]) if for any cycle C in G with length L(C) ≥ m, there exists an edge
joining two non-consecutive vertices x, y of C. Given a cycle C in G, we say
that a geodesic g = [uv] is a shortcut if u, v ∈ V (C), L(g) = d(u, v) < dC(u, v)
and g ∩ C = {u, v}.

Corollary 1. Let G be any graph with edges of length 1. If δ(G) ≤ 1, then G
is 5-chordal.

Proposition 1. Let G be any graph with edges of length k. If δ(G) = k, then
G has a cycle isomorphic to C4.

Lemma 1. Let G be a graph with edges of length 1 such that δ(G) = 5
4 . If G

contains a cycle C of length 6 and there exist x, y ∈ C such that d(x, y) = 3,
then G has a cycle isomorphic to C5.

We will need the following results (see [1, Lemma 9] and [31, Theorem 11])
in order to prove Proposition 2 below.

Lemma 2. If H is an isometric subgraph of G, then δ(H) ≤ δ(G).

Lemma 3. If Cn is the cycle graph with n vertices and edges of length k, then
δ(Cn) = nk

4 .

Corollary 2. Let G be any graph with edges of length k. If G contains an
isometric subgraph which is isomorphic to Cn, then δ(G) ≥ nk

4 .
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Proposition 2. Let G be any graph with edges of length k. If δ(G) = 5k
4 , then

G has a cycle isomorphic to C5.

Looking at Propositions 1 and 2 it seems logical to think that, if δ(G) = 6k
4 ,

then G has a cycle isomorphic to C6 or, more generally, if δ(G) = nk
4 , then G

has a cycle isomorphic to Cn for each n > 5. But this is not true. Given any
fixed n > 5, let us consider two graphs G,G′ isomorphic to Cn−2 with edges
of length k and fix e ∈ E(G) and e′ ∈ E(G′); let Gn be the union of these two
graphs by identifying e and e′. Choose a point x ∈ G with d(x, e) = n

2 − 2,
and let y be the antipodal point of x ∈ G, i.e., the point with d(x, y) = n− 3.
If B = {x, y} is the geodesic bigon (i.e., a triangle with two equal vertices)
with two different geodesics which do not contain e, one can check that

δ(Gn) = δ(B) =
k

2

(n− 2

2
+ 1
)

=
nk

4
;

nevertheless Gn does not have any cycle isomorphic to Cn.

Theorem 6. Let G be any graph with edges of length k. Then δ(G) = k if
and only if the following conditions hold:

(1)There exists a cycle isomorphic to C4.
(2)For every cycle γ such that L(γ) ≥ 5k and for every vertex w ∈ γ, it is

satisfied degγ(w) ≥ 3.

Proposition 3. Let G be any graph with edges of length k. Assume that the
following conditions hold:

(1)There exist a cycle g in G such that L(g) ≥ 5k and a vertex w ∈ g satisfying
degg(w) = 2.

(2)For every cycle γ such that L(γ) ≥ 6k, we have diam(γ) ≤ 5k
2 .

Then we have δ(G) = 5k
4 .

Proposition 4. Let G be any graph with edges of length k. If δ(G) ≥ 3k
2 , then

there exists a cycle g in G such that L(g) ≥ 6k and diam(g) ≥ 3k.

4 Hyperbolicity constant and effective diameter

A graph with small hyperbolicity constant can have arbitrarily large diam-
eter: the path graph with n vertices Pn verifies δ(Pn) = 0 and diam(Pn) =
diam V (Pn) = n − 1 for every n. However, there is a concept related with
the diameter, the effective diameter, which is small when the hyperbolicity
constant is small.

Definition 1. We say that a vertex v of a graph G is a cut-vertex if G \ {v}
is not connected.
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A graph is two-connected if it is connected and it does not contain cut-vertices.
Given any edge in G, let us consider the maximal two-connected subgraph
containing it. We call to the set of these maximal two-connected subgraphs
{Gn}n the canonical T-decomposition of G.

We will need the following result, which allows to obtain global information
about the hyperbolicity of a graph from local information (see [1, Theorem
3]).

Lemma 4. Let G be any graph with canonical T-decomposition {Gn}n. Then

δ(G) = supn δ(Gn).

Given a graph G and its canonical T-decomposition {Gn}, we define the
effective diameter as

effdiam V (G) := supn diam V (Gn), effdiam (G) := supn diam (Gn).

We will need the following result (see [31, Theorem 8]).

Theorem 7. In any graph G the inequality δ(G) ≤ 1
2diam(G) holds, and

furthermore, it is sharp.

Lemma 2 and Theorem 7 have the following consequence.

Lemma 5. Let G be any graph. Then

δ(G) ≤ 1

2
effdiam(G).

As a corollary of Theorems 2 and 4, every Gn in the canonical T-
decomposition of a graph G with δ(G) < k is isomorphic to either K2 or
K3. Therefore, we have the following result.

Proposition 5. Let G be any graph with edges of length k. If δ(G) < k, then
effdiamV (G) = k and effdiam(G) ≤ 3k

2 .

We are going to prove now a bound for effdiamV (G) when δ(G) = k. Recall
that J(G) denotes the union of the set V (G) and the midpoints of the edges
of G.

Proposition 6. Let G be any graph with edges of length k. If there exists a
cycle in G containing a geodesic [vw] with v, w ∈ J(G) and d(v, w) ≥ 3k, then
δ(G) ≥ 5k

4 .

The argument in the proof of Proposition 6 also gives the following result.

Corollary 3. Let G be any graph with edges of length k. If there exists a cycle
in G containing a geodesic [vw] with v, w ∈ V (G), d(v, w) = 2k and δ(G) = k,
then [vw] is contained in a cycle with length 4k.
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We have an example showing that the equality δ(G) = 5k
4 in Proposition

6 can be attained.

Proposition 7. Let G be any graph with edges of length k. If G does not have
cut-vertices and δ(G) ≤ k, then diamV (G) ≤ 2k.

Finally, we obtain an upper bound of effdiamV (G) for every graph G with
δ(G) = k.

Theorem 8. Let G be any graph with edges of length k. If δ(G) = k, then
effdiamV (G) ≤ 2k.

Remark 1. It is not possible to bound effdiamV (G) if δ(G) ≥ 3k
2 : Let G be the

Cayley graph of the group Z × Z2 (G has the shape of an infinite railway).
We have δ(G) = 3k

2 and the canonical T-decomposition of G has just a graph
G1 = G; hence, effdiamV (G) =diamV (G1) =∞.
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[16] Michel, J., Rodŕıguez, J. M., Sigarreta, J. M. and Villeta, M., Gromov hyper-
bolicity in cartesian product graphs, Proc. Indian Acad. Sci. (Math. Sci.), 120
(2010), 1-17.

[17] Oshika, K., Discrete groups, AMS Bookstore, 2002.
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Abstract. We undertake the complete classification of lattice 3-polytopes with n
lattice points, modulo unimodular equivalence, for n = 5, 6. We first argue that for
each n there is only a finite number of (equivalence classes) of polytopes with n points
and of lattice width larger than one. Since polytopes of width one are easy to classify,
we concentrate on an exhaustive classification of those of width larger than one.

For n = 4, all empty tetrahedra have width one (White, Howe). For n = 5 we
show that there are exactly 9 different polytopes of width 2, and none of larger width.
For n = 6, we show that there are 74 classes of width 2, two of width 3, and none of
larger width.

Our motivation comes partly from the concept of distinct pair sum (or dps) poly-
topes, which are known to have at most 8 lattice points. Among the 9+74+2 classes
mentioned above, exactly 9 + 44 + 1 are dps.

Key words: Lattice polytopes, unimodular equivalence, lattice points.

1 Introduction

A lattice polytope is the convex hull of a finite set of points in Zd (or in a d-
dimensional lattice). We call size of P its number P ∩Zd of lattice points and
volume of P its volume normalized to the lattice (that is, d+ 1 points form a
simplex of volume one if and only if they are an affine lattice basis). Two such
polytopes P and Q are said Z-equivalent or unimodularly equivalent if there
is an affine integer unimodular transformation f : Zd → Zd with f(P ) = Q.

We are interested in the complete classification of such polytopes in di-
mension 3, for small size.

The same question in dimension 2 has a relatively simple, and fully algo-
rithmic, answer. In particular, by Pick’s Theorem, there is a finite number of
2-polytopes of any given size. Figure 1 shows the full list up to size five.

? Supported by the Spanish Ministry of Science MICINN (MTM2011-22792), and by
MICINN-ESF programme EuroGIGA – (ComPoSe – IP04, EUI-EURC-2011-4306)
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Fig. 1: The 2-dimensional polygons with up to five points

In dimension 3 the situation is completely different. In particular, there
are empty tetrahedra with arbitrarily large volume, so no analogue of Pick’s
Theorem is possible. Here, an empty tetrahedron is the same as a 3-polytope
of size four: a tetrahedron with integer vertices and no other integer point.
However, the following three results are valid in arbitrary dimension. In the
first one, a hollow lattice polytope is one with no lattice point in its interior.

Theorem 1 (Nill-Ziegler [6, Thm. 1.2]). In each dimension d, there is
only a finite number of hollow lattice d-polytopes that do not admit a lattice
projection onto a hollow lattice (d− 1)-polytope.

Theorem 2 (Hensley [3, Thm. 3.4]). For fixed positive integers k and d
there is a number V (k, d) such that every lattice d-polytope with k interior
lattice points has volume bounded above by V (k, d).

Theorem 3 (Lagarias-Ziegler [5, Thm. 2]). A family of lattice d-polytopes
(for any fixed d) with bounded volume contains only a finite number of integral
equivalence classes.

Since there is a unique hollow 2-polytope of width larger than one, we
get the following, where the width of a lattice polytope is the minimum of
maxx∈P f(x)−minx∈P f(x), among all possible (non-constant) choices of an
integer linear functional f : Zd → Z. In particular, P has width one if its
vertices lie in two consecutive parallel lattice hyperplanes.

Corollary 1. There are finitely many lattice 3-polytopes of width greater than
one for each size n.

So, it makes sense to classify, for each size n, separately the 3-polytopes
of width one and those of width larger than one. Those of width larger than
one are a finite list. Those of width one are infinite, but easy to describe: they
consist of two 2-polytopes of sizes n1 and n2 (n1 + n2 = n) placed on parallel
consecutive planes. For each of the two sub configurations there is a finite
number of possibilities, but infinitely many ways to “rotate” (in the integer
sense, that is via an element of SL(Z, 2)) one with respect to the other.
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For example, it is a now classical result that all empty tetrahedra have
width one (see Theorem 5 below). The following generalization of this is very
useful to us:

Theorem 4 (Howe, see [9, Thm. 1.3]). Every lattice 3-polytope with no
lattice points other than its vertices has width 1. In particular, all maximal 3-
polytopes with that property consist of two empty parallelograms in consecutive
parallel lattice planes.

Our results, summarized in Theorems 7 and 8, and in Tables 1–3 are:

• There are exactly 9 3-polytopes of size 5 and width > 1, all of width 2.
They are all dps.

• There are exactly 76 3-polytopes of size 6 and width > 1, 74 of width 2
and 2 of width 3. 44 and 1 of those, respectively, are dps.

Our motivation comes partially from the notion of distinct pair-sum lat-
tice polytopes, defined as lattice polytopes in which all the pairwise sums
a+ b, a, b ∈ P ∩ Zd are distinct. Equivalently, they are lattice polytopes con-
taining no three collinear lattice points nor the vertices of a non degenerate
parallelogram [1, Lemma 1]. A dps d-polytope cannot have two lattice points
in the same class modulo (2Z)d. In particular, it cannot have more than 2d

lattice points. Reznick [8] asks:

• What is the range for the volume of dps polytopes of size 2d in Rd?
• Is every dps d-polytope a subset of one of size 2d?
• How many “inequivalent” dps polytopes of size 2d are there in Rd?

Our ultimate goal would be to answer these questions in dimension three.

Acknowledgement: We thank Bruce Reznick for useful comments and ref-
erences on the topic of this work.

2 Preliminaries: Empty simplices and volume vectors

Lattices 3-polytopes of size four, that is, empty tetrahedra, are well classified
(see, e.g., [9,7]):

Definition 1. We call an empty lattice simplex T of type T (p, q), 1 ≤ p < q,
if it has volume q and there is an affine transformation sending its vertices
to o = (0, 0, 0), e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1) and sending the
lattice Z3 to the lattice

Λ(p, q) := (p/q,−p/q, 1/q) + Z3.
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We call R(p, q) := conv{(0, 0, 0), (0, 0, 1), (1,−1, 0), (1,−1, 1)} the funda-
mental rectangle of T (p, q). Observe that all non-integer lattice points of
Λ(p, q) lie in an integer translation of R(p, q).

Theorem 5 (Classification of empty tetrahedra, White [10], Howe
(see [9])). Every empty lattice simplex of volume q ≥ 2 is of type T (p, q) for
some p ∈ {1, q − 1} with gcd(p, q) = 1. Moreover, if p′ = p−1 (mod q), we
have

T (p, q) ∼= T (p′, q) ∼= T (q − p, q) ∼= T (q − p′, q).

Among the methods we have used to elaborate the classification, we often
need to check whether certain tetrahedra are empty and to find their type
(p, q). We have implemented this in MATLAB.

One basic property of Z-equivalence is that it preserves volume. This makes
the following definition useful for our classification:

Definition 2. Let {p1, p2, . . . , pn} be the set of lattice points in a 3-polytope
P . The volume vector of P is the vector

w = (wi,j,k,l)1≤i<j<k<l≤n ∈ Z(n4), where wi,j,k,l = det

(
1 1 1 1

pi pj pk pl

)
. (1)

Observe that the definition of volume vector implicitly assumes a specific
ordering for the n points in P .

Remark 1. The volume vector encodes the unique (modulo a scalar factor)
dependence among each set of 5 points {pi, pj , pk, pl, pr}, which is:

wj,k,l,r · pi − wi,k,l,r · pj + wi,j,l,r · pk − wi,j,k,r · pl + wi,j,k,l · pr = 0

wj,k,l,r − wi,k,l,r + wi,j,l,r − wi,j,k,r + wi,j,k,l = 0.

3 Polytopes with five lattice points

The five points A = {p1, p2, p3, p4, p5} in a 3-polytope of size five have a
unique affine dependence. The Radon partition of A is obtained by looking
at the signs of coefficients in this dependence. We say that P = convA has
signature (i, j) if this dependence has i positive and j negative coefficients.
The five possibilities for (i, j) are (1, 2), (1, 3), (1, 4), (2, 2) and (3, 2). (Observe
that (i, j) and (j, i) are the same signature).

In order for the volume vector of P to encode its signature, taking into
account Remark 1, for a size 5 polytope we modify its volume vector to be

(w2,3,4,5,−w1,3,4,5, w1,2,4,5,−w1,2,3,5, w1,2,3,4)
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where wi,j,k,l is as in Equation 1. In this way, the signature of P is just the
number of positive and negative entries in the volume vector, and the sum of
coordinates in the volume vector vanishes.

To classify 3-polytopes of size five, we treat separately signatures (∗, 2) and
(1, ∗) (the case (1, 2) appears in both, but that is not a problem).

Our starting point is that every polytope P of size five and signature (∗, 2)
have width one. The proof, that we omit, is based on the fact that if T is the
tetrahedron of largest volume in P then P is contained in the second dilation
of T .

Theorem 6. If P is a lattice 3-polytope of size 5 and of one of the signatures
(3, 2), (2, 2) or (1, 2), then P has width one.

The classification of these configurations, though infinitely many, is easy
and contained in the first three lines of Table 1.

So, we concentrate on the cases of signatures (∗, 1). Let (v1, v2, v3, v4, v5)
be the volume vector of a polytope of signature (∗, 1), reordered so that
v5 < 0 ≤ vi ≤ v4, i = 1, 2, 3. That is, point p5 lies in the interior of
conv{p1, p2, p3, p4}, and the tetrahedron T4 := conv{p1, p2, p3, p5} has the
maximum volume among the empty simplices in P . Also, without loss of gen-
erality, assume that T4 has width one with respect to the pair of edges p1p2

and p3p5. That is, the affine change of coordinates that sends T4 to be the
standard simplex, with p5 = o, p1 = e1, p2 = e2, p3 = e3, sends Z3 to the
lattice Λ(p, q) corresponding to the type of T4.

The affine dependence

∑
vipi = 0,

∑
vi = 0

implies that p4 = −1
v4

(v1, v2, v3). Now, since vi ≥ 0 for i ∈ {1, 2, 3}, p4 lies in
the (closed) negative orthant. Also, since v4 = −(v1 + v2 + v3 + v5) we have
that p4 lies in the cube [−1, 0]3. Then there are four cases for p4:

(a) If p4 ∈ {(−1, 0, 0), (0,−1, 0), (0, 0,−1)}, then P has signature (2, 1). In
particular, it has width one and has been analyzed in the previous section.

(b) If p4 ∈ {(−1,−1, 0), (0,−1,−1), (−1, 0,−1)}, then P has signature (3, 1)
and volume vector (q, q, q, 0,−3q).

(c) If p4 = (−1,−1,−1)}, then P has signature (4, 1) and volume vector
(q, q, q, q,−4q).

(d) If p4 is not a vertex of the cube [−1, 0]3, then it must be an interior
lattice point in the (translated) fundamental rectangle (−1, 0, 0), (0,−1, 0),
(−1, 0,−1), (0,−1,−1). The signature is again (4, 1).

We omit details, but a cue by case analysis of this this division leads to:

Theorem 7. There are exactly nine 3-polytopes of size 5 and width two and
none of larger width. Eight of them have signature (4, 1), and one has signature
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(3, 1). Representatives and volume vectors for them are shown in Table 1. All
of them are dps.

Let us mention that part of this result was already known. Configurations
of signatures (2, 2) and (3, 2) have width 1 by Howe’s Theorem. Configurations
of signature (4, 1) were classified by Reznick [7, Thm. 7] and Kasprzyk [4], who
obtained exactly the same result as we do.

4 Polytopes with six lattice points

Let us here only state our classification results for width > 1. The methods
combine a case by case study with the use of the classification of size five. In
some of the cases we use partial results from [2], and some are solved by an
exhaustive computer search implemented in MATLAB.

Theorem 8. Among the lattice 3-polytopes with 6 lattice points, there are
exactly 74 equivalence classes of width two, 2 of width three, and none of
width larger than three, as shown in Tables 2 and 3.

The tables show separately the polytopes that contain point coplanarities
(44 of them, Table 2) and those which don’t (32 of them, Table 3). In Table 2
the configurations are divided into four sections, related to the way we have
computed them. First those containing 5 coplanar points; among the rest: first
those with (3, 1) coplanarities; then those with some (2, 2) but no (3, 1) copla-
narity; finally those with only (2, 1) coplanarities. In Table 3 configurations
are separated according to whether they have one or two interior points.

In all tables, the points (0, 0, 0), (1, 0, 0) and (0, 1, 0) are omitted from the
representative of each class, and the dps polytopes are marked with (*).
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Signature Volume vector Width Representative

(2, 2) (1,−1,−1, 1, 0) 1 (1, 1, 0),(0, 0, 1)

(2, 1)
(−2q, q, 0, q, 0)

0 ≤ p ≤ q
2

with gcd(p, q) = 1
1 (−1, 0, 0),(p, 1, q)
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0 < p ≤ q with gcd(p, q) = 1
1 (*) (0, 0, 1),(p, q, 1)

(3, 1)
(−3, 1, 1, 1, 0)

(−9, 3, 3, 3, 0)

1

2

(*)

(*)

(−1,−1, 0),(0, 0, 1)

(−1,−1, 0),(1, 2, 3)

(−4, 1, 1, 1, 1) 2 (*) (1, 1, 1),(−2,−2,−1)
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Volume vector Width Representative

(0, 0, 2, 0,−2, 0, 0, 0,−4, 4, 0, 4,−2, 2, 8) 2 (0,−1, 0),(2, 0, 0),(1, 1, 2)

(0, 0, 2, 0,−2, 0, 0, 0, 2,−2, 0, 4, 4,−4,−4) 2 (0,−1, 0),(−1, 0, 0),(1, 1, 2)

(0, 1,−1,−1, 1,−4, 1,−1, 1, 3, 3,−3, 3, 9, 0) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 4,−1)

(0, 1,−1,−1, 1,−3, 1,−1, 0, 3, 3,−3, 1, 8, 1) 2 (*) (−1,−1, 0),(0, 0, 1),(0, 3,−1)

(0, 1,−1,−1, 1,−2, 1,−1, 1, 1, 3,−3, 1, 5,−2) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 2,−1)

(0, 1,−1,−1, 1,−3, 1,−1, 1, 2, 3,−3, 2, 7,−1) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 3,−1)

(0, 1,−1,−1, 1,−5, 1,−1, 1, 4, 3,−3, 4, 11, 1) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 5,−1)

(0, 1,−1,−1, 1,−6, 1,−1, 1, 5, 3,−3, 5, 13, 2) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 6,−1)

(0, 1,−1,−1, 1,−2, 1,−1, 0, 2, 3,−3, 0, 6, 0) 2 (−1,−1, 0),(0, 0, 1),(0, 2,−1)

(0, 1,−1,−1, 1,−1, 1,−1, 0, 1, 3,−3,−1, 4,−1) 2 (−1,−1, 0),(0, 0, 1),(0, 1,−1)

(0, 1,−1,−1, 1,−1, 1,−1, 1, 0, 3,−3, 0, 3,−3) 2 (−1,−1, 0),(0, 0, 1),(1, 1,−1)

(0, 1,−1,−1, 1, 0, 1,−1, 0, 0, 3,−3,−2, 2,−2) 2 (−1,−1, 0),(0, 0, 1),(0, 0,−1)

(0, 1,−3,−1, 3,−8, 1,−3, 1, 7, 3,−9, 5, 19, 2) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 8,−3)

(0, 1,−3,−1, 3,−2, 1,−3, 1, 1, 3,−9,−1, 7,−4) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 2,−3)

(0, 1,−3,−1, 3,−5, 1,−3, 1, 4, 3,−9, 2, 13,−1) 2 (*) (−1,−1, 0),(0, 0, 1),(1, 5,−3)

(0, 3,−3,−3, 3,−9, 3,−3, 0, 9, 9,−9, 3, 24, 3) 2 (*) (−1,−1, 0),(1, 2, 3),(−1, 1,−3)

(0, 3,−3,−3, 3, 0, 3,−3, 0, 0, 9,−9,−6, 6,−6) 2 (−1,−1, 0),(1, 2, 3),(−1,−2,−3)

(0, 1, 2,−1,−2, 0, 1, 2,−1, 1, 3, 6, 0, 0, 3) 2 (−1,−1, 0),(0, 0, 1),(−1, 0, 2)

(0, 1, 2,−1,−2, 0, 1, 2, 0, 0, 3, 6, 1,−1, 1) 2 (−1,−1, 0),(0, 0, 1),(0, 0, 2)

(0, 3, 6,−3,−6, 0, 3, 6, 0, 0, 9, 18, 3,−3, 3) 3 (−1,−1, 0),(1, 2, 3),(2, 4, 6)

(0, 1, 5,−1,−5, 2, 1, 5,−1,−1, 3, 15, 1,−7, 4) 2 (*) (−1,−1, 0),(0, 0, 1),(−2,−1, 5)

(0, 1, 7,−1,−7, 1, 1, 7,−2, 1, 3, 21, 3,−6, 9) 2 (*) (−1,−1, 0),(0, 0, 1),(−2,−1, 7)

(0, 3, 1,−3,−1,−1, 3, 1, 2,−1, 9, 3, 1, 2,−5) 2 (*) (−1,−1, 0),(1, 2, 3),(1, 1, 1)

(0, 1,−1, 1,−1,−4,−1, 1, 3,−1,−1, 1, 5, 1,−2) 2 (1, 1, 0),(0, 0, 1),(3, 4,−1)

(0, 1,−1, 1,−1,−5,−1, 1, 4,−1,−1, 1, 7, 2,−3) 2 (1, 1, 0),(0, 0, 1),(4, 5,−1)

(0, 1, 5, 1, 5, 1,−1,−5,−2,−1,−1,−5, 1, 2,−3) 2 (1, 1, 0),(0, 0, 1),(−2,−1, 5)

(0, 1, 7, 1, 7, 2,−1,−7,−3,−1,−1,−7, 1, 3,−4) 2 (1, 1, 0),(0, 0, 1),(−3,−2, 7)

(−1, 1, 0,−1, 0, 0, 1,−2, 2,−2, 4,−1, 1,−1,−7) 2 (1, 1, 1),(−2,−2,−1),(2, 0, 0)

(−2, 1, 0,−1, 0, 0, 1,−4, 2,−2, 5,−2, 1,−1,−9) 2 (1, 1, 2),(−1,−1,−1),(2, 0, 0)

(−2, 1, 2,−1,−2, 0, 1, 2, 0, 0, 5, 8, 1,−1, 1) 2 (1, 1, 2),(−1,−1,−1),(−2,−2,−2)

(−3, 2, 0,−1, 0, 0, 1,−6, 4,−2, 7,−3, 2,−1,−13) 2 (1, 1, 3),(−1,−1,−2),(2, 0, 0)

(−3, 2, 4,−1,−2, 0, 1, 2, 0, 0, 7, 11, 2,−1, 1) 2 (1, 1, 3),(−1,−1,−2),(−2,−2,−4)

(−5, 2, 4,−3,−6, 0, 1, 2, 0, 0, 11, 17, 2,−3, 1) 2 (2, 1, 5),(−1,−1,−2),(−2,−2,−4)

(−1, 1, 0,−1, 0, 0, 1, 1,−1, 1, 4, 2,−2, 2, 2) 2 (1, 1, 1),(−2,−2,−1),(−1, 0, 0)

(−2, 1, 0,−1, 0, 0, 1, 2,−1, 1, 5, 4,−2, 2, 3) 2 (1, 1, 2),(−1,−1,−1),(−1, 0, 0)

(−2, 1,−1,−1, 1, 0, 1,−1, 0, 0, 5,−1,−2, 2,−2) 2 (1, 1, 2),(−1,−1,−1),(1, 1, 1)

(−3, 2, 0,−1, 0, 0, 1, 3,−2, 1, 7, 6,−4, 2, 5) 2 (1, 1, 3),(−1,−1,−2),(−1, 0, 0)

(−3, 2,−2,−1, 1, 0, 1,−1, 0, 0, 7,−1,−4, 2,−2) 2 (1, 1, 3),(−1,−1,−2),(1, 1, 2)

(−5, 2,−2,−3, 3, 0, 1,−1, 0, 0, 11,−1,−4, 6,−2) 2 (2, 1, 5),(−1,−1,−2),(1, 1, 2)

(−1, 1, 0,−1,−1, 1, 1,−2, 2,−3, 4, 0, 0,−4,−8) 2 (1, 1, 1),(−2,−2,−1),(2,−1, 0)

(−2, 1, 0,−1,−2, 1, 1,−4, 2,−3, 5, 0, 0,−5,−10) 2 (1, 1, 2),(−1,−1,−1),(2,−1, 0)

(−2, 1, 2,−1,−2, 0, 1, 4,−1, 1, 5, 10, 0, 0, 5) 2 (1, 1, 2),(−1,−1,−1),(−3,−2,−2)

(−3, 2,−6,−1, 0, 2, 1, 3,−4, 1, 7, 0,−14, 0, 7) 2 (1, 1, 3),(−1,−1,−2),(1, 2, 6)

(−3, 2, 4,−1,−2, 0, 1, 5,−2, 1, 7, 14, 0, 0, 7) 2 (1, 1, 3),(−1,−1,−2),(−3,−2,−4)

Table 2: Lattice 3-polytopes of size 6 and width > 1, part I; points with
coplanarities.
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Volume vector Width Representative

(1,−1, 1, 1,−2, 1,−1, 3,−2, 1,−4, 5,−1,−3, 7) 2 (*) (1, 1, 1), (−2,−2,−1), (4, 3, 1)

(1,−1, 1, 1,−2, 1,−1, 5,−4, 3,−4, 7,−3,−1, 13) 2 (*) (1, 1, 1), (−2,−2,−1), (6, 3, 1)

(2,−1,−1, 1,−1, 1,−1, 3,−2, 1,−5, 1,−3,−2, 7) 2 (*) (1, 1, 2), (−1,−1,−1), (1, 0,−1)

(2,−1, 1, 1, 1,−1,−1, 5,−2, 3,−5, 3, 1, 4, 11) 2 (*) (1, 1, 2), (−1,−1,−1), (3, 0, 1)

(2,−1,−3, 1, 1, 1,−1, 5,−4, 3,−5,−1,−7, 2, 13) 2 (*) (1, 1, 2), (−1,−1,−1), (1,−2,−3)

(2,−1,−5, 1, 3, 1,−1,−1,−2, 1,−5,−11,−7, 2, 3) 2 (*) (1, 1, 2), (−1,−1,−1), (−3,−4,−5)

(2,−1,−7, 1, 5, 1,−1,−3,−2, 1,−5,−17,−9, 4, 1) 2 (*) (1, 1, 2), (−1,−1,−1), (−5,−6,−7)

(3,−2, 1, 1, 1,−1,−1, 5,−3, 2,−7, 2, 1, 3, 11) 2 (*) (1, 1, 3), (−1,−1,−2), (2, 0, 1)

(3,−2, 5, 1, 2,−3,−1, 1, 1, 1,−7, 1, 11, 5, 2) 2 (*) (1, 1, 3), (−1,−1,−2), (2, 1, 5)

(3,−2, 7, 1, 4,−5,−1,−1, 3, 1,−7,−1, 17, 9,−2) 2 (*) (1, 1, 3), (−1,−1,−2), (2, 1, 7)

(3,−2,−1, 1, 2,−1,−1,−5, 3,−1,−7,−11, 5, 1,−8) 2 (*) (1, 1, 3), (−1,−1,−2), (−2,−1,−1)

(3,−2,−5, 1, 1, 1,−1,−4, 1,−1,−7,−13,−3,−2,−5) 2 (*) (1, 1, 3), (−1,−1,−2), (−3,−2,−5)

(3,−2,−7, 1, 2, 1,−1,−5, 1,−1,−7,−17,−5,−1,−6) 2 (*) (1, 1, 3), (−1,−1,−2), (−4,−3,−7)

(3,−2,−5, 1, 4,−1,−1,−7, 3,−1,−7,−19, 1, 3,−10) 2 (*) (1, 1, 3), (−1,−1,−2), (−4,−3,−5)

(5,−2,−1, 3, 4,−1,−1,−3, 1,−1,−11,−13, 3, 1,−4) 2 (*) (2, 1, 5), (−1,−1,−2), (−1,−1,−1)

(5,−2,−3, 3, 7,−1,−1,−4, 1,−1,−11,−19, 1, 4,−5) 2 (*) (2, 1, 5), (−1,−1,−2), (−2,−2,−3)

(5,−2,−5, 3, 5, 1,−1,−5, 1,−2,−11,−20,−3,−1,−7) 2 (*) (2, 1, 5), (−1,−1,−2), (−3,−2,−5)

(5,−1,−1, 4,−1, 1,−3, 7,−2, 5,−13, 2,−3,−1, 17) 2 (*) (2, 1, 5), (−1,−1,−1), (1, 0,−1)

(5,−1,−2, 4,−7, 3,−3,−1,−1,−5,−13,−1,−5,−19,−2) 2 (*) (2, 1, 5), (−1,−1,−1), (−1, 1,−2)

(5,−1,−3, 4, 7, 1,−3,−4,−1, 1,−13,−19,−4, 3, 1) 2 (*) (2, 1, 5), (−1,−1,−1), (−2,−2,−3)

(1,−1,−6, 1, 7,−1,−1,−5,−1, 2,−4,−19,−5, 9,−1) 2 (*) (1, 1, 1), (−2,−2,−1), (−11,−13,−6)

(1,−1,−9, 1, 8, 1,−1,−7,−2, 1,−4,−25,−11, 7,−3) 2 (*) (1, 1, 1), (−2,−2,−1), (−16,−17,−9)

(2,−1,−7, 1, 9,−1,−1,−5,−1, 2,−5,−23,−6, 11,−1) 2 (*) (1, 1, 2), (−1,−1,−1), (−6,−8,−7)

(2,−1,−11, 1, 9, 1,−1,−7,−2, 1,−5,−29,−13, 8,−3) 2 (*) (1, 1, 2), (−1,−1,−1), (−9,−10,−11)

(2,−1, 7, 1, 1,−4,−1,−3, 5,−1,−5, 1, 17, 3,−8) 2 (*) (1, 1, 2), (−1,−1,−1), (2, 3, 7)

(2,−1, 11, 1, 3,−7,−1,−1, 6, 1,−5, 5, 25, 10,−5) 2 (*) (1, 1, 2), (−1,−1,−1), (5, 4, 11)

(3,−2,−7, 1, 5,−1,−1,−8, 3,−1,−7,−23,−1, 4,−11) 2 (*) (1, 1, 3), (−1,−1,−2), (−5,−4,−7)

(3,−2,−11, 1, 10,−3,−1,−7, 1, 1,−7,−31,−5, 13,−6) 2 (*) (1, 1, 3), (−1,−1,−2), (−6,−7,−11)

(3,−2,−1, 1,−7, 5,−1,−2, 1,−3,−7, 1,−3,−16,−5) 2 (*) (1, 1, 3), (−1,−1,−2), (−1, 2,−1)

(3,−2, 13, 1, 1,−5,−1,−4, 7,−1,−7, 5, 27, 4,−11) 2 (*) (1, 1, 3), (−1,−1,−2), (3, 4, 13)

(5,−2,−9, 3, 11, 1,−1,−7, 1,−2,−11,−32,−7, 5,−9) 2 (*) (2, 1, 5), (−1,−1,−2), (−5,−4,−9)

(5,−2, 11, 3, 1,−7,−1,−2, 3,−1,−11, 3, 23, 4,−5) 3 (*) (2, 1, 5), (−1,−1,−2), (4, 2, 11)

Table 3: Lattice 3-polytopes of size 6 and width > 1, part II; no coplanarities.
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Abstract. A binary linear code C is a Z2-double cyclic code if the set of coordinates
can be partitioned into two subsets such that any cyclic shift of the coordinates of
both subsets leaves invariant the code. These codes can be identified as submodules
of the Z2[x]-module Z2[x]/(xr − 1) × Z2[x]/(xs − 1). We determine the structure of
Z2-double cyclic codes giving the generator polynomials of these codes. The related
polynomial representation of Z2-double cyclic codes and its duals, and the relations
between the polynomial generators of these codes are studied.

Key words: Binary linear codes, Duality, Z2-double cyclic codes.

1 Introduction

Let Z2 be the ring of integers modulo 2. Let Zn2 denote the set of all binary
vectors of length n. Any non-empty subset of Zn2 is a binary code and a
subgroup of Zn2 is called a binary linear code. In this paper we introduce
a subfamily of binary linear codes, called Z2-double cyclic codes, with the
property that the set of coordinates can be partitioned into two subsets, the
first r coordinates and the last s coordinates, such that any cyclic shift of the
coordinates of both subsets of a codeword is also a codeword.

Notice that if one of these sets of coordinates is empty, for example r = 0,
then we obtain a binary cyclic code of length s. So, binary cyclic codes are a
special class of Z2-double cyclic codes. Most of the theory of binary cyclic
codes can be found in [5]. Another special case is when r = s, where a
Z2-double cyclic code is permutation equivalent to a quasi-cyclic code of index
2 and even length (see [5]).

In recent times, Z2Z4-additive codes have been studied (see [2], [3]). For
Z2Z4-additive codes, the set of coordinates is partitioned into two subsets, the
first one of binary coordinates and the second one of quaternary coordinates.

? This work has been partially supported by the Spanish MICINN grant TIN2013-40524-P
and by the Catalan grant 2009SGR1224.
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The simultaneous cyclic shift of the subsets of coordinates of a codeword has
been first defined in [1], that studies Z2Z4-additive cyclic codes and these
codes can be identified as Z4[x]-modules of a certain ring.

The aim of this paper is the study of the algebraic structure of Z2-double
cyclic codes and their dual codes. It is organized as follows. In Section 2, we
give the definition of Z2-double cyclic codes, we find the relation between some
canonical projections of these codes and binary cyclic codes and we present
the Z2[x]-module Z2[x]/(xr − 1)×Z2[x]/(xs− 1), denoted by Rr,s. In Section
3, we discuss about the algebraic structure of a Z2-double cyclic code and we
state some relations between its generators. In Section 4, we study the concept
of duality and, given a Z2-double cyclic code, we determine the generators of
the dual code in terms of the generators of the code. Finally, in Section 5, we
give some conclusions and discuss about future research.

2 Z2-double cyclic codes

Let C be a binary code of length n. Let r and s be integers such that n = r+s.
We consider a partition of the set of the n coordinates into two subsets of r
and s coordinates, respectively, so that C is a subset of Zr2 × Zs2.

Definition 1. Let C be a binary linear code of length n = r + s. The code C
is called Z2-double cyclic if

(u0, u1, . . . , ur−2, ur−1|u′0, u′1, . . . , u′s−2, u
′
s−1) ∈ C

implies
(ur−1, u0, u1, . . . , ur−2|u′s−1, u

′
0, u
′
1, . . . , u

′
s−2) ∈ C.

Let u = (u0, u1, ..., ur−1|u′0, ..., u′s−1) be a codeword in C and i be an inte-
ger, then we denote by

u(i) = (u0+i, u1+i, ..., ur−1+i|u′0+i, ..., u
′
s−1+i)

the ith shift of u, where the subscripts are read modulo r and s, respectively.
Let Cr be the canonical projection of C on the first r coordinates and Cs

on the last s coordinates. The canonical projection is a linear map. Then, Cr
and Cs are binary cyclic codes of length r and s, respectively. A code C is
called separable if C is the direct product of Cr and Cs.

There is a bijective map between Zr2×Zs2 and Z2[x]/(xr−1)×Z2[x]/(xs−1)
given by:

(u0, u1, . . . , ur−1|u′0, . . . , u′s−1) 7→ (u0 + u1x+ · · ·+ ur−1x
r−1|u′0 + · · ·+ u′s−1x

s−1).

We denote the image of the vector u by u(x).
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Definition 2. Denote by Rr,s the ring Z2[x]/(xr − 1) × Z2[x]/(xs − 1). We
define the operation

? : Z2[x]×Rr,s → Rr,s

as
λ(x) ? (p(x)|q(x)) = (λ(x)p(x)|λ(x)q(x)),

where λ(x) ∈ Z2[x] and (p(x)|q(x)) ∈ Rr,s.
The ring Rr,s with the external operation ? is a Z2[x]-module. Let u(x) =

(u(x)|u′(x)) be an element of Rr,s. Note that if we operate u(x) by x we get

x ? u(x) = x ? (u(x)|u′(x))

= (u0x+ · · ·+ ur−2x
r−1 + ur−1x

r|u′0x+ · · ·+ u′s−2x
s−1 + u′s−1x

s)

= (ur−1 + u0x+ · · ·+ ur−2x
r−1|u′s−1 + u′0x+ · · ·+ u′s−2x

s−1).

Note that x?u(x) is the image of the vector u(1). Thus, the operation of u(x)
by x in Rr,s corresponds to a shift of u. In general, xi ?u(x) = u(i)(x) for all i.

3 Algebraic structure and generators

In this section, we study submodules of Rr,s. We describe the generators of
such submodules and state some properties. From now on, 〈S〉 will denote the
submodule generated by a subset S of Rr,s.

Theorem 1. The Z2[x]-module Rr,s is a noetherian Z2[x]-module, and every
submodule N of Rr,s can be written as

N = 〈(b(x)|0), (`(x)|a(x))〉,

where b(x), `(x) ∈ Z2[x]/(xr − 1) with b(x)|(xr − 1) and a(x) ∈ Z2[x]/(xs− 1)
with a(x)|(xs − 1).

From the previous results, it is clear that we can identify Z2-double cyclic
codes in Zr2 × Zs2 as submodules of Rr,s. So, any submodule of Rr,s is a
Z2-double cyclic code.

Proposition 1. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code.
Then, C is permutation equivalent to a binary linear code with generator ma-
trix of the form

G =



Ir−deg(b(x)) A1 A2 0 0 0

0 Bκ B C1 Iκ 0

0 0 0 C2 R Is−deg(a(x))−κ


 ,

where Bκ is a square matrix of full rank and κ = deg(b(x))−deg(gcd(b(x), `(x))).
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Corollary 1. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code. Then,
C is a binary linear code of dimension r + s− deg(b(x))− deg(a(x)).

Proposition 2. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code.
Then, we can assume that deg(`(x)) < deg(b(x)).

Proposition 3. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code.
Then, b(x) | xs−1

a(x) `(x).

Corollary 2. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code. Then,
b(x) | xs−1

a(x) gcd(`(x), b(x)).

Proposition 4. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a separable Z2-double cyclic
code. Then, `(x) = 0.

4 Duality

Let C be a Z2-double cyclic code and C⊥ the dual code of C (see [4]). Taking
a vector v of C⊥, u · v = 0 for all u in C. Since u belongs to C, we know
that u(−1) is also a codeword. So, u(−1) · v = u · v(1) = 0 for all u from C,
therefore v(1) is in C⊥ and C⊥ is also a Z2-double cyclic code. Consequently,
we obtain the following proposition.

Proposition 5. Let C be a Z2-double cyclic code. Then the dual code of C is
also a Z2-double cyclic code, we denote the generators by

C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉,
where b̄(x), ¯̀(x) ∈ Z2[x]/(xr−1) with b̄(x) | (xr−1) and ā(x) ∈ Z2[x]/(xs−1)
with ā(x) | (xs − 1).

The reciprocal polynomial of a polynomial p(x) is xdeg(p(x))p(x−1) and is
denoted by p∗(x). As in the theory of binary cyclic codes, reciprocal polyno-
mials have an important role (see [5]).

We denote the polynomial
∑m−1

i=0 xi by θm(x). Using this notation we have
the following proposition.

Proposition 6. Let n,m ∈ N. xnm − 1 = (xn − 1)θm(xn).

From now on, m denotes the least common multiple of r and s.

Definition 3. Let u(x) = (u(x)|u′(x)) and v(x) = (v(x)|v′(x)) be elements in
Rr,s. We define the map

◦ : Rr,s ×Rr,s −→ Z2[x]/(xm − 1),

such that

◦(u(x), v(x)) =u(x)θm
r

(xr)xm−1−deg(v(x))v∗(x)+

+ u′(x)θm
s

(xs)xm−1−deg(v′(x))v′∗(x) mod(xm − 1).
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The map ◦ is linear in each of its arguments; i.e., if we fix the first entry of the
map invariant, while letting the second entry vary, then the result is a linear
map. Similarly, when fixing the second entry invariant. Then, the map ◦ is a
bilinear map between Z2[x]-modules.

From now on, we denote ◦(u(x),v(x)) by u(x)◦v(x). Note that u(x)◦v(x)
belongs to Z2[x]/(xm − 1).

Proposition 7. Let u and v be vectors in Zr2 × Zs2 with associated polyno-
mials u(x) = (u(x)|u′(x)) and v(x) = (v(x)|v′(x)), respectively. Then, u is
orthogonal to v and all its shifts if and only if

u(x) ◦ v(x) = 0 mod(xm − 1).

Proposition 8. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code.
Then,

|Cr| = 2r−deg(b(x))+κ, |Cs| = 2s−deg(a(x)),

|(Cr)⊥| = 2deg(b(x))−κ, |(Cs)⊥| = 2deg(a(x)),

|(C⊥)r| = 2deg(b(x)), |(C⊥)s| = 2deg(a(x))+κ,

where κ = deg(b(x))− deg(gcd(b(x), `(x))).

Corollary 3. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code with
dual code C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉. Then,

deg(ā(x)) = s− deg(a(x))− deg(b(x)) + deg(gcd(b(x), `(x))).

Proposition 9. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code.
Then, 〈(0| xs−1

a∗(x))〉 ⊆ C⊥.

Corollary 4. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code with
C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉. Then, ā(x) divides xs−1

a∗(x) .

Corollary 5. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code. Let
T = {(0|p(x)) ∈ Rr,s | (0|p(x)) ∈ C⊥}. Then, T is generated by 〈(0| xs−1

a∗(x))〉.

The previous propositions and corollaries will be helpful to determine the
relations between the generator polynomials of a Z2-double cyclic code and
the generator polynomials of its dual code.

Proposition 10. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code
and C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉. Then,

b̄(x) =
xr − 1

gcd(b(x), `(x))∗
.

Proposition 11. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a separable Z2-double
cyclic code. Then, C⊥ = 〈(xr−1

b∗(x) |0), (0| xs−1
a∗(x))〉.
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Corollary 6. Let C be a separable Z2-double cyclic code. Then, C⊥ is a
separable Z2-double cyclic code.

Proposition 12. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a non separable Z2-double
cyclic code and C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉. Then,

¯̀(x) =
xr − 1

b∗(x)
λ(x),

for some λ(x) ∈ Z2[x].

Corollary 7. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a non separable Z2-double
cyclic code. Then, deg(λ(x)) < deg(b(x))− deg(gcd(b(x), `(x))).

Proposition 13. Let C = 〈(b(x)|0), (`(x)|a(x))〉 be a Z2-double cyclic code
and C⊥ = 〈(b̄(x)|0), (¯̀(x)|ā(x))〉. Then

ā(x) =
(xs − 1) gcd(b(x), `(x))∗

a∗(x)b∗(x)
.

5 Conclusions and further research

We have introduced Z2-double cyclic codes. We have studied their algebraic
description and the generators of Z2-double cyclic codes and we have deter-
mined its dual codes.

Given the fact that these codes are really related with binary cyclic codes,
further research could be done on finding efficient encoding and decoding
algorithms. Also self-duality could be studied.
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Resumen. En este trabajo se mejoran en una unidad las cotas superiores de dos
números de Ramsey obteniéndose que R(K5 − e,K5) y R(K6 − e,K4) son a lo más
33.

Palabras clave: Teoŕıa extremal de grafos, números de Ramsey.

1 Introducción y preliminares

Sea G un grafo, se denotará como G al grafo complementario de G y como
n(G) y e(G) a sus números de vértices y aristas respectivamente. G ⊆ G′

significará que G es un subgrafo de G′. Los conjuntos de vértices y aristas de
G se denotarán como V (G) y E(G) respectivamente. G[S] es G el subgrafo de
G inducido por S ⊆ V (G). La cardinalidad de un conjunto A se denotará por
|A|. Si v ∈ V (G) se denotará como dG(v) a la valencia de v en G. ∆(G) y δ(G)
son las valencias máximas y mı́nimas de G respectivamente. Si v ∈ V (G),
denotateromos NG(v) al conjunto de vértices de G adyacentes a v y como
N−(v) a V (G) \NG(v) \ {v}.

Kn es el grafo completo con n vértices y Jn = Kn−e el obtenido al quitarle
a Kn una arista.

Dados dos grafos F y H, R(F,H;n) es el conjunto de grafos G tales que
n(G) = n, F * G y H * G. El número de Ramsey R(F,H) es el menor entero
n tal que R(F,H;n) es vaćıo. Claramente R(H,F ) = R(F,H) y si F1 ⊆ F2 y
H1 ⊆ H2 entonces R(F1, H1) ≤ R(F2, H2).

El número de Ramsey R(F,H) ha sido muy estudiado para grafos F y H
con pocos vértices. Trivialmente se tiene que R(K1, H) = 1 y R(K2, H) =
n(H). R(P3, H) y R(2K2, H) han sido determinados en [11] para cualquier
grafo H.

Cuando n(F ), n(H) ≤ 5, salvo dos casos, son conocidos los valores de
R(F,H) [1,2,6,9,10,11,12,18,9,24,25,31,36,13,45]. Los dos casos abiertos son
F ∈ {J5,K5} y H = K5 (ver [39] para más detalles).
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Las mejores cotas de estos casos son [15] 43 ≤ R(K5,K5) ≤ 49 [37] y [16]
30 ≤ R(J5,K5) ≤ 34 [17].

También son conocidos los valores exactos de R(F,H) cuando n(F ) ≤ 4,
F 6= K4 y n(H) = 6 [3,19,27,28,33,34,38,42], por lo que tiene un especial
interés la búsqueda de los números R(K4, H).

1.1 Números R(Jm,Kn)

El cálculo de R(Km,Kn) ha sido muy estudiado en la literatura desde 1935.
A estos números de Ramsey se les denomina clásicos. R(Km,Kn), también
denotado como R(m,n), es el menor número de vértices que ha de tener un
grafo completo para que en cualquier coloración de sus aristas con dos colores
azul y rojo o bien hay m vértices unidos dos a dos por aristas azules o bien
hay n vértices unidos dos a dos por aristas rojas.

Le siguen en interés R(Jm,Kn) y R(Jm, Jn). R(Jm,Kn) es el menor número
de vértices que ha de tener un grafo completo para que en cualquier coloración
de sus aristas con dos colores azul y rojo o bien hay m vértices unidos dos a
dos por aristas azules o bien hay n vértices entre los que hay a lo sumo una
arista azul.

Se han estudiado principalmente estos números R(Km,Kn), R(Jm,Kn) y
R(Jm, Jn) cuando m y n y son pequeños y también cuando m y n son iguales.

Además de los casos triviales R(Jm,K1) = 1, R(Jm,K2) = m, R(J2,Kn) =
mı́n{2, n} y R(J3,Kn) = 2n − 1, se conocen unos pocos valores exactos de
R(Jm,Kn): cuando n = 3 y 4 ≤ m ≤ 10 [12,11,19,21,16,35,40], cuando m = 4
y 4 ≤ n ≤ 6 [2,11,38,43] y cuando m = 5 y n = 4 [18].

Además de [16] 30 ≤ R(J5,K5) ≤ 34 [17], antes mencionado, las mejores
cotas de los casos abiertos para los menores valores de m y n son [44] 42 ≤
R(J11,K3) ≤ 45 [21], [5] 30 ≤ R(J6,K4) ≤ 34 [5] y [32] 28 ≤ R(J4,K7) ≤ 30
[7].

En este trabajo se mejorará en una unidad la cota superior de R(J5,K5)
y R(J6,K4).

1.2 Evolución histórica de las cotas superiores de R(J5,K5) y
R(J6,K4)

Por tanto el estudio de R(J5,K5) y R(J6,K4) es interesante por varias razones,
porque los números de Ramsey del tipo R(Jm,Kn) son los más estudiados
tras los clásicos, porque m y n son pequeños, porque para valores menores el
número de Ramsey es conocido. Además {J5,K5} es la pareja de grafos más
pequeños en los que su número de Ramsey es desconocido y m y n son iguales.

• En 1935 a Erdös y Szekeres [14] a partir de la fórmula:
R(G1, G2) ≤ R(G1 − u,G2) +R(G1, G2 − v), (1)
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siendo la desigualdad estricta si R(G1 − u,G2) y R(G1, G2 − v) son pares,
para todos u ∈ V (G1) y v ∈ V (G2), probaron la finitud del número de
Ramsey de cualquier par de grafos finitos. Por inducción se obtiene que:

R(Km,Kn) ≤
(
m+ n− 2

m− 1

)
.

Consecuentemente, las primeras cotas superiores de los números R(J5,K5)
yR(J6,K4) que se deducen sonR(J5,K5) ≤ R(K5,K5) ≤ 70 yR(J6,K4) ≤
R(K6,K4) ≤ 58.
La Fórmula (1), aunque fue enunciada para grafos completos es fácilmente
generalizable para cualquier par de grafos. A partir de ella la cota superior
mejor conocida de R(J5,K5) ha ido mejorando con el paso de los años.
Aplicándo (1) y usando los resultados triviales se tiene que R(J4,K3) ≤ 9,
R(J5,K3) ≤ 14, R(J6,K3) ≤ 19, R(J4,K4) ≤ 16, R(J5,K4) ≤ 29 y por
tanto R(J6,K4) ≤ 48. Además R(J4,K5) ≤ 25 y por tanto R(J5,K5) ≤ 54.

• En 1972 Chvátal y Harary [11] probaron que R(J4,K3) = 7, por lo que
R(J5,K3) ≤ 12 y R(J6,K3) ≤ 17. En ese mismo trabajo se probó que
R(J4,K4) = 11, por lo que R(J5,K4) ≤ 23 y por tanto R(J6,K4) ≤ 40.
Además R(J4,K5) ≤ 20 y R(J5,K5) ≤ 43.

• En 1977 Clancy [12] demostró que R(J5,K3) = 11, por lo que R(J5,K4) ≤
22 y por tanto R(J6,K4) ≤ 39. Además R(J5,K5) ≤ 41.

• En 1981 Bolze y Harborth [2] probaron que R(J4,K5) = 16, de lo que se
deduce que R(J5,K5) ≤ 37.

• En 1988 Exoo, Harborth y Mengersen [18] demostraron que R(J5,K4) = 19
y por tanto R(J6,K4) ≤ 36 y R(J5,K5) ≤ 35.

• En 1992 Exoo [17], probó R(J5,K5) ≤ 34.
• Finalmente en 2013 [4] demostramos que R(J6,K4) ≤ 34.

2 Resultados principales e idea de la demostración

Para probar los resultados principales, R(J5,K5) ≤ 33 y R(J6,K4) ≤ 33,
procederemos por reducción al absurdo, es decir, supondremos que existe G1 ∈
R(K4, J6; 33) ó G2 ∈ R(J5,K5; 33).

Utilizaremos a partir de ahora Vi, Ei, di, Ni, N
−
i , ∆i y δi en vez de V (Gi),

E(Gi), dGi , NGi , N
−
Gi

, ∆Gi y δGi , respectivamente, para i = 1, 2.

Para todo v ∈ V1 se tiene que G1[N1(v)] ∈ R(K3, J6; d(v)) y G1[N−1 (v)] ∈
R(K4, J5; 32 − d(v)), por lo que ∆1 ≤ R(K3, J6) − 1 = 16 y δ1 ≥ 33 −
R(K4, J5) = 14.

En la prueba de esta cota superior se utilizarán los conjuntosR(K3, J6; 14),
R(K3, J6; 15), R(K3, J6; 16), R(K4, J5; 16), R(K4, J5; 17) y R(K4, J5; 18), los
cuales también pod́ıan ser encontrados en [20] y tienen cardinales 4, 1, 1,
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1494223, 3033 y 6, respectivamente. (Desgraciadamente esta página ya no
está operativa.)

Análogamente, para todo v ∈ V2 se tiene que G2[N2(v)] ∈ R(J4,K5; d(v))
y G[N−2 (v)] ∈ R(J5,K4; 32 − d(v)), por lo que ∆2 ≤ R(J4,K5) − 1 = 15 y
δ2 ≥ 33−R(J5,K4) = 14.

Dado que en un grafo con un número impar de vértices no todos los vértices
pueden tener valencia impar, se tiene que en G2 existen vértices de valencia
14.

Los conjuntos R(J4,K5; 14) y (J5,K4; 18) han sido mostrados en [20]. Se
tiene que |R(J4,K5; 14)| = 856 y |R(J6,K4; 18)| = 6.

En ambos grafos, G1 y G2, se supone que v tiene valencia mı́nima y se
deducen propiedades del grafo Gi. Finalmente se transforma el problema de
demostrar la inexistencia de Gi en un problema de satisfacibilidad booleana
de forma parecida a como se hace en [13,43]. Para ello asignamos a las aristas
de K33 una variable booleana la cual deberá tomar el valor Verdadero si
pertenece a Ei y el valor falso en otro caso.

Se construye, en cada uno de los dos casos, un conjunto de clausulas que
han de ser satisfechas por las variables. Cada clausula representa un subgrafo
de Gi ó Gi que ha de ser evitado.

Las simplificaciones obtenidas a partir de las propiedades encontradas de
Gi permiten reducir el número de clausulas, el número total de variables y
el número de variables dentro de cada clausula, que la no satisfacibilidad de
ambos conjuntos de clausulas se puede comprobar en un tiempo razonable,
del orden de horas. Para ello se utiliza el programa march rw [26], que fue el
ganador de la medalla de oro de la 2011 International SAT Competition.

3 Otras nuevas cotas superiores

En la Tabla III de [39], que se actualiza periódicamente, se muestran las
mejores cotas conocidas de R(Jm,Kn) con m ≤ 11 y n ≤ 8. A partir de
R(J5,K5) ≤ 33 y R(J6,K4) ≤ 33 y aplicando la Fórmula (1) y fórmulas
publicadas en [29,30] se obtienen las siguientes cotas superiores:

• R(J6,K5) ≤ 66.
• R(J6,K6) ≤ 110.
• R(J6,K7) ≤ 192.
• R(J6,K8) ≤ 300.
• R(J7,K5) ≤ 110.
• R(J7,K7) ≤ 388.
• R(J7,K8) ≤ 657.
• R(J8,K4) ≤ 74.
• R(J8,K5) ≤ 180.
• R(J8,K6) ≤ 371.
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• R(J8,K7) ≤ 746.
• R(J8,K8) ≤ 1345.
• R(J9,K5) ≤ 275.
• R(J9,K6) ≤ 620.
• R(J9,K7) ≤ 1325.
• R(J9,K8) ≤ 2556.
• R(J10,K4) ≤ 138.
• R(J10,K5) ≤ 404.
• R(J10,K6) ≤ 999.
• R(J10,K7) ≤ 2281.
• R(J10,K8) ≤ 4698.
• R(J11,K4) ≤ 183.
• R(J11,K5) ≤ 577.
• R(J11,K6) ≤ 1538.
• R(J11,K7) ≤ 3726.
• R(J11,K8) ≤ 8177.

Finalmente, con una pequeña modificación de la demostración de resulta-
dos de [8], tal como se hace en [9], éstos pueden ser generalizados y obtenerse
también las siguientes cotas superiores:

• R(J5,K6 −K1,2) ≤ máx{R(J5,K5), 31} ≤ 33.
• R(J6,K5−K1,2) = R(J6,K5−K1,3) = R(J6,K5−K1,4) = R(J6,K4) ≤ 33.
• R(J6,K6 −K1,4) = R(J6,K5) ≤ 66.

• R(J6,K6 −K1,3) ≤ máx

{
R(J6,K5),

⌈
5

4
R(J5,K5)

⌉
+ 4

}
≤ 66. Por tanto,

si R(J5,K5) ≤ 31 entonces R(J6,K6 −K1,3) = R(J6,K5).

• R(J6,K6 −K1,2) ≤ máx

{
R(J6,K5),

⌈
1

3
(5R(J5,K6 −K1,2) + 11)

⌉}
≤ 66.
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Almeŕıa, 193–200, 2012.

[8] S. A. Burr, P. Erdös, R. J. Faudree y R. H. Schelp. On the Difference between
Consecutive Ramsey Numbers. Utilitas Mathematica, 35:115–118, 1989.

[9] J.A. Calvert, M.J. Schuster y S.P. Radziszowski. The Computation of R(K5 −
P3,K5) = 25. Journal of Combinatorial Mathematics and Combinatorial Com-
puting, 82:131–140, 2012.
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Shortest paths in intersection graphs of unit disks?
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Abstract. Let G be a unit disk graph in the plane defined by n disks whose positions
are known. We show that in G a shortest path tree from a given source can be
computed in O(n log n) time in the unweighted case and in O(n1+ε) time in the
weighted case. Previous algorithms used O(n log6 n) expected time for the unweighted
case and O(n4/3+ε) time for the weighted case.

Key words: Shortest paths, unit disk graph, Delaunay triangulation, bichromatic

closest pair.

1 Introduction

Each set S of geometric objects in the plane defines its intersection graph
in a natural way: the vertex set is S and there is an edge ss′ in the graph,
s, s′ ∈ S, whenever s∩ s′ 6= ∅. It is natural to seek faster algorithms when the
input is constraint to geometric intersection graphs. Here we are interested in
computing shortest path distances in unit disk graphs, that is, the intersection
graph of equal sized disks.

A unit disk graph is uniquely defined by the centers of the disks. Thus, we
will drop the use of disks and just refer to the graph G(P ) defined by a set
P of n points in the plane. The vertex set of G(P ) is P . Each edge of G(P )
connects points p and p′ from P whenever ‖p−p′‖ ≤ 1, where ‖·‖ denotes the
Euclidean norm. See Figure 1 for an example of such graph. Up to a scaling
factor, G(P ) is isomorphic to a unit disk graph. In the unweighted case, each
edge pp′ ∈ E(G(P )) has unit weight, while in the weighted case, the weight of
each edge pp′ ∈ E(G(P )) is ‖p− p′‖. In all our algorithms we assume that P
is known. Thus, the input is P , as opposed to the abstract graph G(P ).

? Full version available as [3].
?? Supported by the Slovenian Research Agency, program P1-0297, projects J1-4106 and

L7-5459, and by the ESF EuroGIGA project (project GReGAS) of the European Science
Foundation.
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1

Fig. 1: Example of graph G(P ).

Exact computation of shortest paths in unit disks is considered by Roditty
and Segal [11], under the name of bounded leg shortest path problem. They
show that, for the weighted case, a shortest path tree can be computed in
O(n4/3+ε) time. They also note that the dynamic data structure for nearest
neighbors of Chan [5] imply that, in the unweighted case, shortest paths can
be computed in O(n log6 n) expected time.

We show that in G(P ) a shortest path tree from a given source can be
computed in O(n log n) time in the unweighted case and in O(n1+ε) time in
the weighted case. Thus, we provide a significant improvement over the results
of Roditty and Segal. For the unweighted case we use the Delaunay triangu-
lation to grow a search region and the algorithm is implementable. For the
weighted case we use a modification of Dijkstra’s algorithm combined with a
data structure to dynamically maintain a bichromatic closest pair under an
Euclidean weighted distance. Our algorithms are quite simple. Since the prob-
lem is very natural and we improve previous bounds, we think that simplicity
is an added value.

Gao and Zhang [10] showed that the metric induced by a unit disk graph
admits a compact well separated pair decomposition, extending the celebrated
result of Callahan and Kosaraju [4] for Euclidean spaces. For making use of
the well separated pair decomposition, Gao and Zhang [10] obtain a (1 + ε)-
approximation to shortest path distance in unit disk graphs inO(n log n) time.
Here we provide exact computation within comparable bounds.

Chan and Efrat [6] consider a graph defined on a point set but with more
general weights in the edges. Namely, it is assumed that there is a function
` : R2 × R2 → R+ such that the edge pp′ gets weight `(p, p′). Moreover, it is
assumed that the function `(p, p′) is increasing with ‖p− p′‖. When `(p, p′) =
‖p − p′‖2f(‖p − p′‖) for a monotone increasing function f , then a shortest
path can be computed in O(n log n) time. Otherwise, if ` has constant size
description, a shortest path can be computed in roughly O(n4/3) time.

Shortest path trees can be computed for unit disk graphs in polynomial
time. One can just construct G(P ) explicitly and run a standard algorithm
for shortest paths. The main objective here is to obtain a faster algorithm
that avoids the explicit construction of G(P ) and exploits the geometry of
P . There are several problems that can be solved in polynomial time, but
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faster algorithms are known for geometric settings. A classical example is the
computation of the minimum spanning tree of a set of points in the Euclidean
plane. Using the Delaunay triangulation, the number of relevant edges is re-
duced from quadratic to linear. For more advanced examples see Vaidya [12],
Efrat, Itai and Katz [7], Eppstein [9], or Agarwal, Overmars and Sharir [2].

Proofs omitted can be found in the full version [3].

2 Unweighted shortest paths

In this section we consider the unweighted version of G(P ) and compute a
shortest path tree from a given point s ∈ P . Pseudocode for the eventual
algorithm is provided in Figure 2. Before moving into the details, we provide
the main ideas employed in the algorithm.

As it is usually done for shortest path algorithms we use tables distan[·] and
π[·] indexed by the points of P to record, for each point p ∈ P , the distance
d(s, p) and the ancestor of p in a shortest (s, p)-path. We start by computing
the Delaunay triangulation DT (P ) of P . We then proceed in rounds for in-
creasing values of i, where at round i we find the set Wi of points at distance
exactly i from the source s. We start with W0 = {s}. At round i, we use
DT (P ) to grow a neighbourhood around the points of Wi−1 that contains Wi.
More precisely, we consider the points adjacent to Wi−1 in DT (P ) as candi-
date points for Wi. For each candidate point that is found to lie in Wi, we also
take its adjacent vertices in DT (P ) as new candidates to be included in Wi.
For checking whether a candidate point p lies in Wi we use a data structure to
find the nearest neighbour of p in Wi−1, denoted by : NN −→ (Wi−1, p). Such
data structure is just a point location data structure in the Voronoi diagram
of Wi−1. Similarly, the shortest path tree is constructed by connecting each
point of Wi to its nearest neighbour in Wi−1. See Figure 2 for the eventual
algorithm UnweightedShortestPath. In Figure 3 we show an example of
what edges of the shortest path tree are computed in one iteration of the main
loop.

We would like to emphasize a careful point that we employ to achieve
the running time O(n log n). In lines 16 and 17 of the algorithm, we check
whether p is at distance at most 1 from some point in Wi−1, namely its
nearest neighbour in Wi−1. Checking whether p is at distance at most 1 from
π(q) (or q when q ∈ Wi−1) would lead to a potentially larger running time.
Thus, we do not grow each disk D(w, 1) independently for each w ∈ Wi−1,
but we grow the whole region

⋃
w∈Wi−1

D(w, 1) at once. Growing each disk
D(w, 1) separately would force as to check the same edge qp of DT (P ) several
times, once for each w ∈Wi−1 such that q ∈ D(w, 1). The main property used
to prove correctness is summarized in the following statement.
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UnweightedShortestPath(P, s)

1 for p ∈ P
2 distan[p] = ∞
3 π[p] = nil
4 distan[s] = 0
5 build the Delaunay triangulation DT (P )
6 W0 = {s}
7 i = 1
8 while Wi−1 6= ∅
9 build data structure for nearest neighbour queries in Wi−1

10 Q = Wi−1 // candidate points
11 Wi = ∅
12 while Q 6= ∅
13 q an arbitrary point of Q
14 remove q from Q
15 for qp edge in DT (P )
16 w = : NN −→ (Wi−1, p)
17 if distan[p] =∞ and ‖p− w‖ ≤ 1
18 distan[p] = i
19 π[p] = w
20 add p to Q
21 add p to Wi

22 i = i+ 1
23 return distan[·] and π[·]

Fig. 2: Algorithm to compute a shortest path tree in the unweighted case.

Lemma 1. Let p be a point from P \{s} such that d(s, p) <∞. There exists a
point w in P and a path π in DT (P )∩G(P ) from w to p such that d(s, w)+1 =
d(s, p) and each internal vertex pj of π satisfies d(s, pj) = d(s, p).

Theorem 1. Let P be a set of n points in the plane and let s be a point
from P . In time O(n log n) we can compute a shortest path tree from s in the
unweighted graph G(P ).

3 Weighted shortest paths

In this section we consider the SSSP problem on the weighted version of G(P ):
points p and q have an edge between them iff ‖p−q‖ ≤ 1 and the weight of that
edge is ‖p− q‖. Our algorithm uses a dynamic data structure for bichromatic
closest pairs. We first review the precise data structure that we will employ.
We then describe the algorithm and discuss its properties.
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s

s

1

s

1

s

Fig. 3: Top: A point set with its Delaunay triangulation. The source is marked
as s. Points p such that d(s, p) ≤ 3 are marked with red dots. Points from W4

are marked with blue boxes. Bottom: The new edges added to the tree at iter-
ation 5 and the new vertices are shown. The light grey region is

⋃
p∈W4

D(p, 1),
where the Voronoi diagram of W4 is superimposed.

3.1 Bichromatic closest pair

Let P be a set of n points in the plane and let each point p ∈ P have a weight
wp ≥ 0. We call a function δ : R2 × P −→ R+ a (additive) weighted Euclidean
metric, if it is of the form

δ(q, p) = wp + ‖q − p‖,

where ‖ · ‖ denotes the Euclidean distance.
Let ε > 0 denote an arbitrary constant. Agarwal, Efrat and Sharir [1]

showed that for any P and δ as above, P can be preprocessed in O(n1+ε) time
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into a data structure of size O(n1+ε) so that points can be inserted into or
deleted from P in O(nε) amortized time per update, and a nearest-neighbour
query can be answered inO(log n) time. Eppstein [8] had already shown that if
such a dynamic data structure existed, then a bichromatic closest pair (BCP)
under δ of red and blue points in the plane could be maintained, adding only a
polylogarithmic factor to the update time. Combining these two results gives

Theorem 2 (Agarwal, Efrat, Sharir [1]). Let R and B be two sets of
points in the plane with a total of n points. We can store R∪B in a dynamic
data structure of size O(n1+ε) that maintains a bichromatic closest pair in
R × B, under any weighted Euclidean metric, in O(nε) amortized time per
insertion or deletion. 2

3.2 Algorithm

We will use a variant of Dijkstra’s algorithm. As before, we maintain tables
distan[·] and π[·] containing distances from the source and parents of points
in the shortest path tree. As in Dijkstra’s algorithm we will maintain a set
S (containing the source s) of points for which the correct distance from s
has already been computed, and a set P \ S of points for which the distance
has yet to be computed. For the points of S, distan[·] stores the true distance
from the source.

In our approach we split S into sets B and D, called “blue” and “dead”
points, respectively. We call the points in R = P \S “red” points. The reason
for the introduction of the “dead” points D is that, as it will be proved, at
no stage of the algorithm there is an edge of G(P ) between a point in D and
a point in R. Thus, the points of D are not relevant to find the last edge in a
shortest path to points of R.

We store R∪B in the dynamic data structure from Theorem 2 that main-
tains the bichromatic closest pair (BCP) in R × B under the weighted Eu-
clidean metric

δ(r, b) := distan[b] + ‖r − b‖.
At each iteration of the main while loop, we query the data structure for
a BCP pair (b∗, r∗). If b∗r∗ is not an edge in our underlying graph G(P ),
meaning ‖b∗−r∗‖ > 1, then b∗ will never be the last vertex to any point in R,
and therefore we will move it from B to D. If b∗r∗ is an edge of G(P ), then,
as it happens with Dijkstra’s algorithm, we have completed a shortest path
to r∗. The algorithm is given in Figure 4. Figure 5 shows sets D, B, and R in
the middle of a run of the algorithm.

Let us explain the actual bottleneck of our approach to reduce the time
from O(n1+ε) to O(n polylog n). The inner workings of the data structure
of Theorem 2 is based on two dynamic data structures. One of them has
to compute minb∈B δ(r0, b) for a given r0 ∈ R. The other has to compute
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WeightedShortestPaths(P, s)

1 for p ∈ P
2 distan[p] = ∞
3 π[p] = nil
4 distan[s] = 0
5 B = {s}
6 D = ∅
7 R = P \ {s}
8 store R ∪B in the BCP dynamic DS of Theorem 2 wrt δ(r, b)
9 while R 6= ∅

10 if B = ∅
11 return distan[·] and π[·] // G(P ) is not connected
12 else (b∗, r∗) = : BCP −→ (B,R)
13 if ‖b∗ − r∗‖ > 1
14 : delete −→ (B, b∗)
15 D = D ∪ {b∗}
16 else distan[r∗] = distan[b∗] + ‖b∗ − r∗‖
17 π[r∗] = b∗

18 : delete −→ (R, r∗)
19 : insert −→ (B, r∗)
20 return distan[·] and π[·]

Fig. 4: Algorithm for SSSP in the weighted case.

s

D

B

R

1

Fig. 5: Sets D, B, and R after a couple of iterations of the while loop in
WeightedShortestPaths.

minr∈R δ(r, b0) for a given b0 ∈ B. For the latter data structure we could use
the dynamic nearest neighbour data structure by Chan [5], yielding polyloga-
rithmic update and query times. However, for the former we need a dynamic
weighted Voronoi diagram, and for this we only have the data structure devel-
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oped by Agarwal, Efrat and Sharir [1]. A dynamic data structure for dynamic
weighted Voronoi diagrams with updates and queries in polylogarithmic time
readily would lead to O(n polylog n).

Note that in the algorithm a point can only go from red to blue and from
blue to dead. Dead points stay dead. The main property to prove correctness
is the following statement.

Lemma 2. Once a point b∗ is moved from B to D, it no longer has any edges
to points in R.

Theorem 3. Let P be a set of n points in the plane, s ∈ P , and ε > 0 an
arbitrary constant. The algorithm WeightedShortestPaths(P, s) returns
the correct distances from the source in the graph G(P ) in O(n1+ε) time.
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Abstract. A subset S ⊆ V in a graph G = (V,E) is a quasiperfect domination set
if every vertex v ∈ V \ S is adjacent to at least one but no more than two vertices in
S. Those sets were studied in [1] as a generalization of perfect domination. In that
paper, the authors highlighted the difficulty in finding examples where the minimum
quasiperfect domination set was the whole set of vertices, and in this work we provide
two infinite families verifying such property.

Key words: Domination, [1, 2]-sets, perfect domination, quasiperfect domination,

split graphs, Kneser graphs.

1 Introduction

Let G = (V,E) be a graph of order n = |V | and size m = |E|. The open
neighborhood of a vertex v ∈ V is the set N(v) = {u|uv ∈ E} of vertices
adjacent to v. Each vertex in N(v) is called a neighbor of v. The degree
of a vertex v is deg(v) = |N(v)| and the maximum degree of a vertex in
G is denoted by ∆(G). The closed neighborhood of a vertex v ∈ V is the
set N [v] = N(v) ∪ {v}. The open neighborhood of a set S ⊆ V of vertices
is N(S) =

⋃
v∈S N(v), while the closed neighborhood of a set S is the set

N [S] =
⋃
v∈S N [v].

A set S is a dominating set of a graph G if N [S] = V , that is, for every
v ∈ V , either v ∈ S or v ∈ N(u) for some vertex u ∈ S. The minimum
cardinality of a dominating set in a graph G is called the domination num-
ber, and it is denoted γ(G) (see [4] for a comprehensive introduction to the
topic). A dominating set S is perfect dominating if |N(v) ∩ S| = 1 for each
v ∈ V \ S. Perfect dominating sets were introduced in [9] and its study is
motivated by the need to have dominating sets, for example, acting as servers
in a computing network, or acting as sets of monitoring devices in situations
requiring surveillance, but with the need to establish such sets as efficiently

? Partially supported by JA FQM305.
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or as cost effectively as possible, that is, without creating any redundancy.
The perfect domination number γ[1,1](G) is the minimum cardinality of a per-
fect dominating set of G. A dominating set of cardinality γ[1,1](G) is called a
γ[1,1](G)-code.

In [2], it is introduced the following generalization of perfect dominating
sets: A set S ⊆ V of vertices in a graph G = (V,E) is a quasiperfect dominating
set if for every vertex v ∈ V \ S we have that 1 ≤ |N(v) ∩ S| ≤ 2. The
cardinality of a minimum quasiperfect dominating set in a graph G is called its
quasiperfect dominating number and denoted as γ[1,2](G). Such a minimum set
is a [1, 2]-set of the graph. From the above definitions, it follows immediately
that:

γ(G) ≤ γ[1,2](G) ≤ γ[1,1](G) ≤ n
From the above inequality, the first questions that come into mind have to

do with the extremal values of γ[1,2](G). In [1], the authors obtained several
sufficient conditions to ensure for a graph to have γ(G) = γ[1,2](G). For in-
stance, if the graph G is claw-free, a cograph, a caterpillar or ∆(G) ≤ 2 then
γ(G) = γ[1,2](G). However and regarding the other extreme bound, they wrote
that “Does there exist a connect graph G or order n ≥ 2 with γ[1,2](G) = n?
Such graphs seem to be difficult to characterize”.

In this paper, we obtain two families of graphs having γ[1,2](G) = n. In the
next section, we show the conditions that should verify a split graph to have
maximum quasiperfect dominating number, and in Section 3 we prove that
the only [1, 2]-sets for Kneser graphs Kn:k such that n ≥ 5k− 1 are the whole
set of vertices.

2 Split graphs

Our first family is a subset of split graphs. A split graph is a graph where
the vertices can be partitioned into a clique and an independent set. Those
graphs were first studied by Földes and Hammer [3] (in a slightly different
definition), and independently by Tyshkevich and Chernyak [7].

Split graphs can be characterized as the graphs in which no induced sub-
graph is a cycle on four or five vertices, or a pair of disjoint edges. They
are chordal graphs where its complement is also chordal. Consequently, split
graphs are perfect. Moreover, split graphs are the intersection graphs of dis-
tinct substars in a star graph.

The following result provides the conditions under a split graph G verifies
γ[1,2](G) = |V (G)|.

Theorem 1. Let G be a connected split graph and let V1∪V2 be a partition of
V such that V1 is a maximal independent set and < V2 > is a maximal clique
of size at least 3. γ[1,2](G) = n if and only if the following conditions hold:
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1. δ(a) ≥ 3 for any vertex a ∈ V1 .
2. There exists a vertex u ∈ V2 such that |N(u) ∩ V1| ≥ 3 or N(u) ∩ V1 = ∅.
3. For any vertex of u ∈ V2 exists a pair of vertices a, b ∈ V1 such that
N(a) ∩N(b) 6= ∅, u /∈ N(a) ∪N(b).

4. For any pair of vertices u, v ∈ V2, there exists a vertex a ∈ V1 such that
a /∈ N(u) ∪N(v).

Proof. Let G be a connected split graph with γ[1,2](G) = n and let us see
that the conditions hold:

1. If there exists a vertex a ∈ V1 with δ(a) = 2 then V \ {a} is a quasiperfect
dominating set, which is a contradiction (see Observation 12 in [1]).

2. If any vertex u ∈ V2 satisfies 1 ≤ |N(u)∩V1| ≤ 2, then V1 is a quasiperfect
dominating set.

3. On the contrary, suppose that exists u ∈ V2 such that either there not
exist a, b ∈ V1 with N(a) ∩ N(b) 6= ∅ or for any pair of vertices a, b ∈ V1

with N(a) ∩N(b) 6= ∅ satisfies u ∈ N(a) ∪N(b).
Suppose that for any a, b ∈ V1 with a, b ∈ V1 with N(a) ∩N(b) 6= ∅ exists
a vertex u ∈ N(a) ∪ N(b) and suppose u ∈ N(a). The we can define
S = {u} ∪ (V1 \N(u)) and we claim that S is a quasiperfect dominating
set. First S dominates the vertex set of G. Secondly, let be v ∈ V2, if there
exist a, b ∈ S \ {u} such that v ∈ N(a) ∩N(b) then as u ∈ N(a) ∪N(b),
a can not be a vertex of S which is a contradiction. Thus v has at most
two neighbors in S and S is a quasiperfect dominating set with |S| < n
contradicting the fact that γ[1,2](G) = n.
Suppose now that there not exist a, b ∈ V1 with N(a)∩N(b) 6= ∅. Then we
can define S = {u}∪ (V1 \N(u)). S dominates the vertex set of G because
u dominates V2 and V1 ∩N(u). On top, given a vertex v ∈ V2 different to
u, v has at the most a neighbor in V1 \N(u) because any a, b ∈ V1 satisfy
N(a) ∩ N(b) = ∅. So v ∈ V2 has at most two neighbors in S therefore S
is a quasiperfect dominating set and |S| < n contradicting the fact that
γ[1,2](G) = n·

4. On the contrary, suppose that condition 4 does not hold. So there exist
u, v ∈ V2 such that V1 ⊆ N(u) ∪N(v) and the set {u, v} is a quasiperfect
dominating set, contradicting the fact that γ[1,2](G) = n.

Conversely, suppose a graph G satisfying the previous conditions and let
D be a quasiperfect dominating set. We will check all the possible cases de-
pending on the cardinality of V2 ∩D:

If V2 ∩D = ∅ it is clear that V1 = D. As condition 2 holds, there exists a
vertex u ∈ V2 such that either |N(u) ∩ V1| ≥ 3 or N(u) ∩ V1 = ∅. If u has no
neighbor in V1, then D can not be a dominating set. If v has three neighbors
in V1, u must belong to D. In both cases, this leads a contradiction.

Suppose that V2 ∩D = {u}. By condition 3, there exist a, b ∈ V1 such that
N(a) ∩ N(b) 6= ∅ and u /∈ N(a) ∩ N(b), thus a, b ∈ D. Let v ∈ N(a) ∩ N(b)
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so v is dominated by three vertices from D which contradicts the assumption
that D is a quasiperfect dominating set.

In the case of V2 ∩D = {u, v}, by condition 4 there exists a vertex a ∈ V1

such that a /∈ N(u) ∩ N(v), so a ∈ D. Since G is connected, there exits
w ∈ V2 ∩ N(a), then w is dominated by three vertices in D (a, u and v) so
w ∈ D, which is not possible.

Finally, if |V2 ∩ D| ≥ 3 then V2 ⊆ D, and by condition 1 δ(a) ≥ 3, then
V1 ⊆ D and D = V (G). Therefore γ[1,2](G) = n 2

3 Kneser graphs

The Kneser graph Kn:k has the k-subsets of the n-set [n] = {1, 2, . . . , n} as
vertices, and edges connecting disjoint sets. As an example, the graph K5:2 is
the Petersen graph. Kneser graphs were introduced by Lovász in [6] in order to
prove a Kneser’s conjecture, which is equivalent to claim that the chromatic
number of Kn:k is n − 2k + 2. From now onwards, we will deal only with
connected Kneser graphs, i.e., n > 2k. Kneser graphs are vertex transitive
and edge transitive, each vertex has exactly

(
n−k
k

)
neighbors, and its diameter

is d k−1
n−2ke+ 1 (see [8]). In [5], the authors proved the following result:

Theorem 2. [5] The domination number of the Kneser graph Kn:2 for each
n ≥ 3 is equal to 3.

As a consequence, it can be stated that the domination number of any
connected Kneser graph with n ≥ 3 is greater or equal to 3. We will use that
fact, to prove our result.

Theorem 3. Let Kn:k be a Kneser graph where n ≥ 5k−1. Then γ[1,2](Kn:k) =(
n
k

)
.

Proof.
Let S ⊆ V (Kn:k) be a quasiperfect dominating set. In particular, S is

a dominating set hence |S| ≥ 3.Let A, B and C be vertices in S and let
R1, . . . , Rm be all vertices in Kn:k such that A ∩ Ri = B ∩ Ri = C ∩ Ri = ∅.
As each Ri has three neighbors in S, it is clear that Ri ∈ S ∀i ∈ {1, . . . ,m}.
Let X be a vertex in Kn:k \ {A,B,C,R1, . . . , Rm}. We will show that X ∈ S.

Case 1: A, B and C are pairwise disjoint. Then |A ∪ B ∪ C| = 3k and suppose
w.l.o.g. that A ∪B ∪ C = {1, 2, . . . , 3k}.
Suppose that X intersects exactly a vertex among A, B or C, and assume
that X∩A 6= ∅ and X∩B = X∩C = ∅. Then X has at most k−1 elements
in {3k + 1, . . . , 5k − 1}. Assume that X ⊆ {1, 2, . . . , 3k, 3k + 1, . . . , 3k +
(k − 1) = 4k − 1}. Therefore Rj = {4k, 4k + 1, . . . , 4k + (k − 1) = 5k − 1}
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which is a vertex of S and verifies X∩Rj = ∅. Thus X has three neighbors
in S and X ∈ S.
Finally, suppose that X intersects at leats two vertices among A, B and C,
and assume that X ∩A 6= ∅ and X ∩B 6= ∅. Then X ⊆ {1, 2, . . . , 3k, 3k+
1, . . . , 3k + (k − 2) = 4k − 2}. Let us consider the following vertices:

R1 = {4k − 1, 4k, . . . , 4k + (k − 2) = 5k − 2}
R2 = {4k − 1, 4k, . . . , 4k + (k − 3) = 5k − 3, 4k + (k − 1) = 5k − 1}
R3 = {4k, . . . , 4k + (k − 1) = 5k − 1}

Then R1, R2, R3 ∈ S and X ∩ R1 = X ∩ R2 = X ∩ R3 = ∅, hence X has
three neighbors in S and X ∈ S.

Case 2: A, B and C are not pairwise disjoint. Then |A∪B ∪C| ≤ 3k and suppose
w.l.o.g. that A∪B∪C ⊆ {1, 2, . . . , 3k−1}. So X ⊆ {1, 2, . . . , 3k−1, 3k, 3k+
1, . . . , 3k+ (k− 2) = 4k− 2} and we can reasoning analogously as in as in
Case 1.

2
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Abstract. In the graph distance game, two players alternate in constructing a max-
imal path. The objective function is the distance between the two endpoints of the
path, which one player tries to maximize and the other tries to minimize. In this paper
we examine the distance game for various graph operations: the join, the corona and
the lexicographic product of graphs. We provide general bounds and exact results for
special graphs.

Key words: Distance game, graph operations.

1 Introduction

Combinatorial games have been widely studied and are constantly developed.
Many such games are modifications of some previous ones [17], other are en-
tirely new. Combinatorial games remain an active field of new and interesting
research. For an extensive bibliography on combinatorial games and related
topics see [12].

Notice that, as shown in [14], in many combinatorial games, the winner
is determined by who moves last, as studied for example in [3]. In others,
the players compete to construct a desired goal, by taking one element at a
time from the universe, as studied for example in [2]. Another class of games
consists of those where the players compete to maximize or minimize some
quantity, such as the game chromatic number introduced in [11], the compe-
tition chromatic number introduced in [21] , graph competition independence
introduced in [18] or the domination game introduced in [4]. We consider here
a game that falls in the latter category. (See [19] for more on such competitive
games.)

Some of this games remained more or less unnoticed for many years, as
for example, the game chromatic number. However, in the last several years

? Research partially supported by projects MTM2012-30951, Gen. Cat. DGR
2009SGR1040, Ge. Cat. DGR2014SGR46, ESF EUROCORES programme EUROGIGA-
ComPoSe IP04-MICINN, MTM2011-28800-C02-01, Gen. Cat. DGR 2009SGR1387
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various authors focus their attention in this topics. Many of this combinatorial
games are specially studied in some families of graphs, such as trees, forests,
outerplanar graphs, cactuses or wheels [5,6,15,20,16]. Others authors infer in-
terrelationship between this games and some operations in graphs [9,1,22,10].

In [14], the graph distance game is introduced as follows. Given a graph G,
two players alternate in constructing a path. The first player picks a vertex,
the second player picks a neighbor of the first vertex, the first player picks a
neighbor of the second vertex that has not yet been picked, and so on. This
is continued until the path cannot be extended. One player tries to maximize
the final distance from the start, and the other player tries to minimize this
distance. That is, the value at the end of the game is the distance between
the start and the finish, regardless of the path taken. We call this the distance
game.

2 Basics and known results of graph distance game

In [14], the authors explore the distance game for various graphs and provide
general bounds and exact results for simple graphs. They also show that the
parameter can be calculated in a tree in linear time. Further, the values for
small grids are determined.

There are two versions, depending on which of the Minimizer or Maximizer
moves first. We let Sm(G) denote the value of the game on graph G when the
minimizer chooses the first vertex, and SM (G) the value when the maximizer
chooses the first vertex. We call the first vertex of the path the source. Clearly,
if the graph is vertex transitive, all sources are equivalent. If it does not matter
who goes first, then we drop the subscript and write S(G).

For a trivial example, the value of this parameters is always 1 in the com-
plete graph. Table 1 shows the values of these parameters for paths, cycles,
complete bipartite graphs and wheels.

Table 1: Distance game parameters of some basic graphs.

G Pn Cn Kn Kp,q Wn

Sm(G) bn2 c 1 1 1 (if p = q) 1

SM (G) n− 1 1 1 1, 2 (if p 6= q) 1

The radius and the diameter of the graph give bounds of these parameters.

Proposition 1. Let G be a graph of order n, radius rad(G) = r and diameter
diam(G) = d. Then, 1 ≤ Sm(G) ≤ r and 1 ≤ SM (G) ≤ d.
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In Figure 1, we show the distance game pairs (x, y) of alls vertices of P6.
In these terms, Sm is the minimum of the x-numbers and SM is the maximum
of the y-numbers. In this example, the Maximizer choose as first vertex one
of the leaves and Minimizer select one central vertex as source.

(5, 5) (4, 1) (3, 2) (3, 2) (4, 1) (5, 5)

Fig. 1: Distance game pairs of all vertices of P6. Notice that Sm(P6) = 3 and
SM (P6) = 5.

In other graphs, the same vertex could be a good source for the two players,
the Maximizer and the Minimizer.

3 Operations

In this paper we examine the distance game for various graph operations. We
follow the notation of [7].

In [14], the authors explore the distance game for small grids. Specifically,
the following results were obtained.

Theorem 1. i) SM (P2�Pm) = 1 and Sm(P2�Pm) = 2bm/4c+ 1,

ii)SM (P3�Pm) =

{
m+ 1, for odd m,

1, for even m.

Sm(P3�Pm) =

{
2, for odd m ≥ 3,

1, for even m.

(3, 1) (3, 1) (3, 1) (3, 1)

(3, 1) (3, 1) (3, 1) (3, 1)

(3, 3)

(3, 3) (3, 3)

(3, 3)

(1, 2)(1, 2)

(1, 2) (1, 2)

Fig. 2: Distance game pairs of vertices of the cartesian and the strong product
of P2 and P4.

We focus our attention in the study of the distance game for join, corona
and lexicographic product of graphs.
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3.1 Join

The join G = G1 ∨ G2 is the graph such that V (G) = V (G1) ∪ V (G2) and
E(G) = E(G1) ∪ E(G2) ∪ {uv : u ∈ V (G1), v ∈ V (G2)}.

Remark 1. Notice that 1 ≤ Sm(G ∨ H) ≤ 2 and 1 ≤ SM (G ∨ H) ≤ 2, since
1 ≤ diam(G ∨H) ≤ 2.

Theorem 2. Let G,H be graphs. Then, Sm(G ∨H) = 1.

Remark 2. Notice that SM (P2 ∨ P3) = 1 and SM (P2 ∨ P4) = 2.

3.2 Corona product

Let G and H be two graphs and let n be the order of G. The corona product
of graphs G and H is the graph G�H obtained by taking one copy of G and n
copies of H, and then joining by an edge the ith vertex of G to every vertex in
the ith copy of H. The corona product is neither associative nor commutative.

Theorem 3. Let G,H be graphs. Then,
1 ≤ Sm(G�H) ≤ 2 and 1 ≤ SM (G�H) ≤ 3.

Remark 3. For both parameters all values are possible:

• If H ∼= (K2 +K2) ∨K1, then Sm(G�H) = 1.
• If H ∼= P3 (or H ∼= Kq) and G 6∼= K1, then Sm(G�H) = 2.

And

• If H ∼= Kp and G ∼= K1, then SM (G�H) = 1.
• If H ∼= P3 �K1, then SM (G�H) = 2.
• If H ∼= Kq and G 6∼= K1, then SM (G�H) = 3.

Remark 4. Notice that

• If H ∼= Pn and n ≥ 5, then SM (G�H) ≤ 3 < n− 1 = SM (H).
• If H ∼= Kr and G 6∼= K1, then SM (G�H) = 3 > 1 = SM (H).
• If H ∼= P3 �K1 and G ∼= Kr, then SM (G�H) = 2 > 1 = SM (G).
• If G ∼= Pn with n ≥ 5 and H ∼= Kr, then SM (G�H) = 3 < n−1 = SM (G).

3.3 Lexicographic product

The lexicographic product of graphs G and H is the graph G◦H on vertex set
V (G) × V (H) in which vertices (g1, h2) and (g2, h2) are adjacent if and only
if either g1g2 ∈ E(G) or g1 = g2 and h1h2 ∈ E(H). This graph operation is
also known as the graph composition and denoted by G[H]. The graph G ◦H
is called nontrivial if both factors are graphs on at least two vertices. Next,
we show a basic list of properties of this graph operation, whose proofs are
direct consequences of the definition.
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Proposition 2. Let G,H be graphs.

1. The graph G ◦H is connected if and only if G is connected.
2. The lexicographic product is associative but not commutative.
3. If G is connected, then
• dG◦H((g, h), (g′, h′)) = dG(g, g′) if g 6= g′,
• dG◦H((g, h), (g, h′)) = 2 if hh′ ∈ E(H),
• dG◦H((g, h), (g, h′)) = 1 if hh′ ∈ E(H).

We have obtained the following result.

Theorem 4. Let G,H be graphs. Then,

1 ≤ Sm(G ◦H) ≤ Sm(G) and SM (G) ≤ SM (G ◦H).

Conjecture 1. Let G be a graph. Then,

1 ≤ Sm(G ◦Kq) = Sm(G) and SM (G) = SM (G ◦Kq).
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On perfect and quasiperfect domination in graphs ?
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Abstract. Given a graph G, a set D ⊂ V (G) is a dominating set of G if every vertex
not in D is adjacent to at least one vertex of D. The domination number γ(G) is the
minimum cardinality of a dominating set of G.

If moreover, every vertex not in D is adjacent to exactly one vertex of D, then
D is called a perfect dominating set of G. The perfect domination number γ11(G)
is the minimum cardinality of a perfect dominating set of G. In general, for every
integer k ≥ 1, a dominating set D is called a k-quasiperfect dominating set if every
vertex not in D is adjacent to at most k vertices of D. The k-quasiperfect domination
number γ1k(G) is the minimum cardinality of a k-quasiperfect dominating set of G.
These parameters are related in the following general way (∆ the maximum degree
of G and by n the number of vertices): γ(G) = γ

1∆
(G) ≤ · · · ≤ γ12(G) ≤ γ11(G) ≤ n.

In this work we study the perfect domination number, with the help of this de-
creasing chain of domination parameters, in the following graph families: graphs with
extremal maximum degree, that is, graphs with ∆ ≥ n − 3 or ∆ = 3, and also in
cographs, claw-free graphs and trees. We also study the behavior of these parameters
under some usual product operations.

Key words: Perfect domination, quasiperfect domination, claw-free graphs, cographs.

1 Introduction

All the graphs considered are finite, undirected, simple, and connected. Given
a graph G = (V,E), the open neighborhood of a vertex v ∈ V is N(v) =
{u ∈ V |uv ∈ E} and the closed neighborhood is N [v] = N(v) ∪ {v}. The
degree deg(v) of a vertex v ∈ V (G) is the number of neighbors of v, i.e.,
deg(v) = |N(v)|. The maximum degree of G, denoted by ∆(G), is the largest
degree among all vertices of G. For undefined basic concepts we refer the
reader to introductory graph theoretical literature, e.g., [3].

? Research supported by projects MTM2012-30951/FEDER, MTM2011-28800-C02-01,
ESF EUROCORES programme EUROGIGA-ComPoSe IP04-MICINN, Gen. Cat. DGR
2009SGR1040, Gen. Cat. DGR 2009SGR1387, Junta de Andalućıa FQM305.
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Given a graph G, a set D ⊆ V (G) is a dominating set of G if every vertex
v not in D is adjacent to at least one vertex of D, i.e., if N(v) ∩D 6= ∅. The
domination number γ(G) is the minimum cardinality of a dominating set of
G. A dominating set of cardinality γ(G) is called a γ-code[5].

If moreover, every vertex not in D is adjacent to exactly one vertex of D,
then D is called a perfect dominating set of G [1,7]. The perfect domination
number γ11(G) is the minimum cardinality of a perfect dominating set of G.
A dominating set of cardinality γ11(G) is called a γ11-code. This definition can
be generalized in the following way.

Definition 1 ([4]). For k ≥ 1, we define a dominating subset S ⊆ V in a
graph G = (V,E) to be a k-quasiperfect dominating set if every vertex not in
D is adjacent to at most k vertices of D.

Definition 2 ([4]). For k ≥ 1, The k-quasiperfect domination number
γ

1k
(G) is the minimum cardinality of a k-quasiperfect dominating set of G. A

dominating set of cardinality γ
1k

(G) is called a γ
1k

-code.

Certainly, 1-quasiperfect dominating sets and ∆-quasiperfect dominating
sets are precisely the perfect dominating sets and dominating sets, respec-
tively. There is an obvious relationship among these domination paramenters.
If G is a graph of order n and maximum degree ∆, then

γ(G) = γ
1∆

(G) ≤ . . . γ12(G) ≤ γ11(G) ≤ n

In this work we study this decreasing chain of domination parameters.
We present our main contributions when restricting ourselves to the following
graph families:

• Graphs with maximum degree ∆ ≥ n− 3 or ∆ = 3.
• Cographs.
• Claw-free graphs.
• Trees.

We also study the behavior of these parameters under product operations.

2 Results

Theorem 1 ([4]). If G is a graph of order n that satisfies some of the fol-
lowing conditions, then γ(G) = γ12(G):

• ∆(G) ≥ n− 3.
• ∆(G) ≤ 2.
• G is a P4-free graph (cograph).
• G is a K1,3-free graph (claw-free graph).
• Every vertex of G is either a support vertex or has degree at most 2.
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As a result of Theorem above, in graphs that satisfy some of its conditions
the chain of quasiperfect domination parameters is shorter that in the general
case: γ(G) = γ12(G) ≤ γ11(G) ≤ n, and it is interesting to consider what
happen with the parameter γ11. We have obtained the following results.

2.1 Graphs with maximum degree ∆(G) ≥ n− 3

In this case we have obtained realization results for the parameter γ11, that
show that it can achieve all values in the interval between 2 and n, with a
small number of exceptions.

Theorem 2. Let k, n be integers such that n ≥ 4, 2 ≤ k ≤ n and (n, k) 6∈
{(5, 5), (5, 4), (4, 4), (4, 3)}. Then, there exists a graph G = (V,E) of order n
such that ∆(G) = n− 2 and γ11(G) = k.

Theorem 3. Let k, n be positive integers such that n ≥ 8 and 2 ≤ k ≤ n.
Then, there exists a graph G of order n such that ∆(G) = n− 3 that satisfies
γ11(G) = k.

2.2 Graphs with small maximum degree

The family of connected graphs with maximum degree ∆ = 2 contains just
paths and cycles, and in both cases parameter γ11 is completely determined:
γ11(Pn) = dn3 e and γ11(Cn) = d2n

3 e − bn3 c. So we focus on graphs with maxi-
mum degree ∆ = 3 and we have obtained the following result that provide an
upper bound for γ11.

Theorem 4. If ∆(G) = 3 and G is other than the bull graph, then γ11(G) ≤
n− 3. Note also that the bull graph H has 5 vertices and γ11(H) = 3 = n− 2

2.3 Cographs

In the family of P4-free graphs, we have calculated the exact values of γ11,
depending on the value of de domination parameter γ.

Theorem 5. Let G be a cograph of order n. Then:

• If γ(G) = 2, then γ11(G) ∈ {2, n}.
• Cographs such that γ(G) = γ11(G) = 2 are completely characterized.
• If γ(G) ≥ 3, then γ11(G) = n.
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2.4 Claw-free graphs

In this family of graphs, we have also studied the values of γ11 in relation-
ship with the values of γ. But in contrast with the case above, the family of
cographs, in this occasion a wider range of values can be achieved.

Theorem 6. Let h, k, n be integers such that 2 ≤ h ≤ k < n and h + k ≤ n.
Then, there exists a claw-free graph G of order n such that γ(G) = h and
γ11(G) = k.

Proposition 1. Let n be an integer such that n ≥ 6. Then,

• there exists a claw-free graph G of order n and such that γ(G) = 2 and
γ11(G) = n− 1,

• there exists a claw-free graph G of order n and such that γ(G) = 2 and
γ11(G) = n.

Proposition 2. Let h, n be integers such that n ≥ 7, 2 ≤ h ≤ bn−1
3 c. Then,

there exists a claw-free graph G of order n such that γ(G) = h and γ11(G) = n.

3 Trees

The following result about trees is known.

Theorem 7 ([2]).
Let T be a tree of order n ≥ 3 with k leaves. Then,

• Every [1, 1]-set contains all its strong support vertices.
• γ11(T ) ≤ n

2 .
• γ11(T ) = n

2 if and only if T = T ′ �K1, for some tree T ′.
• γ11(T ) ≤ n− k.
• γ11(T ) = n − k if and only if T contains a [1, 1]-code D such that V \ D

induces a coclique.

So we focus our attention on the relationship between γ and γ11. We have
obtained a complete result in the particular case of caterpillars and a general
inequality between both parameters that is satisfied for any tree.

Proposition 3. Let T be a caterpillar. Then

γ(T ) = γ12(T ) ≤ γ11(T ) < 2γ(T )

Proposition 4. Let {h, k, n} be integers with 1 ≤ h ≤ k ≤ n
2 and h < 2k.

Then there exists a caterpillar T of order n such that γ12(T ) = h, γ11(T ) = k.

Theorem 8. For every tree T , γ(T ) ≤ γ11(T ) ≤ 2γ(T ) − 1. Moreover, both
bounds are tight.
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4 Product graphs

Finally we present some results on the behavior of the quasiperfect domination
parameters with standard product operations.

We begin with the cartesian product [6] of two connected graphs G and
H, denoted by G2H, which is the graph with the vertex set V (G) × V (H)
in which vertices (g, h) and (g′, h′) are adjacent whenever gg′ ∈ E(G) and
h = h′ ∈ E(H) or g = g′ ∈ E(G) and hh′ ∈ E(H). The following result is
known.

Proposition 5 ([4]). For every grid graph G = Ph2Pk, γ13(G) = γ(G).

We have obtained a general upper bound for this product-type operation.

Theorem 9. Let G and H be two graphs and let r be an integer. Then,
γ1r(G�H) ≤ min{γ1r(G)|V (H)|, |V (G)|γ1r(H)}. Moreover, this bound is
tight.

On the other hand, the strong product [6] of graphs two connected G and
H, denoted by G � H, is the graph such that V (G � H) = (V (G) × V (H)
and E(G �H) = E(G ×H) ∪ E(G2H). In this case, the following result is
proved.

Proposition 6. Let G be a graph and let k be an integer such that γ
1k

(G) =
|V (G)|. Then, γ

1k
(G�H) = |V (G�H)|, for any graph H.

Finally we have calculated exact values of parameters γ11 and γ12 for strong
product of paths, cycles and complete graphs.

Proposition 7. γ11(Pr � Ps) = γ(Pr � Ps) = γ(Pr) · γ(Ps)

Proposition 8.

• γ12(Cr � Cs) = γ(Cr � Cs) = γ(Cr)γ(Cs) = d r3ed s3e.
• γ11(Cr � Cs) = γ(Cr � Cs), if r = 3a and s = 3b.
• γ11(Cr � Cs) = rs = n, if r 6= 3a or s 6= 3b.

Proposition 9. γ11(Kr � Ps) = γ(Kr � Ps) = d s3e

Proposition 10.

• γ12(Kr � Cs) = γ(Kr � Cs) = γ(Cs) = d s3e.
• γ11(Kr � Cs) = γ(Kr � Cs), if s = 3a.
• γ11(Kr � Cs) = rs = n, if s 6= 3a.

Proposition 11.

• γ12(Cr � Ps) = γ(Cr � Ps) = γ(Cr)γ(Ps) = d r3ed s3e.
• γ11(Cr � Ps) = γ(Cr � Ps), if r = 3a.
• γ11(Cr � Ps) = rs = n, if r 6= 3a.
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Abstract. We construct all possible rings taking graphs as elements, the union or
sum of graphs as the binary operation of the group and graph product as the second
operation. Furthermore we show that every ring formed with union operation is iso-
morphic to some ring with sum operation. In every case, we give an homomorphism
from the ring to the integers polynomial. (This is an extended abstract of [1])

Key words: Ring, Graph products, clique polynomial, union and sum of graphs

1 Preliminaries

For two graphs G,H, the union ∪ is defined as V (G ∪ H) = V (G) ∪ V (H)
and E(G ∪H) = E(G) ∪E(H). In the set of graphs with the union (or sum)
operation, we define a monoid. The first part of this work is to construct the
Grothendieck group K∪(G) over this monoid by defining the equivalence re-
lation ∼ as (G,G′) ∼ (H,H ′) if and only if G ∪H ′ is isomorphic to G′ ∪H,
and forming the quotient group G×G∼ , where G is the space of graphs. (see [2]).
It is easy to proof that this group is abelian.

Then, we would like to add another operation to K∪(G) that make up a
ring structure, more precisely, we would like to see which of the graphs prod-
ucts can be added to form a ring. Since K∪(G) is an abelian group, the graph
products we are looking must be associative and distributive over the union
operation (left and right).

2 Graph products

The graph products have been studied since 1912 (see [5]). A graph product ∧ is
an operation between two graphs G,H such that the vertex set of G∧H is the
cartesian product of the vertex sets of G and H, and (g1, h1)(g2, h2) ∈ G∧H
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depending if g1 and g2 (h1, h2 resp.) are adjacent, not adjacent or the same
vertex in G (H resp.).

We use the matrix representation defined in [4]. For a graph G, call E to
the set of the pairs of adjacent vertices, C the set of the pairs of non-adjacent
vertices and 4 to set set of the pair of equal vertices. So, for two graphs
G,H and a graph product ∧, the adjacency between two vertices (g, h), (g′.h′)
totally depends of the contention of (g, g′), (h, h′) in one of the three mentioned
sets of G and H respectively. We can resume the conditions of adjacencies by
taking the matrix:




E 4 C

E E2 E4 EC
4 4E 4 4C
C CE C4 C2




where the column represents the sets in G and the rows represents the sets
in H and fill the entry by E if the condition in the entry of the matrix allows
a edge in the product and by C in the other case.

We will give an example of this representation. The first products ever
studied were the direct product (tensor product) and the lexicographic prod-
uct (see [5]). In the direct product of graphs G,H, we have that two vertices
(g, h)(g′, h′) are adjacent if and only if (g, g′) ∈ E(G) and (h, h′) ∈ E(H), so
we can write the product :




E 4 C

E E C C
4 C 4 C
C C C C




Since every entry must be filled by E or C, there are 28 = 256 possible
ways to define a graph product.

3 Rings of graphs

We are interested in determining which are associative and distributive over
union. In [4], the authors characterized the associative graph products and
shows that there are 39. In order to see which are the distributive products
over union, we will used the two following lemmas.
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Lemma 1. A graph product ∧ is distributive on left with respect to the union,
if and only if, its associated matrix has the following form:




C

4 C

C




Lemma 2. A graph product ∧ is distributive on right with respect to the union
∪, if and only if, its associated matrix has the following form:


 4
C C C




The two lemmas above imply the following theorem.

Theorem 1. A graph product ∧ is distributive with respect to the union ∪, if
and only if, its associated matrix has the following form:




C

4 C

C C C




So there are 23 = 8 distributive products, and by using the results of [4],
we found that 6 of them can be add to K∪(G) to form a ring. We will denote
those rings by (G,∪,∧). Now we set the following lemma and we resume it in
a theorem:

Lemma 3. If ∧ is an associative graph product (distributive resp.), then it is
associative (distributive resp.) on K(G).

Theorem 2. (G,∪,∧) is a ring of graphs, if and only if, ∧ is one of the
following products:

C C C

C 4 C

C C C


.



C E C

C 4 C

C C C


.



C C C

E 4 C

C C C


.



C E C

E 4 C

C C C


.



E C C

C 4 C

C C C


.



E E C

E 4 C

C C C


 .

In order, the empty product, the manifold product, the co-manifold prod-
uct, the cartesian product, the categorical product, the strong product

For two graph G,H, the sum of graph + is defined as V (G + H) =
V (G) ∪ V (H) ans E(G + H) = E(G) ∪ E(H) ∪ {gh|g ∈ G, h ∈ H}. As
we perform an analogous analysis for the graph sum as we have done for the
union , we find six products ∨ for which (G,+,∨) is a ring of graphs. Those
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rings are isomorphic to the rings of graphs constructed with respect to the
union. We use another definition from [4] to set the next two theorem. For a

graph product ∧, we define its complementary product ∨ as G ∨H = G ∧H,
where G denotes the complement of the graph G.

Theorem 3. [1] If (G,∪,∧) is a ring then (G,+,∨) is a ring of graph, where
∨ is the complementary product of ∧

Theorem 4. [1] There exists an isomorphism Ψ between the rings of graphs
(G,∪,∧) and (G,+,∨).

4 Clique Polynomials

A k-clique of a graph G is a complete subgraph of G with k vertices i.e a
subgraph with all possible edges. An independent subset G′ of G is a vertex
subset of V (G) such that gg′ /∈ E(G) for every g, g′ ∈ G′, i.e, a set without any
edge. The clique polynomial of a graph G is defined as PG(X) =

∑
aix

i where
the the coefficient ai is the number of complete subgraph of size i and a0 = 1,
in the independence polynomial, the coefficients ai represent the number of
independent set of size i.

In an attempt to relate these graphs rings with some algebraic space, we
give an homomorphism between the graphs rings and the integer polynomi-
als. There exists al lot of different polynomials defined on the graph space,
however we choose to work with the clique polynomial and the independence
polynomial (see [3]). Our first result on the graph polynomial is the following
theorem:

Theorem 5. [1] For every ring of graphs (G,∪,∧), there exists a product ∧′
in Z0[x] (the integers polynomials with p(0) = 0) and an homomorphism φ∧
from (G,∪,∧) to (Z0[x],+,∧′)

Then, we give the formulae of the induced clique polynomials of each of
the 6 products in K∪(G) and of the induced independence polynomials of the
6 products in K+(G).

For graphs G,H with clique polynomials PG =
∑n

i=0 gix
i and PH =∑m

i=0 hix
i with a0 = 1, b0 = 1. In order for the empty product, the mani-

fold product, the co-manifold product, the cartesian product, the categorical
product, the strong product, the formulaes are:

P∅ = |G||H|x+ 1

PGtH = |H|PG − |H|+ 1

PGuH = |G|PH − |G|+ 1
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PG�H = |H|PG + |G|PH − (|H|+ |G|+ |G||H|x) + 1

PG×H =

min(n,m)∑

i=0

i!gihix
i

PG�H =
n∑

i=0

m∑

j=0

g̃ih̃j(Kij)

where g̃i =
∑n

s=i gi
(
s
i

)
(−1)i+s and h̃i =

∑m
s=i hi

(
s
i

)
(−1)i+s

We ending this note by making the two following remarks:

Remark 1. Since G ∧H = G ∨H we have that PG∧H = P
G∨H = IG∨H so the

independence polynomials of the complementary products are easily computed
from our previous computations.

Remark 2. The 6 rings of the form (G,∪,∧) are associative Z−algebras. Fur-

thermore, for ∧ =



C C C

C 4 C

C C C


 or



E C C

C 4 C

C C C


, the Z-algebras are commutative

but not unital. If ∧ =



C E C

C 4 C

C C C


 or



C C C

E 4 C

C C C


, then they are not commu-

tative and not unital Z-algebras (either they have right and left unite resp.).

Finally, if ∧ =



E E C

E 4 C

C C C


 or



C E C

E 4 C

C C C


, the Z-algebras are commutative and

unital, with identity element K1.
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Abstract. Let M be the set of metric spaces that are either graphs with bounded
degree or Riemannian manifolds with bounded geometry. Kanai proved the quasi-
isometric stability of several geometric properties (in particular, of isoperimetric in-
equalities) for the spaces in M. Kanai proves directly these results for graphs with
bounded degree; in order to prove the general case, he uses a graph (an ε-net) as-
sociated to a Riemannian manifold with bounded geometry. This paper studies the
stability of isoperimetric inequalities under quasi-isometries between non-exceptional
Riemann surfaces (endowed with their Poincaré metrics). The present work proves
the stability of the linear isoperimetric inequality for planar surfaces (genus zero sur-
faces) without the condition on bounded geometry. It is also shown the stability of
any non-linear isoperimetric inequality.

Key words: Isoperimetric inequality; linear isoperimetric inequality; quasi-isometry;

infinite graphs; Riemann surfaces.

1 Introduction and main results

An interesting problem in the study of geometric properties of graphs and
surfaces is to consider their stability under appropriate deformations. Let M
be the set of metric spaces that are either graphs with bounded degree or
Riemannian manifolds with bounded geometry. In the 1985, in [16] M. Kanai
proved the quasi-isometric stability (see the definition of quasi-isometry after
Theorem 1) of several geometric properties (in particular, of isoperimetric
inequalities) for the spaces in M.

We shall be interested not only in his results but in the ideas behind the
proofs. Concretely, those relating the manifold with a particular graph (an
ε-net of the manifold) in order to study the stability of isoperimetric inequal-
ities by quasi-isometries. Several authors have followed Kanai in studying the
stability of some other property, or in proving the equivalence of a manifold
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with a different associated graph (see, e.g., [1], [6], [12], [15], [17], [18], [21],
[22], [23], [24], [25], [26], [14]).

Quasi-isometries play a central role in the theory of Gromov hyperbolic
spaces for they preserve hyperbolicity of geodesic metric spaces (see, e.g.,
[16], [18]).

A non-exceptional Riemann surface S will mean a two-dimensional mani-
fold with a complete conformal metric of constant negative curvature −1. In
this case, the universal covering space of S is the unit disk D endowed with
its Poincaré metric. The only exceptional Riemann surfaces are the sphere,
the plane, the punctured plane and the tori.

A Riemann surface S satisfies the α-isoperimetric inequality (1/2 ≤ α ≤ 1)
if there exists a constant cα(S) such that

AS(Ω)α ≤ cα(S)LS(∂Ω) (1)

for every relatively compact domain Ω ⊂ S. Throughout, AS , LS and dS refer
to Poincaré area, length and distance of S and LII refers to the 1-isoperimetric
inequality also known as the linear isoperimetric inequality.

The isoperimetric inequality on a graph G with bounded degree can be
defined as follows. For a subset T of V (G), define its boundary as

∂T := {q ∈ V (G) \ T : dG(q, T ) = 1}.

It is said that G satisfies the α-isoperimetric inequality if there exists a con-
stant cα(G) so that (

#T
)α ≤ cα(G) #∂T

for any non-empty finite subset T of V (G), where # denotes the cardinal.
There are close connections between LII and some conformal invariants of

Riemann surfaces, namely the bottom of the spectrum of the Laplace-Beltrami
operator, the exponent of convergence, and the Hausdorff dimensions of the
sets of both bounded geodesics and escaping geodesics in the surface (see [3],
[4, p.228], [8], [9], [10], [11], [19], [27, p.333]). Isoperimetric inequalities are of
interest in pure and applied mathematics (see, e.g., [7], [20]).

The injectivity radius ι(p) of p ∈ S is defined as the supremum of those
r > 0 such that BS(p, r) is simply connected or, equivalently, as half the
infimum of the lengths of the (homotopically non-trivial) loops based at p.
The injectivity radius ι(S) of S is the infimum over p ∈ S of ι(p).

In this work we consider the stability of isoperimetric inequalities under
quasi-isometries between non-exceptional Riemann surfaces. This stability was
proved by Kanai in [16] in the very general setting of graphs and Riemannian
manifolds in M (bounded geometry in a Riemannian manifold M means a
lower bound for the Ricci curvature and ι(M) > 0). We have an example
showing that the stability fails, even for Riemann surfaces, without the hy-
pothesis ι(S) > 0. Since this example involves non-zero genus surfaces, it is
natural to wonder if the stability holds for planar surfaces.



Isoperimetric inequalities in graphs and surfaces 189

The main result in this paper is the following.

Theorem 1. Let S and S′ be quasi-isometric non-exceptional genus zero Rie-
mann surfaces. Then S′ satisfies the linear isoperimetric inequality if and only
if S satisfies the linear isoperimetric inequality. Furthermore, if f : S −→ S′

is a c-full (a, b)-quasi-isometry, and c1(S′) < ∞ then c1(S) ≤ C, where C is
a universal constant which just depends on a, b, c and c1(S′).

A function between two metric spaces f : X −→ Y is said to be an (a, b)-
quasi-isometric embedding with constants a ≥ 1, b ≥ 0, if

1

a
dX(x1, x2)− b ≤ dY (f(x1), f(x2)) ≤ a dX(x1, x2) + b ,

for every x1, x2 ∈ X. Such a quasi-isometric embedding f is a quasi-isometry
if, furthermore, there exists a constant c ≥ 0 such that f is c-full, i.e., if for
every y ∈ Y there exists x ∈ X with dY (y, f(x)) ≤ c.

Two metric spaces X and Y are quasi-isometric if there exists a quasi-
isometry between them. It is easy to check that to be quasi-isometric is an
equivalence relation on the set of metric spaces.

For surfaces of positive finite genus, the following result shows that the
first conclusion of Theorem 1 holds:

Theorem 2. Let S and S′ be quasi-isometric non-exceptional Riemann sur-
faces with finite genus. Then S′ satisfies the LII if and only if S satisfies the
LII.

However, we have an example showing that the second conclusion of The-
orem 1 fails in this case of positive finite genus.

The idea behind the proof of Theorem 1 is simple: each surface is split
into a thin part (with small injectivity radius) and a thick part; a slight mod-
ification of the proof of Kanai’s theorem applied to the thick part, together
with some new arguments to show that the thin part is “essentially” preserved
under the quasi-isometry give the theorem. A difficulty is the following: two
quasi-isometric surfaces have a similar shape at a large scale (if viewed from
sufficiently far), but they can look very different at a small scale (by defi-
nition a quasi-isometry may not be continuous). In particular, the image of
a continuous loop by a quasi-isometry need not be a continuous curve, and
thus the injectivity radii can be very different in two quasi-isometric surfaces.
Theorem 3 deals with this situation and states that a quasi-isometry between
planar surfaces maps points with small injectivity radius to points with small
injectivity radius (in a precise quant itative way).

Theorem 3. Let S and S′ be non-exceptional genus zero Riemann surfaces
and let f : S −→ S′ be a c-full (a, b)-quasi-isometry. For each ε′ > 0 there
exists ε > 0 which just depends on ε′, a, b, c, such that if ι(z) < ε then ι(f(z)) <
ε′.
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We show that a very different situation appears when dealing with the
α-isoperimetric inequality, 1/2 ≤ α < 1.

Theorem 4. Let S and S′ be quasi-isometric non-exceptional Riemann sur-
faces with ι(S) > 0, and 1/2 ≤ α < 1. Then S′ satisfies the α-isoperimetric
inequality if and only if S satisfies the α-isoperimetric inequality and ι(S′) > 0.

Note that here we have no hypothesis on genus.
Hence, the behavior of the α-isoperimetric inequality in Riemann surfaces

under quasi-isometries is very different in the cases α = 1 and α < 1.
One of the main ingredients in the proofs is the relation between a surface

S and a graph (an ε-net) associated to S.

2 Sketch of the proof of Theorem 1

This section is devoted to present the main ideas in the proof of Theorem 1,
which follows Kanai’s approach. See [5] for details.

In Kanai’s results it is essential that both ι(S) and ι(S′) are positive;
these conditions will be avoided due to Theorem 3 and the thick-thin de-
composition of Riemann surfaces given by Margulis Lemma (see, e.g., [2,
p.107]). Concretely, for any ε < sinh−1 1 (sinh−1 denotes the inverse func-
tion of sinh) any Riemann surface, S, can be partitioned into a thick part,
Sε := {z ∈ S : ι(z) > ε}, and a thin part, S \Sε, whose connected components
have a simple structure (the fundamental group of each connected component
of S \ Sε is generated by a single element).

In order to prove Theorem 1, it will be shown that it suffices to consider the
thick parts of S and S′ for some particular choices of ε and ε′, so that Kanai’s
insight can be brought to Sε and S′ε′ if we avoid the (possible) contribution
to the LII given by ∂Sε and ∂S′ε′ .

Let us consider H > 0, a metric space X, and a subset Y ⊆ X. The set
VH(Y ) := {x ∈ X : d(x, Y ) ≤ H} is called the H-neighborhood of Y in X.

We will need the following technical results.

Lemma 1. Let S and S′ be non-exceptional genus zero Riemann surfaces, and
f : S −→ S′ be a c-full (a, b)-quasi-isometry. Then, given 0 < ε, ε1 < sinh−1 1,
there exist 0 < ε′, ε̃ < ε1, which just depend on ε, ε1, a, b, c, so that

f(Sε) ⊂ S′ε′ ⊂ Vc(f(Sε̃)).

As a first goal it is going to be proved the LII intrinsic to a bordered
surface, Sε contained in S; note that Sε is not necessarily connected. To this
end, we define below the “thick” boundary of a subset of S as its intrinsic
boundary in Sε, and the “intrinsic” LII that will refered to as LIIε.
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Definition 1. Given a non-exceptional Riemann surface S, ε > 0 and a do-
main Ω in Sε, define

∂εΩ := ∂Ω ∩ Sε = ∂Ω \ ∂Sε.

Definition 2. Sε is said to satisfy the ε-linear isoperimetric inequality, LIIε,
if there exists a positive constant c, such that if Ω is a relatively compact
domain in Sε with smooth boundary, then

AS(Ω) ≤ cLS(∂εΩ). (2)

A reduction is that it suffices to prove LIIε for intrinsic geodesic domains
in Sε. A domain Ω ⊂ S is said to be a geodesic domain if ∂Ω is a finite number
of simple closed geodesics, and AS(Ω) is finite. An intrinsic geodesic domain
is a geodesic domain intrinsic to Sε, i.e., the intersection of a geodesic domain
in S with Sε.

Let us denote by c1(Sε) the sharp ε-linear isoperimetric constant of Sε and
by c1,g(Sε) the sharp ε-linear isoperimetric constant of Sε for intrinsic geodesic
domains.

Lemma 2. Let S be a non-exceptional Riemann surface and ε ≥ 0 so that
ε < sinh−1 1. Then,

Sε has LIIε ⇐⇒ Sε has LIIε for intrinsic geodesic domains in Sε.

In fact, c1,g(Sε) ≤ c1(Sε) ≤ c1,g(Sε) + 2.

Following Kanai’s procedure, the LII will be transferred from bordered
surfaces to nets and viceversa. To this end, a subset G of S is said to be
δ-separated for δ > 0, if dS(p, q) > δ whenever p and q are distinct points of
G. It is called maximal if it is maximal with respect to the order relation of
inclusion.

Consider the distance dG in G induced by the distance dS of S. Concretely,
given p1, p2 ∈ G, dG(p1, p2) = M if and only if M ≥ 0 is the only natural
number such that

δM ≤ dS(p1, p2) < δ(M + 1). (3)

The set of neighbors of p in G is defined as N(p) = {q ∈ G : dG(p, q) = 1}
and this gives a graph structure to the set G. Such graph will be referred to
as δ-net.

Let S be a Riemann surface and 0 < ε < sinh−1 1. We have that
ι (Vε(Sε)) ≥ c(ε), where c(ε) := sinh−1

(
e−ε sinh ε

)
. The pair (G, δ) will denote

a δ-net associated to the pair (S, ε) as follows: Set δ ≤ 1
2 ι(Vε(Sε)), and choose

a maximal δ-net G on Sε so that

AS(Sε ∩BS(p, δ)) >
1

2
AS(BS(p, δ)), (4)
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for all p ∈ G; such choice of G is possible due to Collar Lemma. Note also
that G does not need to be connected.

The strategy of the proof of Theorem 1 is as follows: Consider S and S′

Riemann surfaces and f : S −→ S′ a quasi-isometry, (G, δ) and (G′, δ′) nets
in (S, ε) and (S′, ε′). It will be assumed that S′ satisfies the LII that will be
transferred to the net (G′, δ′). Then it will be shown that (G, δ) and (G′, δ′)
are quasi-isometric and so (G, δ) also satisfies the LII. Finally, this LII will be
transferred to S. The next two results deal with transferring the LII between
surfaces and nets. A direct application of [16, Lemma 4.5] is the following
result:

Lemma 3. There exists a universal constant ε0 with the following property:
Let S′ be any non-exceptional Riemann surface satisfying LII and 0 < ε′ <
min

{
ε0, (12c1(S′))−1

}
. Let (G′, δ′) be a δ′-net associated to (S′, ε′). Then,

(G′, δ′) also satisfies the LII and c1(G′) ≤ 12 sinh δ′

cosh(δ′/2)− 1
c1(S′).

Lemma 4. Let (G, δ) be a δ-net associated to (S, ε). Then

(G, δ) has LII =⇒ Sε has LIIε. (5)

Moreover, c1(Sε) ≤ 2mc1,l(Sε) max

{
1, 2 c1(G)

(
sinh(9δ/4)

sinh(δ/4)

)2
}

+ 2, where

c1,l(Sε) is the constant in the local LII and m =: supz∈S #{p ∈ G : z ∈
BS(p, δ)} <∞.

As a last step, it will be constructed a quasi-isometry between the two nets
(G, δ) and (G′, δ′) associated to (S, ε) and (S, ε′) respectively with 0 < ε <
sinh−1 1 and 0 < ε′, ε̃ < ε given by Lemma 1.

Proposition 1. The nets (G, δ) and (G′, δ′) are quasi-isometric. More pre-
cisely, there is a C ′-full (A,B)-quasi-isometry g : G −→ G′, with A =

amax

{
δ′

δ
,
δ

δ′

}
, B = 5 +

aδ

δ′
+
b

δ′
and C ′ = 2 +

a(2δ + C(ε, ε̃)) + 2b+ c

δ′
where

C(ε, ε̃) is the maximum diameter of the connected components of Sε̃\Sε where
ε̃ is given by Lemma 1.

Moreover, for any X ⊂ G, #X ≤ µ#g(X) where µ ≤ 13
a(2δ′+b)

δ .

In [16, Lemma 4.2] Kanai proves that the LII on graphs is preserved by
quasi-isometries; thus an immediate consequence is:

Corollary 1. For (G, δ) and (G′, δ′) as above,

(G, δ) satisfies the LII ⇐⇒ (G′, δ′) satisfies the LII.

Moreover, c1(G) ≤ µ12A(B+2C−1)+C−2c1(G′), with µ as in Proposition 1.
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Finally, the combination of all previous results will give the proof of The-
orem 1.

Proof of Theorem 1. Assume that S′ has LII. If ε0 is the constant in
Lemma 3, let us fix 0 < ε < ε0 and let 0 < ε′, ε̃ < min

{
ε0, (12c1(S′))−1

}
given

by Lemma 1. Let (G′, δ′) be a net associated to (S′, ε′). Since S′ has LII, by
Lemma 3, G′ has LII. If (G, δ) is a net associated to (S, ε), then Proposition
1 gives that (G, δ) and (G′, δ′) are quasi-isometric, and Corollary 1 concludes
that (G, δ) has LII. Lemma 4 states that Sε has LIIε and, since 0 < ε < ε0,
S has LII.

Moreover, the isoperimetric constant obtained c1(S) < ∞ depends just
on ε, a, b, c, c1(S′). In order to avoid the dependence on ε, it suffices to take
ε = ε0/2, since ε0 is a universal constant. 2

References
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Abstract. If X is a geodesic metric space and x1, x2, x3 ∈ X, a geodesic triangle
T = {x1, x2, x3} is the union of the three geodesics [x1x2], [x2x3] and [x3x1] in X.
The space X is δ-hyperbolic (in the Gromov sense) if any side of T is contained in
a δ-neighborhood of the union of the two other sides, for every geodesic triangle T
in X. If X is hyperbolic, we denote by δ(X) the sharp hyperbolicity constant of
X, i.e. δ(X) = inf{δ ≥ 0 : X is δ-hyperbolic}. In this paper we characterize the
lexicographic product of two graphs G1 ◦ G2 which are hyperbolic, in terms of G1

and G2: the lexicographic product graph G1 ◦ G2 is hyperbolic if and only if G1 is
hyperbolic, unless if G1 is a trivial graph (the graph with a single vertex); if G1 is
trivial, then G1 ◦ G2 is hyperbolic if and only if G2 is hyperbolic. In particular, we
obtain that δ(G1) ≤ δ(G1 ◦ G2) ≤ δ(G1) + 3/2 if G1 is not a trivial graph, and we
find families of graphs for which the inequalities are attained.

Key words: Lexicographic product graphs; geodesics; Gromov hyperbolicity; infi-

nite graphs.

1 Introduction

Hyperbolic spaces play an important role in geometric group theory and in the
geometry of negatively curved spaces (see [1,16,18]). The concept of Gromov
hyperbolicity grasps the essence of negatively curved spaces like the classi-
cal hyperbolic space, Riemannian manifolds of negative sectional curvature
bounded away from 0, and of discrete spaces like trees and the Cayley graphs
of many finitely generated groups. It is remarkable that a simple concept leads
to such a rich general theory (see [1,16,18]).

The concept of hyperbolicity appears also in discrete mathematics, algo-
rithms and networking. For example, it has been shown empirically in [20]
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that the internet topology embeds with better accuracy into a hyperbolic
space than into an Euclidean space of comparable dimension; the same holds
for many complex networks, see [15]. A few algorithmic problems in hyper-
bolic spaces and hyperbolic graphs have been considered in recent papers (see
[6,7]). Another important application of these spaces is the study of the spread
of viruses through on the internet (see [20]). Furthermore, hyperbolic spaces
are useful in secure transmission of information on the network (see [11,20]).

If X is a metric space we say that the curve g : [a, b] −→ X is a geodesic
if we have L(g|[t,s]) = d(g(t), g(s)) = |t − s| for every s, t ∈ [a, b] (then γ
is equipped with an arc-length parametrization). The metric space X is said
geodesic if for every couple of points in X there exists a geodesic joining them;
we denote by [xy] any geodesic joining x and y; this notation is ambiguous,
since in general we do not have uniqueness of geodesics, but it is very con-
venient. Consequently, any geodesic metric space is connected. If the metric
space X is a graph, then the edge joining the vertices u and v will be denoted
by [u, v].

In order to consider a graph G as a geodesic metric space, identify (by an
isometry) any edge [u, v] ∈ E(G) with the interval [0, 1] in the real line; then
the edge [u, v] (considered as a graph with just one edge) is isometric to the
interval [0, 1]. Thus, the points in G are the vertices and, also, the points in
the interior of any edge of G. In this way, any graph G has a natural distance
defined on its points, induced by taking shortest paths in G, and we can
see G as a metric graph. Throughout this paper, G = (V,E) denotes a simple
connected graph such that every edge has length 1. These properties guarantee
that any graph is a geodesic metric space. Note that to exclude multiple edges
and loops is not an important loss of generality, since [5, Theorems 8 and 10]
reduce the problem of compute the hyperbolicity constant of graphs with
multiple edges and/or loops to the study of simple graphs.

Consider a polygon J = {J1, J2, . . . , Jn} with sides Jj ⊆ X in a geodesic
metric space X. We say that J is δ-thin if for every x ∈ Ji we have that
d(x,∪j 6=iJj) ≤ δ. Let us denote by δ(J) the sharp thin constant of J , i.e.,
δ(J) := inf{δ ≥ 0 : J is δ-thin } . If x1, x2, x3 are three points in X, a geodesic
triangle T = {x1, x2, x3} is the union of the three geodesics [x1x2], [x2x3]
and [x3x1] in X. We say that X is δ-hyperbolic if every geodesic triangle in
X is δ-thin, and we denote by δ(X) the sharp hyperbolicity constant of X,
i.e., δ(X) := sup{δ(T ) : T is a geodesic triangle in X }. We say that X is
hyperbolic if X is δ-hyperbolic for some δ ≥ 0; then X is hyperbolic if and
only if δ(X) < ∞. A geodesic bigon is a geodesic triangle {x1, x2, x3} with
x2 = x3. Therefore, every bigon in a δ-hyperbolic geodesic metric space is
δ-thin.

Trivially, any bounded metric space X is (diamX)-hyperbolic. A normed
linear space is hyperbolic if and only if it has dimension one. A geodesic space
is 0-hyperbolic if and only if it is a metric tree. If a complete Riemannian
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manifold is simply connected and their sectional curvatures satisfy K ≤ c for
some negative constant c, then it is hyperbolic. See the classical references
[1,16] in order to find more background and further results.

A main problem in the theory is to characterize in a simple way the hy-
perbolic graphs. Given a Cayley graph (of a presentation with solvable word
problem) there is an algorithm which allows to decide if it is hyperbolic.
However, for a general graph deciding whether or not a space is hyperbolic
seems an unabordable problem. Therefore, it is interesting to study the hy-
perbolicity of particular classes of graphs. The papers [3,5,26,30] study the
hyperbolicity of, respectively, complement of graphs, chordal graphs, strong
product graphs, corona and join of graphs, line graphs, Cartesian product
graphs, cubic graphs, tessellation graphs, short graphs, median graphs and
k-chordal graphs. In [3,5,26] the authors characterize the hyperbolic product
graphs (for strong product, corona and join of graphs, and Cartesian product)
in terms of properties of the factor graphs.

The study of lexicographic product graphs is a subject of increasing interest
(see, e.g., [20] and the references therein). In this paper we characterize the
hyperbolic lexicographic product of two graphs G1 ◦ G2, in terms of G1 and
G2: if G1 has at least two vertices, then G1 ◦ G2 is hyperbolic if and only if
G1 is hyperbolic; besides, if G1 has a single vertex, then G1 ◦G2 is hyperbolic
if and only if G2 is hyperbolic (see Theorem 8 and Remark 6). We also prove
some sharp inequalities involving δ(G1 ◦G2) and δ(G1), see Theorems 1 and 6
(finding families of graphs for which the inequalities are attained, see Theorem
10). Furthermore, we obtain the precise value of the hyperbolicity constant
for many lexicographic products (see Theorem 10).

We state now the main results in this work and the lemmas used in their
proofs, see [4] for the detailed proofs.

2 Distances in lexicographic products

In order to estimate the hyperbolicity constant of the lexicographic product of
two graphs G1 and G2, we must obtain bounds on the distances between any
two arbitrary points in G1 ◦ G2. Besides, we study the geodesics in G1 ◦ G2,
relating them with the geodesics in G1. The lemmas of this section provide
these results.

Definition 1. Let G1 = (V (G1), E(G1)) and G2 = (V (G2), E(G2)) be two
graphs. The lexicographic product G1 ◦G2 of G1 and G2 has V (G1)× V (G2)
as vertex set, so that two distinct vertices (u1, v1) and (u2, v2) of G1 ◦G2 are
adjacent if either [u1, u2] ∈ E(G1), or u1 = u2 and [v1, v2] ∈ E(G2).

Remark 1. The Cartesian and the strong product of two graphs are subgraphs
of the lexicographic product of two graphs, i.e., G12G2 ⊆ G1�G2 ⊆ G1 ◦G2.
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Along this work by trivial graph we mean a graph having just a single
vertex, and we denote it by E1. An isomorphism of graphs G1 and G2 is a
bijection between the vertex sets of G1 and G2, f : V (G1)→ V (G2) such that
any two vertices u and v of G1 are adjacent in G1 if and only if f(u) and f(v)
are adjacent in G2. If an isomorphism exists between G1 and G2, then the
graphs are called isomorphic and we write G1 ' G2.

Remark 2. Let G be any graph. Then G ◦ E1 ' G and E1 ◦G ' G.

In what follows we denote by π the projection π : G1 ◦ G2 → G1. The
following result allows to compute the distance between any two vertices of
G1 ◦G2.

Lemma 1. Let G1 be a non-trivial graph and G2 any graph and (u, v), (u′, v′)
two vertices in G1 ◦G2. Then

dG1◦G2((u, v), (u′, v′)) =

{
min{2, dG2(v, v′)}, if u = u′,

dG1(u, u′), if u 6= u′.

Let X be a metric space, Y a non-empty subset of X and ε a positive
number. We call ε-neighborhood of Y in X, denoted by Vε(Y ) to the set
{x ∈ X : dX(x, Y ) ≤ ε}.

Lemma 2. Let G1 be a non-trivial graph and G2 any graph. Then G1 ◦G2 ⊆
V3/2(G1 ◦ {v}) for every v ∈ V (G2).

Lemma 3. Let y1, y2 be any points in G2 with dG2(y1, y2) ≤ 5/2 and x0 a
fixed vertex in G1. Then g := {x0} × [y1y2] is a geodesic in G1 ◦ G2 joining
the points (x0, y1) and (x0, y2).

Corollary 1. Let G1 be a non-trivial graph and G2 any graph, y1, y2 any
points in G2 with dG2(y1, y2) > 3 and x0 a fixed vertex in G1. Then {x0} ×
[y1y2] is not a geodesic in G1 ◦G2.

Remark 3. Let y1, y2 be two midpoints in any graph G2 with dG2(y1, y2) = 3
and x0 a fixed vertex in any graph G1. Then {x0} × [y1y2] is a geodesic in
G1 ◦G2 joining (x0, y1) and (x0, y2).

Lemma 4. Let G1 be a non-trivial graph and G2 be any graph. If g is a
geodesic in G1 ◦G2 joining x and y with L(g) > 3, then π(g) contains at least
three vertices in G1.

Furthermore, if σ is a path in G1 ◦G2 joining x and y, then π(σ) contains
at least three vertices in G1.

Lemma 5. Let G1 be a non-trivial graph and G2 be any graph. Consider a
geodesic g in G1 ◦G2 joining x and y. If L(g) > 3, then π(g) is a geodesic in
G1 joining π(x) and π(y). Besides, if L(g) = 3 then π(g) contains a geodesic
in G1 joining π(x) and π(y).
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Remark 4. Let g be a geodesic in G1 ◦ G2 joining x and y. If L(g) = 3 and
π(g) is not a geodesic in G1 joining π(x) and π(y), then x, y are midpoints of
edges, π(x) = π(y) ∈ V (G1) and diam(π(g)) = 1.

Corollary 2. Let g be a geodesic in G1 ◦G2 joining x and y. If π(g) is not a
geodesic in G1 joining π(x) and π(y), then diam

(
π(g)

)
< 3.

3 Hiperbolicity in lexicographic products

Some bounds for the hyperbolicity constant of the lexicographic product of
two graphs are studied in this section. These bounds allow to prove Theorem
8, which characterizes the hyperbolic lexicographic products of two graphs.

We say that a subgraph Γ of G is isometric if dΓ (x, y) = dG(x, y) for every
x, y ∈ Γ . The following result which appears in [31, Lemma 5] will be useful.

Lemma 6. If Γ is an isometric subgraph of G, then δ(Γ ) ≤ δ(G).

The next theorem shows an important qualitative result: if G1 is not hy-
perbolic then G1 ◦G2 is not hyperbolic.

Theorem 1. Let G1 and G2 two graphs, then δ(G1) ≤ δ(G1 ◦G2).

In order to prove Theorem 1 it suffices to show that G1 is an isometric
subgraph of G1 ◦G2 and to apply Lemma 6.

Proposition 1. Let G1 be a non-trivial graph and G2 any graph. Consider
isometric subgraphs Γ1, Γ2 of G1, G2, respectively, with Γ1 non-trivial. Then
Γ1 ◦ Γ2 is an isometric subgraph to G1 ◦G2.

Note that taking Γ1 as a trivial graph, Γ1 ◦Γ2 is not an isometric subgraph
to G1 ◦G2 if diamV (Γ2) ≥ 3.

In order to prove Proposition 1 it suffices to show that dΓ1◦Γ2(x, y) ≤
dG1◦G2(x, y) for every x, y ∈ Γ1 ◦ Γ2.

Theorem 2. Let G1 be a non-trivial graph and G2 any graph. Then

δ(G1◦G2) = max{δ(Γ1◦Γ2) : Γi is isometric to Gi for i = 1, 2 and Γ1 non-trivial}.

Theorem 3. If G1 and G2 are non-trivial graphs, then δ(G1 ◦G2) ≥ 1.

In order to prove Theorem 3 it suffices to show that P2 ◦P2 is an isometric
subgraph of G1 ◦G2 and to apply Theorem 2.

Theorem 4. Let G2 be any non-trivial graph and G1 any graph. If diamV (G1) =
2, then δ(G1 ◦G2) ≥ 5/4. If diamV (G1) ≥ 3, then δ(G1 ◦G2) ≥ 3/2.
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In order to prove Theorem 4 it suffices to show that P3 ◦P2 and P4 ◦P2 are
isometric subgraphs of G1 ◦ G2 when diamV (G1) = 2 and diamV (G1) ≥ 3,
respectively. Then Theorem 2 gives the result.

Theorem 5. If G1 is any non-trivial graph and G2 is any graph with diamG2 >
2, then δ(G1 ◦G2) ≥ 5/4.

In order to prove Theorem 5 it suffices to show that P2 ◦P4 is an isometric
subgraph of G1 ◦G2 and to apply Theorem 2.

Theorem 6. Let G1 be a non-trivial graph and G2 any graph. Then we have
δ(G1 ◦G2) ≤ δ(G1) + 3/2.

Theorem 10 shows that the equality in Theorem 6 is attained.

Remark 5. Let G1 be any hyperbolic graph which is not a tree and let G2 be
any graph. The argument in the proof of Theorem 6 gives that if δ(G1 ◦G2) =
δ(G1) + 3/2 then there is a geodesic triangle T = {x, y, z} with x, y, z ∈
J(G1 ◦G2) and a midpoint p ∈ [xy] such that dG1◦G2(p, [xz]∪ [zy]) = δ(G1) +
3/2. Besides, dG1◦{w}(Vp, [π(x)π(z)]∪ [π(z)π(y)]) = δ(G1) and the distance is
attained in a vertex α ∈ [π(x)π(z)] ∪ [π(z)π(y)].

We obtain the following consequences of Theorem 1 and Theorem 6.

Theorem 7. Let G1 be a non-trivial graph and G2 any graph. Then

δ(G1) ≤ δ(G1 ◦G2) ≤ δ(G1) + 3/2.

Corollary 3. If G1 is any infinite tree and G2 is any non-trivial graph, then
δ(G1 ◦G2) = 3/2.

Theorem 8. Let G1 be a non-trivial graph and G2 be any graph. The lexico-
graphic product G1 ◦G2 is hyperbolic if and only if G1 is hyperbolic.

Remark 6. For any graph G and the trivial graph E1, the lexicographic
product graph E1 ◦ G is hyperbolic if and only if G is hyperbolic, since
δ(E1 ◦ G) = δ(G). This trivial result completes the characterization of hy-
perbolic lexicographic products.

The following result allows to attain the bound in Theorem 6.

Theorem 9. Let G1 be any hyperbolic graph and let G2 be any graph. If δ(G1◦
G2) = δ(G1)+3/2, then G1 is a tree, G2 is a non-trivial graph and δ(G1◦G2) =
3/2.

Theorem 10 below is a converse of Theorem 9; furthermore, it provides
the exact value of the hyperbolicity constant of the lexicographic product of
many trees and graphs. We need some lemmas.
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Lemma 7. If G1 is a tree with 1 ≤ diamG1 ≤ 2, G2 is any graph and δ(G1 ◦
G2) = 3/2, then there is a geodesic triangle T = {x, y, z} in G1 ◦ G2 that is
a cycle contained in {v0} ◦ G2 for some v0 ∈ V (G1) with x, y, z ∈ J({v0} ◦
G2) and a vertex p ∈ [xy] such that dG1◦G2(p, [xz] ∪ [zy]) = dG1◦G2(p, x) =
dG1◦G2(p, y) = 3/2.

In the following results we use the definition of the class of graphs F given
in [4].

Lemma 8. Let G be any graph. Assume that there is a geodesic triangle T =
{x, y, z} in G that is a cycle with x, y midpoints, L([xy]), L([yz]), L([zx]) ≤ 3
and δ(T ) = 3/2 = dG(p, [yz] ∪ [zx]) for some p ∈ [xy]. Then G ∈ F .

Theorem 10. Let G1 be a tree and G2 any non-trivial graph.

(1) If diamG1 ≥ 3, then δ(G1 ◦G2) = 3/2.
(2) If 1 ≤ diamG1 ≤ 2, then δ(G1 ◦G2) = 3/2 if and only if G2 ∈ F .
(3) If G1 is trivial, then δ(G1 ◦G2) = 3/2 if and only if δ(G2) = 3/2.

This result allows to compute, in a simple way, the hyperbolicity constant
of the lexicographic product of any tree and any graph.

Theorem 11. Let G1 be any tree and G2 any graph. Then

δ(G1◦G2) =





δ(G2), if G1 ' E1,

0, if G2 ' E1,

1, if diamG1 = 1 and 1 ≤ diamG2 ≤ 2,

5/4, if diamG1 = 1 and diamG2 > 2 and G2 /∈ F ,
5/4, if diamG1 = 2 and diamG2 ≥ 1 and G2 /∈ F ,
3/2, if 1 ≤ diamG1 ≤ 2 and G2 ∈ F ,
3/2, if diamG1 ≥ 3 and diamG2 ≥ 1.
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Abstract. The study of hyperbolic graphs is an interesting topic since the hyperbol-
icity of a geodesic metric space is equivalent to the hyperbolicity of a graph related to
it. In the context of graphs, to remove and to contract an edge of a graph are natural
transformations. The main aim in this work is to obtain quantitative information
about the distortion of the hyperbolicity constant of the graph G \ e (respectively,
G/e ) obtained from the graph G by deleting (respectively, contracting) an arbitrary
edge e from it. A graph H is a minor of a graph G if a graph isomorphic to H can be
obtained from G by contracting some edges, deleting some edges, and deleting some
isolated vertices. Since we deal with connected graphs, our work provides information
about the hyperbolicity constant of minor graphs.

Key words: Gromov hyperbolicity, edge contraction, removing an edge, minor

graphs, infinite graphs, geodesics.

1 Introduction

Hyperbolic spaces play an important role in geometric group theory and in
the geometry of negatively curved spaces (see [16,18]). The concept of Gro-
mov hyperbolicity grasps the essence of negatively curved spaces like the clas-
sical hyperbolic space, Riemannian manifolds of negative sectional curvature
bounded away from 0, and of discrete spaces like trees and the Cayley graphs
of many finitely generated groups. It is remarkable that a simple concept leads
to such a rich general theory (see [16,18]). The first works on Gromov hyper-
bolic spaces deal with finitely generated groups (see [18]). Initially, Gromov
spaces were applied to the study of automatic groups in the science of com-
putation (see, e.g., [18]); indeed, hyperbolic groups are strongly geodesically
automatic, i.e., there is an automatic structure on the group [5].

The concept of hyperbolicity appears also in discrete mathematics, algo-
rithms and networking. For example, it has been shown empirically in [20]
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that the internet topology embeds with better accuracy into a hyperbolic
space than into an Euclidean space of comparable dimension; the same holds
for many complex networks, see [15]. A few algorithmic problems in hyper-
bolic spaces and hyperbolic graphs have been considered in recent papers (see
[6,7,8,14]). Another important application of these spaces is the study of the
spread of viruses through on the internet (see [20,21]). Furthermore, hyper-
bolic spaces are useful in secure transmission of information on the network
(see [11,20,21,17]).

We say that the curve γ in a metric space X is a geodesic if we have
L(γ|[t,s]) = d(γ(t), γ(s)) = |t − s| for every s, t ∈ [a, b]. The metric space
X is said geodesic if for every couple of points in X there exists a geodesic
joining them; we denote by [xy] any geodesic joining x and y; this notation is
ambiguous, since in general we do not have uniqueness of geodesics, but it is
very convenient. If the metric space X is a graph, then the edge joining the
vertices u and v will be denoted by [u, v].

In order to consider a graph G as a geodesic metric space, identify (by an
isometry) any edge [u, v] ∈ E(G) with the interval [0, 1] in the real line; then
the edge [u, v] (considered as a graph with just one edge) is isometric to the
interval [0, 1]. Thus, the points in G are the vertices and, also, the points in
the interior of any edge of G. In this way, any connected graph G has a natural
distance defined on its points, induced by taking shortest paths in G, and we
can see G as a metric graph. Throughout this paper, G = (V,E) denotes a
simple graph such that every edge has length 1.

If X is a geodesic metric space and x, y, z are in X, a geodesic triangle
T = {x, y, z} is the union of the three geodesics [xy], [yz] and [zx] in X. The
space X is δ-hyperbolic (in the Gromov sense) if any side of T is contained
in the δ-neighborhood of the union of the two other sides, for every geodesic
triangle T in X. We denote by δ(X) the sharp hyperbolicity constant of X,
i.e., δ(X) := inf{δ : X is δ-hyperbolic}. We say that X is hyperbolic if X is
δ-hyperbolic for some δ ≥ 0; then X is hyperbolic if and only if δ(X) <∞.

A graph H is a minor of a graph G if a graph isomorphic to H can
be obtained from G by contracting some edges, deleting some edges, and
deleting some isolated vertices. Minor graphs is an interesting class of graphs.
This topic started with one well-known result on planar graphs, the Wagner’s
theorem, which says that a graph is planar if and only if it does not include
as a minor the complete graph K5 nor the complete bipartite graph K3,3, see,
e.g., [21].

In the context of graphs, to remove and to contract an edge of a graph are
natural transformations. The main aim in this work is to obtain quantitative
information about the distortion of the hyperbolicity constant of the graph
G \ e (respectively, G/e ) obtained from the graph G by deleting (respec-
tively, contracting) an arbitrary edge e from it. Since we deal with connected
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graphs, our work provides information about the hyperbolicity constant of
minor graphs.

Frequently, natural transformations preserve many properties. For in-
stance, in [3] the authors obtain a monotony property for the hyperbolicity
constant under a non-trivial transformation (the line graph L(G) of a graph
G), i.e., δ(G) ≤ δ

(
L(G)

)
. We show here that there is not a monotony property

for the hyperbolicity constant under these natural operations of graphs, i.e.,
the hyperbolicity constant of G\e (respectively, G/e ) can be smaller or larger
than δ(G), see Examples 1 and 3.

2 Hyperbolicity and edge contraction

In this section we study the distortion of the hyperbolicity constant by con-
traction of one edge in any graph. If G is a graph and e := [A,B] ∈ E(G), we
denote by G/e the graph obtained by contracting the edge e from it.

Denote by Ve the vertex in G/e obtained by identifying A and B in G.
Note that any vertex V ∈ V (G) \ {A,B} can be seen as a vertex in V (G/e).
Also we can write any edge in E(G/e) in terms of its endpoints, but we write
Ve instead of A or B.

We define the map h : G → G/e in the following way: if x belongs to
the edge e, then h(x) := Ve; if x ∈ G does not belong to e, then h(x) is the
“natural inclusion map”. Clearly h is onto, i.e., h(G) = G/e. Besides, the
restriction of h to the complement of e in G is an injective map.

Lemma 1. Let G be any graph and e ∈ E(G). Then

dG/e
(
h(x), h(y)

)
≤ dG(x, y) ≤ dG/e

(
h(x), h(y)

)
+ 3/2, ∀x, y ∈ G. (1)

Furthermore, if x, y are not contained in an induced cycle C3 of G containing
e, then

dG/e
(
h(x), h(y)

)
≤ dG(x, y) ≤ dG/e

(
h(x), h(y)

)
+ 1. (2)

Proof. Proof (Sketch) Fix x, y ∈ G. Let [xy]G be a geodesic in G joining x
and y. Clearly, h([xy]G) is a path joining h(x) and h(y) with length at most
L([xy]G), thus, we obtain dG/e

(
h(x), h(y)

)
≤ dG(x, y). The rest of the proof

is straightforward analyzing separately the cases of x, y ∈ G.

This lemma has the following consequence about the continuity of h.

Proposition 1. The map h is an 1-Lipschitz continuous function.

Let (X, dX) and (Y, dY ) be two metric spaces. A map f : X −→ Y is said
to be an (α, β)-quasi-isometric embedding, with constants α ≥ 1, β ≥ 0 if for
every x, y ∈ X:
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α−1dX(x, y)− β ≤ dY (f(x), f(y)) ≤ αdX(x, y) + β.

The function f is ε-full if for each y ∈ Y there exists x ∈ X with dY (f(x), y) ≤
ε.

A map f : X −→ Y is said to be a quasi-isometry, if there exist constants
α ≥ 1, β, ε ≥ 0 such that f is an ε-full (α, β)-quasi-isometric embedding.

A fundamental property of hyperbolic spaces is the following:

Theorem 1 (Invariance of hyperbolicity). Let f : X −→ Y be an (α, β)-
quasi-isometric embedding between the geodesic metric spaces X and Y . If Y
is hyperbolic, then X is hyperbolic. Furthermore, if Y is δ-hyperbolic, then X
is δ′-hyperbolic, where δ′ is a constant which just depends on α, β, δ.

Besides, if f is ε-full for some ε ≥ 0 (a quasi-isometry), then X is hyper-
bolic if and only if Y is hyperbolic. Furthermore, if X is δ-hyperbolic, then Y
is δ′-hyperbolic, where δ′ is a constant which just depends on α, β, δ, ε.

Using the Invariance of hyperbolicity (see Theorem 1), we can obtain the
main qualitative aim in this section.

Theorem 2. Let G be any graph and e one of its edges. Then G is hyperbolic
if and only if G/e is hyperbolic. Furthermore, if G (respectively, G/e) is δ-
hyperbolic, then G/e (respectively, G) is δ′-hyperbolic, where δ′ is a constant
which just depends on δ.

Proof. Lemma 1 gives that h is a 0-full (1, 3/2)-quasi-isometry from G on
G/e and, consequently, by Theorem 1 we obtain the result.

Intuitively, it is expected that the edge contraction is an operation which
preserves the hyperbolicity monotonically, ie, the hyperbolicity constant al-
ways decrease by edge contraction. However, the following example provides
some family of graphs in which hyperbolicity constant increases by contract-
ing certain edge. The girth of a graph G is the infimum of the lengths of the
cycles in G.

Example 1. In [31, Theorem 11], authors obtain the precise value of hyperbol-
icity constant of wheel graph with n vertices Wn, i.e., δ(W4) = δ(W5) = 1,
δ(Wn) = 3/2 for every 7 ≤ n ≤ 10, and δ(Wn) = 5/4 for n = 6 and for every
n ≥ 11. Note that we can obtain Wn from Wn+1 by edge contraction, so, we
have that δ(W11) = 5/4 and δ(W10) = 3/2.

Other aim in this work is to obtain quantitative relations between δ(G/e)
and δ(G). Since the proofs of these inequalities are long, in order to make
the arguments more transparent, we collect some results in technical lemmas.
Denote by J(G) the set of vertices and midpoints of edges in G.
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Lemma 2. Let G be any graph and e = [A,B] ∈ E(G). Suppose that for some
x, y ∈ G \ {e} there are two geodesic γG and γG/e in G and G/e, respectively,
joining x, y and h(x), h(y) such that L(γG) = L(γG/e), L(h(γG)) = L(γG),
Ve ∈ γG/e and h−1

(
γG/e \ {Ve}

)
is separated in two disjoint curves at distance

1 (i.e., if split the vertex Ve to e then it is not a path). Then we have

dG/e(h(α′), γG/e) ≤ δ(G) ∀ α′ ∈ γG (3)

and
dG/e

(
α, h(γG)

)
≤ 2δ(G) ∀ α ∈ γG/e. (4)

Lemma 3. Let G be any graph and e ∈ E(G). Let [xy]G be a geodesic in G
joining x, y ∈ J(G). Suppose that h([xy]G) is not a geodesic in G/e, besides,
suppose that if e is contained in an induced C3 of G then h([xy]G) contain
at most one edge of C3 (i.e., L([xy]G ∩ C3) ≤ 1). Consider [h(x)h(y)]G/e a
geodesic in G/e. Then we have

dG(h−1(α′), [xy]G) ≤ δ(G/e), ∀ α′ ∈ [h(x)h(y)]G/e (5)

and
dG
(
α, h−1([h(x)h(y)]G/e)

)
≤ 2δ(G/e), ∀ α ∈ [xy]G. (6)

For the proof of Lemma 2 (Lemma 3, respectively) we use an auxiliar
geodesic triangle in G (G/e, respectively). We use known technics on geodesic
metric spaces in order to obtain the Hausdorff’s distance between a geodesic
and a quasigeodesic, for proof details see [4].

Remark 1. Let G be any graph and e ∈ E(G). Let TG = {γ1, γ2, γ3} be a
geodesic triangle in G. Then at least one of h(γ1), h(γ2), h(γ3) is a geodesic in
G/e, otherwise there are three different points in G with geodesics between
them containing one common edge (the edge e).

The following result in [1] will be useful. As usual, by cycle we mean a
simple closed curve, i.e., a path with different vertices, unless the last one,
which is equal to the first vertex.

Theorem 3. [1, Theorem 2.7] For any hyperbolic graph G, there exists a
geodesic triangle T = {x, y, z} that is a cycle with x, y, z ∈ J(G) and
δ(T ) = δ(G).

Previous results allow to obtain the quantitative version of Theorem 2.

Theorem 4. Let G be any graph and e one of its edges. Then

1

3
δ(G/e) ≤ δ(G) ≤ 4δ(G/e) + 1. (7)
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Proof. Proof (Sketch) The proof follows using strongly Lemmas 2 and 3
making casuistic analysis on the possible structure of an arbitrary geodesic
triangle of G by Remark 1. It is straightforward despite being long. The details
of the proof are in [4].

Bounds in Theorem 4 are sharp, the following example provides it.

Example 2. Let G be a diamond graph, i.e., the complete graph with 4 vertices
K4 without one edge. Contract the edge e which is a cordal in G, so, we obtain
G/e as isomorphic graph to P3 (path graph with 3 vertices). Clearly, we have
δ(G) = 1 and δ(G/e) = 0. This fact allows to obtain many graphs G which
attain the upper bound in Theorem 4. On the other hand, if T any tree and e
any edge of T then δ(T ) = δ(T/e) = 0, and so, the lower bound in Theorem
4 is attained.

3 Removing an edge

In this section we deal with one of the main problems in this work to obtain
quantitative relations between δ(G \ e) and δ(G), where e is any edge of G.
As usual, we define the graph G \ e as the graph with V (G \ e) = V (G) and
E(G \ e) = E(G) \ {e}.

The following example provides some graphs in which hyperbolicity con-
stant increases and decreases respectively by removing certain edge.

Example 3. Consider G as a cycle graph Cn with n ≥ 3 vertices. Clearly, G\e is
isomorphic to a path graph Pn−1. Hence, we have δ(Cn) = n/4 and δ(Pn−1) =
0. So, it is a decrease example which is non-uniform bounded. Let Ca,b,c be
the graph with two vertices and three disjoint paths joining them with lengths
a ≤ b ≤ c. Consider an edge e of Ca,b,c contained in a path with length a. Then,
it is known that δ(Ca,b,c \ e) = (c + b)/4 and δ(Ca,b,c) = (c + min{b, 3a})/4,
see [25, Lemma 19]. Thus, choice 3a < b provides an increase example.

Since the proofs of these inequalities are long and technical, in order to
make the arguments more transparent, we collect some results we need along
the proof in technical lemmas. For proof details of the following lemmas see
[10].

Lemma 4. Let G be any graph and e ∈ E(G) with G \ e connected. For all
x, y ∈ G \ e, if ΓG = [xy]G is a geodesic in G containing e and ΓG\e = [xy]G\e
is a geodesic in G \ e, then

∀ u ∈ ΓG\e , ∃ u′ ∈ ΓG \ e : dG\e(u, u
′) ≤ 2δ(G). (8)
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Lemma 5. Let G be any graph and e ∈ E(G) with G \ e connected. For all
x, y ∈ G \ e, if ΓG = [xy]G is a geodesic in G containing e and ΓG\e = [xy]G\e
is a geodesic in G \ e, then

∀ u′ ∈ ΓG , ∃ u ∈ ΓG\e : dG(u′, u) ≤ δ(G). (9)

Furthermore,

∀ u′ ∈ ΓG \ e , ∃ u ∈ ΓG\e : dG\e(u
′, u) ≤ 2δ(G). (10)

This previous lemmas allow to obtain the quantitative information about
the distortion of the hyperbolicity constant of the graph G \ e obtained from
the graph G by removing an arbitrary edge e from it.

Theorem 5. Let G be any graph and e ∈ E(G) with G \ e connected. The
following inequality holds

δ(G \ e) ≤ 5δ(G). (11)

Proof. Proof (Sketch) The proof follows using strongly Lemmas 4 and 5
making casuistic analysis on the possible structure of an arbitrary geodesic
triangle of G \ e. The details of the proof are in [4].

In order to obtain the next theorem we collect some results we need along
the proof in technical lemmas. The details of the proof are in [10].

Lemma 6. Let G be any graph and e = [A,B] ∈ E(G) with G \ e connected.
For all x, y ∈ G \ e, if ΓG = [xy]G is a geodesic in G containing e and
ΓG\e = [xy]G\e is a geodesic in G \ e, then

∀ u ∈ ΓG\e , ∃ u′ ∈ ΓG \ e : dG(u, u′) ≤ 2δ(G \ e) +
1

2
dG\e(A,B). (12)

Lemma 7. Let G be any graph and e = [A,B] ∈ E(G) with G \ e connected.
For all x, y ∈ G \ e, if ΓG = [xy]G is a geodesic in G containing e and
ΓG\e = [xy]G\e is a geodesic in G \ e, then

∀ u′ ∈ ΓG , ∃ u ∈ ΓG\e : dG(u′, u) ≤ 5δ(G \ e) + dG\e(A,B). (13)

Finally, we can prove a kind of converse of Theorem 5.

Theorem 6. Let G be any graph and e = [A,B] ∈ E(G) with G\e connected.
Then

max
{1

5
δ(G \ e), 1

4

(
dG\e(A,B) + 1

)}
≤ δ(G) ≤ 6δ(G \ e) + dG\e(A,B). (14)
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Proof. Proof (Sketch) The proof follows using strongly Lemmas 6 and 7
making casuistic analysis on the possible structure of an arbitrary geodesic
triangle of G. The details of the proof are in [4].

Finally, Theorems 4 and 6 give the following result.

Theorem 7. Let G be any graph and G′ a minor graph of G obtained by a
finite operations (remove or contract edge). Then G is hyperbolic if and only
if G′ is hyperbolic.
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Abstract. The alliance polynomial of a graph G with order n and maximum degree
∆ is the polynomial A(G;x) =

∑∆
k=−∆Ak(G)xn+k, where Ak(G) is the number

of exact defensive k-alliances in G. We obtain some properties of A(G;x) and its
coefficients for regular graphs. In particular, we characterize the degree of regular
graphs by the number of non-zero coefficients of their alliance polynomial. Besides,
we prove that the family of alliance polynomials of ∆-regular graphs with small degree
is a very special one, since it does not contain alliance polynomials of graphs which
are not ∆-regular.

Key words: Finite Graphs; Regular Graphs; Defensive Alliances; Alliance Polyno-

mials.

1 Introduction

Some parameters of a graph allow to define polynomials on the graph, for
instance, the parameters associated to matching sets [8,9], independent sets
[4,16,11], domination sets [1,3,2], chromatic numbers [30,14] and many others.
In [6], the authors use the exact index of alliance (introduced in [5]) in order
to define the exact alliance polynomial of a graph. The main aim of this work
is to obtain further results about the alliance polynomial of regular graphs,
since they are a very interesting class of graphs.

We begin by stating the terminology. Throughout this paper, G = (V,E)
denotes a simple graph (no necessarily conneted) of order |V | = n and size
|E| = m. We denote two adjacent vertices u and v by u ∼ v. For a nonempty
set X ⊆ V and a vertex v ∈ V , NX(v) denotes the set of neighbors v has in
X: NX(v) := {u ∈ X : u ∼ v}, and the degree of v in X will be denoted by
δX(v) = |NX(v)|. We denote by δ and ∆ the minimum and maximum degree
of G, respectively. If G is a regular graph with degree ∆ we say that G is
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∆-regular. The subgraph induced by S ⊂ V will be denoted by 〈S〉 and the
complement of the set S ∈ V will be denoted by S.

A nonempty set S ⊆ V with 〈S〉 connected is a defensive k-alliance in
G = (V,E), k ∈ [−∆,∆] ∩ Z, if for every v ∈ S,

δS(v) ≥ δS̄(v) + k. (1)

We consider the value of k in the set of integers K := [−∆,∆] ∩ Z. For
some graphs, there are some values of k ∈ K without defensive k-alliances.
For instance, for k ≥ 2 do not exist defensive k-alliances in the star graph Sn
with n vertices. Besides, V (G) is a defensive δ-alliance in G if G is connected.
Note that for any S with 〈S〉 connected there exists some k ∈ K such that it
is a defensive k-alliance in G.

We denote by kS := max{k ∈ K : S is a defensive k-alliance}. We say
that kS is the exact index of alliance of S, or also, S is an exact defensive
kS-alliance in G.

Remark 1. The exact index of alliance of S in G is kS = min
v∈S
{δS(v)− δS(v)}.

We define the alliance polynomial of a graph G with variable x as fol-

lows: A(G;x) =
∑

k∈K
Ak(G)xn+k, with Ak(G) the number of exact defensive

k-alliances in G. In [6] the authors introduce this alliance polynomial and [13]
deals with the alliance polynomials of cubic graphs. In this paper we study
the alliance polynomials of regular graphs and their coefficients, see Section
2. In Section 3 we focus on the alliance polynomials of connected regular
graphs; besides, we prove that the family of alliance polynomials of connected
∆-regular graphs with small degree is a very special one, since it does not
contain alliance polynomials of graphs which are not connected ∆-regular.

2 Alliance polynomials for regular graphs

Below, a quick reminder of some previous results for general graphs (not
necessarily regular) that will be useful, see [6]. We denote by Deg(p) the
degree of the polynomial p.

Theorem 1. Let G be any graph. Then A(G;x) satisfies the following prop-
erties:

1. A(G;x) does not have zeros in the interval (0,∞).
2. A(G; 1) < 2n, and it is the number of connected induced subgraphs in G.
3. If G has at least an edge and its degree sequence has exactly r different

values, then A(G;x) has at least r + 1 terms.
4. A(G;x) is a symmetric polynomial (i.e., an even or an odd function of x)

if and only if the degree sequence of G has either all values odd or all even.
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5. A−∆(G) and A−∆+1(G) are the number of vertices in G with degree ∆
and ∆− 1, respectively.

6. A∆(G) is equal to the number of connected components in G which are
∆-regular.

7. n+ δ ≤ Deg(A(G;x)) ≤ n+∆.

As usual, by cycle we mean a simple closed curve, i.e., a path with different
vertices, unless the last one, which is equal to the first vertex. The following
lemma is a well known result of graph theory.

Lemma 1. If r ≥ 2 is a natural number and G is any graph with δ(v) ≥ r for
every v ∈ V (G), then there exists a cycle η in G with L(η) ≥ r + 1.

We show now some results about the alliance polynomial of regular graphs
and their coefficients, for details see [7]. If G is a graph and v ∈ V (G), we
denote by G \ {v} the subgraph obtained by removing from G the vertex v
and the edges incident to v. We say that v is a cut vertex if G \ {v} has more
connected components than G. Besides, if p is a polynomial we denote by
Degmin(p) the minimum degree of their non-zero coefficients.

Theorem 2. For any ∆-regular graph G, its alliance polynomial A(G;x) sat-
isfies the following properties:

1. A−∆+2i(G) is the number of connected induced subgraphs of G with mini-
mum degree i (0 ≤ i ≤ ∆).

2. Degmin

(
A(G;x)

)
= n−∆ and A−∆(G) = n.

3. Deg
(
A(G;x)

)
= n+∆. Besides, 2n = Degmin

(
A(G;x)

)
+ Deg

(
A(G;x)

)

and 8m = Deg2
(
A(G;x)

)
−Deg2

min

(
A(G;x)

)
.

4. 1 ≤ A∆(G) ≤ n/(∆+ 1). Furthermore, G is a connected graph if and only
if A∆(G) = 1.

5. If ∆ > 0, then A−∆+2(G) ≥ m and A∆−2(G) ≥ n+n0 with n0 the number
of cut vertices; in particular, A∆−2(G) ≥ n.

6. A(G;x) is either an even or an odd function of x. Furthermore, A(G;x)
is an even function of x if and only if n+∆ is even.

7. The unique real zero of A(G;x) is x = 0, and its multiplicity is n−∆.

Theorem 3. Let G be any connected graph. Then G is regular if and only if
A∆(G) = 1.

Proof. If G is regular, then by Theorem 1 vi) we obtain A∆(G) = 1. Besides,
if A∆(G) = 1, then there is an exact defensive ∆-alliance S in G with δS(v) ≥
δS̄(v) + ∆ ≥ ∆ (i.e., δS(v) = ∆ and δS(v) = 0) for every v ∈ S. So, the
connectivity of G gives that G is a ∆-regular graph.
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Theorem 4. Let G1, G2 be two regular graphs. If A(G1;x) = A(G2;x), then
G1 and G2 have the same order, size, degree and number of connected com-
ponents.

Proof. The proof is direct using Theorem 2 ii-iii) and Theorem 1 vi).

The next theorem characterizes the degree of any regular graph by the
number of non-zero coefficients of its alliance polynomial.

Theorem 5. Let G be any ∆-regular graph with order n. Then A(G;x) has

∆ + 1 non-zero coefficients. Furthermore, A(G;x) =

∆∑

i=0

A∆−2i(G) xn+∆−2i,

with A−∆(G) = n, A∆(G) ≥ 1, and A∆−2i(G) ≥ n(∆i )
min{∆,n−i} for 1 ≤ i ≤

∆− 1 if ∆ > 0.

Proof. By Theorem 2 we obtain the structure of A(G;x) with A−∆(G) = n
and A∆(G) ≥ 1. Hence, we build an exact defensive (∆ − 2i)-alliance for
1 ≤ i ≤ ∆− 1 and we obtain a lower bound of the number of exact defensive
(∆− 2i)-alliance with the given structure. For details see [7].

The following results in this section are interesting properties of the coef-
ficients of A(G;x) that will be useful along this work.

Theorem 6. Let G be any ∆-regular graph with order n < 2∆. Then we have
A∆−2(G) = n.

Proof. Note that G is a Hamiltonian graph with ∆ ≥ 2, hence, we have that
V \ {u} is an exact defensive (∆ − 2)-alliance in G for every u ∈ V and so
A∆−2(G) ≥ n. Besides, we prove that there is not an exact defensive (∆− 2)-
alliance S ⊂ V with |S| ≤ n − 2. In order to complete the proof we proceed
by contradiction using the double counting technic. For details see [7].

Lemma 2. Let G be any ∆-regular graph with order n, ∆ ≥ 3 and 2∆ ≤
n ≤ 2∆+ 1. If G contains two cliques of cardinality ∆, then these cliques are
disjoint. In particular, G contains at most two cliques of cardinality ∆.

Proof. Seeking for a contradiction, assume that there exist cliques S1, S2 ⊂
V of cardinality ∆ with S1 ∩ S2 6= ∅. We compute δS1∪S2(u) for every u ∈
S1 ∩S2 and we obtain |S1 ∩S2| = ∆− 1. In fact, ∆ = 3 and n = 6. Therefore,
G is a graph isomorphic to either K3,3 or the Cartesian product P22K3.
This finishes the proof since it is impossible to have three disjoint cliques of
cardinality ∆ contained in G.
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Remark 2. Let G be any ∆-regular graph with order n and ∆ ≥ 1 such that
G has two disjoint cliques of cardinality ∆. Then:

1. If n = 2∆, then G is isomorphic to the Cartesian product graph P22K∆.
2. If n = 2∆ + 1, then ∆ is even (since n∆ = 2m) and G can be obtained

from P22K∆ by removing ∆/2 copy edges of P2 and connecting the ∆
vertices with degree ∆− 1 with a new vertex.

Theorem 7. Let G be any ∆-regular graph with order n, size m, ∆ ≥ 3 and
2∆ ≤ n ≤ 2∆+ 1. Then n ≤ A∆−2(G) ≤ n+m+ 2.

Theorem 8. Let G be a ∆-regular connected graph with order n and let G∗

be a graph with order n1 and, minimum and maximum degrees δ1 and ∆1,
respectively. If A(G∗;x) = A(G;x), then G∗ is a connected graph with exactly
n vertices of degree ∆1 = ∆+ n1 − n, n1 ≥ n, ∆1 ≥ ∆ and δ1 ≡ ∆1(mod 2).

Furthermore, if n1 > n, then ∆1+δ1+2
2 ≤ ∆.

The proofs of Theorems 7 and 8 are long and they use some previous results
with combinatorial arguments, for details see [7].

3 Alliance polynomials of regular graphs with small degree

The theorems in this section can be seen as a natural continuation of [6,13]
in the sense of showing the distinctive power of the alliance polynomial of a
graph. In particular, we show that the family of alliance polynomials of ∆-
regular graphs with small degree ∆ is a special family of alliance polynomials
since there not exists a non ∆-regular graph with alliance polynomial equal
to one of their members, see Theorems 9 and 10.

Theorem 9. Let G be a ∆-regular graph with 0 ≤ ∆ ≤ 3 and G∗ another
graph. If A(G∗;x) = A(G;x), then G∗ is a ∆-regular graph with the same
order, size and number of connected components of G.

Proof. In [6, Theorem 2.7] the authors obtain the uniqueness of the alliance
polynomials of 0-regular graphs (the empty graphs). The result for 1 ≤ ∆ ≤ 2
follows from [6, Theorems 3.3] and Theorems 1 and 5. Finally, [13, Theorem
2.6] gives the result for ∆ = 3. For details see [7].

Now we prove a similar result for ∆-regular graphs with ∆ > 3. First, we
prove some technical results that will be useful.

Lemma 3. Let G1 be a graph with minimum and maximum degree δ1 and
∆1, respectively, and let n ≥ 3 be a fixed natural number. Assume that G1 has
order n1 > n with exactly n vertices of degree ∆1, and such that its alliance
polynomial A(G1;x) is symmetric. The following statements hold:
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1. If δ1 = 1, then A(G1;x) is not a monic polynomial of degree 2n−n1 +∆1.
2. If δ1 = 2, then we have 2n1 < 2∆1 + n or A(G1;x) is not a monic poly-

nomial of degree 2n− n1 +∆1.

Proof. We proceed by contradiction, i.e., we assume that A(G1;x) is a monic
polynomial with degree 2n−n1 +∆1. The argument in the proof of Theorem 8
gives that G1 is a connected graph with a determined structure since there is
an unique exact defensive

[
∆1−2(n1−n)

]
-alliance in G1. Using Theorem 8 ob-

tain 1 ≤ δ1 ≤ 2, so, working separately in each case we obtain contradictions;
this provides the result. For details see [7].

Lemma 4. Let G1 be a graph with minimum and maximum degree 2 and ∆1,
respectively, and let n ≥ 3 be a fixed natural number. Assume that G1 has
order n1 > n with exactly n vertices of degree ∆1, and such that its alliance
polinomial A(G1;x) is symmetric. If n < 2[∆1 − (n1 − n)] and A(G1;x) is a
monic polynomial of degree 2n− n1 +∆1, then A2(n−n1)+∆1−2(G1) > n.

Proof. As in the proof of Lemma 3 we have that G1 is a connected graph
with a determined structure since there is an unique exact defensive

[
∆1 −

2(n1 − n)
]
-alliance in G1. We continue in this way obtaining n + 1 exact

defensive
[
∆1− 2(n1−n)− 2

]
-alliances in G1, and this finishes the proof. For

details see [7].

Theorem 10. Let G be a connected ∆-regular graph with ∆ ≤ 5 and G∗

another graph. If A(G∗;x) = A(G;x), then G∗ is a connected ∆-regular graph
with the same order and size of G.

Proof. If 0 ≤ ∆ ≤ 3, then the result follows from Theorem 9. Assume that
4 ≤ ∆ ≤ 6. Let n, n1 be the orders of G,G∗, respectively, and let δ1, ∆1 be the
minimum and maximum degree of G∗, respectively. By Theorem 8, G∗ is a
connected graph and n1 ≥ n. Seeking for a contradiction assume that n1 > n.
By Theorem 8 and Lemma 3 we can obtain a contradiction if ∆ = 4. If ∆ = 5
then by Theorem 8 we have δ1 = 1 and ∆1 = 7, or δ1 = 2 and ∆1 = 6. Hence,
by Lemma 3 we have directly a contradiction in the first case. In the second
case, since n1 = n + 1, Lemma 3 gives that n < 10. Thus, Lemma 4 and
Theorem 6 gives n < A2(G∗) = A3(G) = n. For details see [7].
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Abstract. The Laplacian matrix of a simple graph has been widely studied, as a
consequence of its applications. However the Laplacian matrix of a weighted graph is
still a challenge. In this work we provide the Moore–Penrose inverse of the Laplacian
matrix of the graph obtained adding new pendant vertices to an initial graph, in
terms of the Moore–Penrose inverse of the Laplacian matrix of the original graph.
As an application we can compute the effective resistances and the Kirchhoff index
of the new network.

Key words: Laplacian matrix, Moore–Penrose inverse, Kirchhoff index, Green ma-

trix, pendant vertex.

1 Introduction

One of the main problems in network theory is to obtain global information of
complex networks from more simple networks where this information either is
known or, at least, it is easily computable. Understanding complex networks
as a perturbation of more simple networks, our aim is to compute the Green
function and then the Kirchhoff index of the perturbed network in terms of the
same parameters of the original network and the values of the perturbation
itself. The case when the perturbation consist on adding new edges and/or
to increase the conductance of the actual edges, has been studied. Then, the
resulting expressions became from a more o less explicit adaptation of the
well–known Sherman–Morrison–Woodbury formulas. For instance, Y. Yang
and D.J.Klein [8], use the Sherman–Morrison formula to obtain a recursive

? This work has been supported by the Spanish Research Council (Ministerio de Ciencia e
Innovación) under projects MTM2011-28800-C02-01 and MTM2011-28800-C02-02.
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procedure for the computation of effective resistances in the perturbed net-
work in terms of the effective resistances of the original network by adding a
new edge in each step. In [2], some of the authors analyzed the effect of a per-
turbation of the network by computing the effective resistance of perturbed
networks through Sherman–Morrison–Woodbury like–formulas, instead of u-
sing the Sherman–Morrison formula recursively. In fact, since adding edges
to a network does not modify the space of functions on the vertex set of the
network, this class of perturbation was placed into the general framework
of perturbations of discrete elliptic operators. Specifically, we show that this
problem corresponds with the superposition of rank one perturbations, that
are orthogonal to the eigenfunction associated with the lowest eigenvalue of
the elliptic operator.

The scenario changes when the perturbation consists on adding new ver-
tices to the network, and only few works have been developed, see for instance
[3], the effect of adding a new vertex. In this work we consider perturbations
that consist on adding pendant vertices to a network. After some well–known
operations on the Laplacian of the perturbed network, that involves the inverse
of the Schur complement of the block corresponding to the added vertices, we
show that this Schur complement can be seen as a perturbation of the lapla-
cian of the original network, understood as a discrete elliptic operator, that is
a superposition of perturbations with rank one that, this time, are not ortho-
gonal to the eigenfunction associated with the lowest eigenvalue of the elliptic
operator. Therefore, we can apply the general theory developed in [2] for this
kind of perturbations.

2 Definitions and notation

A network Γ = (V,E, c) or weighted graph is composed by a set of elements
V called vertices, a set of pairs of vertices E called edges, and a symmetric
map c : V × V → [0,∞) named conductance, associated to the edges. The
order of the network, n, is the number of vertices.

We denote by C(V ) the space of real valued functions on V . The scalar
product on C(V ) is 〈u, v〉 =

∑
x∈V uxvx for each u, v ∈ C(V ). It is well–known

that there exists a one to one correspondence between matrices Mn×n and
operators defined in C(V ). That is, any matrix K ∈Mn×n can be considered
as a function K : V × V → R and determines an endomorphim of C(V )
by assigning to any u ∈ C(V ) the real function K(u) =

∑
y∈V K(·, y)u(y).

Conversely, each endomorphism of C(V ) is determined by the kernel K(x, y) =
〈K(εy), εx〉 for any x, y ∈ V , where εx ∈ C(V ), denotes the Dirac function at
x.

A unitary and positive function ω is called a weight and Ω(V ) denote the
set of weights. Given σ, τ ∈ C(V ), we denote by P σ,τ the endomorphism of
C(V ) that assigns to each u ∈ C(V ) the function P σ,τ (u) = 〈τ, u〉σ, and it is
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called a projector, as it assigns to any u ∈ C(V ) its projection on σ along τ .
Observe that the corresponding kernel is the matrix (P )x,y = (σ ⊗ τ)(x, y) =
σ(x)τ(y). In particular, when ω 6= 0 the projector Pω,ω is denoted simply by
Pω.

If K is an endomorphism of C(V ), it is self–adjoint when 〈K(u), v〉 =
〈u,K(v)〉 for any u ∈ C(V ). Moreover, K is positive semi–definite when
〈K(u), u〉 ≥ 0 for any u ∈ C(V ). A self–adjoint operator K is elliptic if it
is positive semi–definite and its lowest eigenvalue λ is simple. Moreover, there
exists a unique unitary function ω ∈ C(V ), up to sign, satisfying K(ω) = λω,
so K is called (λ, ω)–elliptic. It is straighforward that (λ, ω)–elliptic is singular
iff λ = 0.

Given λ ≥ 0, ω ∈ Ω(V ) and a (λ, ω)–elliptic operator F , we will be con-
cerned with the so–called Poisson equation for F on V : for a given f ∈ C(V )
find u ∈ C(V ) such that F(u) = f . The inverse of a (λ, ω)–elliptic operator
F on ω⊥ is called orthogonal Green operator and it is denoted by Γ . This
operator on ω⊥ can be extended to C(V ) by assigning to any f ∈ C(V ) the
unique solution of the Poisson equation F(u) = f − P ω(f). Moreover, the
orthogonal Green operator Γ of F satisties

F ◦ Γ = Γ ◦ F = I − P ω.

And when F is non–singular F−1 = Γ + λ−1P ω, (see [2]).
Now consider a non–null function σ ∈ C(V ), the associated self–adjoint

projection P σ and the operator

Hσ = F + P σ,

called the perturbation of F by σ. The relation between Green operators of
both H and F can be found in [2, Corollary 3.4].

Corollary 1. Consider σ ∈ C(V ) and the operator of the perturbation of F
by σ: Hσ = F + P σ, then when 〈σ, ω〉 = 0

ΓH = Γ − 1

1 + 〈Γ (σ), σ〉P Γ (σ),

whereas, when 〈σ, ω〉 6= 0

H−1 = Γ − 1

β

[
λP Γ (σ) − 〈σ, ω〉

(
P Γ (σ),ω − P ω,Γ (σ)

)
− (1 + 〈σ, ω〉)P ω

]
,

where β = λ(1 + 〈Γ (σ), σ〉) + 〈σ, ω〉2.

Moreover, if we consider several σi ∈ C(V ) for any i = 1, . . . ,m, the ope-
rator H = F +

∑m
i=1P σi is a perturbed operator. The relation between the

corresponding inverse operators is given in following theorem.
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Theorem 1. If σi ∈ C(V ), i = 1, . . . ,m, then H is positive definite and

H−1 = Γ + αP ω +

m∑

i=1

βi[P Γ (σi),ω − P ω,Γ (σi)]−
m∑

i,j=1

γijP Γ (σi),Γ (σj),

where (bij) = (I + 〈Γ (σj), σi〉)−1, and

α =

(
λ+

∑

r,s

br,s〈Γ (σj), σi〉〈σs, ω〉
)−1

,

βi = α

m∑

r=1

bir〈σr, ω〉,

γij = bij − α
(

m∑

r=1

bir〈σr, ω〉
)(

m∑

r=1

bjr〈σr, ω〉
)
.

On the other hand the following classic result provide us a fundamental
tool for the former results.

Lemma 1. If A ∈ Mn×n, B ∈ Mn×m and D ∈ Mm×m are such that D and(
A B

Bᵀ D

)
are invertible, then

(
A B

Bᵀ D

)−1

=

(
H−1 −H−1BD−1

−D−1BᵀH−1 D−1 +D−1BᵀH−1BD−1

)
,

where H = A−BD−1Bᵀ is the Schur complement of D in

(
A B

Bᵀ D

)
.

3 Inverse Laplacian of networks with new pendant vertices

The combinatorial Laplacian, L, is a singular elliptic operator on C(V ) and
moreover L(u) = 0 iff u is a constant function.

Given q ∈ C(V ) the Schrödinger operator on Γ with potential q is the
endomorphism of C(V ) that assigns to each u ∈ C(V ) the function

Lq(u)(x) = L(u)(x) + q(x)u(x) =
∑

y∈V
c(x, y)(u(x)− u(y)) + q(x)u(x).

Given a weight ω ∈ Ω(V ), the function qω = − 1
ωL(ω) is the potential deter-

mined by ω. If there exist λ ≥ 0 and ω ∈ Ω(V ) such that q = qω +λ, the Lq is
(λ, ω)–elliptic, see [2]. Observe that if ω = 1√

n
j, where j is the all–ones vector,

then it is verified that qω = − 1
ωL(ω) = 0 and therefore q = qω + λ = λ. In
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this case, we denote by g the orthogonal Green operator and by Gλ its corre-
sponding kernel. It is also verified that Gλ = L−1

λ − 1
nλJn, where Lλ = L+λIn

and Jn is the all–ones matrix.
Firstly we consider the simplest case of the addition of a new vertex to

the graph, which is the addition of a pendant vertex. Consider the network
Γ ′ = (V ′, E′, c′) obtained by connecting a new vertex x′ to one of the vertices
x ∈ V (Γ ). Therefore V ′ = V ∪ {x′}, E′ = E ∪ {ex,x′}, the conductance of
the pendant vertex is c′ = c′(x, x′) > 0 and the weight of the new network is
ω = 1√

n+1
j ∈ Ω(V ′). As a consequence, the Schrödinger matrix of Γ ′ is the

Laplacian matrix of the weighted network, L′q = L′ + λIn+1 = L′λ, and the
relation between the Schrödinger matrices of the initial and the new graph is
given by

L′λ =

(
L1 −c′εx
−c′εx c′ + λ

)
,

where L1 = Lλ + c′Pεx . Therefore we can apply the Lemma 1 to obtain
the Green matrix G′λ in terms of the Green matrix Gλ of the initial graph.

We compute the matrix H = Lλ + c′λ
c′+λPεx , which can be considered as the

matrix of the perturbed operator LH = L+ P σx,x′ , taking as a perturbation

σx,x′ =
√

c′λ
c′+λεx, and thus we can apply the Corollary 1 to compute its inverse.

Therefore we can apply Lemma 1 to obtain the Green matrix G′λ in terms
of the Green matrix Gλ of the initial graph.

Proposition 1. It holds

(L′λ)−1 =

(
H−1 − 1

c′+λH
−1εx

− 1
c′+λε

ᵀ
xH−1 1

c′+λ − 1
(c′+λ)2 (H−1)xx

)
, (1)

where H−1 is

H−1 = Gλ −
1

λ(1 + σx,x′Gλσ
ᵀ
x,x′) + λ

n(c′+λ)

[
λPGλσᵀ

x,x′
−
(

1 +

√
c′λ

n(c′ + λ)

)
1

n
Jn

]
.

Proof. The proof is straightforward by applying Corollary 1 and Lemma 1.

Now we compute the Green matrix of the new graph as

G′λ = (L′λ)−1 − 1

(n+ 1)λ
Jn+1.

Moreover, as the Kirchhoff index is the trace of the Green matrix, we have
the following relation between both Kirchhoff indexes.
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Corollary 2.

k′(λ) =
∑

x∈V
(G′λ)xx = kp(λ) +

1

c′ + λ
− 1

(c′ + λ)2
εᵀxH

−1εx −
1

λ
,

where kp(λ) is the Kirchhoff index of the perturbed matrix L1.

Secondly consider a more general case, when we add m pendant ver-
tices x′i to some vertices xi ∈ V (Γ ), for i = 1, . . . ,m − n, and con-
sider the network Γ ′ = (V ′, E′, c′) such that V ′ = V ∪ {x′1, . . . , x′m−n},
E′ = E∪{ex1,x′1

, . . . , exm−n,x′m−n}, the new conductance c′i = c′(xi, x′i) > 0 and

new weight ω′ = 1√
m

j ∈ Ω(V ′). Thus consider the Schrödinger matrix of Γ ′,

L′q = L′+λIm = L′λ, and observe that the relation between both Schrödinger
matrices of Γ and Γ ′ is given by

L′λ =

(
L1 B

Bᵀ Dq′

)
,

where L1 = Lλ +
∑m

i=1 c
′
iPεxi , B = (−c′1εx1 , . . . ,−c′mεxm), and where Dq′ is

an invertible diagonal matrix having in the diagonal the potential of the new
vertices q′x′i

= c′i + λ 6= 0. Following the same steps of the previous case, we

compute the inverse of L1 by applying Lemma 1, and thus we first compute
the matrix

H = L1 −BD−1Bᵀ = L1 −
m∑

i=1

(c′i)
2

c′i + λ
Pεxi = Lλ +

m∑

i=1

(
c′i −

(c′i)
2

c′i + λ

)
Pεxi .

Now, for obtaining its inverse observe that L1 can be considered as the kernel

of the perturbed operator L1 = Lλ +
∑m

i=1P σi , with σi =

√
c′iλ
c′i+λ

εxi , for any

1 ≤ i ≤ m. Consequently, we apply Theorem 1 to obtain the following result.

Proposition 2. It is verified

(L′λ)−1 =

(
H−1 −H−1BD−1

q′

−D−1
q′ B

ᵀH−1 D−1
q′ +D−1

q′ B
ᵀH−1BD−1

q′

)
, (2)

where H−1 is

H−1 = Gλ +
α

n
Jn −

m∑

i,j=1

γijPGλσi,Gλσj ,

where

(bij) = (I + σiGσ
ᵀ
j )−1,

α =

(
λ+

1

m

∑

r,s

√
c′sλ
c′s + λ

br,sσiGσ
ᵀ
j

)−1

,

γij = bij −
α

m2

(
m∑

r=1

bir

√
c′rλ
c′r + λ

)(
m∑

r=1

bjr

√
c′rλ
c′r + λ

)
.
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We point out that this last result can be obtained by applying the previous
one step by step.

4 Example

In this section we apply the results obtained in previous section to derive a
formula for computing the Green matrix of a simple star graph Sn, by adding
n− 2 pendant vertices at once to an edge.

Consider a simple edge between two vertices x0, x1 with an edge ex0,x1 with
conductance 1. We denote by Lλ,2 the Schrödinger matrix of S2. Observe that

Lλ,2 =

(
1 + λ −1

−1 1 + λ

)
.

If we add n− 2 pendant vertices of conductance 1 to x0, by applying Propo-
sition 2 observe that the matrix D−1

q′ = (λ+ 1)−1In−2,

H =

(
λ2+nλ+1
λ+1 −1

−1 1 + λ

)
⇒ H−1 =

(
1+λ
λ2+nλ

1
λ2+nλ

1
λ2+nλ

λ2+nλ+1
(λ+1)(λ2+nλ)

)
.

Observe that B =

(
−jn−2

0n−2

)
∈M2,n−2, and thus

−H−1BD−1
q′ =

(
1

λ2+nλ
jn−2

1
(1+λ)(λ2+nλ)

jn−2

)
,

and D−1
q′ +D−1

q′ B
ᵀH−1BD−1

q′ =
1

λ+ 1
In−2 +

1

(λ+ 1)(λ2 + nλ)
Jn−2.

Finally, we obtain

L−1
λ,2 =




1+λ
λ2+nλ

1
λ2+nλ

1
λ2+nλ

. . . 1
λ2+nλ

1
λ2+nλ

λ2+nλ+1
(λ+1)(λ2+nλ)

1
(1+λ)(λ2+nλ)

. . . 1
(1+λ)(λ2+nλ)

1
λ2+nλ

1
(1+λ)(λ2+nλ)

λ2+nλ+1
(λ+1)(λ2+nλ)

. . . 1
(λ+1)(λ2+nλ)

...
...

...
. . .

...
1

λ2+nλ
1

(1+λ)(λ2+nλ)
1

(λ+1)(λ2+nλ)
. . . λ2+nλ+1

(λ+1)(λ2+nλ)




.

We point out that our method allow us to compute the inverse matrix with
an easy method that the usual. Furthermore, the Green matrix is

Gλ = L−1
λ,2 −

1

nλ
Jn.

And the Kirchhoff index is the trace of the former matrix, so

k′(Γ ) = (n− 1)
λ+ (n− 1)

(λ+ 1)(λ+ n)
.
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Abstract. In this work we survey some techniques from Potential Theory and show
their use in electrical networks. We are focused on the linear aspect of the theory;
that is, on the analysis of singular an positive semidefinite Schrödinger operators and
we show the relation between this class of operators and singular M–matrices, paying
attention on the properties of superharmonic functions. We also apply these methods
to establish some global results on the associated Markov chains.
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1 Introduction

In its very early stages, Potential Theory was referred to the study of the
properties of harmonic functions; that is, functions that satisfy the Laplace
equation. This terminology was coined in 19th–century physics, when it was
realized that the fundamental forces of nature could be modeled using poten-
tials which satisfy Laplace equation and hence, potential theory was the study
of functions that could serve as potentials. A fruitful approach to the study of
harmonic functions is the consideration of inequalities satisfied by they, being
the most basic the maximum principle, that allows us to analyze the level sets
of superharmonic functions.

Modern potential theory can be defined in more axiomatic terms, see [10],
as either the search of kernels satisfying analogous properties to those satisfy
by the newtonian one, this is called the linear aspect, or as the search of (semi)–
norms satisfying analogous properties to those satisfy by the classical Dirichlet
norm, this is called the quadratic aspect, and involves the so–called Dirichet
forms. Modern potential theory is also intimately connected with probability
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and the theory of Markov chains. In the finite state space case, this connection
can be understood by introducing an electrical network on the state space,
with resistance between points inversely proportional to transition probabil-
ities and densities proportional to potentials. In this framework, potentials
and kernels can be seen as vectors and matrices of order the number of states.
Moreover, the Kirchhoff’s problem is formulated as a linear system whose co-
efficient matrix is the Combinatorial Laplacian of the network, that represents
the finite analogue of the Laplacian in classical potential theory. Combinatorial
laplacians or, more generally, positive (semi)–definite Schrödinger operators,
or matrices, are known as M–matrices in the ambit of matrix theory. In view
of their numerous applications, M–matrices have deserved a great attention
and many of their properties has been studied. An important problem related
with M–matrices is the so–called inverse M–matrix problem, that consists in
characterizing all nonnegative matrices whose inverses are M–matrices. This
is a longstanding and difficult problem that has generated a big amount of
literature and has been partially solved, mainly using methods from Poten-
tial Theory. Some of the authors characterized in [5] the symmetric invertible
M–matrices as resistive inverses associated with networks, introducing an ad-
equate extension of the effective resistance of a network. Unlike the previous
case, in this work we survey some techniques from Potential Theory and show
their use in network theory when we consider singular an positive semidefinite
Schrödinger operators. For the origins and motivations of this relation see [1]
and references therein. Since the quadratic aspects of the theory have been
studied in [3], we only treat here the linear aspects.

Let Γ = (V,E, c) be a finite connected network, that is, a finite connected
graph without loops nor multiple edges, with vertex set V and edge set E, in
which each edge (x, y) has been assigned a conductance c(x, y) > 0. Therefore,
c(x, y) = c(y, x) and c(x, y) = 0 if (x, y) /∈ E. We say that x is adjacent to
y, x ∼ y, if (x, y) ∈ E. A subset F ⊂ V is said to be connected if each pair
of vertices of F is joined by a path entirely contained in F . Given x, y ∈ V ,
d(x, y) denotes the minimum length between the paths joining x and y. It its
well known that d determines a distance on V .

The set of real functions on V , denoted by C(V ), and the set of non–
negative functions on V , C+(V ), are naturally identified with IR|V | and the
positive cone of IR|V |, respectively. Moreover, if u ∈ C(V ) and F ⊂ V the
notation u > 0 on F means that u(x) > 0 for any x ∈ F . If u ∈ C(V ),
its support is supp(u) = {x ∈ V : u(x) 6= 0}. Moreover, if F ⊂ V , then
C(F ) = {u ∈ C(V ) : supp(u) ⊂ F}, C+(F ) = C(F ) ∩ C+(V ). For any x ∈ V ,
εx is the Dirac function at x. The identity 〈u, v〉 =

∑
z∈V

u(z)v(z) determines

an inner product on C(V ). If ω > 0 on V and 〈ω, ω〉 = 1 then it is called a
weight. The set of weights is denoted by Ω(V ).
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Given F ⊂ V , we denote by F c its complementary in V and we call interior,

boundary and closure of F the subsets
◦
F= {x ∈ F : y ∈ F for all y ∼ x},

δ(F ) = {x ∈ F c : d(x, F ) = 1} and F̄ = F ∪ δ(F ), respectively. Observe that

F = δ(F c)∪
◦
F , δ(F c)∩

◦
F= ∅ and δ(

◦
F ) ⊂ δ(F c). When F is a proper set,

r(F ) = max
x∈F
{d(x, δ(F ))} is called the radius of F and for any i = 0, . . . , r(F )

we consider Di(F ) =
{
x ∈ F̄ : d(x, δ(F )) = i

}
. Observe that D0(F ) = δ(F )

whereas D1(F ) = δ(F c).

2 Schrödinger operators on finite networks

The combinatorial Laplacian of Γ or simply the Laplacian, is the linear op-
erator L : C(V ) −→ C(V ) that assigns to each u ∈ C(V ) the function
L(u)(x) =

∑
y∈V

c(x, y)
(
u(x) − u(y)

)
. The laplacian is self–adjoint; that is

〈v,L(u)〉 = 〈u,L(v)〉 for any u, v ∈ C(V ), and positive semi–definite. More-
over

∑
x∈V
L(u)(x) = 0 for any u ∈ C(V ) and L(u) = 0 iff u is a constant

function.
A Schrödinger operator on Γ is a linear operator Lq : C(V ) −→ C(V )

that assigns to each u ∈ C(V ) the function Lq(u)(x) = L(u)(x) + q(x)u(x),
where q ∈ C(V ) is called the potential. Clearly Lq is self–adjoint and a func-
tion u ∈ C(V ) is called q–harmonic, q–subharmonic or q–superharmonic on
F iff Lq(u) = 0, Lq(u) ≤ 0 or Lq(u) ≥ 0 on F , respectively. When the above
inequalities are strict, then u is called strictly sub or superharmonic, respec-
tively. The bilinear form Eq(u, v) = 〈u,Lq(v)〉 is called the energy of Lq.

We associate a potential to any ω ∈ Ω(V ) by defining qω = −ω−1L(ω).
Since 〈ω, qω〉 = 0, qω takes positive and negative values, except when ω is
constant in which case qω = 0 and the corresponding Schrödinger operator
coincides with the Laplacian. It is satisfied, see [3], that 〈ω,Lqω(u)〉 = 0 for
any u ∈ C(V ) and moreover, Lqω(u) = 0 iff u is a multiple of ω. Therefore,
the only q–sub or superharmonic functions on V are q–harmonic and are all
multiple of ω. In [3, Proposition 3.3] it was proved that the energy is positive
semi–definite iff q = qω for some weight ω.

For any u ∈ C(V ), we can interpret Lqω(u)(x) as the (signed) charge asso-
ciated with the potential u at vertex x. One of the main problems in potential
theory ask for the potential determined by a given charge. Specifically, given
f ∈ C(V ) we wonder under which conditions the so–called Poisson equation
Lqω(u) = f has solution and when non–negative or positive charges determine
non–negative potentials. This question can have no solution since the above
equation has solution only if the total charge is null and then the potential is
unique up to a multiple of ω and moreover, takes positive and negative values.
However, the situation changes if we demand that the charge is concentrated
in a proper set F ⊂ V . Specifically, given f ∈ C(F ) and g ∈ C(δ(F )) we set
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the so–called Dirichlet problem Lqω(u) = f on F and u = g on δ(F ). In this
case the Dirichlet principle [3, Proposition 3.5] establishes that the problem
has a unique solution. We tackle below the question about the sign of the
charges.

3 Potential Theory for singular elliptic Schrödinger operators

In the sequel F ⊂ V always denotes a proper connected subset of V and q = qω
where ω ∈ Ω(V ). Moreover, we refer to q–harmonic, q–sub or q–superharmonic
functions simply as harmonic, sub or superharmonic functions, respectively.

We start with a generalization of a known property, see [2, Theorem 3.3].

Theorem 1 (General Minimun principle). If u ∈ C(F̄ ) is superharmonic

on F then min
x∈Di(F )

{ u(x)
ω(x)

}
≤ min

x∈Di+1(F )

{ u(x)
ω(x)

}
for any i = 0, . . . , r(F ) − 1.

Moreover, if the equality holds then u is a multiple of ω on
r(F )⋃
j=i

Dj(F ).

The following property is a refined consequence of the above one and some-
times is named as strong minimum principle, see [3, Proposition 4.10].

Proposition 1 (Monotonicity Principle). Given u a superharmonic func-
tion on F such that u ≥ 0 on δ(F ), then either u > 0 on F or u = 0 on F̄ .

An important potential–theoretic problem in an electrical network, that
is the discrete counterpart of the very same question in the continuous case,
is the following: given a potential function u ∈ C(V ) on V is it possible to
sweep out the positive charges associated with u located outside F onto F ,
so that the potential function v ∈ C(V ) associated with the new distribution
of charges preserves the same values on F? This question is answered in the
following result, see [1, Theorem 2.2.11].

Corollary 1 (Balayage (Sweeping–out) Principle). If u ∈ C(V ) is su-
perharmonic on F c, then there exists a unique v ∈ C(V ) harmonic on F c

such that v ≤ u and v = u on F . In addition, the total charge of u in F c has
been swept–out onto δ(F c) since

∑

x∈(
◦
F )c

ω(x)Lq(u)(x) =
∑

x∈δ(F c)
ω(x)Lq(v)(x).

In the study of general electrical networks, the existence of a non–negative
function with an associated point charge is very helpful. However, on a finite
network such a function cannot be defined on V since 〈ω,Lq(u)〉 = 0 for any
u ∈ C(V ). However, this function can be defined on any proper subset.

Theorem 2 (Green Function of a proper set). For any y ∈ F there exists
a unique function GFy ∈ C+(F ) such that Lq(GFy ) = εy on F . In addition, it

satisfies that 0 < ω(y)GFy (x) < ω(x)GFy (y) for any x ∈ F .
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The kernel G : F × F −→ IR+ defined as GF (x, y) = GFy (x) for any x, y ∈ F
is called Green function of F , whereas ΓF : C(F ) −→ C(F ) defined for any
f ∈ C(F ) as ΓF (f)(x) =

∑
y∈F

GF (x, y)f(y), x ∈ F is the Green operator of

F . Then for any f ∈ C(F ), the function u = ΓF (f) ∈ C(F ) satisfies that
Lq(u) = f on F . The self–adjointness of ΓF implies that GF is symmetric.

As we explain above, a positive Green function defined on V has no sense.
However, as Lq determines an isomorphism of ω⊥ =

{
u ∈ C(V ) : 〈ω, u〉 = 0

}
,

we can define the Green operator of Γ as the inverse of Lq on ω⊥. Clearly,
this operator can be extended to C(V ) by defining Γ (f) = Γ (f −ω〈ω, f〉) for
any f ∈ C(V ). If G : V × V −→ IR is the kernel of Γ ; that is, given x ∈ V ,
Γ (f)(x) =

∑
y∈V

G(x, y)f(y), then for any y ∈ V the function Gy ∈ C(V )

is the unique function in ω⊥ such that Lq(Gy) = εy − ω(y)ω and hence is
the potential corresponding to a signed charge that is positive at y, negative
otherwise and with null total charge. Kernel G is called the Green function
of V and it is symmetric, diagonally positive with some negative off–diagonal
entries, since 〈ω,Gy〉 = 0. In addition Γ ◦ Lq = Lq ◦ Γ = I − P ω, where I is
the Identity and P ω is the projection onto the subspace generated by ω.

From the matrix point of view, the above results say that for any proper
connected subset F , the block of the Schrödinger matrix corresponding to F
is an invertible M–matrix. In addition, the matrix corresponding to the Green
function of V is the Moore–Penrose inverse of the matrix corresponding to
the Schrödinger operator Lq.

The following principle is closely related to the theory of Dirichlet Forms.

Proposition 2 (Condenser Principle). Let {A,B} a partition of δ(F ),
where A,B 6= ∅ and two real numbers b < a. If u ∈ C(F̄ ) is the unique
solution of the boundary value problem Lq(u) = 0 on F ; u = aω on A and
u = b ω on B, then aω < u < bσ on F , Lq(u) > 0 on A and Lq(u) < 0 on B.

Notice that, if we allow a = b then u = aω and hence Lq(u) = 0 on F̄ .
Under the hypotheses of the above proposition, F̄ is called condenser with

positive and negative plates A and B, respectively and the boundary value
problem is called the condenser problem corresponding to F̄ .

Next, we introduce a concept that is closely related with the condenser
problem, namely the Effective Resistance between two non empty subsets.
Consider A,B two disjoint nonempty subsets of V such that F = V \ (A∪B)
is connected and moreover δ(F ) = A ∪ B. Therefore, V is a condenser with
plates A and B. If, in addition, we choose the values a = 1 and b = 0, then the
positive plate, say A, is called the source and the negative plate, B, is called
the sink. If u ∈ C(V ) is the solution of the corresponding condenser problem,
then Eq(u, u) > 0, otherwise u is a multiple of ω and hence, u can not verify
u = 0 on B and u = ω on A, simultaneously.
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The effective resistance between A,B, with respect to ω, is defined as the
value Rω(A,B) = Eq(u, u)−1. Clearly, the effective resistance, is a symmetric
set function; that is, Rω(A,B) = Rω(B,A) since Eq(u, u) = Eq(ω − u, ω − u).
So, it is irrelevant which plate acts as the source and which acts as the sink.

In the special case when A = {x} and B = {y} if u is the unique solution
of corresponding condenser problem, then denoting Rω(x, y) = Rω({x}, {y})

Rω(x, y)−1 = Eq(u, u) = 〈u(z),Lq(u)〉 = ω(x) Lq(u)(x) = −ω(y) Lq(u)(y),

and hence, Rω(x, y)Lq(u) = ω(x)−1εx − ω(y)−1εy on V . Therefore, if v is a
solution of the Poisson equation Lq(v) = ω(x)−1εx−ω(y)−1εy, thenRω(x, y) =
Eq(v, v) = ω(x)−1v(x)− ω(y)−1v(y).

Since the last Poisson equation has sense for any x, y ∈ V we can define
the effective resistance between any pair of vertices from the above identity. In
particular Rω(x, y) = 0 iff x = y and moreover, Rω determines a distance on
V . In addition, given x, y, z ∈ V the equality Rω(x, y) + Rω(y, z) = Rω(x, z)
iff y is a cut vertex on Γ , see [5, Corollary 4.4].

Now, we go back to Dirichlet problems, including a property of the support
of the solution and solving the question on if non–negative charges determine
positive potentials.

Proposition 3 (Generalized Equilibrium Principle). For each f ∈ C(F )
there exists a unique u ∈ C(F ) such that Lq(u) = f on F . In addition, if f ≥ 0
on F , then u ≥ 0 on F and supp(f) ⊂ supp(u).

The above principle assures the existence of strictly superharmonic func-
tions on F supported by F . In particular, we obtain the following result.

Corollary 2 (Equilibrium Principle). There exists a unique νF ∈ C(F )
such that Lq(u) = ω on F . Moreover νF > 0 on F .

Function νF is called equilibrium measure of F and the value cap(F ) =
〈ω, νF 〉 = Eq(ν

F , νF ) is called the capacity of F . In particular, for any x ∈ V ,
the equilibrium measure and the capacity of F = V \ {x} are denoted by νx

and cap(x), respectively.
It seems reasonable to expect that equilibrium measures can be computed

easily when F or V have many symmetries. The authors have computed
the equilibrium measures of symmetric networks as stars, paths, circles and
distance–regular graphs to name only a few, see for instance [6,7].

The role of equilibrium measures is crucial both in classical and modern
potential theory. For finite networks, the equilibrium measures are useful to
obtain the effective resistance and the Green functions. Specifically, see [3,
Theorem 2.3] and [6, Theorem 3.6], we have obtained that
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GF (x, y) =
νF (x)

cap(F )− cap(F \ {y})
(
νF (x)− νF\{y}(x)

)
, x, y ∈ V,

G(x, y) = ω(x)
(

cap(x)ω(y)− νx(y)
)
, x, y ∈ V,

Rω(x, y) =
νx(y)

ω(y)
+
νy(x)

ω(x)
, x, y ∈ V.

The Kirchhoff Index, with respect to ω, also called total resistance of Γ , see
[5,6] is the value k(ω) = 1

2

∑
x,y∈V

Rω(x, y)ω2(x)ω2(y). This is a global parameter

of the network that was introduced in Organic Chemistry as a better alter-
native to other parameters used for discriminating among different molecules
with similar shapes and structures; see [11]. A considerable amount of pro-
duction has been developed and the Kirchhoff Index has been computed for
some classes of graphs; see for instance [4,13] and the references therein.

The global character to the Kirchhoff index can be understood from the
following identities k(ω) =

∑
x∈V

G(x, x) =
∑
x∈V

ω(x)2cap(x), where k(ω) appears

as the trace of the Green function and as the mean capacity of the network.
The effective resistance is related with the escape probability for a re-

versible Markov chain and the Kirchhoff index parameter is named the Ke-
meny constant of the chain. Therefore, the effective resistance with respect to
ω correspond to a generalization of the escape probability. In turns, the equi-
librium measure with respect to ω can be seen as a generalization of the hitting
time. The probability laws governing the evolution of the chain are given by
the (one step) transition probability kernel with respect to ω, that is defined

for any states x, y ∈ V as Pω(x, y) =
c(x, y)ω(y)∑

z∈V
c(x, y)ω(y)

. Then, P is markovian,

reversible and its stationay distribution is πω(x) = ω(x)
∑
z∈V

c(x, y)ω(y). If for

any k ∈ N, we consider trω(k) =
∑
x∈V

Pkω(x, x), the trace of the k–step tran-

sition probability kernel, then trω(0) = n, whereas trω(1) = 0. The following
key result was proved in [6, Theorem 4.2].

Theorem 3 (Foster’s Formula). Given k ∈ N∗, the following identity holds:

1

2

∑

x,y∈V
Rω(x, y)τω(x)Pk(x, y) =

k−1∑

j=0

trω(j)− k.

We end back to the inverseM–matrix problem, that in the singular case ask
when the Moore–Penrose inverse of a M–matrix inverse is also a M–matrix.
When the combinatorial laplacian of Γ has this property, we say that Γ satis-
fies the M–property. Since the Green function of Lq is symmetric and positive
semidefinite, it determines a M–matrix iff its off–diagonal entries are non–
positive. From the expression of the Green function and applying the minimum
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principle, we obtain that Lq has the M–property iff cap(x) ≤ ω(y)−1νx(y) for
any x ∼ y. In [8] this result was applied to tridiagonal matrix, obtaining that
for any order there exists infinite singular, irreducible and tridiagonal matri-
ces such that both, they and their Moore–Penrose inverse, are M–matrices. In
[9] the authors have characterized which distance-regular graphs have the M–
property. Roughly speaking, all distance–regular graphs with diameter one;
about half of the strongly regular graphs; only some imprimitive distance–
regular graphs with diameter three, and no distance–regular graphs with di-
ameter greater than three, have the M–property. In addition, the conjecture
that no primitive distance–regular graph with diameter three has the M–
property has been almost solved in [12].
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Abstract. We consider a class of generalized linear chains, namely, the unicycle
chains as a perturbation of a 2n–path by adding one weighted edge between two
specific vertices. This class of chains includes, in particular, the weighted cycle. In
this work, we obtain the Green function, the effective resistance and the Kirchhoff
index of the unicycle chains as a function of the Green function, the effective resistance
and the Kirchhoff index of a path, respectively.

Key words: Unicycle network, Weighted cycle, Kirchhoff index, Green function,

Effective Resistance.

1 Introduction

In the context of the study of the effect of a perturbation of a discrete elliptic
operator on its orthogonal Green operator, here we consider the addition of a
self–adjoint and positive semi–definite operator. That is, for a given base net-
work we consider the addition of one specific edge. In [3], the authors analyzed
the effect of a perturbation of a network by computing the effective resistance
of perturbed networks through Sherman–Morrison–Woodbury like–formulas,
instead of using the Sherman–Morrison formula recursively. We apply the ob-
tained results to the study of the Green function and the Kirchhoff index of
a weighted unicycle networks, and in particular for the weighted cycle.

Let Γ = (V,E, c) be a connected finite network on the vertex set V =
{1, 2, . . . , n} and edge set E, where each edge (i, j) has been assigned a con-
ductance cij > 0. The (weighted) degree of vertex i is defined as δi =

∑n
j=1 cij .

The space of real valued functions on V is denoted by C(V ) and for any i ∈ V ,
εi ∈ C(V ) stands for the Dirac function at i. The standard inner product on
C(V ) is denoted by 〈·, ·〉; that is, 〈u, v〉 =

∑
i∈V

u(i) v(i) for each u, v ∈ C(V ).
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The combinatorial Laplacian or simply the Laplacian of the network Γ is
the endomorphism of L(V ) that assigns to each u ∈ C(V ) the function

L(u)(i) =
∑

j∈V
cij
(
u(i)− u(j)

)
, i ∈ V. (1)

The Laplacian is a singular, self–adjoint and positive semi–definite operator
on C(V ) and moreover, L(u) = 0 iff u is a constant function.

Therefore, L is an isomorphism on the subspace orthogonal to constant
functions, whose inverse extended to C(V ) is denoted by G and called Green
operator and whose kernel G is called Green function.

For any pair i, j ∈ V , the dipole between i and j is the function τij = εi−εj .
Clearly, τij = −τji and moreover, τij = 0 iff i = j.

Given i, j ∈ V , the effective resistance between i and j is defined as the
value

Rij = 〈G(τij), τij〉 = G(i, i) +G(j, j)− 2G(i, j). (2)

It is known, see for instance [2], that the kernel R determines a metric on
V . Moreover, for any i, j, k ∈ V the triangular inequality Rij ≤ Rik + Rkj is
an equality iff k separates i and j.

The Kirchhoff index of the network Γ is the value

k =
1

2

∑

i,j∈V
Rij = |V |

∑

i∈V
G(i, i), (3)

see [1,2].
For a given path P on 2n vertices, labelled as V = {1, . . . , 2n}, the class of

generalized linear chains supported by the path P , consists of all connected
networks whose conductance satisfies ci := ci i+1 > 0 for i = 1, . . . , 2n − 1,
ai := ci 2n+1−i ≥ 0 for any i = 1, . . . , n − 1 and cij = 0 otherwise, see Figure
1.

A unicycle chain is a generalized linear chain such that there exists a
unique h, 1 ≤ h ≤ n− 1, with ah > 0. In particular, the 2n–cycle corresponds
to the case h = 1, i.e. a1 > 0 and aj = 0, j = 2, . . . , n− 1.

Let G and R be the Green function and the effective resistance of the path
P . Since each interior vertex in a path is a cut vertex, the triangular equality
holds

Rij = Rmin{k,i} min{k,j} +Rmax{k,i} max{k,j}, i, j, k = 1, . . . , 2n. (4)

Moreover, the authors proved in [8] that for any i, j = 1, . . . , 2n, the Green
function of a weighted path is

Gij =
1

4n2




min{i,j}−1∑

k=1

k2

ck
+

2n−1∑

k=max{i,j}

(2n− k)2

ck
−

max{i,j}−1∑

k=min{i,j}

k(2n− k)

ck


 ,
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ais

1 n2 ik

2n n+ 12n− 1

ai1

cn−1

cn+1

cn

c2n−1
2n+ 1− ik

c1 c2

aik

Fig. 1: A Generalized Linear Chain

where we use the usual convention that empty sums are defined as zero. There-
fore, the effective resistance and the Kirchhoff index of the path are,

Rij =

max{i,j}−1∑

k=min{i,j}

1

ck
, i, j = 1, . . . , 2n and k =

2n−1∑

k=1

k(2n− k)

ck
.

2 Unicycle chain network

The combinatorial Laplacian of a unicycle chain appears as the combinatorial
Laplacian of the weighted path perturbed by the addition of exactly one edge
with conductance ah, between vertices h and 2n+ 1− h, 1 ≤ h ≤ n−1. Since
we interpret a unicycle chain as a perturbation of the path by adding a single
weighted edge, we use [3, Theorem 2.1] to obtain the Green function, GΓ , the
effective resistance, RΓ , and the Kirchhoff index, kΓ , of such a chain. In order
to apply the result, we need to consider some previous tools. We define the
coefficient M as

M =
(

1 + ahRh 2n+1−h
)−1

=
1

ah


 1

ah
+

2n−h∑

j=h

1

cj



−1

.

Moreover, for any j = 1, . . . , 2n, we consider vj =

√
ah
2

[
R2n+1−h j −Rh j

]
and

uj = Mvj , and also r =
1

2n

2n∑
j=1

vj .

According to the mentioned results and the previous notation, the Green
function, the effective resistance and the Kirchhoff index of a unicycle chain
are given, respectively, by the following expressions.

Theorem 1. For any i, j = 1, . . . , 2n, we get

GΓij = Gij −M(r − vi)(r − vj) and RΓij = Rij − (ui − uj)(vi − vj).
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In particular, the Kirchhoff index of the unicycle chain is given by

kΓ = k + 4n2Mr2 − 2n
2n∑

j=1

〈uj , vj〉.

We introduce the following function φh : {1, . . . , 2n} −→ {h, . . . , 2n+1−h}
for any h = 1, . . . , n− 1,

φh(j) =





h, 1 ≤ j ≤ h,

j, h ≤ j ≤ 2n+ 1− h,

2n+ 1− h, 2n+ 1− h ≤ j ≤ 2n.

Clearly, φh is nondecreasing and moreover, for any i, j = 1, . . . , 2n, we have a
useful version of Identity (4),

Rij = Rmin{h,i} min{h,j} +Rmax{2n+1−h,i} max{2n+1−h,j} +Rφh(i)φh(j). (5)

Lemma 1. The following equalities hold,

vj =

√
ah
2

[
Rh 2n+1−h − 2Rhφh(j)

]
, 1 ≤ j ≤ n,

vj =

√
ah
2

[
2Rφh(j) 2n+1−h −Rh 2n+1−h

]
, n+ 1 ≤ j ≤ 2n,

vi − vj =

√
ah
2
Rφh(i)φh(j), 1 ≤ i ≤ j ≤ 2n.

In addition, −v2n+1−h = vh =

√
ah
2
Rh 2n+1−h, vj = vh and v2n+1−j =

v2n+1−h, for any 1 ≤ j ≤ h.

Moreover, r =

√
ah

2n

2n−h∑

j=h

(j − n)

cj
.

Next, we can derive the expressions of the Green function, the effective
resistance and the Kirchhoff index for a unicycle chain.

Proposition 1. For any i, j = 1, . . . , 2n, we get that

GΓij =
1

4n2




min{i,j}−1∑

k=1

k2

ck
+

2n−1∑

k=max{i,j}

(2n− k)2

ck
−

max{i,j}−1∑

k=min{i,j}

k(2n− k)

ck




− 1

4n2

[
1

c2n
+

2n−h∑

k=h

1

ck

]−1



2n−h∑

k=h

k

ck
− 2n

2n−h∑

k=φh(i)

1

ck






2n−h∑

k=h

k

ck
− 2n

2n−h∑

k=φh(j)

1

ck




RΓij =

min{h,max{i,j}}−1∑

k=min{h,i,j}

1

ck
+

max{2n+1−h,i,j}−1∑

k=max{2n+1−h,min{i,j}}

1

ck

+

[
1

c2n
+

2n−h∑

k=h

1

ck

]−1


φh(max{i,j})−1∑

k=φh(min{i,j})

1

ck




 1

c2n
+

φh(min{i,j})−1∑

k=h

1

ck
+

2n−h∑

k=φh(max{i,j})

1

ck


 .
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In particular,

kΓ =

2n∑

k=1

k(2n− k)

ck

+

[
1

c2n
+

2n−h∑

k=h

1

ck

]−1


[

2n−h∑

k=h

k

ck

]2

− 2n

2n−h∑

k=h

[
2n−h∑

m=k

1

cm

]2

− 2n(h− 1)

[
2n−h∑

k=h

1

ck

]2

 .

Proof. For any i, j = 1, . . . , 2n, we have

GΓij = Gij −M (r − vi)(r − vj) and RΓij = Rij −M(vi − vj)
2.

The expression for the Green function is a consequence of the last identity
in Lemma 1, whereas the expression for the effective resistance appears as a
consequence of the mentioned Lemma and Identity (5).

Finally, since kΓ = 2n
2n∑

j=1

GΓjj , we have

kΓ = k− 1

2n

[
1

c2n
+

2n−h∑

k=h

1

ck

]−1 2n∑

j=1




2n−h∑

m=h

m

cm
− 2n

2n−h∑

m=φh(j)

1

cm




2

.

On the other hand,

2n∑

j=1




2n−h∑

m=h

m

cm
− 2n

2n−h∑

m=φh(j)

1

cm




2

=

= 2n

[
2n−h∑

m=h

m

cm

]2

− 4n

[
2n−h∑

m=h

m

cm

]


2n∑

j=1

2n−h∑

m=φh(j)

1

cm


 + 4n2

2n∑

j=1




2n−h∑

m=φh(j)

1

cm




2

= 4n2(h− 1)

[
2n−h∑

m=h

1

cm

]2

+ 4n2
2n−h∑

j=h

[
2n−h∑

m=j

1

cm

]2

− 2n

[
2n−h∑

m=h

m

cm

]2

,

since

2n∑

j=1

2n−h∑

m=φh(j)

1

cm
= h

2n−h∑

m=h

1

cm
+

2n−h∑

j=h+1

2n−h∑

m=j

1

cm
=

2n−h∑

m=h

m

cm
,

2n∑

j=1




2n−h∑

m=φh(j)

1

cm




2

= (h− 1)

[
2n−h∑

m=h

1

cm

]2

+
2n−h∑

j=h




2n−h∑

m=j

1

cm




2

.

and hence, the expression for the Kirchhoff index follows. 2

In particular, if ck = c for all k = 1, . . . , 2n − 1 and ch = a the Green
function, for any i, j = 1, . . . , 2n, of this particular unicycle is
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GΓij =
1

12nc

[
(2n+ 1)(4n+ 1) + 3

(
i(i− 2n− 1) + j(j − 2n− 1)− 2n|i− j|

)]
−

− a(2φh(i)− 2n− 1)(2φh(j)− 2n− 1)

4c
(
c+ a+ 2a(n− h)

)

Moreover, the Kirchooff index of the unicycle chain is

kΓ =
n
[
(4n2 − 1)c+ a(2(n− h) + 1)(n(2(n− h) + 1) + 4h(h− 1)− 1)

]

3c(c+ a(2(n− h) + 1)
.

3 The weighted cycle

Next, we particularize the above theorem to h = 1 that corresponds to the
2n–cycle. Although the case of cycles with constant weight and conductances
is well–known, see for instance [4], as far as authors’ knowledge, this is the
first time that the orthogonal Green function for a weighted cycle is obtained.

Corollary 1. The Green function and the effective resistance for the weighted
2n–cycle are given by

GΓij =
1

4n2




min{i,j}−1∑

k=1

k2

ck
+

2n∑

k=max{i,j}

(2n− k)2

ck
−

max{i,j}−1∑

k=min{i,j}

k(2n− k)

ck




− 1

4n2

[
2n∑

k=1

1

ck

]−1 [ 2n∑

k=1

k

ck
− 2n

2n∑

k=i

1

ck

]


2n∑

k=1

k

ck
− 2n

2n∑

k=j

1

ck


 ,

RΓij =

[
2n∑

k=1

1

ck

]−1



max{i,j}−1∑

k=min{i,j}

1

ck






min{i,j}−1∑

k=1

1

ck
+

2n∑

k=max{i,j}

1

ck


 .

Moreover, the Kirchhoff index is given by

kΓ =

2n∑

k=1

k(2n− k)

ck
+

[
2n∑

k=1

1

ck

]−1


[

2n∑

k=1

k

ck

]2

− 2n

2n∑

j=1




2n∑

k=j

1

ck




2
 .

In particular, if ck = c for all k = 1, . . . , 2n− 1 and c2n = a, we get

GΓij =
1

12nc

[
(2n+ 1)(4n+ 1) + 3

(
i(i− 2n− 1) + j(j − 2n− 1)− 2n|i− j|

)]

− a

4c
[
c+ a(2n− 1)

][2(n− i) + 1
][

2(n− j) + 1
]
,

RΓij =
|i− j|

c
[
c+ a(2n− 1)

]
(
c+ a

(
2n− 1− |i− j|

))
,
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and hence,

kΓ =
n(4n2 − 1)

(
c+ a(n− 1)

)

3c
(
c+ a(2n− 1)

) .

The last expression, when a = c coincides, as expected, with the one obtained
in [4].
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de Sevilla. Aptdo. 1160. 41080-Seville (Spain). {mceballos,jnvaldes}@us.es

2 Dpto. de Economı́a, Métodos Cuantitativos e Historia Económica. Escuela
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Resumen. En el presente trabajo, mostramos métodos algoŕıtmicos para asociar es-
tructuras combinatorias tanto a las álgebras de Lie como a las de Leibniz de dimensión
finita. Comparamos ambos procedimientos y estudiamos las estructuras asociadas a
estas álgebras para dimensión 3.

Palabras clave: Digrafo, pseudodigrafo, estructura combinatoria, álgebra de Leib-

niz, álgebra de Lie.

1 Introducción

Las aplicaciones de las álgebras no asociativas abarcan múltiples campos de
conocimiento, que van desde la Ingenieŕıa y la F́ısica a la Matemática Aplica-
da, siendo muy amplia la investigación realizada hasta la fecha sobre dichas
aplicaciones. Entre las álgebras más relevantes a este respecto, caben desta-
car las álgebras de Lie y las de Leibniz. Estas últimas fueron introducidas a
principios de la década de 1990 por J.L. Loday [6] y son una generalización no
conmutativa de las primeras. Por este motivo, muchos de los resultados cono-
cidos para álgebras de Lie pueden ser generalizados y aplicados a las álgebras
de Leibniz. No obstante, quedan diversos aspectos por estudiar en referencia
a ambos tipos de álgebras, como puede ser la obtención de una clasificación
completa de las álgebras resolubles y nilpotentes en ambos casos.

Por su parte, la Teoŕıa de Grafos se ha vuelto esencial para la resolución de
múltiples problemas que van surgiendo en diferentes áreas de investigación.
Por este motivo, creemos que esta teoŕıa podŕıa permitir un mejor estudio de
las álgebras no asociativas y, llegado el caso, resolver problemas aún abiertos,
como puede ser el de clasificación antes indicado. Por tanto, nuestro principal
objetivo es continuar estudiando la relación entre las estructuras combinato-
rias (grafos y complejos simpliciales) y las álgebras no asociativas (de Lie y de
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Leibniz), siguiendo la ĺınea comenzada en [1] y profundizada posteriormente
en [2,3,4] para el caso de las álgebras de Lie. En esta ocasión, generalizamos
el método visto en [1] para asociar estructuras combinatorias sobre álgebras
de Lie pero para el caso de las álgebras de Leibniz, haciendo una primera
comparativa entre ambos métodos.

2 Preliminares

A continuación, presentamos algunos conceptos preliminares sobre álgebras de
Lie y de Leibniz, pudiéndose consultar [6,7] para revisión general del tema. En
este trabajo, sólo consideramos álgebras de dimensión finita sobre el cuerpo
de los números complejos.

Definición 1. Un álgebra de Leibniz L es un espacio vectorial con una se-
gunda ley interna bilineal ([·, ·]), llamada producto corchete, que verifica la
llamada identidad de Leibniz:

L(X,Y, Z) = [[X,Y ], Z]− [[X,Z], Y ]− [X, [Y,Z]] = 0, ∀X,Y, Z ∈ L.
Si además [X,X] = 0 para todo X ∈ L, entonces L es un álgebra de Lie.

En este caso, se verifica [X,Y ] = −[Y,X] para todo X,Y ∈ L y la identidad
de Leibniz es equivalente a la identidad de Jacobi.

Una base {ei}ni=1 de L se caracteriza por sus constantes de estructura o de
Maurer-Cartan: [ei, ej ] =

∑
chi,jeh, para 1 ≤ i, j ≤ n.

Definición 2. El centro de un álgebra de Leibniz L se define como sigue:

Z(L) = {X ∈ L | [X,Y ] = 0 = [Y,X], ∀Y ∈ L}.
Definición 3. Dada un álgebra de Leibniz L, su sucesión de resolubilidad es:

L1 = L, L2 = [L,L], . . . , Lk = [Lk−1,Lk−1], . . .

Diremos que L es resoluble si existe m ∈ N tal que Lm = {0}. Además, si
Lm−1 6= {0}, entonces se dice que L es resoluble de paso (m−1) o que L tiene
ı́ndice de resolubilidad m.

Definición 4. Dada un álgebra de Leibniz L, su sucesión de nilpotencia es:

L1 = L, L2 = [L,L], . . . , Lk = [Lk−1,L], . . .

Diremos que L es nilpotente si existe m ∈ N tal que Lm = {0}. Además, si
Lm−1 6= {0}, entonces L se dice nilpotente de paso (m − 1) o con ı́ndice de
nilpotencia m.

Observación 1. Toda álgebra nilpotente es también resoluble, pues Li ⊆ Li
para todo i ∈ N.

Los conceptos de Teoŕıa de Grafos empleados son ampliamente conocidos
y pueden consultarse en [5].



Estructuras combinatorias asociadas a álgebras no asociativas 249

3 Asociando estructuras combinatorias a álgebras de Lie

Dado un álgebra de Lie g de dimensión n, con base B = {ei}ni=1 y ley da-
da por [ei, ej ] =

∑n
k=1 c

k
i,jek, podemos asociarle al par (g,B) una estructura

combinatoria siguiendo el método introducido en [1]:

a) Dibuja un vertice i, para cada vector ei ∈ B.
b) Dados tres vértices i < j < k, dibuja un triángulo lleno {i, j, k} si y sólo si

(cki,j , c
i
j,k, c

j
i,k) 6= (0, 0, 0). Las aristas {i, j}, {j, k} e {i, k} tienen pesos cki,j ,

cij,k, y cji,k, respectivamente (véase Figura 1):

b1) Usa una ĺınea discontinua (denominada arista fantasma) para las aris-
tas con peso cero.

b2) Si dos triángulos {i, j, k} e {i, j, l}, con 1 ≤ i < j < k < l ≤ n, satisfa-
cen cki,j = cli,j , entonces dibuja sólo una arista {i, j}, que será compartida
por ambos triángulos (véase Figura 2).

i

k j

cki,j

cij,k

cji,k

Figura 1: Triángulo lleno.

i

k

j

l

i

j

k l

Figura 2: Compartiendo una arista.

c) Dados dos vértices i y j con 1 ≤ i < j ≤ n y tal que cii,j 6= 0 (resp. cji,j 6= 0),
dibuja una arista dirigida de j a i (resp. de i a j); como ilustra Figura 3.

Obsérvese que estas estructuras combinatorias pueden no corresponder a
digrafos, sino que pueden ser 2-complejos simpliciales. En caso de que un
vértice v no sea incidente a triángulos llenos, el vértice v será un sumidero
(resp. una fuente) si todas las aristas incidentes con v están orientadas hacia
v (resp. desde v). Estas nociones están representadas en la Figura 4.

i j

cii,j

i j

cji,j

Figura 3: Aristas dirigidas. Figura 4: Vértices sumidero y fuente.
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4 Asociando estructuras combinatorias a álgebras de Leibniz

Sea L un álgebra de Leibniz de dimensión n con base B = {ei}ni=1 y ley
[ei, ej ] =

∑n
h=1 c

h
i,jeh. El par (L,B) se puede asociar a la estructura combina-

toria obtenida con el siguiente procedimiento:

a) Dibuja un vértice i para cada vector ei ∈ B.
b) Dibuja un lazo sobre cada vértice i que satisfaga [ei, ei] 6= 0. Como puede

verse en Figura 5, el peso del lazo viene dado por el vector (c1
i,i, c

2
i,i, . . . , c

n
i,i).

Figura 5: Lazo sobre el vértice i.

c) Dados tres vértices i < j < k tales que (cki,j , c
k
j,i, c

i
j,k, c

i
k,j , c

j
i,k, c

j
k,i) 6=

(0, 0, 0, 0, 0, 0), dibuja un triángulo lleno {i, j, k} en el que las aristas {i, j},
{j, k} e {i, k} tienen pesos (cki,j , c

k
j,i), (cij,k, c

i
k,j) y (cji,k, c

j
k,i), respectivamente

(véase Figura 6). Además:

c1) Usa una ĺınea discontinua (llamada arista fantasma) para aristas con
peso (0, 0).

c2) Si dos triángulos {i, j, k} e {i, j, l} verifican (cki,j , c
k
j,i) = (cli,j , c

l
j,i), di-

buja sólo una arista {i, j}, que será compartida por ambos triángulos
(véase Figura 7).

Figura 6: Triángulo lleno. Figura 7: Compartiendo una arista.

d) Dados dos vértices i < j verificando (cji,j , c
j
j,i) 6= (0, 0), dibuja un arista

dirigida de i a j cuyo peso está dado por el par (cji,j , c
j
j,i). Si (cii,j , c

i
j,i) 6=

(0, 0), dibuja otra arista dirigida, de j a i cuyo peso es (cii,j , c
i
j,i).
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Figura 8: Arista dirigida.

Por tanto, fijada una base, todo álgebra de Leibniz puede asociarse a una
estructura combinatoria, consistente en un complejo simplicial de dimensión
menor que 3. Nótese que un vértice aislado en dicha estructura correspondeŕıa
a un vector de la base del álgebra perteneciente al centro de la misma.

Este método para álgebras de Leibniz generaliza al procedimiento visto en
la Sección 3 para álgebras de Lie ya que, como muestra el siguiente resultado,
ni existiŕıan lazos ni seŕıa necesario usar vectores para los pesos de las aristas.

Proposición 1. La estructura combinatoria de un álgebra de Leibniz que tam-
bién sea un álgebra de Lie verifica las siguientes condiciones:

1. No hay lazos.
2. El peso de las aristas del vértice i al vértice j viene dado por (cji,j ,−c

j
i,j).

3. El peso de las aristas en un triángulo lleno {i, j, k} viene dado por
(cki,j ,−cki,j), (cij,k,−cij,k) y (cji,k,−c

j
i,k).

5 (Pseudo)digrafos conexos asociados a álgebras de Lie y de
Leibniz de dimensión 3

En primer lugar, recordamos el lema que permite determinar las configuracio-
nes que no pueden estar contenidas como subdigrafos en los digrafos asociados
a álgebras de Lie en virtud de lo visto en [1]:

Lema 1. [1, Lemma 3.1] Si g es un álgebra de Lie asociada a un digrafo G,
entonces las configuraciones mostradas en Figura 9 no pueden ser subdigrafos
de G; i.e. están prohibidas para cualesquiera tres vértices i, j, k (independien-
temente del peso de las aristas).

Es más, este resultado puede generalizarse para el caso de las álgebras de
Leibniz como sigue:

Lema 2. Todo (pseudo)digrafo que contenga una de las configuraciones de la
Figura 9 como subdigrafo, no puede estar asociado a un álgebra de Leibniz.

En virtud del Lemma 1, solo existen cuatro digrafos de 3 vértices que
pueden estar asociados a álgebras de Lie (véase Figura 10) según lo probado en
[1]. Este resultado es también generalizable al caso de las álgebras de Leibniz
y a estos cuatro digrafos de 3 vértices construidos a partir del método para
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Figura 9: Configuraciones prohibidas para álgebras de Lie y de Leibniz.

las álgebras de Leibniz. La única diferencia significativa es que para las tres
primeras configuraciones dependiendo de los coeficientes de estructuras, el
álgebra de Leibniz de dimensión 3 puede ser de Lie o no; mientras que la
cuarta estructura cuando está asociada a un álgebra de Leibniz, ésta tiene
que ser de Lie.

Figura 10: Digrafos conexos asociados a álgebras de Lie y Leibniz de dimensión
3.

Si a estas cuatro estructuras (que son las únicas que no están prohibi-
das como subdigrafos de un pseudodigrafo asociado a un álgebra de Leibniz)
le añadimos lazos en los vértices, podemos obtener los pseudodigrafos cone-
xos asociados a álgebras de Leibniz de dimensión 3. En este caso, no están
permitidas todas las posibles configuraciones obtenidas al añadir lazos como
subpseudodigrafos del pseudodigrafo de partida. Esto se puede resumir en la
siguiente:
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Proposición 2. Si G es un pseudodigrafo conexo de 3 vértices y asociado a
un álgebra de Leibniz, entonces G debe ser isomorfo a alguna de las configu-
raciones mostradas en la Figura 11.

Figura 11: Pseudodigrafos conexos de 3 vértices asociados a álgebras de Leib-
niz.

Corolario 1. Los pseudodigrafos conexos de 3 vértices mostrados en la Figu-
ra 12 no pueden estar contenidos como subpseudodigrafos de un pseudodigrafo
asociado a un álgebra de Leibniz (i.e. son configuraciones prohibidas).

Figura 12: Pseudodigrafos conexos de 3 vértices no asociados a álgebras de
Leibniz.
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Connected covering numbers ?
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Abstract. A connected covering is a design system in which the corresponding block
graph is connected. The minimum size of such coverings are called connected coverings
numbers. In this work, we present various formulas and bounds for several parameter
settings for these numbers. We also investigate results in connection with Turán
systems. Finally, a new general upper bound, improving an earlier result, is given.
The latter is used to improve upper bounds on a question concerning oriented matroid
due to Las Vergnas

Key words: Covering design, Turán-system, uniform oriented matroid

1 Introduction

Let n, k, r be positive integers such that n ≥ k ≥ r ≥ 1. A (n, k, r)-covering is
a family B of k-subsets of {1, . . . , n}, called blocks, such that each r-subset of
{1, . . . , n} is contained in at least one of the blocks. The number of blocks is
the covering’s size. The minimum size of such a covering is called the covering
number and is denoted by C(n, k, r). Given a (n, k, r)-covering B, its graph
G(B) has as vertices B and two vertices are joined if they have one r-subset
in common. We say that a (n, k, r)-covering is connected if the graph G(B)
is connected. The minimum size of a connected (n, k, r)-covering is called the
connected covering number and is denoted by CC(n, k, r).

The graph corresponding to a connected (7, 4, 3)-covering is illustrated
in Figure 1. In this work, we mainly focus our attention to coverings when
k = r + 1 and thus, we will denote C(n, r + 1, r) (resp. CC(n, r + 1, r))
by C(n, r) (resp. by CC(n, r)) for short. The original motivation to study
CC(n, r) comes from the following question posed by Michel Las Vergnas.

Question 1. Let Ur,n be the rank r uniform matroid on n elements. What is
the smallest number s(n, r) of circuits of Ur,n, that uniquely determines all

? The second and forth authors were supported by the ANR TEOMATRO grant ANR-10-
BLAN 0207. The third author was supported by CONACYT
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orientations of Ur,n? This is, whenever two uniform oriented matroids coincide
on these circuits they must be equal.

2456

2457

2357

1235 1234
1347

3467 3456

1236

1267

1567

1456

Fig. 1: A connected (7, 4, 3)-covering with 12 blocks.

In [2], Forge and Ramı́rez Alfonśın introduced the notion of connected
coverings and proved that

s(n, r) ≤ CC(n, r). (1)

The latter was then used to improve the best upper bound, s(n, r) ≤
(
n−1
r

)
,

known at that time due to Hamidoune and Las Vergnas [6]; see also [3] for
related results.

It turns out that s(n, r) is also closely related to C(n, r).

Proposition 1. Let n and r be positive integers such that n ≥ r + 1. Then,

C(n, r) ≤ s(n, r).

Although the study of covering designs have already a long history of
research (see [5] for many upper bounds and [13] for a survey in the dual
setting of Turán-systems), Proposition 1 motivates even further the study of
C(n, r) and specially, in view of (1), its behavior in relation to CC(n, r).

This relationship was already remarked in [2] where it was proved that

CC(n, r) ≤ 2C(n, r). (2)

That was done by observing that the graph G associated to a covering with
C(n, r) blocks (and thus with |V (G)| = C(n, r)) can be make it connected by
adding at most C(n, r) extra vertices (blocks), obtaining a graph correspond-
ing to a (n, r + 1, r)-connected covering with at most 2C(n, r) blocks.
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Many interesting variants of Question 1 can be investigated. For instance,
for non-uniform (oriented) matroids (graphic, representable, etc.) and by vary-
ing the notion of what determine means (up to orientations, bijections, etc.).
These (and other) variants are treated in another paper (see [9]).

2 Basic results

Let n,m, p be positive integers such that n ≥ m ≥ p. A (n,m, p)-Turán-
system is a family D of p-subsets of {1, . . . , n}, called blocks, such that each
m-subset of {1, . . . , n} contains at least one of the blocks. The number of
blocks is the size of the Turán-system. The minimum size of such a covering
is called the Turán Number and is denoted by T (n,m, p). Given a (n,m, p)-
Turán-system D, with 0 ≤ 2p−m ≤ p, its graph G(D) has as vertices D and
two vertices are joined if they have one 2p − m-subset in common. We say
that a (n,m, p)-Turán-system with 0 ≤ 2p − m ≤ p is connected if G(D) is
connected.

The minimum size of a connected (n,m, p)-Turán-system is the connected
Turán Number and is denoted by CT (n,m, p). By applying set complement
to blocks, it can be obtained that

C(n, k, r) = T (n, n− r, n− k). (3)

Moreover, if 0 ≤ n− 2k + r ≤ n− k then

CC(n, k, r) = CT (n, n− r, n− k). (4)

Note that the precondition for (4) is fulfilled if k = r + 1.
Most of the papers on coverings consider n large compared with k and r,

while for Turán numbers it has frequently been considered n large compared
with m and p, and often focusing on the quantity limn→∞ T (n,m, p)/

(
n
p

)
for

fixed m and p. Thus, for Turán-type problems, the value C(n, k, r) has usually
been studied in the case when k and r are not too far from n.

Forge and Ramı́rez Alfonśın [2] proved that

CC(n, r) ≥
(
n
r

)
− 1

r
=: CC∗1 (n, r). (5)

Moreover, Sidorenko [14] proved that T (n, r + 1, r) ≥
(

n−r
n−r+1

)
(nr)
r , which by

(3), we obtain that

CC(n, r) ≥ C(n, r) = T (n, n−r, n−r−1) ≥
(
r + 1

r + 2

) (
n
r+1

)

n− r − 1
=: CC∗2 (n, r).

(6)
Combining (5) and (6), together with a straight forward computation we have
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CC(n, r) ≥ max{CC∗1 (n, r), CC∗2 (n, r)}, (7)

where the maximum is attained by the second term if and only if r ≥ 2
3(n−1).

The following recursive lower bound for covering numbers was obtained by
Schönheim [12] and, independently, by Katona, Nemetz and Simonovits [8]

C(n, r) ≥
⌈

n

r + 1
C(n− 1, r − 1)

⌉
(8)

which can be iterated yielding to

C(n, r) ≥
⌈

n

r + 1

⌈
n− 1

r

⌈
. . .

⌈
n− r + 1

2

⌉
. . .

⌉⌉⌉
=: L(n, r). (9)

The following recursive upper bound for CC(n, r) due to Forge and Ramı́rez
Alfonśın [2] will be used later.

CC(n, r) ≤ CC(n− 1, r) + C(n− 1, r − 1). (10)

3 Results for small and large r

In this section, we investigate connected covering numbers for small and large
r, that is, when r is very close to either 1 or n. Let us start with the following
observations.

Remark 1.
a) CC(n, 0) = 1 since any 1-element set contains the empty set.
b) CC(n, 1) = n− 1 by taking the edges of a spanning tree of Kn.
c) CC(n, n− 2) = n− 1 by taking all but one (n− 1)-sets.
d) CC(n, n− 1) = 1 by taking the entire set.

All these values coincide with the corresponding covering numbers except
in the case r = 1, where C(n, 1) = dn2 e.

3.1 Results when r is small

For ordinary covering numbers, Fort and Hedlund [4] have shown that
C(n, 2) := dn3 dn2 ee that coincides with the lower bounds given in (9) when the
case r = 2. We could obtain the precise value for the connected case when
r = 2.

Theorem 1. Let n be a positive integer with n ≥ 3. Then, we have

CC(n, 2) =

⌈(
n
2

)
− 1

2

⌉
.
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The precise value of C(n, 3) remains unknown only for finitely many n,
see [10,11,7]. The situation for connected coverings is worse.

Theorem 2. Let n be a positive integer with 4 ≤ n ≤ 12. Then, we have

CC(n, 3) =

⌈(
n
3

)
− 1

3

⌉
.

Theorem 2 supports the following

Conjecture 1. For every positive integer n ≥ 4, we have

CC(n, 3) = CC∗1 (n, 3).

Even, more ambitious,

Question 2. Let n and r be two positive integers such that n ≥ r + 1 ≥ 4. Is
it true that if CC(n, r) = CC∗1 (n, r) then CC(n′, r) = CC∗1 (n′, r) for every
integer n′ ≥ n?

3.2 Results when r is large

We could obtain the precise value for CC(n, n− 3).

Theorem 3. Let n be a positive integer with n ≥ 3. Then, we have

CC(n, n− 3) =

(⌈n
2

⌉

2

)
+

(⌊n
2

⌋

2

)
+ 1.

For the connected covering CC(n, n − 4), we could obtain the following
upper bound.

Theorem 4. Let n 6= 5, 6, 8, 9 be a positive integer with n ≥ 4. Then, we have

CC(n, n− 4) ≤





m(m− 1)(2m− 1) if n = 3m,

m2(2m− 1) if n = 3m+ 1,

m2(2m+ 1) if n = 3m+ 2.

If n = 5, 6, 9 the value of CC(n, n− 4) is one larger than claimed in the for-
mula. Further, CC(8, 4) ∈ {20, 21}, i.e., it remains open if the above formula
has to be increased by one or not in order to give the precise value.

A famous conjecture of Turán [15] states that the bounds in Theorem 4
are best possible for C(n, n−4). By combining (1) and Proposition 3, we have

C(n, n− 4) ≤ CC(n, n− 4) ≤





m(m− 1)(2m− 1) if n = 3m,

m2(2m− 1) if n = 3m+ 1,

m2(2m+ 1) if n = 3m+ 2.

(11)



260 J. Chappelon, K. Knauer, L. P. Montejano, and J. Ramı́rez-Alfonśın

Turán’s conjecture has been verified [14] for all n ≤ 13 and so, by (11), the
connected covering number can also be determined for these same values.

Towards proving Turán’s conjecture, it would be of interest to investigate
the following.

Question 3. Is it true that one of the inequalities in (11) is actually an equal-
ity?

Bounds and precise values for all CC(n, r) with n ≤ 14 are given in Table 1.
All the exact values previously given in [2] for the same range have been
improved by using our above results.

r \ n 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 2 3 4 5 6 7 8 9 10 11 12 13

2 1 3 5e,t 7e 10e 14e 18e 22e 27e 33e 39e 45e

3 1 4 7p,t 12p,u 19p 28p 40p 55p 73p [95l, 97r] [121l, 123r]

4 1 5 10t [20, 21u] [32l, 34r] [53l, 59r] [83l, 89r] [124l, 136r] [179l, 193r] [250l, 271r]

5 1 6 13t 31u [51l, 60r] [96a, 111r] [159l, 177r] [258l, 290r] [401l, 447r]

6 1 7 17t 45u [84a, 95r] [165a, 195r] [286l, 327r] [501l, 572r]

7 1 8 21t 63u [126a, 147r] [269a, 323r] [491l, 587r]

8 1 9 26t 84u [185a, 210r] [419a, 505r]

9 1 10 31t 112u [259s, 297r]

10 1 11 37t [143s, 144u]

11 1 12 43t

12 1 13

13 1

Table 1: Bounds and values of CC(n, r) for n ≤ 14.
Key of Table 1 :

r — Upper bound for CC(n, r)(from (10))
e — Exact values for CC(n, 2) (Theorem 1)
t — Exact values for CC(n, n− 3) (Theorem 3)
l — Lower bound CC∗1 (n, r)
p — Some exact values for CC(n, 3) (Theorem 2)
u — Upper bound for CC(n, n− 4) (Proposition 4)
s — Lower bound for C(n, r) (from (8))
a — Lower bounds for C(n, r) (from [1])
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4 A general upper bound

Let n and r be positive integers such that n ≥ r + 1 ≥ 3. Forge and Ramı́rez
Alfonśın [2] obtained the following general upper bound

CC(n, r) ≤
bn−r+1

2 c∑

i=1

(
n− 2i

r − 1

)
+

⌊
n− r

2

⌋
=: S(n, r). (12)

Let us notice that the upper bounds obtained by applying the recursive equa-
tion (10), that were used in Table 1, are better than the one given by (12).
Moreover, by iterating (10) it can be obtained

CC(n, r) ≤
n−1∑

i=r

C(i, r − 1). (13)

Although (13) might be used to get an explicit upper bound for s(n, r), it
is not clear how good it would be since that would depend on the known
exact values and the upper bounds of C(n, r) used in the recurrence (and
thus intrinsically difficult to compute). On the contrary, in [2] was used (12)
to give the best known (to our knowledge) explicit upper bound for s(n, r).

We could construct a connected (n, r+1, r)-covering giving an upper bound
for CC(n, r) better than S(n, r) and so, yielding to a better upper bound for
s(n, r) than that given in [2].

Theorem 5. Let n and r be positive integers such that n ≥ r + 1 ≥ 3. Then,

CC(n, r) ≤ N(n, r),

with

N(n, r) :=

dn−r2 e−1∑

i=0

(n− r−2i)

(
r − 2 + 2i

r − 2

)
+

⌈
n− r

2

⌉
−1 + δ0C(n−2, r−2),

(14)
where δ0 is the parity function of n− r, that is,

δ0 =

{
0 if n− r is odd,

1 otherwise.

Let us illustrate the construction given in the above theorem.

Example 1. N(7, 4) = 10. We consider

N0 = {12345, 12346, 12347} and N1 = {12567, 13567, 14567, 23567, 24567, 34567}.

It can be checked that N0 ∪ N1 is a (7, 5, 4)-covering and G(N0) and G(N1)
are connected. Now, by taking C0 = 12456, it follows that G(N0 ∪ C0 ∪ N1)
is connected.
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Finally, we could show that S(n, r) > N(n, r).

Theorem 6. Let r and n be positive integers such that n−r is an even number.
Then,

S(n, r) ≥ N(n, r) +

n−r
2
−2∑

i=0

(
n− r

2
− i− 1

)(
r − 2 + 2i

r − 3

)
.
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Abstract. Plethysm coefficients are important structural constants in the represen-
tation theory of the symmetric groups and general linear groups. Remarkably, some
sequences of plethysm coefficients stabilize (they are ultimately constants). In this
paper we give a new proof of such a stability property, proved by Brion with geo-
metric representation theory techniques. Our new proof is purely combinatorial: we
decompose plethysm coefficients as a alternating sum of terms counting integer points
in polytopes, and exhibit bijections between these sets of integer points.

Key words: Combinatorial representation theory, symmetric functions, plethysm.

1 Introduction

Representation theory of groups is a fundamental tool in geometry and math-
ematical physics. But even one of the simplest cases, the representation the-
ory of the general linear groups GLn(C), still raises unsolved problems. It is
known that any (finite-dimensional, complex, analytic) linear representation
V of GLn(C) decomposes as a direct sum of irreducible representations:

V ≈
⊕

λ

mλSλ(Cn).

Here the mλ are nonnegative integers (the multiplicities of the irreducible
representations in V ). The irreducible representations Sλ(Cn), indexed by the
integer partitions λ of length at most n (an integer partition of length k is a
weakly decreasing sequence of k positive integers), can be built explicitly by
means of explicit combinatorial constructions [7,6]. These constructions can
be applied actually to any representations: the Sλ are actually endofunctors of
the category of representation of GLn(C) (the Schur functors) that comprise
as particular cases the symmetric powers and the exterior powers.

? Supported by project MTM2010–19336 and FEDER, and Junta de Andalucia under
grants FQM–333 and P12–FQM–2696.
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Three important, non–trivial, constructions of new representations from
old ones are: tensor products; restrictions to a subgroup; plethysms (com-
position of functors Sλ). They define three important families of structural
constants. Firstly, the Littlewood–Richardson coefficients cλµ,ν are the multi-
plicities arising when decomposing a tensor product of irreducible represen-
tations Sµ(Cn) ⊗ Sν(Cn). Next, the Kronecker coefficients gµ,νλ are the mul-
tiplicities arising when considering an irreducible representation of GLmn(C)
as a representation of GLm(C) × GLn(C) by means of the Kronecker prod-
uct of matrices, and decomposing it into irreducibles. Finally, the plethysm
coefficients aλπ,ν are the multiplicities obtained when applying a Schur func-
tor Sπ to an irreducible representation Sν(Cn) and decomposing the resulting
representation in irreducibles.

The Littlewood–Richardson coefficients are quite well understood: they
have many combinatorial interpretations (they count Littlewood–Richardson
Young tableaux, or alternatively the integral points in the hive polytopes) that
are as many efficient tools for proofs and as well for computations. Finding
similar general interpretations for the Kronecker coefficients and the plethysm
coefficients are major open problems in combinatorial representation theory.

Murnaghan [10] and Littlewood [8] observed some remarkable stability
properties of the Kronecker coefficients: some sequences of Kronecker coef-
ficients are ultimately constants. Proofs for these stability properties were
provided by Thibon and his his collaborators by means of vertex operators
on symmetric functions [11] and by Brion by means of tools from geometric
representation theory [1]. Very recently a new proof were provided by Church,
Farb and Ellenberg by means of explicit constructions of sequences of repre-
sentations of symmetric groups in the setting of their theory of FI–modules [4],
at the same time they observed the ubiquity of the phenomenon of stability
of multiplicities.

The plethysm coefficients also exhibit several stability properties, some
observed by Foulkes [5], that were proved in the 1990’s essentially by means of
combinatorial arguments (vertex operators and symmetric functions) by Carré
and Thibon [2] on the one hand, and by tools from geometric representation
theory by Brion on the other hand [1] in a more general setting (algebraic
groups in general rather than just general linear groups). Some of the stability
properties proved by Brion lack combinatorial proofs. In this paper we consider
one of them.

Theorem 1 (Brion [1]). For any partitions π, λ and µ such that |λ| · |π| =
|µ|, the sequence with general term un = aµ+nλ

π+(n), λ stabilizes.

Here for any partition α = (α1, α2, . . . , αk), the notation |α| stands for the
sum of its parts,

|α| = α1 + α2 + · · ·+ αk,
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and we treat partitions as vectors: we can addi them, and multiply them by
scalars (e.g. in µ+ nλ), adding trailing zeros whenever necessary (e.g adding
two partitions of different lengths).

Our contribution is a new, simple, combinatorial proof of Theorem 1, that
we sketch now. We set the plethysm coefficients aµπ,λ in the framework of sym-

metric functions and express them as alternated sums of coefficients bµ+ω′
π+ω, λ.

The stability of the sequence coefficients aµ+nλ
π+(n),λ will therefore be established

as soon as all sequences of coefficients bµ+nλω′

π+ω+(n), λ are shown to be stable.

We show that the coefficient bµπ, λ counts the integer points in a polytope
Q(π, λ, µ). Let E(n) stand for Q(π+(n), λ, µ+nλ). We build explicit injections
E(n) ↪→ E(n+ 1). Last we show that these injections are surjective for n big
enough.

2 From plethysm coefficients to integer points in polytopes

The (complex, analytic, finite-dimensional) linear representations of GL(n,C)
are completely described, up to isomorphism, by their character, which is a
symmetric polynomial [7,6]. This allows to set computations of plethysms in
the framework of symmetric functions. Remember (see for instance [9,12,6])
that the ring of symmetric functions is a graded ring endowed with a scalar
product, that admits several importat linear basis. Among them: the Schur
functions sλ, the monomial functions mλ, and the products of complete func-
tions hλ = hλ1hλ2 · · ·hλk . All these bases are indexed by the integer partitions
λ (the complete sums hk are indexed by the nonnegative integers and as a
result the products of complete sums are also indexed by integer partitions).
With respect to the scalar product, the Schur functions are an orthonormal
basis. The monomial functions mλ and the complete sums hλ are dual bases.

The plethysm of representations induces an operation (f, g) 7→ f [g] on
the ring of symmetric functions, called plethysm of symmetric functions (see
[9], I.8). This operation is associative but non–commutative, and not even
bilinear. It is, nevertheless, linear in the first argument. In this framework, the
plethysm coefficient aλµ, ν is the coefficient of sλ in the expansion in the Schur
basis of the plethysm of Schur functions sµ[sν ]. Alternatively, this coefficient
is extracted by means of a scalar product:

aλµ, ν = 〈sµ[sν ] | sλ〉 (1)

We will expand, in this expression, sµ and sλ in the h–basis. This is done by
means of the Jacobi–Trudi identity that we recall here.

Lemma 1 (Jacobi–Trudi identity, [9] I. (3.4)).
Let λ be a partition with length at most N . Then

sλ = det
(
hλj+i−j

)
1≤i,j≤N
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with h0 = 1 and hr = 0 if r < 0, and λ is completed with trailing zeros if
necessary.

This expansion writes explicitly as a sum over the permutations σ in the
symmetric group SN ([9] I. (3.4’))

sλ =
∑

σ∈SN
ε(σ)hλ+ω(σ)

where ω(σ)j = σ(j)− j for all j between 1 and N .
We now perform this Jacobi–Trudi expansion for sµ and sν in (1). We get

the following expansion for the plethysm coefficients.

Lemma 2. Let N and N ′ be positive integers. Let λ, µ and ν be partitions,
such that µ has length at most N and λ has length at most N ′. Then

aλµ, ν =
∑

σ,τ

ε(σ)ε(τ)
〈
hµ+ω(σ)[sν ] | hλ+ω(τ)

〉

where the sum is carried over all permutations σ ∈ SN and τ ∈ SN ′.

The scalar products that appear on the right–hand side are interesting.
For any partition ν and any finite sequences µ and λ of integers we set:

bλµ, ν = 〈hµ[sν ] | hλ〉 .

It turns out that these coefficients count the nonnegative solutions of systems
of linear Diophantine equations whose constant terms depend linearly on the
parts of µ and λ. In particular, they count integer points in polytopes with a
nice description.

To state this precisely we introduce some notations. For any partition ν and
any positive integer N let t(ν;N) be the set of semi–standard Young tableaux
(see [12] 7.10) of shape ν with entries between 1 and N . Let Pν; N = (pT,j)T,j
be the matrix whose rows are indexed by the tableaux T ∈ t(ν;N), whose
columns are indexed by the integers j between 1 and N , such that pT,j is the
number of occurrences of j in T (so that row T of Pν; N is the weight of the
tableau T ).

Proposition 1. Let µ, ν and λ be partitions. Let `(µ) be the length of µ and
N be at least the length of λ.

The coefficient bλµ, ν is the cardinal of the set Q(µ; ν;λ;N) of matrices
M = (mi,T ) with nonnegative integer entries whose rows are indexed by the
integers i between 1 and `(µ) and whose columns are indexed by the tableaux
T ∈ t(ν;N) such that:

• The sum of the entries in row i of M is µi.
• The sum of the entries in column j of M · Pν; N is λj.
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Proof. [Sketch] Let x1, x2, . . . be the underlying variables of the symmet-
ric functions and, for any finite sequence λ = (λ1, λ2, . . . , λk), let xλ =
xλ1

1 xλ2
2 · · ·xλkk .

Since the scalar product with hλ extracts the coefficient of mλ in the ex-
pansion in basis of monomial functions, the constant bλµ, ν can be interpreted

as the coefficient as the monomial xλ in hµ[sν ]. Instead of working with sym-
metric functions (with infinitely many variables) we can work with symmetric
polynomials in N variables, provided N is at least the length of λ. We now
use the expansion of the Schur polynomial sν(x1, x2, . . . , xN ) in monomials
([6]):

sν(x1, x2, . . . , xN ) =
∑

T∈t(ν;N)

x
p1,T

1 x
p2,T

2 · · ·xpN,TN .

We also use that a plethysm f [g] when g is a sum of monomials g =
∑

i x
ui

is just the evaluation f(xu1 , xu2 , . . .) (see [12] 7.8). We use finally that the
complete sum hj is the sum of all monomials of degree j. These three facts
and a short combinatorial reasoning provide the expansion:

hµ[sν(x1, . . . , xN )] =
∑

λ

Card (Q(µ; ν;λ;N)) xλ.

This proves the proposition.

3 Stability

We now consider a positive integer N and three partitions λ, π and µ, where
λ and µ have length at most N and |λ| · |π| = |µ|. Applying Lemma 2 to the

plethysm coefficients un = aµ+nλ
π+(n), λ we get

un =
∑

σ∈S`(π),τ∈SN
ε(σ)ε(τ) vn(σ, τ)

where vn(σ, τ) = b
µ+nλ+ω(τ)
π+ω(σ)+(n), λ.

Therefore, in order to establish Theorem 1 (the stability of the sequence
with general term un), it is enough to show that each of the sequences vn(σ, τ)

stabilizes. Each of these sequences is of the type bµ
′+nλ
π′+(n), λ for some sequences

π′ and µ′.

Theorem 2. Let λ be a partition and π and µ be finite sequences of integers.
Then, the sequence with general term vn = bµ+nλ

π+(n), λ stabilizes.

Proof. [Sketch] Let N be an integer bigger than or equal to the lengths of
λ and µ. After Proposition 1,
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vn = Card (Q(π + (n); λ; µ+ nλ)) .

Set E(n) for Q(π + (n); λ; µ+ nλ).
Let T0 be the tableau in t(λ;N) whose row number i is filled with occur-

rences of i, for each i. Consider the injection ι(n) : E(n) ↪→ E(n + 1) that
maps any matrix M ∈ E(n) to the matrix M′ where the coefficient m1,T0 is
incremented by one, and all other coefficients are unchanged.

We contend that ι(n) is also surjective for n big enough. It is not difficult
to check that ι(n) is surjective if and only if for all M′ ∈ E(n+ 1), the entry
m1,T0 is non–zero. Thus proving the surjectivity of ι(n) amounts to showing
that m1,T0 > 0.

LetM′ ∈ E(n+1). Observe that among all tableaux in t(λ;N), the tableau
T0 is the unique one with maximum weight for the dominance ordering ([9]
I.1). Denote ||α|| for

∑N
k=1

∑k
j=1 αj and pT for row T of Pλ; N . Then for all

T 6= T0,
||pT || ≤ ||λ|| − 1,

and for T = T0,
||pT0 || = ||λ||.

Using now the row sums conditions on the matrixM′, a few more elementary
operations lead to the inequality

m1,T0 ≥ ||µ||+ π1 − |π| · ||λ||+ (n+ 1)

that proves that m1,T0 > 0 as soon as n ≥ |π| · ||λ|| − ||µ|| − π1.

4 Conclusion

We have provided with rather elementary tools (the combinatorics of sym-
metric functions) a new proof of a stability property for plethysm coefficients,
otherwise proved using the more eleborate machinery of geometric represen-
tation theory. Our approach enhanced the importance of other constants (the
bνλ, µ in our paper) that seem interesting by themselves. In particular, since
they count integer points in polytopes, it should be possible to evaluate them
efficiently by means of Barvinok’s algorithm. Does this lead to more efficient
algorithms for computing the plethysm coefficients? A similar approach was
followed successfully for the Kronecker coefficients [3].
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Abstract. The (∆,D) (degree/diameter) problem consists of finding the largest pos-
sible number of vertices n among all the graphs with maximum degree ∆ and diameter
D. We consider the (∆,D) problem for maximal planar bipartite graphs, that are
simple planar graphs in which every face is a quadrangle. We obtain that for the
(∆, 2) problem, the number of vertices is n = ∆ + 2; and for the (∆, 3) problem,
n = 3∆− 1 if ∆ is odd and n = 3∆− 2 if ∆ is even. Then, we study the general case
(∆,D) and obtain that an upper bound on n is approximately 3(2D+1)(∆−2)bD/2c,
and another one is C(∆ − 2)bD/2c if ∆ ≥ D and C is a sufficiently large constant.
Our upper bounds improve for our kind of graphs the one given by Fellows, Hell and
Seyffarth for general planar graphs. We also give a lower bound on n for maximal
planar bipartite graphs, which is approximately (∆ − 2)k if D = 2k, and 3(∆ − 3)k

if D = 2k + 1, for ∆ and D sufficiently large in both cases.

Key words: (∆,D) problem, maximal planar bipartite graphs.

1 Introduction

We consider simple graphs G = G(V,E) that are bipartite, planar and with
the maximum possible number of edges. In a bipartite graph, each cycle has an
even length. If a graph can be drawn on the plane without any crossing of its
edges, then the graph is called planar. A planar bipartite graph is maximal if
when we add a new edge, the graph obtained is no longer planar or bipartite.
A maximal planar bipartite graph divides the plane only into quadrangles
(see Ringel [12]). From the Euler characteristic |V | − |E| + |F | = 2, which
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relates the numbers of vertices n = |V |, edges |E| and faces |F | in a planar
embedding of G, and the fact that each face is incident to four edges, one
obtains the well-known relations |E| = 2n− 4 and |F | = n− 2.

The (∆,D) problem consists of finding the maximum possible number of
vertices n = |V | in a graph G with maximum degree ∆ and diameter D. This
is a prominent topic in graph theory, with results obtained for many cases.
Information about this problem for graphs in general can be found in the
comprehensive survey by Miller and Sirán [9] and for planar graphs also on
the web page by Loz, Pérez-Rosés, and Pineda-Villavicencio [7].

For simple maximal planar graphs (that is, triangulations), the (∆,D)
problem with diameter D = 2 and ∆ ≥ 8 was solved by Seyffarth in [13]. She
proved that, in this case, the number of vertices is n ≤ b3

2∆c + 1 if ∆ ≥ 8,
and that this bound is best possible. Later, Hell and Seyffarth [8] showed that
this result also holds for the larger class of all simple planar graphs. Yang,
Lin, and Dai [16] solved the remaining case ∆ < 8 for D = 2, for both graph
classes. Fellows, Hell and Seyffarth [2] found that an upper bound on the
number of vertices for planar graphs is 8∆ + 12 with diameter D = 3, and
3(2D + 1)(2∆bD/2c + 1) for any diameter.

Regarding lower bounds on the maximum number of vertices of planar
graphs, given a fixed diameter D and a maximum degree ∆, Fellows, Hell
and Seyffarth [3] proved that n ≥ 9

2∆
(D−1)/2 − o(∆(D−1)/2) for odd values

of D, and n ≥ 3
2∆

D/2 − o(∆D/2) for even values. Later, Feria-Puron and
Pineda-Villavicencio [4] presented a lower bound on the maximum number
of vertices for planar graphs of maximum degree ∆ ≥ 6 and odd diameter

D ≥ 5, which is
(⌊

9∆
2

⌋
− 12

) ∆(∆−1)(D−3)/2−2
∆−2 +9. For planar graphs with even

diameter D = 2k and maximum degree ∆, Tishchenko [14] obtained the lower

bound
⌊

3∆
2

(∆−1)k−1
∆−2

⌋
+ 1, and proved that this is also an upper bound for

cases with large ∆, concretely for ∆ ≥ 6(12k + 1).
Related bounds on the (∆,D) problem for sparse graph classes and for

graphs embedded on surfaces can be found in Nevo, Pineda-Villavicencio and
Wood [10], and Pineda-Villavicencio and Wood [11].

We study the (∆,D) problem for maximal planar bipartite graphs. In this
text, we omit most of the proofs because of lack of space. We show in Section 2,
that in the (∆, 2) problem n = ∆ + 2 and that only the complete bipartite
graph K2,∆ satisfies this equation. Moreover, we solve the (∆, 3) problem and
prove that n = 3∆− 1 if ∆ is odd, and n = 3∆− 2 if ∆ is even. In Section 3,
we study the general case (∆,D) and obtain that n is bounded from above
by approximately 3(2D + 1)(∆− 2)bD/2c. For the case ∆ ≥ D we also obtain
the upper bound n ≤ C(∆− 2)bD/2c, for some constant C. Our upper bounds
improve for our kind of graphs the one given by Fellows, Hell and Seyffarth for
general planar graphs. We also give a lower bound on n for maximal planar
bipartite graphs, which is approximately (∆− 2)k if D = 2k, and 3(∆− 3)k if
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D = 2k + 1, for ∆ and D sufficiently large in both cases. The precise bounds
are given in that section.

2 The (∆, 2) and (∆, 3) problems in maximal planar bipartite
graphs

For maximal planar bipartite graphs with diameter D = 2, we solve the (∆, 2)
problem with the following result.

Proposition 1. Consider a maximal planar bipartite graph G with diameter
D = 2, maximum degree ∆ and maximum number of vertices n, then n =
∆ + 2. The only graph that satisfies this equation is the complete bipartite
graph K2,∆.

Proof. For ∆ = 2, the only maximal planar bipartite graph is the cycle on
four vertices C4, which satisfies n = ∆+2. Therefore, let us assume that∆ > 2.
Let v be a vertex of degree ∆ in G. Suppose, for the sake of contradiction, that
there is more than one vertex at distance two from v in G. Denote two such
vertices by w and z. Then, w and z are not both adjacent to all neighbors of v;
otherwise G would contain the complete bipartite graph K3,3 as a subgraph,
contradicting the planarity of G. Hence, there is a neighbor u of v incident
to at most one of w and z, say u is not adjacent to z. The vertices u and
z belong to different partite classes, which implies that the distance between
them is odd. It follows that the distance between u and z is at least three,
contradicting D = 2. Thus, n = ∆+ 2 and only the complete bipartite graph
K2,∆ attains this bound.

For maximal planar bipartite graphs with diameter D = 3, our main result
is the following.

Theorem 1. Consider a maximal planar bipartite graph G with diameter D =
3, maximum degree ∆ and maximum number of vertices n, then

n =

{
3∆− 1 if ∆ is odd,

3∆− 2 if ∆ is even.

3 The (∆,D) problem in maximal planar bipartite graphs

3.1 An upper bound

Fellows, Hell and Seyffarth [2] obtained bounds on the (∆,D) problem for
planar graphs applying the following theorem by Lipton and Tarjan [6].
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Fig. 1: An almost maximal subgraph for ∆ = 4

Theorem 2 ([6]). Let G be a planar graph on n vertices containing a span-
ning tree of radius r. Then V (G) can be partitioned into sets A,B and C such
that no edges join vertices in A with vertices in B, |A| ≤ 2

3n, |B| ≤ 2
3n, and

|C| ≤ 2r + 1.

Clearly, this theorem also holds for maximal planar bipartite graphs. We
give an upper bound on the number of vertices for this kind of graphs. The
cases D = 2 and D = 3 are studied in Section 2. No maximal planar bipartite
graphs with ∆ = 3 has more than n = 8 vertices. Therefore, we assume that
D ≥ 4 and ∆ ≥ 4.

Our aim is to give an upper bound on n, computing from each vertex of
C the maximum possible number of vertices at distance at most bD/2c. We
build a subgraph adding vertices at distance i from a given (root) vertex of C
in step i (0 ≤ i ≤ bD/2c), to obtain a planar bipartite graph (which is almost
maximal, meaning that all its interior faces are quadrangles), as shown in
Fig. 1. This is done in a similar way to the tree built to find the Moore bound
(see Miller and Sirán [9]).

Let ni be the number of vertices at distance i (for 0 ≤ i ≤ bD/2c). For
i ≥ 3, ni follows the recurrence

ni = (∆− 2)ni−1 − ni−2.

Solving this recurrence equation with a generating function, we obtain for
∆ > 4

ni =
∆√

∆(∆− 4)



(
∆− 2 +

√
∆(∆− 4)

2

)i
−
(
∆− 2−

√
∆(∆− 4)

2

)i
 .
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Fig. 2: Plot of the log (base 10) of the number of vertices n with respect to the
diameter D according to our bound given by Eq. (1) (black points) and the
one by Fellows, Hell and Seyffarth given by Eq. (2) (grey points), for ∆ = 5
and 4 ≤ D ≤ 42

Thus, the total number of vertices n =

bD/2c∑

i=0

ni is obtained as the difference

of two geometric series. With this result, and with a similar approach as
in Fellows, Hell, and Seyffarth [2], that is using Theorem 2, we obtain the
following theorem.

Theorem 3. Let G be a maximal planar bipartite graph on n vertices with
maximum degree ∆ ≥ 4 and diameter D ≥ 4. Then,

(a)If ∆ = 4: n ≤ 6(2D + 1)
(⌊

D
2

⌋2
+
⌊
D
2

⌋
+ 1
)

.

(b)If ∆ > 4:

n ≤ 3(2D + 1)

[√
∆(∆−4)

2(∆−4)2

[
(∆− 4 +

√
∆(∆− 4) )

(
∆−2−

√
∆(∆−4)

2

)bD/2c+1

−2
√
∆(∆− 4)

+ (4−∆+
√
∆(∆− 4) )

(
∆−2+

√
∆(∆−4)

2

)bD/2c+1
]

+ 2

]
, (1)

which is approximately 3(2D + 1)
[
(∆− 2)bD/2c + 1

]
if ∆ is sufficiently

large.

The upper bound given by Fellows, Hell and Seyffarth [2] for planar graphs
is
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n ≤ 3(2D + 1)(2∆bD/2c + 1). (2)

As our graphs are planar, this bound also applies to maximal planar bipartite
graphs, but our bound is much better for this kind of graphs. See an example
for ∆ = 5 in Fig. 2, with the values of our bound given by Theorem 3 and the
one by Fellows, Hell and Seyffarth.

We also give an alternative upper bound for the (∆,D) problem of the
form n < C(∆ − 2)dD/2e, for some constant C, which improves the bound of
Theorem 3 by a factor D, when D is even and sufficiently large. However, it
remains for further research to determine the smallest value of C for which
this bound holds. It is based on the following theorem of Chepoi, Estellon,
and Vaxès [1]. The ball of center v ∈ G and radius k consists of all vertices of
G at distance at most k from v.

Theorem 4 ([1]). There exists a constant C such that any planar graph G
of diameter D ≤ 2k can be covered with at most C balls of radius k.

As for a lower bound for Theorem 4, Gavoille Gavoille, Peleg, Raspaud,
and Sopena in [5] presented a family of planar graphs which requires C ≥ 4.

Corollary 1. There exists a constant C such that each maximal planar bi-
partite graph G with maximum degree ∆ and diameter D has at most n ≤
C(∆− 2)dD/2e vertices.

We further strengthen the bound for the (∆,D) problem given in Corol-
lary 1 to C(∆−2)bD/2c, for the caseD odd and∆ ≥ D. We use theN -separator
theorem by Tishchenko [14,15] to obtain the following result.

Theorem 5. There exists a constant C such that each maximal planar bipar-
tite graph G with maximum degree ∆ and diameter D, for ∆ ≥ D, has at
most n ≤ C(∆− 2)bD/2c vertices.

3.2 A lower bound

In this section we present maximal planar bipartite graphs G∆,D, with given
maximum degree ∆ and diameter D, which have a large number n = n(G∆,D)
of vertices.

The graph which attains the bound in the following Theorem 6 (a) is
based on the one depicted in Fig. 1; from a given root vertex we build a
planar bipartite graph adding the maximum number of vertices at distance i
from the root in step i (for 0 ≤ i ≤ D/2). We draw this graph on a sphere,
with the root placed on the north pole and the vertices at distance D/2 from
the root are placed on the equator. Then we add a copy of this graph on
the lower hemisphere, with the root on the south pole, and such that the
vertices at distance D/2 from the south pole are identified with those already
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placed on the equator. For the bounds (b) and (c) of Theorem 6, we use an
iterative construction: We start with the graph on the left of Fig. 3 and then
we substitute the dotted edges by complete bipartite subgraphs K2,t (where
the value of t differs according to the subcases of Theorem 6). The generic
step of this construction is shown on the right of Fig 3. In each step of this
construction, the diameter of the graph increases by two units.

Theorem 6. (a)For any diameter D = 2k (k ≥ 1) and maximum degree ∆
(∆ ≥ 5), there exists a maximal planar bipartite graph G∆,D whose number
of vertices n(G∆,D) is

∆
(
∆− 2 +

√
∆(∆− 4)

)k
+∆

(
∆− 2−

√
∆(∆− 4)

)k

(∆− 4)2k
− 8

∆− 4
,

which is approximately (∆− 2)k, for ∆ and D sufficiently large.
(b) For any diameter D = 2k + 1 (k ≥ 1) and odd maximum degree ∆ (∆ ≥

9), there exists a maximal planar bipartite graph G∆,D whose number of
vertices n(G∆,D) is

n(G∆,3) = 3∆− 1 for D = 3,

n(G∆,5) = 3∆2 − 21∆+ 26 for D = 5,

n(G∆,2k+1) = 3∆2 − 21∆+ 26 + 3(∆−7)(∆−2)2((∆−3)k−2−1)
(∆−4) for D = 2k + 1

and k > 2,

which is approximately 3(∆− 3)k, for ∆ and D sufficiently large.
(c) For any diameter D = 2k + 1 (k ≥ 1) and even maximum degree ∆ (∆ ≥

10), there exists a maximal planar bipartite graph G∆,D whose number of
vertices n(G∆,D) is

n(G∆,3) = 3∆− 2 for D = 3,

n(G∆,5) = 3∆2 − 22∆+ 26 for D = 5,

n(G∆,2k+1) = 3∆2 − 22∆+ 26 + (3∆−22)(∆−2)2((∆−3)k−2−1)
(∆−4) for D = 2k + 1

and k > 2,

which is approximately 3(∆− 3)k, for ∆ and D sufficiently large.
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Abstract. We have designed a novel polynomial-time approximate algorithm for the
graph vertex colouring problem. Contrary to the common focus top-down for solving
the coloring graph problem, we propose a novel algorithm with a paradigm down-top
for coloring graphs. Given an input graph G, we discard the nodes in G not involved
in odd cycles forming so a subgraph G0 ⊆ G. G0 will be coloured at the end of the
colouring proccess with the two last colours.

On each iteration of our procedure a maximal indpendent set (MIS) Ki is formed
and discarded from Gi, building a new subgraph Gi+1 = (Gi − Ki). This iterative
process continues until achieving a polynomial-time 2-colourable subgraph. We build
each MIS Ki of Gi in such way that the number of edges in Gi covered by the
nodes of Ki is at least, the number of current nodes minus 1, that is, |EGi(Ki)| ≤
|V (Gi)|. That lower bound allow us to design an iterative procedure such that, if
each remained subgraph Gi+1 = (Gi − Ki) is connected, then we obtain an upper
bound to approximate the coloring of the input graph, since our heuristic establishes
an average number of dδ(G)/2e +2 colours to approximate the chromatic number of
G, where δ(G) is the average degree of G.

Key words: Graph Coloring, Approximate Algorithm, Chromatic Number.

1 Introduction

Graph vertex colouring problem is an active field of research, with many
interesting subproblems [4,5,6]. This problem has many applications in areas
like scheduling, frequency allocation, planning, etc [2].

The graph colouring problem consists in colouring properly the vertices of
a graph with the smallest possible number of colours, so that no two adjacent
vertices receive the same colour. If a colouring with k colours exists, then the
graph is k-colourable. The chromatic number of a graph G, denoted as χ(G),
represents the minimum number of colours for proper colouring G.

? Trabajo financiado por SNI-Conacyt-México
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The interesting part of the chromatic number χ(G) of a graph G is that
it appears in a variety of applications. Furthermore, it was one of the first
twenty two NP-complete problems found.

The chromatic number χ(G) is polynomial computable when χ(G) ≤ 2, but
when χ(G) ≥ 3 the problem becomes NP-complete, even for graphs G with
degree ∆(G) ≥ 3. As a consequence, there are many unanswered questions
related to the colouring of a graph[5].

Following the line of exact algorithms and using maximal independent sets
to compute the chromatic number, Eppstein established an O(2.4151n) time
algorithm [1]. Subsequently, Byskov provided an O(2.4023n) time algorithm
[2]. All of those algorithms have an orientation top-down and they use a combi-
nation of improved upper bounds on the number of maximal independent sets
of size at most k, as well as some changes in the way the table of subsolutions
is fulled, using a dynamic programming approach.

We have designed a novel heuristic for coloring graphs with an orientation
down-top. Given an input graph G, first we form a subgraph G0 ⊆ G with the
nodes in G not involved in odd cycles. After, the procedure iterate building
in each iteration a MIS Ki and discarding it from Gi, forming so a subgraph
Gi+1 = (Gi −Ki), until achieving a polynomial-time 2-colourable subgraph.

The knowledge of lower bounds for the independence number of the graph
(α(G)) has been a relevant measure to determine combinatorial properties of
a graph. For example, for determining upper bounds to χ(G). However, we
show that α(G) is not the unique useful measure for computing χ(G).

Related to α(G) is also the maximum number of edges of G that the
nodes of a MIS of G can cover. To the best of our knowledge, the relation
between the nodes in a MIS and the number of edges in the original graph
covered by those nodes has not been addressed to approximate χ(G). For a
connected graph G and a MIS K of G, we establish here the first lower bound
on the maximum number of edges in E(G) incident to the nodes of K, and
we show how that lower bound is helpful to establish a new upper bound for
the chromatic number of a graph.

We build a MIS Ki for each subgraph Gi holding that the number of
edges of Gi incident to nodes of Ki, is at least the number of current nodes
minus 1, i.e. |EGi(Ki)| ≤ |V (Gi)| − 1. That lower bound for each Ki of Gi
allows us to design an iterative procedure such that, if each remained subgraph
Gi+1 = (Gi − Ki) is connected, then our procedure establishes an average
number of dδ(G)/2e +2 colours to approximate the chromatic number of G,
where δ(G) is the average degree of G.

2 Preliminaries

Let G = (V,E) be an undirected simple graph (i.e. finite, loop-less and with-
out multiple edges) with vertex set V and set of edges E. E(G) and V (G)
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emphasize that these are the edges and vertex sets of a particular graph G.
Two vertices v and w are called adjacent if there is an edge {v, w} ∈ E, joining
them. The neighbourhood of x ∈ V is N(x) = {y ∈ V : {x, y} ∈ E} and its
closed neighbourhood is N(x) ∪ {x} which is denoted by N [x]. Note that v is
not in N(v), but is in N [v].

We denote the cardinality of a set A, by |A|. Given a graph G = (V,E), the
degree of a vertex x ∈ V , denoted by δ(x), is |N(x)|. If A is a set of vertices
from a graph G, N(A) is the set of neighbour vertices from any vertex of A,
that is, N(A) = ∪x∈AN(x), while N [A] = N(A) ∪A.

The maximum degree of G or just the degree of G is ∆(G) = max{δ(x) :
x ∈ V }, while we denote with δmin(G) = min{δ(x) : x ∈ V } and with
δ(G) = (2 · |E|)/|V | the average degree of the graph.

Given a subset of vertices S ⊆ V (G) the subgraph of G denoted by G|S
has vertex set S and a set of edges E(G|S) = {{u, v} ∈ E : u, v ∈ S}. G|S is
called the subgraph of G induced by S. We write G − S to denote the graph
G|(V − S). The subgraph induced by N(v) is denoted as H(v) = G|N(v)
which has to N(v) as the set of nodes and all edges upon them.

Given a subgraph H ⊆ G and for a vertex x ∈ V (H), let δH(x) be the
degree of x in the induced subgraph H of G, if H = G then δG(x) = δ(x). We
denote EH(x) = {{x, u} ∈ E(G) : u ∈ H}. Similarly, NH(x) denotes the set of
nodes from H adjacent to x. For any subgraph H ⊆ G, δG(H) =

∑
x∈H δG(x).

IfH is an independent set ofG then δG(H) is the number of edges ofG incident
to any node of H.

A path from a vertex v to a vertex w in a graph is a sequence of edges:
v0v1, v1v2, . . . , vn−1vn such that v = v0, vn = w, vk is adjacent to vk+1 and the
length of the path is n. A simple path is a path such that v0, v1, . . . , vn−1, vn
are all distinct. A cycle is just a nonempty path such that the first and last
vertices are identical, and a simple cycle is a cycle in which no vertex is
repeated, except the first and last vertices.

A k-cycle is a cycle of length k, that is, a k-cycle has k edges. A cycle of
odd length is called an odd cycle, while a cycle of even length is called an even
cycle. A graph G is acyclic if it has not cycles.

A connected component of G is a maximal induced subgraph of G, that is,
a connected subgraph which is not a proper subgraph of any other connected
subgraph of G. Note that, in a connected component, for every pair of its
vertices x, y, there is a path from x to y. If an acyclic graph is also connected,
then it is called a free tree. Let G be a connected graph, a node v ∈ V (G) is
called a no articulation point if G\v is a connected graph. A subset S ⊂ V (G)
is called a no articulation set if G \ S is a connected graph.

A colouring of a graphG = (V,E) is an assignment of colours to its vertices.
A colouring is proper if adjacent vertices always have different colours. A k-
colouring of G is a mapping from V into the set {1, 2, . . . , k} of k ”colours”.
The chromatic number of G denoted by χ(G) is the minimum value k such
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that G has a proper k-colouring. If χ(G) = k, G is then said to be k-chromatic.
To determine the value χ(G) is polynomial computable when χ(G) ≤ 2, but
when χ(G) ≥ 3, the problem becomes NP-complete, even for graphs G with
degree ∆(G) ≥ 3.

Given a graph G = (V,E), S ⊆ V is an independent set in G if for whatever
two vertices v1, v2 in S, {v1, v2} /∈ E. Let I(G) be the set of all independent
sets of G. An independent set S ∈ I(G) is maximal, abbreviated as MIS, if
it is not a subset of any larger independent set and, it is maximum if it has
the largest size among all independent sets in I(G). The independence number
α(G) is the cardinality of the maximum independent set of G.

Let G = (V,E) be a graph, G is a bipartite graph if V can be partitioned
into two subsets U1 and U2, called partite sets, such that every edge of G
joins a vertex of U1 and a vertex of U2. If G is a k-chromatic graph, then it
is possible to partition V into k independent sets V1, V2, ..., Vk, called colour
classes, but it is not possible to partition V into k − 1 independent sets.

3 An Approximate Algorithm for the Chromatic Number

Given an input connected graph G = (V,E), let n = |V |,m = |E| be the
number of nodes and edges, respectively. A depth-first search (dfs) on G is
applied starting the search with the node v ∈ V of minimum degree, and
selecting among different potential nodes to visit the node with minimum
degree first and with minimum value in its label as a second criterion.

At the beginning of our procedure, a set IB which consists of nodes not
part of none odd cycle from G can be computed in polynomial time on the
size (n + m) of G. We show that IB is a bipartite subgraph of G, and then
IB can be coloured at the end of the colouring process by the two last colours
used for the last bipartite subgraph from G (subprocedure 2-colouring).

If δ(G) = (2m/n) ≤ 2 then G has not intersected cycles and it can be
coloured in linear time on the number of nodes. Otherwise, if δ(G) is close to
n, e.g. δ(G) ≥ n − 4, the complement graph of G, denoted as G, shows the
different colour classes of G. Then, the hard cases for colouring G is when
2 < δ(G) < n− 3.

Let G0 = G′ be the initial graph, and let Gi+1 = (Gi−Ki) be the remaining
subgraph after the i-iteration of our procedure. Let us denote as δi to δ(Gi)
- the average degree of Gi, ni = |V (Gi)| and mi = |E(Gi)|. In each iteration,
the procedure looks for a new MIS Ki+1 in the remaining subgraph Gi+1.

We show that our procedure builds a MIS Ki of Gi holding that if Gi is a
connected graph, then there exists a maximal independent set Ki of Gi such
that

∑
x∈Ki δ(x) ≥ |V (Gi)| − 1. The algorithm Build MIS(G) builds a MIS

Ki of its input G, and it consists on the following steps:

1. Contraction process: while |E(Gi)| > |V (Gi)| choose a no articulation node
x ∈ Gi, push x to a stack and remove x from Gi, Gi+1 = Gi − {x}. To
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store the original edges of x on the subgraph Gi. To speed up the process
choose no articulation nodes with maximum degree in Gi. At the end you
have a graph Gj such that |E(Gj)| ≤ |V (Gj)|.

2. Building a MIS of Gj : an initial MIS K0 of Gj is built such that δGj (K0) ≥
|V (Gj)| − 1.

3. Building process: pop x from the stack, and recover its relating edges upon
the subgraph Gj−1. If NGj−1(x) ∩ K0 = ∅ then K0 = K0 ∪ {x}. Repeat
step 3 until the stack is empty.

4. Return K0. At this point δG(K0) ≥ |V (G)| − 1.

We describe the general strategy of our proposal for colouring G, called
Seek Chromatic Number(G), as:
Firstly, in each main iteration of the procedure, Gi is tested to be polynomial-
time 2-colourable and in this case, the procedure finishes and a polynomial-
time 2-colouring procedure is executed.
Secondly, a MIS Ki such that δGi(Ki) ≥ |V (Gi)| − 1 is formed.
Thirdly, we colour the nodes in Ki with the active colour, the nodes in Ki

and the edges upon them are deleted from the current graph and the process
is repeated.

Algorithm Seek Chromatic Number(G)
Input: G a non directed graph
Output: An approximate value for χ(G)
Procedure:

k = 3; /* Starting with class colour k = 3 */
G = dfs(G); IB = {u ∈ V (G) : u is not part of any odd cycle of G};
G = G− IB; /* Consider only nodes forming odd or intersected cycles */
if(G is Polynomial 3Colourable)returns(”χ(G) is 3”);

while(is bipartite(G)==false) /* While there are odd cycles in G */
{K = Build MIS(G);
G = G−K; k + +; /* Updating for the next MIS */
}

G = G ∪ IB; /* returns the first bipartite component */
Call 2-colouring(G); /*At the end, the remaining graph is 2-colourable*/
Returns(”χ(G) is k + 2”);

4 Complexity Analysis

Given a connected initial graph G, let G0 = (G − IB) be the input graph
without its intial bipartite component (IB), G0 = (V,E) with n = |V | and
m = |E|. Let us assume that m = t ·n, t > 1, and that G0 has intersected odd
cycles, then m > n.
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Let Ti be the MIS formed in the iteration i of the loop of the procedure
Seek Chromatic Number. Let Gi+1 = (Vi+1, Ei+1) be the remaining sub-
graph generated from Gi after finishing the iteration i, that is, Gi+1 = Gi−Ti.
Let ni+1 = |Vi+1|,mi+1 = |Ei+1| and let δi = 2mi

ni
be the average degree of

each subgraph Gi. In each iteration, the number of nodes and edges are up-
dated as: ni+1 = ni − |Ti| and mi+1 = mi − |EGi(Ti)|, since in each iteration
the nodes in Ti (a MIS of the current graph) are deleted as well as its incident
edges: EGi(Ti).

In each iteration the procedure Build MIS builds a MIS Ti of the current
graph Gi such that

∑
x∈Ti δGi(x) ≥ (ni− 1) under the assumptions that Gi is

connected and mi ≥ ni.
In the first iteration it holds:

∑
x∈T1

δG(x) ≥ (n−1). In the second iteration∑
x∈T2

δG−T1(x) ≥ n1 − 1 which is equivalent to
∑

x∈T2
δG(x) − |T1| ≥ (n −

|T1|)− 1 since each node in T2 was originally adjacent to some node in T1, T1

is the first MIS of G and n1 = n− |T1|. Thus
∑

x∈T2
δG(x) ≥ n− 1.

The same analysis holds for the third iterations
∑

x∈T3
δG−(T1∪T2)(x) ≥

n2−1 which is equivalent to
∑

x∈T3
δG(x)− (|T1|+ |T2|) ≥ (n−|T1|−|T2|)−1,

since each node in T3 was originally adjacent to some node in T1 and some
node in T2, n2 = n− |T1| − |T2|. Thus,

∑
x∈T3

δG(x) ≥ n− 1.
The main cycle in the procedure Seek Chromatic Number stop until the

graph Gk is polynomially 3-coloring (recognized in the polynomial procedure
presented in [3]) and which includes the case of bipartite graphs (2-coloring
graphs). Thus, in the iteration k, it holds

∑
x∈Tk δG(x) ≥ n− 1.

Adding the left and right parts of the inequality respectively
∑

x∈∪ki=1Ti

δG(x) =
∑

x∈V
δG(x) = 2m ≥ k · (n− 1)

since Ti, i = 1, . . . , k is a partition of V and the sum of the degree of the nodes
of a connected graph is the double of the number of edges.

The last inequality establishes an order of k ≤ (2m)/(n− 1) iterations for
the while in the procedure Seek Chromatic Number. Then, [(2m)/(n− 1)] + 1
colours are enough (because of the two colours used in the last iteration) to

colour the initial graph G, that is δ(1+[1/(n−1)])+1, or
⌈
δ · n

n−1

⌉
+1 colours,

δ = 2m/n being the average degree of the initial graph G0.
Thus, If each Gi+1 generated by our heuristic is connected, then dδ(G0)e+2

colours are enough for colouring the input graph G, where δ(G0) is the average
degree of the input graph G without its first bipartite component.

This last result can be further improved if in addition to the condi-
tion that Gi is connected in each iteration, it also holds that mi ≥ ni + 1
and then a MIS Ti can be built such that:

∑
x∈Ti δGi(x) ≥ ni, hence∑

x∈∪ki=1Ti
δG(x) =

∑
x∈V δG(x) = 2m ≥ k · n. Thus, the number of itera-

tions of the Seek Chromatic Number procedure would be k ≤ (2m)/n = δ,
and dδ(G0)e+ 1 colours would be required to colour the input graph G.



An Approximate Algorithm for the Chromatic Number of Graphs 287

Notice that the main purpose to consider G0 = (G − IB) for starting the
iterative procedure Seek Chromatic Number is to reduce the possibilities that
Gi will be a disconnected subgraph, i = 1, . . . , k. But, if during an iteration
of our procedure Gi is disconnected, then χ(Gi) = max{χ(H1), . . . , χ(Ht)},
where Hi, . . . ,Ht are the different connected components from Gi and the
number of colours for colouring G could not be upper bounded by dδ(G0)e+2.

One of the most expensive time task included in Build MIS is to recog-
nize articulation points (or cut vertices) on the current subgraph, this task
is done in time O(m + n), and assuming m > n (which are the cases when
Build MIS is executed) the total time for recognizing articulation points is
O(m) = O(2m).

The number of iterations of the step 1 of Build MIS (which concides
with the number of iterations in the step 3) is at most dn/3e because at
most dn/3e nodes can be removed from the original graph in order to form
an acyclic graph. And to determine the articulation points in the step 1 is
of order O(m). And the second step (to build the initial MIS) requires at
most time O(n). Then, Build MIS has a time complexity in the worst case
of O(n2) = dn/3e · n.

The most expensive step, with respect to the time complexity, of the pro-
cedure Seek Chromatic Number, is the ”while” whose body has a time com-
plexity of O(n2) because this consists of performing Build MIS. The number
of iterations in Seek Chromatic Number is proportional to δ(G) · n

n−1 , then

in the worst case the total time of our procedure will be n2 · 2mn · n
n−1 = 2n

2·m
n−1 ≈

2 ·m · n. Thus, an upper bound for the time complexity of our procedure is
O(m · n), which is a polynomial value on the size of the input graph G.

5 Conclusions

We have presented a novel polynomial-time algorithm for determining the
chromatic number of a graph χ(G). Given an input connected graph G, our
heuristic discards a first bipartite component of G, denoted by IB, formed
by the nodes which are no part of any odd cycle in G since those nodes can
be coloured at the end of the process with the first two basic colours. Let
G0 = G− IB be the remaining subgraph.

Our proposal is based on selecting, in an iterative manner, a MIS Ki from
the current subgraph Gi such that δGi(Ki) ≥ |V (Gi)| − 1. That lower bound
on the number of edges in the current graph Gi, with an endpoint in any node
of Ki, allow us to design an iterative procedure such that if each remained
subgraph Gi+1 = (Gi −Ki) is connected, then we obtain an upper bound to
colour a graph; given that dδ(G0)e+ 2 colours are enough to colour the input
graph G, where δ(G0) is the average degree of the initial subgraph without
its first bipartite component.
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On the other hand, if any Gi is disconnected then χ(Gi) = max{χ(H1), . . . ,
χ(Ht)} where Hi, . . . ,Ht are the different connected components from Gi.
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Abstract. Counting models for two conjunctive forms (2-CF), problem known as
#2SAT, is a classic #P problem. We determine different discrete structures on
the constrained graph of the 2-CF fomula F allowing the efficient computation of
#2SAT(F ).

We show that if the constrained graph of a 2-CF F is acyclic or it has only
cycles, which are independent one to other, then #2SAT(F ) is computed efficiently.
On the other hand, we design a procedure with an orientation down-top adequate
to decompose the computation of #2SAT(F ) in an incremental way. We start our
procedure with F0 = AF , which is the maximum subformula of F without intersecting
cycles. In each iteration of the procedure, a new clause Ci ∈ (F − AF ) is considered
in order to form Fi = (Fi−1 ∧ Ci) and then to compute #2SAT(Fi) based on the
computation of #2SAT(Fi−1).

Key words: #SAT Problem, Counting models, Enumerative Algorithm.

1 Introduction

#SAT (the problem of counting models for a Boolean formula) is of special
concern to Artificial Intelligence (AI), and it has a direct relationship to Au-
tomated Theorem Proving, as well as to approximate reasoning [3,4,7]. #SAT
can be reduced to several different problems in approximate reasoning. For ex-
ample, in the cases of: estimating the degree of belief in propositional theories,
the generation of explanations to propositional queries, repairing inconsistent
databases, in Bayesian inference, in a truth maintenance systems [1,3,4,7,8].
The previous problems come from several AI applications such as planning,
expert systems, approximate reasoning, etc.

To count combinatorial objects on graphs is an interesting and important
area of research in Mathematics, Physics, and Computer Sciences. Counting
problems, being mathematically relevant by themselves, are closely related to

? Work supported by SNI-Conacyt-México
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practical problems. Although many relevant counting problems are hard time-
complexity problems. For example, the maximum polynomial class recognized
for #2SAT is the class (≤ 2, 2µ)-CF (2-CF where each variable appears twice
at most) [7,8].

Contrary to the traditional procedures for computing #2SAT with an ori-
entation top-down, as the Davis & Putnam counting procedure and some of
its adaptations [1,2,6], we have designed a novel procedure with an orien-
tation down-top which is more adequate to apply dinamic programming for
solving the #2SAT problem.

We extend here some of the procedures presented in [5,4] for the #2-SAT
problem and show how to apply them to the computation of the number of
models in a propositional theory. Furthermore, we show different structural
patterns on the constrained graph of the formula which allow the efficient com-
putation of the number of models for some classes of 2-CF’s. And we consider
the general case, showing that this problem can be adequated parameterized
according to the number of intersected cycles appearing in the constrained
graph of the input formula.

2 Preliminaries

Let X = {x1, . . . , xn} be a set of n Boolean variables. A literal is either a
variable xi or a negated variable xi. As usual, for each xi ∈ X, x0

i = xi
and x1

i = xi. A clause is a disjunction of different literals (sometimes, we
also consider a clause as a set of literals). For k ∈ N , a k-clause is a clause
consisting of exactly k literals and, a (≤ k)-clause is a clause with at most k
literals. A variable x ∈ X appears in a clause c if either x or x is an element
of c.

A Conjunctive Form (CF) F is a conjunction of clauses (we also consider
a CF as a set of clauses). We say that F is a positive monotone CF if all of its
variables appear in unnegated form. A k-CF is a CF containing only k-clauses
and, (≤ k)- CF denotes a CF containing clauses with at most k literals. A
kµ-CF is a formula in which no variable occurs more than k times. A (k, jµ)-
CF ((≤ k, jµ)-CF) is a k-CF ((≤ k)-CF) such that each variable appears no
more than j times.

We use ν(Y ) to express the set of variables involved in the object Y , where
Y could be a literal, a clause or a Boolean formula. For instance, for the clause
c = {x1, x2}, ν(c) = {x1, x2}. And Lit(F ) is the set of literals which appear
in a CF F , i.e. if X = ν(F ), then Lit(F ) = X ∪X = {x1, x1, . . . , xn, xn}. We
also denote {1, 2, . . . , n} by [[n]].

An assignment s for F is a Boolean function s : ν(F )→ {0, 1}. An assign-
ment can be also considered as a set of non complementary pairs of literals.
If l ∈ s, being s an assignment, then s turns l true and l false. Considering a
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clause c and assignment s as a set of literals, c is satisfied by s if and only if
c ∩ s 6= ∅, and if for all l ∈ c, l ∈ s then s falsifies c.

Let F be a Boolean formula in Conjunctive Form (CF), F is satisfied by
an assignment s if each clause in F is satisfied by s. F is contradicted by s if
any clause in F is contradicted by s. A model of F is an assignment for ν(F )
that satisfies F . Given F a CF, the SAT problem consists of determining if F
has a model. The #SAT problem consists of counting the number of models
of F defined over ν(F ). #2-SAT denotes #SAT for formulas in 2-CF.

2.1 The constrained graph of a 2-CF

Among the graphical representations of a conjunctive form (see e.g. [9]),
we took the signed primal graph of a two conjuctive form (2-CF) and use
it to design a recursive enumerative procedure to solve the #2SAT problem.
Let F be a 2-CF with set of variables υ(F ). The constrained graph (signed
primal graph) of F is denoted by GF = (V (F ), E(F )), with V (F ) = υ(F )
and E(F ) = {{υ(x), υ(y)} : {x, y} ∈ F}, that is, the vertices of GF are the
variables of F , and for each clause {x, y} in F there is an edge {υ(x), υ(y)} ∈
E(F ). We say that a 2-CF F is a path, cycle, or a tree, if its constrained graph
GF represents a path, cycle, or a tree, respectively.

Each edge c = {υ(x), υ(y)} ∈ E is associated with an ordered pair (s1, s2)
of signs which are used as labels of the edge that connect the variables appear-
ing in the clause. For example, the clause {x0, y1} determines the labelled edge:
”x−+y” which is equivalent to the edge ”y+−x”. The signs s1, s2 ∈ {+,−}
are related to the variables x and y, respectively.

Let S = {+,−} be a set of signs. A graph with labelled edges on a set S is
a pair (G,ψ), where G = (V,E) is a graph, and ψ is a function with domain
E and range S. ψ(e) is called the label of the edge e ∈ E. Let G = (V,E, ψ)
be a constrained graph with labelled edges on SxS. Let x and y be nodes in
V . If e = {x, y} is an edge and ψ(e) = (s, s′), then s(s′) is called the adjacent
sign to x(y).

Notice that a constrained graph of a 2-CF can be a multigraph, because
two same fixed variables can appear in more than one clause of the formula,
and this forms parallel edges. Furthermore, an unitary clause is represented
by a loop in the constrained graph (an edge to join a vertex to itself).

3 Linear Counting Procedure for #2SAT

Let GF = (V (F ), E(F ), {+,−}) be a signed connected graph of an input
formula F in 2-CF, with n = |V | and m = |E|.

A depth-first search (abbreviated as dfs) is applied over GF . The dfs starts
with the node vr ∈ V of minimum degree; when a new node is visited, we select
first the nodes with minimum degree, and as a second criterion, we select the
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one with minimum value in its label. The result of applying a dfs on G is a
depth-first graph G′, which we will denote as G′ = dfs(GF ) and a spanning
tree TG with vr as the root node.

The dfs allows us to detect if G has or not cycles and the parity of such
cycles in time O(m + n). The edges in TG are called tree edges. An edge
e ∈ E(G)\E(TG) is called back edge, and we call to its repective clause Ce ∈ F
a back clause. Let e ∈ E(G)\E(TG) be a back edge, the union of the path in
TG between the endpoints of e with the edge e itself forms a simple cycle, such
cycle is called a basic cycle of G with respect to TG.

Let C = {C1, C2, ..., Ck} be the set of back edges found during the depth-
first search. If two distinct base cycles Ci and Cj from C have common edges
then we say that both cycles are intersected, and then, Ci4Cj form a new
cycle, where 4 denotes the symmetric difference operation between the set of
edges of both cycles. If two cycles are non-intersected we say that they are
independent.

Let AF be the graph formed by the union of a spanning tree from GF
and all back edges from C which form only independent cycles in AF . And
let CC = E(GF ) − E(AF ) = {C1, C2, . . . , Ct} ⊂ C be the set of back edges
forming intersecting cycles with any cycle in AF . If AF has not intersecting
cycles (if CC = ∅), then we have designed a procedure (see [4]) for computing
#2SAT(F ) in linear time on the size of AF .

A knot, denoted by κ, is a set of intersecting cycles such that each two
cycles of κ are intersected. The cardinality |κ| of a knot is the number of
cycles forming such knot. Notice that any knot has at least one edge e that is
common to all cycle in the knot.

The knots of the graph are identified by traversing through the marks of
the edges, and also the cardinality of each knot can be computed at the same
time. We call knotting number of a graph to the maximum cardinality of the
knots in the graph. We denote the knotting number of a graph G as $(G).

We present in the following section, a recursive procedure for computing
#2SAT(F ) based on the topology of the constrained graph GF , and its set of
knots (if there exists).

4 Incremental Computation of #2SAT

Contrary to the traditional procedures for computing #2SAT with an orien-
tation top-down, as the Davis & Putnam counting procedure and some of its
adaptations [1,2,6], we have designed a novel procedure with an orientation
down-top which is more adequate to apply dinamic programming for solving
the #2SAT problem.

Our procedure starts with F0 = AF and the computation of #2SAT(F0)
which is performed in linear time on the size of AF [4]. In each itera-
tion, a new clause Ci ∈ CC, i = 1, . . . , t is considered in order to form
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Fi = Fi−1 ∧Ci, and then #2SAT(Fi) is computed. Notice that #2SAT(F ) =
#2SAT(AF

∧
Ci∈CC Ci).

Definition 1. Let H be a CF and x a literal of H. The reduction of H by x,
also called forcing x and denoted by H[x], is the formula generated from H
by the following two rules:

a) removing from H the clauses containing x (subsumption rule),
b) removing x from the remaining clauses (unit resolution rule).

A reduction is also sometimes called a unit reduction. The reduction by a
set of literals can be inductively established as follows: let s = {l1, l2, . . . , lk}
be a partial assignment of υ(H). The reduction of H by s is defined by succes-
sively applying definition 1 for li, i = 1, . . . , k, that is, the reduction of H by l1
gives the formula H[l1], following a reduction of H[l1] by l2, giving as a result
the formula H[l1, l2] and so on. The process continues until H[s] = H[l1, ..., lk]
is reached. In case that s = ∅ then H[s] = H.

Example 1. Let H = {{x1, x2}, {x1, x2}, {x1, x3}, {x1, x3}, {x2, x4}, {x2, x4},
{x2, x5}, {x3, x5}}. Then, H[x2] = {{x1}, {x1, x3}, {x1, x3}, {x5}, {x3, x5}},
and for s = {x2, x3} we have that H[s] = {{x1}, {x1}, {x1}, {x4}, {x4}, {x5}}.

Let H be a CF and s a partial assignment of H. If a pair of contradictory
unitary clauses is obtained while H[s] is being computed then #SAT (H[s]) =
0, because under no circumstances a pair of complementary unit clauses can
be set to true at the same time. Thus, H[s] does not have models.

During the computation of H[s] new unitary clauses can be generated.
Thus, the partial assignment s is extended by adding the unitary clauses
found, that is, s = s ∪ {u} where {u} is a unitary clause. So, H[s] can be
again reduced using the new unitary clauses. We call to this iterative process
Eval(H, s).

The application of definition 1 on a 2-CF formula F , could remove variables
which have to be considered in the models of F . Let us present an example.

Example 2. Let F = {{x}, {x, y}}, in other words F = x ∧ (x ∨ y), it follows
that F [x] = ∅. It can be noticed that {y} 6∈ F [x], however y can take any
logical value in the models of F .

The variables which are removed from F during the application of Eval(F, s),
form a set, which will be denoted by Elim V ars(s). In fact, it can be checked
that |Elim V ars(s)| = |υ(F )|−|υ(F ′)|−|s′|, where s′ is the assignment of s ex-
tended by the unit clauses processed during the iterative process Eval(F, s),
and F ′ is the subformula from F resulting of the aplication of Eval(F, s).
We will denote to those results of Eval(F, s), the subformula F ′ and the ex-
tended assignment s′, as: (F ′, s′) = Eval(F, s). However, when we want to
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do reference to only one element of the pair, we use F ′ = Eval(F, s), or
s′ = Eval(F, s).

Let F be a 2-CF and s a partial assignment on υ(F ), after to obtain
(F ′, s′) = Eval(F, s), we have that

#SAT (F ) = #SAT (F ′)× 2|Elim V ars(S(F ))|. (1)

Every model of AF had already determined truth values for all variable
υ(F ) of the total formula F . Given a back clause C = {xj , xk} in F − AF ,
for any model s of AF such that xj ∈ s and xk ∈ s, then s is not a model of
AF ∧ C, because s falsifies C. Thus, if we know SAT(AF ) then

#SAT (AF ∧ C) = #SAT (AF )− |{s ∈ SAT (AF ) : s falsifies C}|. (2)

Let Y = {s ∈ SAT (AF ) : s falsifies C}. A way to compute |Y | is to form
the partial assignment sC = C = {xj , xk} and to evaluate that partial assign-
ment on AF , that is, F ′ = AF [sC ]. Then, |Y | = #SAT (F ′). Furthermore, if
AF has not intersecting cycles, then GF ′ has not intersecting cycles too.

We can iterate the procedure (2) for computing new back clauses in F , that
is, #2SAT(AF

∧
Ci∈CC Ci) is computed in an iterative way, forming in each

iteration a new formula F ′ = Eval(Fi−1, si), which is the resulting formula of
the evaluation of the partial assignment si on the formula Fi−1 = (AF∧i−1

j=1Ci).

In our case, si = Ci denotes the partial assignment on υ(F ) falsifying Ci, that
is, if Ci = (l1, l2) then si = {l1, l2}.

We presente now, the pseudo-code for the incremental computation of
#2SAT(AF

∧
Ci∈CC Ci).

Procedure Count Models(F )
Let F0 = AF ; /* F0 is the spanning tree union independent cycles */
Let A0 = #2SAT (F0);
∀Ci ∈ CC do {
Let F ′ = Eval(Fi−1, Ci);
Let Ai = Ai−1 −#2SAT (F ′);
Let Fi = (Fi−1 ∧ Ci);
} Returns(Ai) /* #2SAT (F ) = Ai */

Thus, our procedure computes #2SAT(F ) based on the folllowing equa-
tion:

#2SAT (F ) = #2SAT (AF )−
t−1∑

i=0

#2SAT ((AF

i∧

j=1

Cj)[Ci+1]) (3)

In fact, if the constrained graph of each resulting subformula Fi+1 =
(AF

∧i
j=1Cj)[Ci+1], i = 0, . . . , t − 1 has not intersecting cycles, then each

#2SAT(Fi) is computed in linear time on the size of Fi, which in the worst
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case is of order O(m), and then the sum
∑t−1

i=0 #2SAT (Fi+1) will be computed
in a complexity time of O(m · t) = O(m(m − n)) and all the computation of
#2SAT(F ) will have a polynomial time complexity of order O(m · (m − n)).
In this case, we can consider the computation of #2SAT(F ) by t + 1 linear-
time logical subformulas Fi (where F0 = AF and the computation of each
#2SAT(Fi), i = 1, . . . , t is done in linear-time complexity). Notice that in this
case, the initial graph GF has knots but each one of the constrained graph of
each Fi, i = 1, . . . , t has not knots.

If the constrained graph of any Fi, i = 1, . . . , t has knots (intersecting
cycles) then the same equation (3) can be applied recursively in order to
compute #2SAT(Fi). Then, we could design a recursive procedure based on
the procedure Count Models for computing #2SAT(F ) independent from the
number of knots and its cardinality that the constrained graph GF has, as
well as any of its subformulas Fi+1 = (AF

∧i
j=1Cj)[Ci+1], i = 0, . . . , t− 1.

Of course, an ordering on the set of clauses CC = F − AF is crucial
for accelerating the computation of #2SAT(F ). In this aspect, if during the
computation of Fi+1 = (AF

∧i
j=1Cj)[Ci+1], i = 0, . . . , t− 1, the graph of any

Fi+1 has intersecting cycles then it is preferable to move the clause Ci+1 at
the end of the set CC, avoiding so to drag a factor with an expensive time-
complexity in the remaining iterations of the iterative procedure.

5 Conclusions

#SAT problem for the class of Boolean formulas in 2-CF is a classical #P-
complete problem. However, there are several instances of 2-CF’s for which
#2SAT can be solved efficiently.

We have shown different polynomial-time procedures for counting models
of Boolean formulas for subclasses of 2-CF’s. For example, for formulas whose
contrained graph is acyclic, its corresponding number of models is computed
in linear time. Furthermore, if the set of cycles in a constrained graph GF
can be arranged as independent and embedded cycles, then we can count
efficiently the number of models of F .

When GF has intersected cycles then an incremental deterministic pro-
cedure is presented in order to compute #2SAT(F ). This procedure has an
orientation down-top adequate to decompose the computation of #2SAT(F )
in an incremental way. We start our procedure with F0 = AF , which is the
maximum subformula of F without intersecting cycles. In each iteration of
the procedure, a new clause Ci ∈ (F − AF ) is considered in order to form
Fi = (Fi−1 ∧Ci) and then to compute #2SAT(Fi) based on the computation
of #2SAT(Fi−1).
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A problem of Shapozenko on Johnson graphs?
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Abstract. The Johnson graph J(n,m) has the m–subsets of [n] as vertices and two
subsets are adjacent in the graph if they share m − 1 elements. Shapozenko asked
about the isoperimetric function of Johnson graphs, that is, the cardinality of the
smallest boundary of sets with k vertices in J(n,m) for each 1 ≤ k ≤

(
n
m

)
. We give

an upper bound for the isoperimetric function of Johnson graphs. We show that, for
given t and all sufficiently large n, the given bound is tight for k =

(
t
m

)
. We also show

that the bound is tight for the small values of k ≤ m+ 1 and for all values of k when
m = 2.

Key words: Johnson graph, Isoperimetric, Colexicographic, Shift compression.

1 Introduction

Let G = (V,E) be a graph. Given a set X ⊂ V of vertices, we denote by

∂X = {y ∈ V \X : d(X, y) = 1},

the boundary of X, and by

B(X) = {y ∈ V : d(X, y) ≤ 1} = X ∪ ∂X,

the ball of X. We write ∂G and BG when the reference to G has to be made
explicit.

The isoperimetric function of G is defined as

µ(k) = min{|∂X| : X ⊂ V, |X| = k},

that is, µ(k) is the size of the smallest boundary among sets of vertices with
cardinality precisely k.

? Supported by the Spanish Research Council under project MTM2011-28800-C02-01 and
the Catalan Research Council under project 2009SGR1387. The first author acknowledges
support from the Spanish Ministry of Education under grant FI.
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The isoperimetric function is known only for some few classes of graphs.
One of the seminal results is the exact determination of the isoperimetric
function for the n–cube obtained by Harper [11] in 1966. Analogous results
were obtained for cartesian products of chains by Bollobás and Leader [7]
and Bezrukov [1], cartesian products of even cycles by Karachanjan [16] and
Riordan [18] (see also [3]) and some other cartesian products by Bezrukov and
Serra [4]. The survey on discrete isoperimetric problems by Bezrukov [2] gives
a panoramic view of the isoperimetric problem in discrete spaces.

In his monography on discrete isoperimetric problems Leader [17] mentions
the isoperimetric problem for Johnson graphs as one of the intriguing open
problems in the area. Later on, in his extense monography on isoperimetric
problems, Harper [12] atributes the problem to Shapozenko, and recalls that
the problem is still open.

The Johnson graph J(n,m) is defined as the graph with vertex set the
family of all m–subsets of [n] where two m–subsets are adjacent in the graph
whenever their symmetric difference has cardinality 2. It follows from the def-
inition that, for m = 1, the Johnson graph J(n, 1) is the complete graph Kn.
For m = 2 the Johnson graph J(n, 2) is the line graph of the complete graph
on n vertices, also known as the triangular graph T (n). Thus, for instance,
J(5, 2) is the complement of the Petersen graph, displayed in Figure 1. More
generally, J(n, 2) is the complement of the Kneser graph K(n, 2), the graph
which has the 2–subsets of [n] as vertices and two pairs are adjacent whenever
they are disjoint.

01

02

1213

23

24

34

30 40

41

Fig. 1: The Johnson graph J(5, 2).

Johnson graphs arise from the association schemes named after Johnson
who introduced them, see e.g. [10]. The Johnson graphs form one of the classes
of distance transitive graphs (we recall that a graph is distance transitive if,
for every two pairs x, y and x′, y′ of vertices at the same mutual distance
d(x, y) = d(x′, y′), there is an automorphism f of the graph such that f(x) =
x′ and f(y) = y′.)
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Recall that the colex order in the set of m–subsets of n is defined as x ≤ y
if and only if min(x⊕y) ∈ x, where ⊕ denote the symmetric difference of the
two m–sets x,y. The computation of the boundary of initial segments for the
colex order provides the following upper bound for the isoperimetric function
of Johnson graphs:

Proposition 1. Let µ : N → N denote the isoperimetric function of the
Johsnon graph J(n,m), where N =

(
n
m

)
. Let

k =

(
k0

m

)
+ · · ·+

(
kr

m− r

)
, k0 > . . . > kr > 0,

be the m–binomial representation of k. Then

µ(k) ≤
(

k0

m− 1

)
(n− k0) +

r∑

i=1

((
ki

m− i− 1

)
(n− k0 − 1)−

(
ki

m− i

))
.

Our main purpose is to show that the above upper bound for the isoperi-
metric function of Johsnon graphs is tight in several cases.

We call a set S of vertices of J(n,m) optimal if |∂(S)| = µ(|S|).
Given a family S of m–sets of an n–set, its lower shadow ∆(S) is the family

of (m − 1)–sets which are contained in some m–set in S. The upper shadow
∇(S) of S is the family of (m + 1)-sets which contain some m–set in S. The
ball of S in the Johnson graph J(n,m) can be written as

B(S) = ∇∆(S) = ∆∇(S).

These equalities establish a connection between the isoperimetric problem in
the Johnson graph with the Shadow Minimization Problem (SMP), which
consists in finding, for a given k, the smallest cardinality of ∆(S) among
all families S of m–sets with cardinality k. The latter problem is solved by
the well–known Kruskal–Katona theorem, which establishes that the initial
segments of the colex order provide a family of extremal sets for the SMP.
However, this family of initial segments does not provide in general a solution
to the isoperimetric problem in J(n,m). Nevertheless this is the case for the
cardinalities of the form

(
t
m

)
for some fixed t and every sufficiently large n:

Theorem 1. Let t ≥ m be positive integers. There is n(t,m) such that for all
n ≥ n(t,m) the set

(
[t]
m

)
is an optimal set of the Johnson graph J(n,m).

One can check that the ball of radius one is an optimal set of J(n,m)
for n ≤ f(m) and some function of m. It has a smaller boundary than the
corresponding initial segment in colex order. In particular, in J(6, 3) the ball
has cardinality

(
5
3

)
and its boundary is one less than the initial segment with

the same cardinality. This shows that n(5, 3) > 6.
For small values of k the colex order still provides the solution to the

isoperimetric problem in J(n,m):
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Theorem 2. Let m be a positive integer. For every k ≤ m + 1 the k first
elements in the colex order provide an optimal set of J(n,m) for every n ≥ m.

Finally, for m = 2, the colex order always provides a family of optimal sets
in J(n, 2) for all n ≥ 2:

Theorem 3. Let I(k) denote the initial segment of length k in the colex order
of the family of 2–subsets of an n–set. For each set X of k vertices of the
Johnson graph J(n, 2) we have

|∂(I(k))| ≤ |∂(X)|.

2 Shifting techniques

Shifting techniques are one of the key tools in the study of set systems. They
were initially introduced in the original proof of the Erdos–Ko–Rado theorem
[8] and have been particularly used in the solution by Frankl and Füredi [9]
of the isoperimetric problem for hypercubes.

In what follows we identify subsets of [n] with their characteristic vectors
x = (x1, . . . , xn) ∈ {0, 1}n where xi = 1 if i is in the corresponding set and
xi = 0 otherwise. We denote the support of x by

x = {i : xi = 1}.

and the (`1) norm of x by

|x| =
∑

i

xi.

The sum x + y = (x1 + y1 (mod 2), . . . , xn + yn (mod 2)), of characteristic
vectors is meant to be performed in the field Fn2 and it corresponds to the
symmetric difference of the corresponding sets. We also denote by e1, . . . , en
the unit vectors with 1 in the i–th coordinate and zero everywhere else.

With the above notation, the set of vertices of the Johnson graph are all
vectors with norm m and the neighbors of x in J(n,m) are the vectors

x + ei + ej ,

for each pair i, j such that xi + xj = 1.
We shall use the shifting transformations defined below.

Definition 1. Let u,v be two vectors with the same weight and disjoint sup-
port. For a set S ⊂ {0, 1}n define

Suv = {x ∈ S : v ⊂ x and x ∩ u = ∅},

and
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Tuv(x, S) =

{
x + u + v x ∈ Suv and x + u + v 6∈ S
y otherwise

The uv–shift is
Tuv(S) = {Tuv(y, S) : y ∈ S}.

It follows from the definition that the shifting Tuv of a set preserves its
cardinality and the norm of its elements. Moreover, if the norm of u and v
is r then it sends every vertex to a vertex at distance at most r. It is easily
checked that the shifting is also monotone with respect to inclusion.

Lemma 1. If X ⊂ Y then Tuv(X) ⊂ Tuv(Y ).

The weight of a vector x is

w(x) =

n∑

i=1

ixi,

and the weight of a set S is

w(S) =
∑

x∈S
w(x).

We note that, if w(u) < w(v) then w(Tuv(S)) ≤ w(S). Moreover, equality
holds if and only if Tuv(S) = S. Thus, successive application of transforma-
tions Tuv using pairs of vectors u,v with w(u) < w(v) eventually produces
a set which is stable by any of such transformations. This fact leads to the
following definition.

Definition 2. Given a set W ⊂
(

[n]
r

)
of vectors, we say that a set S is W–

compressed if Tuv(S) = S for each pair u, v ∈W with max u < min v.
A set S is said to be r–compressed if it is compressed for any set W ⊂

(
[n]
i

)

of vectors with i ≤ r.

Let u = {i1 < · · · < ir} and v = {j1 < · · · < jr}. Let σ ∈ Sym(n)
be the permutation which exchanges u and v by preserving the local order,
and leaves invariant the remaining elements: σ(i1) = j1, . . . , σ(ir) = jr and
σ(j1) = i1, . . . , σ(jr) = ir. We denote by σuv : {0, 1}n → {0, 1}n the map

σuv(x1, . . . , xn) = (xσ(1), . . . , xσ(n)).

Thus, for example, if x ∈ Suv for some set S then σuv(x) = x + u + v.
The main property of the uv–shifting of a set S is that, when r = |u| = |v|

and S is (r − 1)–compressed, then it does not increase the cardinality of the
ball B(S).
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Lemma 2. Let u,v ∈ {0, 1}n with norm 1 and disjoint support and write
T = Tuv. For each set S of vertices in the Johnson graph J(n,m) we have

B(T (S)) ⊆ T (B(S)). (1)

From this lemma, it follows that

|B(T (S))| ≤ |T (B(S))| = |B(S)|. (2)

3 The case m = 2

Proposition 2. Given a set S of vertices of the graph J(n, 2) with cardinality(
t−1

2

)
< |S| ≤

(
t
2

)
, it is optimal if and only if S ⊂

(
[t]
2

)
.

As a consequence of this Proposition, we can see that the sets of the kind(
[t]
2

)
are the unique optimal set of this cardinality (and also are unique, up to

isomorphisms, the optimal sets of cardinality
(
t
2

)
− 1).

4 The case m+ 1

Consider the partition

V (J(n,m)) = (V (J(n,m)) ∩ {x1 = 0}) ∪ (V (J(n,m)) ∩ {x1 = 1}).

The subgraph induced by V0 = V (J(n,m))∩{x1 = 0} is isomorphic to J(n−
1,m) and the subgraph induced by V1 = V (J(n,m))∩{x1 = 1} is isomorphic
to J(n− 1,m− 1). There is an edge in J(n,m) joining x ∈ V1 with y ∈ V0 if
and only if σx ⊂ σy.

For every subset S ⊂ V = V (J(n,m)) let S0 = S ∩ V0 and S1 = S ∩ V1.

Lemma 3. Let S be a set of vertices in J(n,m). Let S0 = S ∩ {x1 = 0} and
S1 = S ∩ {x1 = 1}. If S is 1–compressed then

B(S) = B(S1) and |B(S)| = |B′(S′1)|+ |∇(S′1)|,

where S′1 = {x ∈ {0, 1}n−1 : (1,x) ∈ S1} and B′ denotes the ball in J(n −
1,m− 1).

The above Lemma shows that if a set S′ ∈ V (J(n− 1,m− 1)) minimizes
both the ball and the upper shadow then a 1–compressed set in J(n,m) such
that its {x1 = 1}–section is S′ might be optimal in J(n,m). Initial segments
in the lex order do minimize the upper shadow but these sets usually do not
minimize the size of the ball.

A similar argument can be used with sections of {xn = 0} and {xn = 1}.
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Lemma 4. Let S be a set of vertices in J(n,m). Let S0 = S ∩ {xn = 0} and
S1 = S ∩ {xn = 1}. If S is compressed then

B(S) = B(S0) and |B(S)| = |B′(S′0)|+ |∆(S′0)|,

where S′0 = {x ∈ {0, 1}n−1 : (x, 0) ∈ S0} and B′ denotes the ball in J(n−1,m).

Proposition 3. For k ≤ m+1 the initial segment of the colex order in J(n,m)
is an optimal set. Moreover, for n > m + 2, the solution is unique up to
automorphisms of the graph.
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[5] Z. Füredi; J. R. Griggs. Families of finite sets with minimum shadows. Combina-
torica (1986), no. 6, 355–363.
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Abstract. A set S of vertices of a graph G is said to be a k-metric generator for G
if for any u, v ∈ V (G), u 6= v, there exists Suv ⊆ S such that |Suv| ≥ k and for every
w ∈ Suv, dG(u,w) 6= dG(v, w). A metric generator of minimum cardinality is called a
k-metric basis and its cardinality the k-metric dimension of G. We give a necessary
and sufficient condition for the existence of a k-metric basis of a graph and we obtain
several results on the k-metric dimension.

Key words: k-metric dimension, metric dimension, resolving set, locating set.

1 Introduction

Given a simple and connected graph G = (V,E), a vertex v ∈ V is said
to distinguish two different vertices x, y ∈ V , if dG(v, x) 6= dG(v, y). A set
S ⊆ V is said to be a metric generator for G if any pair of vertices of G is
distinguished by some element of S. This name for such a set raises from the
concept of generator of metric spaces, that is, a set S of points in the space
with the property that every point of the space is uniquely determined by
its “distances” from the elements of S. For our specific case, in a simple and
connected graph G = (V,E), we consider the metric dG : V × V → N, where
dG(x, y) is the length of a shortest path between the vertices x and y. With
this metric, (V, dG) is clearly a metric space.

According to the concept above, it is said that a metric generator of mini-
mum cardinality is a metric basis, and its cardinality the metric dimension of
G, denoted by dim(G). The primary notions of metric dimension of a graph
were motivated by the problem of uniquely determining the location of an
intruder in a network and were introduced by Slater in [8,10], where the met-
ric generators were called locating sets. The concept of metric dimension of a
graph was also introduced independently by Harary and Melter in [3], where
metric generators were called resolving sets. Further on, several variations of
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such a generators were presented and studied, remarkable cases include for
instance, resolving dominating sets [1], independent resolving sets [3], local
metric sets [7], and strong resolving sets [5,6,8].

The concept of metric generator has a weakness related with the possible
uniqueness of the vertex identifying a pair of vertices of the graph. That is,
consider for instance some robots which are navigating, moving from node
to node of a network. On a graph, however, there is neither the concept of
direction nor that of visibility. We assume that robots have communication
with a set of landmarks S (a subset of nodes) which provide them the dis-
tance to the landmarks in order to facilitate the navigation. In this sense,
one aim is that each robot is uniquely determined by the landmarks. Suppose
that in a specific moment there are two robots x, y whose positions are only
distinguished by one landmark s ∈ S. If the communication between x and s
is “unexpectedly blocked”, then the robot x will get “lost‘” in the sense that
it can assume that it has the position of y. So, for more realistic settings, it
would be desirable to avoid such a uniqueness situations while the metric basis
identifies a pair of vertices of the graph. Roughly speaking, we could consider
a set of landmarks where each pair of nodes is distinguished by a minimum
number of landmarks greater than or equal to two.

From now on, according to our description above, we present an extension
of the concept of metric generators in the following way. As above, we consider
a simple and connected graph G = (V,E) and a positive integer k, we say that
a set S ⊆ V is a k-metric generator for G if and only if any pair of vertices
of G is distinguished by at least k elements of S. A k-metric generator of
minimum cardinality in G will be called a k-metric basis and its cardinality
the k-metric dimension of G, which will be denoted by dimk(G). Note that
every k-metric generator S satisfies that |S| ≥ k and, if k > 1, then S is also
a (k − 1)-metric generator. Moreover, 1-metric generators are the standard
metric generators.

2 k-metric dimensional graphs.

A connected graph G is said to be a k-metric dimensional graph if k is the
largest integer such that there exists a k-metric basis. Notice that if G is a
k-metric dimensional graph, then for every positive integer k′ ≤ k, G has at
least a k′-metric basis. Since for every pair of vertices x, y of a graph G we
have that they are distinguished at least by themselves, it follows that the
whole vertex set V (G) is a 2-metric generator for G and, as a consequence it
follows that every graph G is k-metric dimensional for some k ≥ 2. On the
other hand, for any connected graph G of order n > 2 there exists at least
one vertex v ∈ V (G) of degree δ(v) ≥ 2 and, since v does not distinguish any
pair x, y ∈ NG(v), there is no n-metric dimensional graph of order n > 2.
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Remark 1. Let G be a k-metric dimensional graph of order n. If n ≥ 3 then,
2 ≤ k ≤ n− 1. Moreover, G is n-metric dimensional if and only if G ∼= K2.

Given two vertices x, y ∈ V (G), we say that the set of distinctive vertices
of x, y is D(x, y) = {z ∈ V (G) : dG(x, z) 6= dG(y, z)} and the set of non-trivial
distinctive vertices of x, y is D∗(x, y) = D(x, y)− {x, y}.

Theorem 1. A connected graph G is k-metric dimensional if and only if k =
min

x,y∈V (G)
|D(x, y)|.

The open neighborhood of a vertex x will be denoted by N(x). Two vertices
x, y are called false twins if N(x) = N(y), and x, y are called true twins if
N [x] = N [y]. Two vertices x, y are twins if they are false twin vertices or true
twin vertices. Notice that two vertices x, y are twins if and only if D∗(x, y) = ∅.

Corollary 1. A connected graph G of order n ≥ 2 is 2-metric dimensional if
and only if G has twin vertices.

As a direct consequence of Corollary 1 we have that K2 and P3 are 2-metric
dimensional trees. Also, a specific characterization for 2-dimensional trees is
obtained from Theorem 1 (and from Corollary 1). A leaf in a tree is a vertex
of degree one, while a support vertex is a vertex adjacent to a leaf.

Corollary 2. A tree T of order n ≥ 4 is 2-metric dimensional if and only if
T contains a support vertex which is adjacent to at least two leaves.

A vertex of degree at least three in a graph G will be called a major
vertex of G. Any end-vertex (a vertex of degree one) u of G is said to be
a terminal vertex of a major vertex v of G if dG(u, v) < dG(u,w) for every
other major vertex w of G. The terminal degree ter(v) of a major vertex v
is the number of terminal vertices of v. A major vertex v of G is an exterior
major vertex of G if it has positive terminal degree. Let M(G) be the set of
exterior major vertices of G having terminal degree greater than one. Given
wi ∈ M(G) and a terminal vertex uij of wi, we denote by P (uij , wi) the
shortest path that starts at uij and ends at wi. Now, given wi ∈ M(G) and
two terminal vertices uij , uir of wi we denote by P (uij , wi, uir) = uij−wi−uir
the shortest path from uij to uir containing wi and by ς(uij , uir) the length
of P (uij , wi, uir). Finally, given wi ∈ M(G) and the set of terminal vertices
Ui = {ui1, ui2, . . . , uik} of wi, for j 6= r we define ς(wi) = min

uij ,uir∈Ui
{ς(uij , uir)}.

From the above local parameters we define the following global parameters.
ς(G) = minwi∈M(G){ς(wi)} and µ(G) =

∑
v∈M(G) ter(v).

Theorem 2. Let G be a connected graph such that M(G) 6= ∅. If G is k-
metric dimensional, then k ≤ ς(G). Moreover, for any k-metric dimensional
tree T , different from a path, k = ς(T ).
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Theorem 3. Let G be a graph, different from the complete graph, of order n
and clique number ω(G). If G is k-metric dimensional, then k ≤ n−ω(G)+1.

Examples where the above bound is achieved are those connected graphs
G of order n and ω(G) = n− 1, so n− ω(G) + 1 = 2. Notice that in this case
there exists at least two twin vertices. Hence, by Corollary 1 these graphs are
2-metric dimensional.

Proposition 1. Let Cn be a cycle graph of order n. If n is odd, then Cn
is (n − 1)-metric dimensional and if n is even, then Cn is (n − 2)-metric
dimensional.

Theorem 4. A graph G of order n ≥ 3 is (n− 1)-metric dimensional if and
only if G is a path or G is an odd cycle.

3 The k-metric dimension of graphs.

The problem of computing the value k′ for which a given graph is k′-metric
dimensional is polynomial [11]. Now, we study the problem of deciding whether
the k-metric dimension, k ≤ k′, of G is less than r, for some r ≥ k + 1, i.e.,
the following decision problem.

k-METRIC DIMENSION PROBLEM

INSTANCE: A connected k′-metric dimensional graph G of order n and

integers k, r such that k ≤ k′ and r ≥ k + 1

PROBLEM: Deciding whether the k-metric dimension of G is less than r

Theorem 5. [11] k-METRIC DIMENSION PROBLEM is NP-complete.

Considering the previous theorem, we present some results that allow to
compute the k-metric dimension of several families of graphs. We also give
some tight bounds on the k-metric dimension of a graph.

Theorem 6 (Monotony of the k-metric dimension). Let G be a k-metric
dimensional graph and let k1, k2 be two integers. If 1 ≤ k1 < k2 ≤ k, then
dimk1(G) < dimk2(G).

Corollary 3. Let G be a k-metric dimensional graph of order n.

(i) For every r ∈ {1, ..., k}, dimr(G) ≥ dim(G) + (r − 1).
(ii) For every r ∈ {1, ..., k − 1}, dimr(G) < n.

Theorem 7. Let G be a connected graph of order n ≥ 2. Then dim2(G) = 2
if and only if G ∼= Pn.
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Corollary 3 (i) and the fact that dim(G) = 1 if and only if G ∼= Pn
immediately lead to the following result.

Theorem 8. Let G be a k-metric dimensional graph different from a path.
Then for any r ∈ {2, ..., k}, dimr(G) ≥ r + 1.

Let Dk(G) be the set obtained as the union of the sets of distinctive vertices
D(x, y) whenever |D(x, y)| = k.

Remark 2. If G is a k-metric dimensional graph, then dimk(G) ≥ |Dk(G)|.

The bound given in Remark 2 is tight. For instance, Proposition 2 shows
that there exists a family of trees attaining this bound for every k. Other
examples can be derived from the following result.

Theorem 9. Let G be a k-metric dimensional graph of order n. Then dimk(G) =
n if and only if V (G) = Dk(G).

We recall that the join graph G + H of the graphs G = (V1, E1) and
H = (V2, E2) is the graph with vertex set V (G + H) = V1 ∪ V2 and edge set
E(G + H) = E1 ∪ E2 ∪ {uv : u ∈ V1, v ∈ V2}. We give now some examples
of graphs satisfying the assumptions of Theorem 9. Let W1,n = Cn + K1

be the wheel graph and F1,n = Pn + K1 be the fan graph. The vertex of
K1 is called the central vertex of the wheel or the fan, respectively. Since
V (F1,4) = D3(F1,4) and V (W1,5) = D4(W1,5), by Theorem 9 we have that
dim3(F1,4) = 5 and dim4(W1,5) = 6 respectively.

Corollary 4. Let G be a connected graph of order n ≥ 2. Then dim2(G) = n
if and only if every vertex is a twin.

Remark 3. Let G and H be two nontrivial graphs of order n1 and n2, respec-
tively. If all the vertices of G and H are twin vertices, then G+H is 2-metric
dimensional and dim2(G+H) = n1 + n2.

We define the twin equivalence relation R on V (G) as follows: xRy if and
only if NG[x] = NG[y] or NG(x) = NG(y). We have three possibilities for
each twin equivalence class U : (a) U is singleton, or (b) NG(x) = NG(y),
for any x, y ∈ U , or (c) NG[x] = NG[y], for any x, y ∈ U . We will refer to
the type (c) classes as the true twin equivalence classes i.e., U is a true twin
equivalence class if and only if U is not singleton and NG[x] = NG[y], for any
x, y ∈ U .

Remark 4. Let G be a connected graph and let U1, U2, ..., Ut be the non-
singleton twin equivalence classes of G. Then dim2(G) ≥∑t

i=1 |Ui|.
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Notice that the above result leads to Corollary 4, so this bound is tight.
We recall that the strong product graph G�H of two graphs G = (V1, E1)

and H = (V2, E2) is the graph with vertex set V (G�H) = V1 × V2, where
two distinct vertices (x1, x2), (y1, y2) ∈ V1 × V2 are adjacent in G �H if and
only if one of the following holds: (x1 = y1 and x2 ∼ y2) or (x1 ∼ y1 and
x2 = y2) or (x1 ∼ y1 and x2 ∼ y2).

Theorem 10. Let G and H be two nontrivial connected graphs of order n
and n′, respectively. Let U1, U2, ..., Ut be the true twin equivalence classes of
G. Then dim2(G�H) ≥ n′

∑t
i=1 |Ui|. Moreover, if every vertex of G is true

twin, then dim2(G�H) = nn′.

Now, we present a lower bound for the k-metric dimension of a graph. To
do so, we will use some notation introduced on Page 307 and we first define the
following function for any exterior major vertex wi ∈ V (G) having terminal
degree greater than one, i.e., wi ∈M(G).

Ir(wi) =

{
(ter(wi)− 1) (r − l(wi)) + l(wi), if l(wi) ≤ b r2c,
(ter(wi)− 1) d r2e+ b r2c, otherwise.

Theorem 11. If G is a k-metric dimensional graph such that |M(G)| ≥ 1,
then for every r ∈ {1, ..., k}, dimr(G) ≥∑wi∈M(G) Ir(wi).

Theorem 12 shows that the lower bound of Theorem 11 is tight. Also,
notice that for k = 1 Theorem 11 leads to the bound on the metric dimension
of a graph, established by Chartrand et al. in [2]. In such a case, I1(wi) =
ter(wi)− 1 for all wi ∈M(G) and thus, dim(G) ≥∑wi∈M(G) (ter(wi)− 1) =
µ(G)− |M(G)|.

Corollary 5. If G is a connected graph, then dim2(G) ≥ µ(G).

Corollary 6. If G is k-metric dimensional for some k ≥ 3, then dim3(G) ≥
2µ(G)− |M(G)|.

In Theorem 7, we noticed that the 2-metric dimension of a path Pn(n > 2)
is two. Here we give a formula for the k-metric dimension of any tree.

Theorem 12. If T is a k-metric dimensional tree which is not a path, then
for any r ∈ {1, ..., k}, dimr(T ) =

∑
wi∈M(T ) Ir(wi). Moreover, for any k ≥ 3

and n ≥ k + 1, it holds dimk(Pn) = k + 1.

The formula of Theorem 12 leads to dim(T ) = µ(T )− |M(T )| in the case
r = 1, which is the result obtained in [2]. Other interesting particular cases
are the following ones for r = 2 and r = 3, respectively.

Corollary 7. Let T be a tree different from a path. Then, dim2(T ) = µ(T )
and if T is k-metric dimensional with k ≥ 3, then dim3(T ) = 2µ(T )−|M(T )|.
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Proposition 2. Let T be a tree different from a path and let k ≥ 2 be an
integer. If ter(wi) = 2 and ς(wi) = k for every wi ∈ M(T ), then dimk(T ) =
|Dk(T )|.
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sion of a graph: Complexity and algorithms, arXiv:1401.0342 [math.CO].





The number of empty four-gons in random point
sets

R. Fabila-Monroy1?, C. Huemer2??, and D. Mitsche3
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Abstract. Let S be a set of n points distributed uniformly and independently in the
unit square. Then the expected number of empty four-gons with vertices from S is
Θ(n2 log n). A four-gon is empty if it contains no points of S in its interior.

Key words: random point set, four-gon, empty polygon, geometric probability

1 Introduction

Throughout this paper let S be a set of n points distributed uniformly and
independently in the unit square. Since with probability 1 the n points will be
in general position (no three points are collinear), we may and will assume this
throughout the paper. All asymptotics in this paper are w.r.t. the number of
points n, that is, when n→∞. As our results are asymptotic, we may ignore
also rounding issues throughout the paper, that is, if for some constant c > 0,
cn is not an integer, depending on the context, we may and will consider bcnc
or dcne without changing the results. A four-gon whose vertices are from S is
empty if it contains no other point from S in its interior. A four-gon can be
convex or non-convex, see Figure 1.

Denote by N4 the random variable that counts the number of empty non-
convex four-gons with vertices from S. Our main result is the following:

Theorem 1. E [N4] = Θ(n2 log n).

Denote by C4 the random variable that counts the number of empty convex
four-gons with vertices from S. Complementing Theorem 1, we obtain the
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Fig. 1: An empty convex four-gon and an empty non-convex four-gon in S.

following result, which might be known, but we only found a proof for the
lower bound [6]. There, also another random construction with O(n2) empty
convex four-gons is given.

Theorem 2. E [C4] = Θ(n2).

We omit the proof of Theorem 2 in this abstract due to lack of space. We
also remark that Theorems 1 and 2 also hold for other convex, bounded sets,
not only the square. In related works, for point sets of n points distributed
uniformly and independently in a convex, bounded set, Valtr [13] proved that
the expected number of empty triangles is at most 2n2− 2n, and Bárány and
Füredi [6] proved that, in Rd, the number of empty simplices is at most K

(
n
d

)
,

for some constant K. Balogh et al. [5] showed that the expected number of
vertices of the largest empty convex polygon in S (and in any convex, bounded
set in the plane) is Θ( logn

log logn). A lot of research has been done to determine
the minimum number fk(n) of empty convex k-gons among all sets of n points
in general position in the plane (not only random point sets). For the case
of empty triangles, Katchalski and Meir [11] showed that f3(n) is of order
Θ(n2). Later, this bound has been refined [2,6,7,8,9,13]; the currently best
bounds are n2− 32n

7 + 22
7 ≤ f3(n) ≤ 1.6196n2 +o(n2). Concering empty convex

four-gons, Bárány and Füredi [6] established that f4(n) is of order Θ(n2), and

the currently best bounds on f4(n) are n2

2 − 9
4n− o(n) ≤ f4(n) ≤ 1.9397n2 +

o(n2), see [2,7]. Research mainly focussed on empty convex polygons. Only
recently the number of convex and non-covex polygons in point sets has been
studied [1,3,4]. In [1] it is shown that every set of n points in general position

in the plane determines at least 5n2

2 − Θ(n) empty four-gons and a point set

with only O(n5/2 log n) empty four-gons is given. Our result improves this
bound to O(n2 log n).
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pa

pb

pc

`

hd

∆(`, pb)

pd

h

Fig. 2: The triangles ∆(pa, pb, pc), ∆(pa, pd, pc) and ∆(`, pb).

2 Proof of Theorem 1

The proof of Theorem 1 is implied by the following lemmas, for which we
need some definitions. Fix three points pa, pb, pc and denote by ∆(pa, pb, pc)
the triangle spanned by them. Let P be a set of k ≥ 1 points distributed
uniformly and independently in ∆(pa, pb, pc). Denote by EPpapb,pbpc the event
that P ∪ {pa, pb, pc} contains an empty non-convex four-gon with papb and
pbpc among its edges.

Lemma 1. P(EPpapb,pbpc) = 2
k+1 .

Proof. First observe that the points {pa, pb, pc} together with a fourth point
pd ∈ P form an empty non-convex four-gon with papb and pbpc among its
edges if and only if the triangle ∆(pa, pd, pc) contains P\{pd} in its interior.
We now determine the distribution of the height hd, which is the distance from
pd to the segment papc. Denote by h the height of ∆(pa, pb, pc) with respect to
the edge papc. Let ` be the segment parallel to the edge papc, at distance hd
from this edge, and with endpoints on the edges papb and pbpc respectively.
Assume w.l.o.g. that ` is a horizontal line with pa and pc below it. Define
then ∆(`, pb) to be the triangle coming from the intersection of ∆(pa, pb, pc)
and all points lying on or above `, as shown in Figure 2. Since only relative
heights between h and hd matter, we may assume w.l.o.g. that h = 1. By the
intercept theorem we have |papc|h = |`|

h−hd , where |papc| and |`| are the lengths
of the segments papc and `. It follows that

area(∆(`, pb))

area(∆(pa, pb, pc))
=
|`|(h−hd)

2
|papc|h

2

= (1− hd)2.

Hence, the distribution function Fhd for the height hd satisfies Fhd(x) =
P(hd ≤ x) = 1− (1− x)2 and the density of the height hd is fhd(x) = 2− 2x
for x ∈ [0, 1].
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Fix any p ∈ P \{pd}. Since the points are distributed uniformly at random
inside ∆(pa, pb, pc), we have

P(p ∈ ∆(pa, pd, pc)) =
area(∆(pa, pd, pc))

area(∆(pa, pb, pc))
= hd.

Therefore, integrating over all possible heights 0 ≤ hd ≤ 1,

P(P\{pd} ∈ ∆(pa, pd, pc)) =

∫ 1

0
xk−1(2− 2x) dx =

2

k(k + 1)
.

As there are k choices for the point pd, by a union bound, we have

P(EPpapb,pbpc) ≤
2

k + 1
.

On the other hand, there is at most one point pd ∈ P such that P\{pd} ∈
∆(pa, pd, pc): indeed, if this were true for another point pe 6= pd, then pd /∈
∆(pa, pe, pc), contradicting the assumption. Hence,

P((P\{pd} ∈ (∆(pa, pd, pc)) ∧ (P\{pe} ∈ ∆(pa, pe, pc))) = 0,

and thus
P(EPpapb,pbpc) =

⋃

pd∈P
(P(P\{pd} ∈ (∆(pa, pd, pc)))

=
∑

pd∈P
(P(P\{pd} ∈ (∆(pa, pd, pc))) =

2

k + 1
.

For the next lemma, we need one more definition. Let Tk denote the random
variable that counts the number of triangles with vertices in S containing
exactly k ≥ 0 points from S in its interior.

Lemma 2. For any k = k(n) ≥ 0, E [Tk] ≤ 2n2 − 2n.

Proof. The density function farea(∆)(v) for the area v of a triangle ∆ formed
by three points chosen uniformly and independently in the unit square is
given in [10], and also in [12]. From the results there one can see that for
any area v ≥ 0, farea(∆)(v) ≤ 12. Fix now three points pa, pb, pc ∈ S, let as
before ∆(pa, pb, pc) be the triangle spanned by them, and let int(∆(pa, pb, pc))
denote the interior of this triangle. Denote also for x, y > 0 by β(x, y) =∫ 1

0 t
x−1(1− t)y−1dt the beta function of x and y. Integrating over all possible

areas v of the triangle ∆(pa, pb, pc), we obtain
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P(|int(∆(pa, pb, pc)) ∩ S| = k) =

∫ 1/2

0

(
n− 3

k

)
vk(1− v)n−3−kfarea(∆)(v) dv

≤ 12

∫ 1/2

0

(
n− 3

k

)
vk(1− v)n−3−k dv

≤ 12

∫ 1

0

(
n− 3

k

)
vk(1− v)n−3−k dv

= 12

(
n− 3

k

)
β(k + 1, n− k − 2)

= 12

(
n− 3

k

)
k!(n− k − 3)!

(n− 2)!
=

12

n− 2
.

Hence, by linearity of expectation, for any k = k(n) ≥ 0,

E [Tk] ≤
(
n

3

)
12

n− 2
= 2n2 − 2n.

Remark. The special case k = 0 of Lemma 2 was also proved by Valtr
in [13].
We are now ready to prove the upper bound of Theorem 1, which is encapsu-
lated in the following lemma.

Lemma 3. E [N4] = O(n2 log n).

Proof. Note that each triangle ∆(pa, pb, pc) with vertices pa, pb, pc ∈ S de-
termines at most three empty non-convex four-gons with pa, pb, pc among its
vertices: indeed, any pair of edges from {papb, pbpc, papc} can be chosen and
might possibly give rise to an empty non-convex four-gon. Let P ⊆ S denote
the set of points in the interior of ∆(pa, pb, pc), and let EPpa,pb,pc be the event
that any of the three pairs of edges gives rise to an empty non-convex four-gon.
By a union bound,

P(EPpa,pb,pc) ≤ P(EPpapb,pbpc) + P(EPpapc,pbpc) + P(EPpapb,papc),

and thus, by Lemma 1, since the points of P are uniformly distributed in
∆(pa, pb, pc) (if a point is distributed uniformly at random in the unit square,
then conditional under knowing that it is inside a subarea of that square, it
is still uniform in this subarea),

P(EPpa,pb,pc | |P| = k) ≤ 6

k + 1
.

By Lemma 2, for each k ≥ 0 in expectation there are at most 2n2 triangles
with k interior points and since once again, conditioned on having k interior
points, their distribution is uniform inside the triangle, we obtain
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E [N4] ≤
n∑

k=0

E [Tk]P(EPpa,pb,pc | |P| = k)

≤ 2n2
n∑

k=0

6

k + 1
= O(n2 log n).

We now proceed to prove the corresponding lower bound of Theorem 1.
We first prove the following lower bound on Tk.

Lemma 4. For every ε > 0 there exists some α = α(ε) > 0 such that E [Tk] ≥
(2− ε)n2 for any k = 0, 1, . . . , αn.

Proof. By [10,12], the density function farea(∆)(v) for the area of the tri-
angle ∆ = ∆(pa, pb, pc), formed by three points pa, pb, pc from S, satisfies
farea(∆)(0) = 12 and is then strictly monotonically decreasing. In particular,
for every small ε > 0 there exists v0 > 0 such that farea(∆)(v0) = 12 − ε. We
define α = 0.6v0.

P(|int(∆) ∩ S| = k) =

∫ 1/2

0

(
n− 3

k

)
vk(1− v)n−3−kfarea(∆)(v) dv

≥ (12− ε)
∫ v0

0

(
n− 3

k

)
vk(1− v)n−3−k dv.

As in the proof of Lemma 2 we have

∫ 1

0

(
n− 3

k

)
vk(1− v)n−3−k dv =

1

n− 2
.

We will show that P(|int(∆) ∩ S| = k) ≥ 12−ε
n−2 −o( 1

n), for k ≤ αn. To this end,
it is sufficient to show that

∫ 1

v0

(
n− 3

k

)
vk(1− v)n−3−k dv = o(

1

n
). (1)

Computing the derivative of the function g(v) := vk(1− v)n−3−k in [v0, 1], we
see that g′(v) ≤ 0, implying that in [v0, 1], g(v) is maximized at v = v0. Thus,

∫ 1

v0

(
n− 3

k

)
vk(1− v)n−3−k dv ≤

(
n− 3

k

)
v0
k(1− v0)n−3−k(1− v0).

It is easily verified that

(
n− 3

k

)
v0
k(1− v0)n−3−k <

(
n− 3

k + 1

)
v0
k+1(1− v0)n−3−k−1
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holds for k < v0(n− 2)− 1. If we can show that
(
n− 3

k

)
v0
k(1− v0)n−3−k(1− v0) = o(

1

n
)

holds for k = αn, then it holds for all smaller values of k as well, and then

also (1) holds for all k = 0, 1, . . . , αn. Using
(
n
k

)
≤
(
ne
k

)k
, we get for some

constant C > 0
(
n− 3

αn

)
v0
αn(1− v0)n−3−αn(1− v0) ≤ C

(
e

0.6v0

)0.6v0n

v0.6v0n
0 (1− v0)(1−0.6v0)n

= C
(
(e/0.6)0.6v0(1− v0)1−0.6v0

)n

= o(
1

n
),

where the last line follows from the fact that

f(v0) := (
e

0.6
)0.6v0(1− v0)1−0.6v0

is monotone decreasing for v0 ∈ [0, 1], v0 > 0, and that f(0) = 1. Thus,

P(|int(∆) ∩ S| = k) ≥ (12− ε)
∫ v0

0

(
n− 3

k

)
vk(1− v)n−3−k dv

≥ 12− ε
n− 2

− o( 1

n
).

As before, by linearity of expectation,

E [Tk] ≥
(
n

3

)(
12− ε
n− 2

− o( 1

n
)

)
≥ (2− ε)n2

for any k = 0, 1, . . . , αn, thus concluding the proof.

The lower bound of Theorem 1 now also follows easily.

Lemma 5. E [N4] = Ω(n2 log n).

Proof. As before, define for three points pa, pb, pc ∈ S by ∆(pa, pb, pc) the
triangle with vertices pa, pb, pc. Let P ⊆ S denote the set of points in the
interior of ∆(pa, pb, pc). Using the notation of Lemma 3, it is clear that

P(EPpa,pb,pc) ≥ P(EPpapb,pbpc).

Hence, by Lemma 1,

P(EPpa,pb,pc) ≥
2

k + 1
.

By Lemma 4, for k = 0, 1, . . . αn, in expectation there are at least (2 − ε)n2

triangles with k interior points and since once again, conditioned on having k
interior points, their distribution is uniform inside the triangle, we obtain
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E [N4] ≥
αn∑

k=0

E [Tk]P(EPpa,pb,pc | |P| = k)

≥ (2− ε)n2
αn∑

k=0

2

k + 1
= Ω(n2 log n).
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Abstract. We describe and implement a computer-based method to find large multi-
loop graphs with given degree and diameter. For some values of degree and diameter,
our algorithm produces the largest known circulant graphs. We summarize our find-
ings in a table.

Key words: Network design, Degree/Diameter Problem, circulant graphs, multi-

loop networks, Delannoy numbers

1 Introduction

The Degree/Diameter Problem (or DDP, for short) asks for constructing the
largest possible graph, in terms of the number of vertices, subject to an upper
bound on the maximum degree ∆ and an upper bound on the diameter D.

We are interested in some particular (undirected) versions of the problem,
namely when the graphs are restricted to a certain class, such as the class
of bipartite graphs [9,10], Cayley graphs [6,12], or circulant graphs [22,17]. In
this paper we are concerned with a special case of circulant graphs, i.e. Cayley
graphs of finite cyclic groups.

Most of the research, both in the general version, as well as in these re-
stricted versions of DDP, falls into one of two main categories:

1. Proving the non-existence of graphs with order close or equal to the upper
bound, or

2. Giving constructions of large graphs, whose order approach the upper
bounds as much as possible.

Research in the second category has been substantially boosted by the
compliation of record graph tables, containing the largest known graphs for

? Work developed under project IPT-2012-0603-430000, of of the Spanish Ministry of Econ-
omy and Competitiveness, in cooperation with Scytl Secure Electronic Voting, S.A.
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several combinations of degree and diameter. They provide benchmarks to
test construction methods and computer search algorithms. Thus, after the
first compilation started by Comellas in 1995 [3], other record graph tables
have been collected (see [4]).

The study of circulant graphs began in 1970 with Elspas and Turner [8].
Coincidentally, it was also Elspas who had formulated the Degree/Diameter
Problem back in 1964 [7], but apparently he missed the connection between
both topics.

Even though the abelian property of the underlying group prevents abelian
Cayley graphs in general (and circulant graphs in particular) to grow as large
as their non-abelian counterparts, these graphs have been widely used as
topologies for computer networks and parallel computers, due to their other
nice properties. However, up to now there are no comprehensive tables for
these graphs. Our goals in this paper are twofold:

1. Design and implement a computer search algorithm to find large circulant
graphs of a special type, with small degree and diameter.

2. Start the compilation of a table containing the largest known circulant
graphs for some small values of degree and diameter, including the results
obtained with the aforementioned algorithm.

Additionally, we explore the sharpness of the existing upper bounds for
some particular combinations of degree and diameter.

2 Definitions and basic facts

An undirected circulant graph C(n;S) is a Cayley graph on the cyclic group
Zn, with a symmetric connection set S (i.e. S = S−1, or S = −S, in additive
notation). The degree of C(n;S) is ∆ = |S|, and its order is obviously n. A
circulant graph can also be defined as a graph of n vertices whose adjacency
matrix is circulant [7].

Regarding the degree, we distinguish two cases:

1. Even degree: ∆ = 2t. In that case, S = {±s1, . . . ,±st}, where 1 ≤ s1 <
. . . < st <

n
2 . C(n;S) is connected if, and only if, gcd(n, s1, . . . , st) = 1.

2. Odd degree: ∆ = 2t + 1. In that case, S = {±s1, . . . ,±st, n2 }, where
1 ≤ s1 < . . . < st <

n
2 . It follows that odd degree is only possible when n

is even. Connectedness is similar to the previous case.

Now let N circ
∆,D be the number of vertices of the largest circulant graph with

degree ∆ and diameter D. It was proved in [2] that, if ∆ = 2t, then

N circ
∆,D ≤ F (t,D) =

t∑

i=0

2i
(
t

i

)(
D

i

)
(1)
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This upper bound was later rediscovered by Muga [17]. The quantity
F (t,D) also turns out to be an upper bound for NAC

∆,D, the order of the largest
Cayley graph over an abelian group, with degree ∆ and diameter D [6].

The numbers F (t,D) of Eq. 1 are known as Delannoy numbers (sequence
A008288 of [18]), and they arise in a variety of combinatorial and geometric
problems [20]. For example, they correspond to the volume of the ball of radius
D/2 in the L1 metric in t dimensions [6,13,21]. Other exact and asymptotic
formulas for these numbers are given in [13,19], such as:

F (t,D) = F (t− 1, D) + F (t,D − 1) + F (t− 1, D − 1) (2)

F (t,D) =
t∑

i=0

(
t

i

)(
D + i

t

)
=

t∑

i=0

(
D + i

i

)(
D

t− i

)
(3)

a

a
b −b

c

−a

−a
b

−b

c

b −b

b −bc

c

c

Fig. 1: Tree representation of a maximal abelian Cayley graph of degree 5 and
diameter 2.

In the case of odd ∆ (i.e. ∆ = 2t + 1) we have the generator n
2 , which is

its own inverse. Figure 1 provides a graphical example of that case, for ∆ = 5
and D = 3. We have denoted the generators as a, b, c, where c = −c. We
can see in this example that the edges labeled with c duplicate every vertex,
except those in the lowest level (level D). Therefore, an upper bound for the
maximum number of vertices in this case is:

F ′(t,D) = F (t,D) + F (t,D − 1) (4)

From Equations 2 and 4 we can deduce that the numbers F ′(t,D) also
satisfy the same recurrence 2. The first few values of F (t,D) and F ′(t,D) are
collected in Table 1.

Circulant graphs of the form C(n; {±1,±s2, . . . ,±st}) are called multi-loop
graphs. In particular, for t = 2 and t = 3 they are called double-loop graphs
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and triple-loop graphs, respectively. According to [16], the maximum order of
a triple-loop network C(n; {±1,±s2,±s3}) is:

T6,D =





32
27D

3 + 16
9 D

2 + 2D + 1 if D ≡ 0 mod 3

32bD3 c3 + 48bD3 c2 + 30bD3 c+ 7 if D ≡ 1 mod 3

32bD3 c3 + 80bD3 c2 + 70bD3 c+ 21 if D ≡ 2 mod 3

(5)

3 A search procedure

Let n, ∆ and D be given. We now describe a systematic search procedure that
attempts to find a multi-loop graph with the given parameters. Our search
space consists of all connection sets S. The basic idea is to consider a tree-like
organization of the search space, and then perform a Depth-First Search with
backtracking on the tree, while pruning significant portions of it.

For even (resp. odd) ∆, a node at depth t in the search tree corresponds
to a multi-loop graph of order n and degree 2t (resp. 2t + 1). The root of
the search tree is the graph C(n; {±1}) (resp. C(n; {±1, n/2})). Let C(n;S)
be a node of degree smaller than ∆, and let m be the largest element in S
such that 1 ≤ m < n/2. Then C(n;S) has offspring C(n;S ∪ {±g}) for every
m + k ≤ g ≤ (n − k)/2 (resp. m + k ≤ g ≤ n/2 − k), where k is a control
parameter.

In the general Degree/Diameter Problem, it is well-known that large graphs
tend to have large girth with respect to their diameter. This observation does
not apply to circulant graphs, as their girth is always at most 4 when ∆ ≥ 3.
Thus, we have generalized the girth criterion as follows:

For a circulant graph C(n;S) and a length d, define Pdw (0 ≤ w < N) as
the set of vertex-disjoint paths of length d from a fixed vertex v (say 0) to the
vertex w.

Whether the offspring of a given node C(n;S) are explored or not depends
on a function on the cardinals of the sets Pdw. Basically, we fix constants cdi
(for 0 ≤ i ≤ d < D) which stand for the maximum number of paths allowed
in Pdw whenever w is at distance i ≤ d from the vertex 0. That is, for every
vertex w in the graph, if w is at distance i < D from the vertex 0, we require
that |Pdw| ≤ cdi for every d with i ≤ d < D. By varying the constants cdi it is
possible to adjust the amount of pruning. Exhaustive search, when feasible,
is performed by setting large enough values for the constants.

Algorithm 1 formalizes the above ideas in a recursive fashion. The param-
eters n, ∆ and D are global. The input to the algorithm is the connection set
S. Initially, the algorithm is called with S = {±1} (resp. S = {±1, n/2}). If a
multi-loop graph C(n;S) with de desired parameters is found, the algorithm
will print it out. Otherwise, the algorithm terminates without producing any
output.
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For a given generator g ∈ S, the algorithm computes a g-path, which is a
path in C(n;S) containing g. From a g-path P , the algorithm then computes
the parameters w, d, and Pdw, as explained above.
=================================

Input: A set of generators S.
Output: A circulant graph C(n;S) with degree ∆ and diameter D.

m:= Largest element in S;
for g:= m+ k to (n− k)/2 do begin

S′:= S ∪ {±g};
success := true;

for each g-path P in C(n;S′), with P ∈ Pdw do begin
i:= Distance from vertex 0 to w in C(n;S′);
if d > i and |Pdw| > cdi then begin

success := false;

break;
end

if d = i and |Pjw| > cji for some j (i ≤ j < D) then begin
success := false;

break;
end

end
if success then

Call SEARCH(S′);
else

if diameter of C(n;S′) is D then
Print C(n;S′);

end

Algorithm 1: SEARCH

=================================

4 The largest known circulant graphs

Prior to our computer-based search, the main sources of large circulant graphs
were:

1. For t = 2 an optimal circulant graph C(n;±s1,±s2), is achieved for s1 =
b1

2(
√

2n− 1− 1)c and s2 = s1 + 1 [1,2,14].
2. Monakhov and Monakhova used an evolutionary algorithm to find dense

families of undirected circulant graphs. In particular, with the aid of this
algorithm they found some families of large triple-loop graphs [15].
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3. For larger degrees we have the construction C(n;±1,±s, . . . ,±st−1), where
n = st, and s is an odd integer, which yields good circulant graphs of
diameter t

2(s− 1) = t
2n

1/t − t
2 [22].

4. Applying the methods described in [6] for abelian Cayley graphs, Charles
Delorme and Robert Lewis have recently obtained several circulant graphs
of large order [5,11].

Table 1 summarizes our knowledge about the largest known circulant
graphs, including the ones obtained by Algorithm 1 above. Each entry con-
tains the order of the largest circulant graph known to-date (upper left), a
reference (upper right), the best-known upper bound (lower left), and the
percentage of the upper bound achieved (lower right).

The new graphs obtained by Algorithm 1 are given in Table 2. The table
also indicates which of these graphs are optimal multi-loop graphs. Optimality
has been verified for some small values of ∆ and D, by performing a systematic
search through all multi-loop graphs with the given parameters ∆ and D.

Diameter D
2 3 4 5 6 7 8 9 10

3 8 12 16 20 24 28 32 36 40

8 100% 12 100% 16 100% 20 100% 24 100% 28 100% 32 100% 36 100% 40 100%

4 13 25 41 61 85 113 145 181 221

13 100% 25 100% 41 100% 61 100% 85 100% 113 100% 145 100% 181 100% 221 100%

5 16 36 [12] 64 [12] 100 [12] 144 [12] 196 [12] 256 [12] 324 [12] 400 [12]

18 89% 38 95% 66 97% 102 98% 146 99% 198 99% 258 99% 326 99% 402 99%

6 21 [6,5] 55 [6,5] 117 [6,5] 203 [6,5] 333 [6,12] 515 [6,12] 737 [6,12] 1027 [6,12] 1393 [6,16]

25 84% 63 87% 129 91% 231 88% 377 88% 575 90% 833 88% 1159 89% 1561 89%

7 26 [6,5] 76 [6,12] 160 [6,12] 308 [6,12] 536 [6] 828 [6] 1232 [6] 1764 [6] 2392 [6]

32 81% 88 86% 192 83% 360 86% 608 88% 952 87% 1408 87% 1992 88% 2720 88%

8 35 [5] 104 T.2 248 T.2 528 T.2 984 [11] 1712 [11] 2768 [11] 4280 [11] 6320 [11]

41 85% 129 77% 321 75% 681 77% 1289 76% 2241 76% 3649 76% 5641 76% 8361 76%

∆ 9 42 [5] 130 [12] 320 T.2 700 [11] 1416 [11] 2548 [11] 4304 [11] 6804 [11] 10320 [11]

50 84% 170 76% 450 71% 1002 70% 1970 72% 3530 72% 5890 73% 9290 73% 14002 74%

10 51 [5] 177 [12] 457 T.2 1071 T.2 — — — — —

61 84% 231 77% 681 67% 1683 64% 3653 — 7183 — 13073 — 22363 — 36365 —

11 56 [5] 210 T.2 576 T.2 — — — — — —

72 78% 292 72% 912 63% 2364 — 5336 — 10836 — 20256 — 35436 — 58728 —

12 67 [5] 275 T.2 — — — — — — —

85 79% 377 73% 1289 — 3653 — 8989 — 19825 — 40081 — 75517 — 134245 —

13 80 T.2 312 T.2 — — — — — — —

98 82% 462 68% 1666 — 4942 — 12642 — 28814 — 59906 — 115598 — 209762 —

Table 1: Orders of the largest known circulant graphs.
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∆ D Multi-loop graph ∆ D Multi-loop graph

8 3 104{±1,±16,±20,±27} ? † 11 3 210{±1,±49,±59,±84,±89, 105} ?
8 4 248{±1,±61,±72,±76} ? † 11 4 576{±1,±9,±75,±155,±179, 288}
8 5 528{±1,±89,±156,±162} ? † 12 3 275{±1,±16,±19,±29,±86,±110}
9 4 320{±1,±15,±25,±83, 160} ? † 13 2 80{±1,±3,±9,±20,±25,±33, 40}
10 4 457{±1,±20,±130,±147,±191} 13 3 312{±1,±14,±74,±77,±130,±138, 156}
10 5 1071{±1,±101,±168,±378,±509}

Table 2: New multi-loop networks obtained by Algorithm 1. The graphs
marked with ? are optimal. The graphs marked with † have been obtained
independently by Lewis [11].

5 Open problems

The apparent simplicity of circulant graphs is deceiving, and they are a reser-
voir of interesting open problems. From our point of view, the main open
questions here have to do with the sharpness of the upper bound given in
Eq. 1. Is there a smaller general upper bound for N circ

∆,D ? If not, can we find
smaller upper bounds for some special cases?

As for the lower bounds, there are few constructions for ∆ > 4. In that
respect, the methods of [6,5,11] seem very promising. Additionally, other
computer-based methods in the style of [15] could be devised, to obtain fam-
ilies of large circulant graphs with low diameter.

Table 1 still has several vacant entries at the upper values of ∆ and D,
where the execution time of Algorithm 1 becomes prohibitive with the com-
puting power at our disposal. In principle, some of these vacancies could be
filled by increasing the computing power. Alternatively, the vacancies could
be filled with the aid of the construction described by Wong and Coppersmith
[22], or later variants. However, we rather chose not to do that, since the val-
ues resulting from these latter constructions turn out to be smaller than the
ones already found in lower entries of the table. We prefer to leave those en-
tries blank until they can be occupied by graphs that conform to the steadily
growing pattern of the table.

Acknowledgement. We feel indebted to Charles Delorme for sharing his unpublished
results with us.
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Caracterizaciones combinatorias y algebraicas de
grafos distancia-regulares

M. A. Fiol1

Universitat Politècnica de Catalunya, Departament de Matemàtica Aplicada IV,
Barcelona, Catalonia. fiol@ma4.upc.edu

Resumen. Los grafos distancia-regulares aparecen a menudo en el estudio de es-
tructuras matemáticas con un alto grado de simetŕıa y/o regularidad. Un ejemplo
bien conocido de tales grafos son los esqueletos de los sólidos platónicos. Desde que
fueron propuestos por Norman Biggs, los grafos distancia-regulares han sido carac-
terizados por numerosos resultados, tanto de carácter combinatorio como algebraico.
Como ejemplo del primer caso, sabemos que un grafo es distancia-regular si, y sólo
si, el número de caminos de una longitud dada entre dos vértices sólo depende de
la distancia entre dichos vértices. En esta charla se van a presentar y comparar las
diferentes caracterizaciones conocidas, tanto las más clásicas como las que han sido
recientemente descubiertas por el conferenciante y algunos de sus colaboradores. En-
tre las últimas, cabe destacar el que ya es conocido en la literatura com el ‘teorema del
exceso espectral’. Este resultado puede considerarse como una caracterización casi-
espectral, y afirma que un grafo es distancia-regular si, y sólo si, su exceso espectral
(una cantidad calculable a partir de su matriz de adyacencia) es igual a su exceso
medio (el número medio de vértices a distancia máxima de cada vértice).

1 Preliminaries

Recordemos primero algunas notaciones y resultados básicos. Para más in-
formación sobre teoŕıa espectral de grafos y distancia-regularidad consultar,
por ejemplo, [3,5,6,8,10,20,22,23,27]. En este art́ıculo, Γ denota un grafo con
conjunto V = V (G), de n = |V | vertices, matriz de adyacencia A y espec-
tro spΓ = spA = {λm0

0 , λm1
1 , . . . , λmdd }, donde los distintos autovalores de

Γ estan en orden decreciente, λ0 > λ1 > · · · > λd, y los supráındices de-
notan sus multiplicidades mi = m(λi), i = 0, 1, . . . , d. Entonces, como es
bien conocido, λ0, con multiplicidad m0 = 1, coincide con el radio espec-
tral de A, y tiene un autovector (columna) positivo (el vector de Perron)
α, que normalizamos de manera que ‖α‖2 = n. Para cada i = 0, . . . , d, la
matriz idempotente Ei representa la proyección ortogonal sobre el espacio
propio asociado al autovalor λi. Denotamos por dist(u, v) la distancia entre
los vértices u, v ∈ V . Entonces, con Γi(u) = {v| dist(u, v) = i}, la eccentrici-
dad de un vértice u es ecc(u) = máx{dist(u, v)|v ∈ V }, y el diámetro de Γ es
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D = máx{ecc(u)|u ∈ V }. Para cada 0 ≤ i ≤ D, la matriz distancia-i Ai tiene
elementos (Ai)uv = 1 si dist(u, v) = i, y (Ai)uv = 0, en otro caso.

1.1 Polinomios predistancia y números de preintersección

Dado un grafo Γ con espectro indicado anteriormente, los polinomios pre-
distancia p0, . . . , pd, introducidos por Fiol y Garriga en [25], constituyen una
sequencia de polinomios ortogonales con respecto al producto escalar

〈f, g〉Γ =
1

n
tr(f(A)g(A)) =

1

n

d∑

i=0

mif(λi)g(λi), (1)

normalizados de tal manera que ‖pi‖2Γ = pi(λ0) (es conocido que pi(λ0) > 0
para todo i = 0, . . . , d ). Algunas propiedades de estos polinomios son las
siguientes (ver Cámara, Fàbrega, Fiol, y Garriga [9]):

(a)p0 = 1, p1 = x, y las constantes de la relación de recurrencia de tres
términos

xpi = βi−1pi−1 + αipi + γi+1pi+1, (2)

donde β−1 = γd+1 = 0, satisfacen αi + βi + γi = λ0 para cada i = 0, . . . , d.
(b) El valor de pd en λ0 es:

pd(λ0) = n

(
d∑

i=0

π2
0

miπ2
i

)−1

, (3)

donde πi =
∏

j 6=i
|λi − λj |, para i = 0, . . . , d.

(c)H = p0 + p1 + · · · + pd es el polinomio de Hoffman que caracteriza la
regularidad de Γ a través de la condición H(A) = J , donde J denota la
matrix todo 1’s (ver Hoffman [30] ).

A partir de los polinomios predistancia, definimos los números de prein-
tersección ξhij [13] como los coeficientes de Fourier de pipj en términos de la
base {ph}0≤h≤d, es decir,

ξhij =
〈pipj , ph〉Γ
‖ph‖2Γ

=
1

nph(λ0)

d∑

r=0

m(λr)pi(λr)pj(λr)ph(λr). (4)

Notar que, en particular, los coeficientes de la relación de recurrencia (2)
son αi = ξi1,i, βi = ξi1,i+1, y γi = ξi1,i−1. Como era de esperar, cuan-
do Γ es distancia-regular, los polinomios predistancia y los números de
preintersección resultan ser, respectivamente, los polinomios distancia, que
evaluados en A dan las matrices distancia pi(A) = Ai, y que satisfacen
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pi(λ0) = ki = Γi(u) para todo u ∈ V e i = 0, . . . , D; y los números de
intersección pkij = |Γi(u) ∩ Γj(v)|, donde dist(u, v) = k. Para un grafo cual-

quiera, decimos que el número pkij está dien definido cuando los números

pkij(u, v) = |Γi(u)∩ Γj(v)| son idénticos para todos los pares de vértices u, v a

distancia k, y, en particular, escribimos ai = pi1,i, bi = pi1,i+1, y ci = pi1,i−1.

2 Caracterizaciones combinatorias

Los dos resultados siguientes dan caracterizaciones puramente combinatorias
de la distancia-regularidad.

Teorema 1. Un grafo Γ con diámetro D es distancia-regular si y sólo si se
cumple cualquiera de las condiciones siguientes:

(a)Dados dos vértices u, v a distancia k = dist(u, v), el número de vértices

pkij(u, v) = |Γi(u) ∩ Γj(v)|

sólo depende de i, j, k. Entonces pkij(u, v) = pkij són los llamados números

de intersección. (Es decir, los pkij’s estan bien definidos).
(b) Dados dos vértices u, v a distancia k = dist(u, v), 0 ≤ k ≤ D, los números

ck(u, v) = |Γk−1(u)∩Γ (v)|, ak(u, v) = |Γk(u)∩Γ (v)|, bk(u, v) = |Γk+1(u)∩Γ (v)|

sólo dependen de k, en cuyo caso los denotamos por ck, ak y bk, respecti-
vamente. (Es decir, ak, bk y ck estan bien definidos).

Teorema 2 ([33,23,13]). Un grafo Γ con diámetro D es distancia-regular si
y sólo si se cumple cualquiera de las condiciones siguientes:

(a)Para cada número no negativo `, el número a`uv = (A`)uv de recorridos de
longitud ` entre dos vértices u, v sólo depende de k = dist(u, v).

(b)Γ es regular y, para cada ` ∈ {k, k+1}, ` ≤ D, el número a`uv de recorridos
de longitud ` entre dos vértices u, v sólo depende de k = dist(u, v).

(c)Γ es regular, bipartito, y a
(`)
uv = a

(`)
i para ` = i ≤ D−2 y algunas constantes

a
(`)
i .

3 Caracterizaciones algebraicas

Usando las matrices distancia, los Teoremas 1 y 2 pueden enunciarse de la
forma siguiente:

Teorema 3. Un grafo Γ con diámetro D es distancia-regular si, y sólo si, se
cumple cualquiera de las condiciones siguientes:
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(a)El producto de matrices distancia satisface

AiAj =
D∑

k=0

pkijAk (0 ≤ i, j ≤ D)

para algunas constantes pkij (los números de intersección).
(b) Las matrices distancia satisfacen la siguiente relación de recurrencia:

AAk = bk−1Ak−1 + akAk + ck+1Ak+1 (0 ≤ k ≤ D)

para algunas constantes ak, bk y ck (con b−1 = cD+1 = 0).
(c) Las potencias de la matriz de adyacencia A sumplen:

A` ◦Ai = a
(`)
i Ai (0 ≤ i, ` ≤ d)

para algunas constantes a
(`)
i .

Por otra parte, resulta que

A = Rd[A] = span{I ,A,A2, . . . ,Ad}

es un álgebra con el producto ordinario de matrices y bases ortogonales
{E0,E1, . . . ,Ed} y {p0(A), p1(A), . . . , pd(A)}, denominada álgebra de adya-
cencia. Por otra parte,

D = span{I ,A,A2, . . . ,AD}

constituye un álgebra con el producto de Hadamard “◦”de matrices, definido
por (X ◦Y )uv = (X )uv(Y )uv. Llamamos a D el ◦-algebra de distancia. Notar
que, cuando Γ es regular, I,A,J ∈ A ∩ D ya que J = H(A) =

∑D
i=0Ai.

Aśı, dim (A ∩ D) ≥ 3 siempre que Γ no sea un grafo completo (en este caso
excepcional, J = I + A).

Una caracterización clásica de la distancia-regularidad que usa dichas álge-
bras es la siguiente:

Teorema 4 ([5,6]). Un grafo Γ regular con d+1 autovalores distintos, diáme-
tro D = d, álgebra de adyacéncia A y ◦-álgebra de distancia D es distancia-
regular si, y sólo si, se cumple cualquiera de las condiciones siguientes:

(a)A = D.
(b) dim(A ∩D) = d+ 1.

En el siguiente resultado, que constitute una formulación equivalente al
teorema anterior, pji y qij son constantes:

Teorema 5 ([5,6]). Un grafo Γ regular con d+1 autovalores distintos, diáme-
tro D = d, e idempotentes E0, . . . ,Ed es distancia-regular si y sólo si se
cumple cualquiera de las condiciones siguientes:
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(a)AiEj = pjiEj, i, j = 0, 1, . . . , d(= D).
(b)Ej ◦Ai = qijAi, i, j = 0, 1, . . . , d.

Cuando se cumples las condiciones (a), Los polinomios predistancia resul-
tan ser los polinomios distancia que satisfacen pi(A) = Ai, i = 0, 1, 2, . . . , d
(ver, por ejemplo, Bannai y Ito [3]). Además, para grafos en general que no
cumplen necesariamente D = d, las condiciones (a) son una caracterización de
los llamados grafos distancia-polinomiales, introducidos por Weichsel [34] (ver
también Beezer [4] y Dalfó, van Dam, Fiol, Garriga y Gorissen [12]). Esto es
equivalente a D ⊂ A (pero no necesariamente D = A); es decir, cada matriz
distancia Ai es un polinomio (no necesariamente pi) en A. En contraste con
esta situación, la condición (b) es equivalente a A ⊂ D y, por tanto, a A = D
(lo cual implica d = D) ya que dimA ≥ D + 1 = dimD.

Teorema 6 ([27,22,12]). Un grafo Γ regular con d+1 autovalores distintos,
diáametro D = d, e idempotentes E1,Ed es distancia-regular si y sólo si se
cumple cualquiera de las condiciones siguientes:

(a)Ai = pi(A) para i = 0, 1, . . . , D(= d)
(b)Ad ∈ A.
(c)Ad = pd(A).
(d)Ai = pi(A) para i = d− 2, d− 1.
(e)Γ es bipartito y Ai = pi(A) para i = d− 3, d− 2.
(f)Γ es bipartito y Ai = pi(A) para i = d− 4, d− 2.
(g)Ej ∈ D para j = 1, d.
(h)Γ es bipartito y E1 ∈ D.
(i)A` ◦Ai ∈ D para ` = i, i+ 1 y i ≤ d− 1.

Notar que, como muestran los resultados anteriores, las condiciones para
tener distancia-regularidad pueden ser relajadas si asumimos que el grafo es
bipartito, obteniéndose aśı caracterizaciones más ‘económicas’.

4 Caracterizaciones espectrales

Un tema central en la teoŕıa espectral de grafos es el estudio de hasta que
punto el espectro de un grafo lo determina uńıvocamente o, al menos, algunas
de sus caracteŕısticas, ver [29,16,17]. En particular se ha prestado una atención
especial a la formulación de caracterizaciones espectrales o cuasi-espectrales de
la distancia-regularidad. En este contexto, existen tres clasees de condiciones
que nos permiten concluir que un grafo conexo Γ es distancia-regular. A saber:

(A)El espectro de Γ satisface unas determinadas condiciones.
(B)Γ es coespectral con un grafo distancia-regular que satisface unas deter-

minadas condiciones combinatorias.
(C)Γ satisface unas determinadas condiciones espectrales y combinatorias.
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En realidad, las clases (B) y (C) estan estrechamente relacionadas, en el senti-
do de que la condición sobre Γ de ser coespectral con un grafo distancia-regular
implica que el espectro de Γ satisface unas condiciones bien definidas.

Algunos resultados dentro de cada categoŕıa son los siguientes:

(a1)Un grafo conexo Γ es distancia-regular si es regular (una propiedad que
puede ser determinada a partir del espectro) y tiene d = 3 autovalores
distintos. (Folclore, ver por ejemplo Godsil [28]). Ejemplo: El grafo de
Petersen.

(a2)El ‘teorema del cuello impar’: Un grafo conexo Γ es distancia-regular si
tiene d+ 1 autovalores distintos y cuello impar (es decir, el ciclo más corto
de longitud impar) 2d + 1, (éste también puede ser deducido a partir del
espectro). (Ver Van Dam y Haemers [18], Lee y Weng [32], y Van Dam y
Fiol [14]). Ejemplo: Los ‘cubos plegados’, tal como el grafo de Clebsch.

(b1)Si el grafo Γ es coespectral con el grafo del dodecaedro o del icosahedro,
entonces Γ es tal grafo. (Ver Brouwer y Haemers [7]).

(b2)Un grafo Γ es distance-regular si es cospectral con un grafo distancia-
regular graph con diámetro d y números de intersección c1 = · · · = cd−1 = 1
(ver Van Dam y Haemers [15]). Ejemplo: El grafo de Coxeter.

(c1)Un grafo conexo y regular Γ con d+ 1 autovalores distintos es r-antipodal
y distancia-regular si, y sólo si, su distancia-d grafo esta constituido por
copias disjuntas del grafo completo Kr, con r determinado por el spectro.
(See Fiol [21]). Examplo: El grafo de Klein.

(c2)El ‘teorema del exceso espectral’: Un grafo conexo y regular Γ es distancia-
regular si, y sólo si, su ‘exceso espectral’ (un número que puede ser cal-
culado a partir del espectro) es igual a su ‘exceso medio’ (la media de los
números de vértices a distancia máxima de cada vértice). (Ver Fiol y Garri-
ga [25], o Van Dam [11], y Fiol, Gago, y Garriga [24] para demostraciones
cortas del resultado).

Los resultados conocidos de clase (B) vienen recogidos en el siguiente re-
sultado:

Teorema 7 ([8]). Si G es un grafo distancia-regular con diámetro D = d,
cuello g, y satisface una de las propiedades siguientes, entonces, cada grafo Γ
cospectral con G es tambien distance-regular, y tiene los mismos números de
intersección que G.

(i) g ≥ 2d− 1,
(ii)g ≥ 2d− 2 y G es bipartito,
(iii)g ≥ 2d− 2 y cd−1cd < −(cd−1 + 1)(λ1 + · · ·+ λd),
(iv)G es un grafo ‘odd’ generalizado [31], esto es, a1 = · · · = ad−1 = 0, ad 6= 0,
(v)c1 = · · · = cd−1 = 1,
(vi)G es el grafo del dodecaedro, o del icosaedro,
(vii)G es el grafo ‘coset’ del código de Golay ternario extendido,
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(viii)G es el grafo de Ivanov-Ivanov-Faradjev.

Los casos (i), (iv), y (vi) (Ejemplo (b1)) son debidos a Brouwer y Haemers
[7]. Los casos (ii), (iii), (v) (Ejemplo (b2)), y (vii) fueron demostrados por
Van Dam y Haemers [15], mientras que el caso (viii) fue probado por Van
Dam, Haemers, Koolen, y Spence [19]. Tal como se menciona en el texto de
Brouwer y Haemers [8], (ii) es un caso especial de (iii), los ciclos Cn y los
grafos fuertemente regulares (d = 2) son consequencia de (i), y los grafos
bipartitos distancia-regulares (d = 3) son un caso especial de (ii). Un ejemplo
de (iii) es el grafo ‘coset’ del código de Golay binario doblemente truncado;
ejemplos de (iv) son los grafos ‘odd’ y los cubos plegados, y un ejemplo de (v)
es el grafo ĺınea del grafo de Petersen.

Los dos primeros resultados del Theorem 7 pueden ser generalizados como
resultados de clase (A). (La condición de ser bipartito es deducible a partir
del espectro por la condición λd = −λ0):

Teorema 8 ([1]). Un grafo regular Γ , con d+1 autovalores distintos y cuello
g, es distance-regular si se cumple cualquiera de las condiciones siguientes:

(a)g ≥ 2d− 1,
(b) g ≥ 2d− 2 y Γ es bipartito.

Asimismo, el siguiente resultado corresponde a la versión de clase (A) del
Theorem 7(v) y a su contrapartida para grafos bipartitos. (Recuérdese que los
números de preintersección estan determinados por el espectro del grafo.)

Teorema 9 ([1]). Sea Γ un grafo regular con d + 1 autovalores distintos y
números de preintersección γ1, . . . , γd. Entonces, Γ es distancia-regular si se
cumple cualquiera de las condiciones siguientes:

(a)γ1 = · · · = γd−1 = 1.
(b)Γ es bipartito y γ1 = · · · = γd−2 = 1.

Para terminar, enunciamos formalmente el ‘teorema del exceso espectral’
como ejemplo de resultado de clase (C):

Teorema 10 ([25,11,24]). Sea Γ un grafo conexo y regular con d + 1 au-
tovalores distintos, exceso espectral pd(λ0) (dado por (3)) y exceso medio
kd = 1

n

∑
u∈V |Γd(u)|. Entonces Γ es distancia-regular si, y sólo si,

kd = pd(λ0).
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Breaking symmetries of graphs with resolving sets ?
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Abstract. We undertake a study on the maximum value of the difference between
the metric dimension and the determining number of a graph as a function of its order.
Our results include lower and upper bounds on that maximum, and exact compu-
tations when restricting to some specific families of graphs. Although our technique
is mainly based on locating-dominating sets, it also requires very diverse tools and
relationships with well-known objects in graph theory; among them: a classical result
in graph domination by Ore, a Ramsey-type result by ErdHos and Szekeres, a polyno-
mial time algorithm to compute distinguishing sets and dominating sets of twin-free
graphs, k-dominating sets, and matchings.

Key words: determining set, determining number, resolving set, metric dimension,

locating-dominating set.

1 Introduction and preliminaries

In this paper we focuss on two graph parameters that have attracted much
attention in recent years: the determining number and the metric dimension.
Concretely, we deal with the following question proposed by Boutin [2]: Can
the difference between the determining number and the metric dimension of a
graph be arbitrarily large? We begin with some definitions and notations.

Let G be a finite, connected, undirected, and simple graph2. The stabilizer
of a set S ⊆ V (G) is Stab(S) = {φ ∈ Aut(G) : φ(u) = u,∀u ∈ S}, and S is a

? The first and second authors are partially supported by projects 2010/FQM-164 and
2011/FQM-164. The third author is partially supported by the ESF EUROCORES pro-
gramme EuroGIGA ComPoSe IP04 MICINN Project EUI-EURC-2011-4306, and projects
2010/FQM-164 and 2011/FQM-164.

2 The vertex set and the edge set of G are denoted by V (G) and E(G), respectively; the
order of G is n = |V (G)|. As usual, G denotes the complement of G. An automorphism
of G is a bijective mapping of V (G) onto itself such that f(u)f(v) ∈ E(G) if and only if
uv ∈ E(G). The automorphism group of G is written as Aut(G), and its identity element
is idG. The distance d(u, v) between two vertices u and v is the length of a shortest u-v
path. Finally, we write N(u) for the open neighbourhood of a vertex u ∈ V (G).
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determining set of G if Stab(S) is trivial. The minimum cardinality of a deter-
mining set is the determining number of G, denoted by Det(G). On the other
hand, a vertex u ∈ V (G) resolves a pair {x, y} ⊆ V (G) if d(u, x) 6= d(u, y).
When every pair of vertices of G is resolved by some vertex in S, it is said
that S is a resolving set of G. The minimum cardinality of a resolving set is
the metric dimension of G, written as dim(G).

Determining sets of graphs are particular cases of bases of permutation
groups, defined by Sims [9] in 1971 as subsets of elements whose stabilizer is
trivial. Much later, Boutin [2] and Erwin and Harary [5] used the terms deter-
mining set and fixing set, respectively, to refer to a base of the automorphism
group of a graph. Also in the 1970s, Harary and Melter [7], and independently
Slater [8], introduced the notion of resolving set. For more references on these
topics, we refer the reader to the survey of Bailey and Cameron [1].

The above-mentioned question posed by Boutin comes from the fact that
every resolving set of a graph G is also a determining set, and so Det(G) ≤
dim(G) (see [2,5]). To study this question, we define the function (dim −
Det)(n) as the maximum value of dim(G)−Det(G) over all graphs G of order
n, and develop a technique based on locating-dominating sets, whose definition
(recalled from [11]) is provided below. The following result, written in terms
of our function, is the best approach to date on the problem.

Proposition 1. [3] For every n ≥ 8,

b2
5
nc − 2 ≤ (dim−Det)(n) ≤ n− 2.

A pair {x, y} ⊆ V (G) is distinguished by a vertex u ∈ V (G) if either
u ∈ {x, y} or N(x)∩{u} 6= N(y)∩{u}, and a set D ⊆ V (G) is a distinguishing
set of G if every pair of V (G) is distinguished by some vertex in D. If D is
also a dominating set, i.e., N(x) ∩D 6= ∅ for every x ∈ V (G) \D, then D is
a locating-dominating set. The minimum cardinality of a locating-dominating
set is the locating-domination number of G, denoted by λ(G).

Note that distinguishing sets and locating-dominating sets are in essence
the same concept: one can easily check that every distinguishing set becomes
a dominating set by adding at most one vertex. Thus,

Remark 1. Let D be a distinguishing set of a graph G. Then, λ(G) ≤ |D|+ 1.

Every locating-dominating set is clearly a resolving set, and so Det(G) ≤
dim(G) ≤ λ(G) for any graph G. Let (λ−Det)(n) and λ(n) be the maximum
values of, respectively, λ(G)−Det(G) and λ(G) over all graphs G of order n.
Obviously,

(dim−Det)(n) ≤ (λ−Det)(n) ≤ λ(n).

The function λ(n) equals n−1 (attained by the complete graph Kn) but the
non-trivial restriction of this function to the class C∗ of twin-free graphs (i.e.,
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graphs that do not contain twin vertices) denoted by λ|C∗ (n) is fundamental
in this work.

The paper is organized as follows. In Section 2, we provide lower bounds
on the functions (dim−Det)(n) and (λ−Det)(n) by constructing appropriate
families of graphs. Section 3 establishes first that (dim − Det)(n) and (λ −
Det)(n) are bounded above by λ|C∗ (n) and then provides two upper bounds
on this last function. The first bound is obtained by combining a variant of
a classical theorem in domination theory due to Ore [8] and a Ramsey-type
result of ErdHos and Szekeres [4]. The second upper bound on λ|C∗ (n) comes
from a greedy algorithm to compute distinguishing sets and determining sets
of bounded size, which in addition gives an upper bound on the determining
number of a twin-free graph. In Section 4, we study the functions (dim −
Det)(n) and (λ − Det)(n) restricted to the class C4 of graphs not containing
the cycle C4 as a subgraph, and its subclass T of trees. For this purpose,
we use two well-known invariants of graphs: the k-domination number and
the matching number. We conclude in Section 5 with some remarks and open
problems.

2 Lower bounds on (dim−Det)(n) and (λ−Det)(n)

Cáceres et al. [3] used the wheel graph W1,n to obtain the lower bound on
(dim − Det)(n) given in Proposition 1. In order to get a better approach,
we construct two adequate families of graphs that, in addition, give a lower
bound on the function (λ−Det)(n).

Let Tr, r ≥ 6, be a tree that consists of a path (u1, ..., ur) and a pendant
vertex u0 adjacent to u3, and let Gr be the corona product Tr ◦ K1, i.e.,
the graph with vertex set V (Gr) = {u0, u1, ..., ur, v0, v1, ..., vr} and edge set
E(Gr) = E(Tr) ∪ {uivi : i ∈ {0, 1, ..., r}}. By adding another pendant vertex
v′0 to u0 in Gr we obtain the graph Hr (see Figure 1).

u1 u2 u3 u4 u5 ur−2 ur−1 ur

u0

v1 v2 v3 v4 v5 vr

v0

vr−2 vr−1

u1 u2 u3 u4 u5 ur−2 ur−1 ur

u0

v1 v2 v3 v4 v5 vr

v0

vr−2 vr−1

v′0

(a) (b)

Fig. 1: The graphs (a) Gr and (b) Hr.

The following lemma is the key tool to obtain lower bounds on the functions
(dim−Det)(n) and (λ−Det)(n).
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Lemma 1. For every r ≥ 6, the following statements hold:

(i) Det(Gr) = 0 and Det(Hr) = 1.
(ii) dim(Gr) = r and dim(Hr) = r + 1.

(iii) λ(Gr) = r + 1 and λ(Hr) = r + 2.

With this lemma in hand, one can prove that Gr, Hr, and their comple-
ments (for appropriate r) are the above-mentioned adequate families of graphs
which provide the following lower bounds.

Theorem 1. For every n ≥ 14,

(dim−Det)(n) ≥ bn
2
c − 1 and (λ−Det)(n) ≥ bn

2
c.

We shall exhibit large classes of graphs in which the restrictions of (dim−
Det)(n) and (λ−Det)(n) do not exceed n

2 . Thus, we believe that the preceding
bounds are in fact the exact values of our functions.

Conjecture 1. There exists a positive integer n0 such that, for every n ≥ n0,

(dim−Det)(n) = bn
2
c − 1 and (λ−Det)(n) = bn

2
c.

3 Upper bounds on (dim−Det)(n) and (λ−Det)(n)

In order to obtain explicit upper bounds on the functions (dim − Det)(n)
and (λ − Det)(n), our first step is to prove that they are bounded above
by λ|C∗ (n). To do this, we associate to every graph G a twin-free graph G̃,
from which one can extract locating-dominating sets of G. We then prove that
λ(G)−Det(G) ≤ λ(G̃), whose maximum taken over all graphs of order n leads
us to the desired inequality. This process comprises a complex machinery of
technical results that we omit for the sake of brevity.

Theorem 2. For every n ≥ 4,

(dim−Det)(n) ≤ (λ−Det)(n) ≤ λ|C∗ (n).

Theorems 4 and 2 give bn2 c ≤ λ|C∗ (n). Further, in [6] we find numerous
conditions for a twin-free graph G to satisfy λ(G) ≤ bn2 c (here we will indicate
only some of them). Thus, we believe that the following conjecture, which
implies most of Conjecture 1, is true.

Conjecture 2. There exists a positive integer n1 such that, for every n ≥ n1,

λ|C∗ (n) = bn
2
c.

In the following two subsections, we are concerned with obtaining upper
bounds on λ|C∗ (n) since, by Theorem 2, these are also bounds on the functions
(dim−Det)(n) and (λ−Det)(n).
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3.1 From minimal dominating sets to locating-dominating sets

A set D ⊆ V (G) is a minimal dominating set if no proper subset of D is a
dominating set of G. The following theorem, due to Ore [8], is one of the first
results in the field of graph domination. Theorem 4 below is a variant of this
result for twin-free graphs.

Theorem 3. [8] Let G be a graph without isolated vertices and let D ⊆ V (G)
be a minimal dominating set of G. Then, V (G) \D is a dominating set of G.

Theorem 4. Let G be a twin-free graph and let D ⊆ V (G) be a minimal
dominating set of G. Then, V (G) \D is a locating-dominating set of G.

The preceding theorem implies that minimal dominating sets of twin-free
graphs G provide bounds on λ(G). By showing that minimal dominating sets
can be constructed from independent sets and cliques of maximum size, we
reach the following corollary that supports Conjecture 2. Recall that the in-
dependence number α(G) and the clique number ω(G) are, respectively, the
maximum cardinality of an independent set and a clique of G.

Corollary 1. Let G be a twin-free graph. Then, λ(G) ≤ n−max{α(G), ω(G)−
1}. In particular, λ(G) ≤ n

2 when either α(G) ≥ n
2 or ω(G) ≥ n

2 + 1.

ErdHos and Szekeres [4] proved that every graph of order n contains either

a clique or an independent set of cardinality at least d log2 n
2 e. Applying this

result to Corollary 1, we obtain an upper bound on λ|C∗ (n) that, on account
of Theorem 2, improves significantly the upper bound of Proposition 1, due
to Cáceres et al. [3].

Corollary 2. For every n ≥ 4,

(dim−Det)(n) ≤ (λ−Det)(n) ≤ λ|C∗ (n) ≤ n− d log2 n

2
e+ 1.

3.2 A greedy algorithm for twin-free graphs

Our second upper bound on λ|C∗ (n), that is one of the main contributions of
this work, comes from a polynomial time algorithm that produces distinguish-
ing sets of twin-free graphs. In addition, this algorithm computes determining
sets of bounded size, and thus an upper bound on the determining number of
a twin-free graph. To present this algorithm, we first provide some notation.

For any set D ⊆ V (G), let us define a relation on V (G) given by u ∼D v
if and only if either u = v or {u, v} is distinguished by no vertex of D.
It is easy to check that this is an equivalence relation, and so we denote
by [u]D the set of vertices v ∈ V (G) such that u ∼D v. Thus, the sets D,
D1 = {u ∈ V (G) \ D : |[u]D| = 1} and D>1 = V (G) \ (D ∪ D1) form a
partition of V (G), where any of these sets may be empty.
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The following greedy algorithm gives a partition of V (G) into three sets
so that, combining them properly, one obtains distinguishing sets and deter-
mining sets of G of bounded size, as stated in Lemma 2 below.

Algorithm 1

Input: A twin-free graph G and a vertex u0 ∈ V (G).
Output: An appropriate partition of V (G) into three subsets A,B,C.

1 A← {u0}
2 B ← A1

3 C ← A>1

4 while ∃ u, x, y ∈ C such that [x]A = [y]A and [x]A∪{u} 6= [y]A∪{u} do
5 A← A ∪ {u}
6 B ← A1

7 C ← A>1

8 end
9 return A,B,C

Lemma 2. Let A,B,C be the sets obtained by application of Algorithm 1 to
a twin-free graph G and a vertex u0 ∈ V (G). Then, the following statements
hold:

(i) A ∪B, A ∪ C and B ∪ C are distinguishing sets of G.
(ii) A and B ∪ C are determining sets of G.

The pigeonhole principle ensures that one set among A ∪B,A ∪ C,B ∪ C
has cardinality at most b2

3nc. Then, by Lemma 2 and Remark 1, we obtain
the following theorem that improves the upper bound of Corollary 2, and
consequently the upper bound of Proposition 1 by Cáceres et al. [3].

Theorem 5. Let G be a twin-free graph of order n ≥ 4. Then,

(dim−Det)(n) ≤ (λ−Det)(n) ≤ λ|C∗ (n) ≤ b2
3
nc+ 1.

We want to point out that, this result and Theorem 4 give, as far as we
know, the best bounds on the function (dim−Det)(n).

By applying again the pigeonhole principle, one gets that either A or B∪C
has cardinality at most bn2 c and so, by Lemma 2, we obtain the following
bound on the determining number of a twin-free graph.

Theorem 6. Let G be a twin-free graph of order n ≥ 4. Then,

Det(G) ≤ bn
2
c.
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4 Restriction to specific families of graphs

Let (dim − Det)|C(n) and (λ − Det)|C(n) be the restrictions of our functions
to a class of graphs C. Here, we study these restrictions to the classes C4 and
T . To do this, we relate the locating-domination number to two well-known
graph parameters: the k-domination number and the matching number.

Given a positive integer k, a set D ⊆ V (G) is said to be a k-dominating
set if |N(x) ∩D| ≥ k for every x ∈ V (G) \D. The minimum cardinality of a
k-dominating set is the k-domination number of G, denoted by γk(G). On the
other hand, the matching number of G, written as α′(G), is the cardinality of
a maximum matching in G.

Let K2,k denote the class of graphs not containing K2,k as a (not necessarily
induced) subgraph (observe that K2,2 = C4). The following proposition gives
two bounds on the locating-domination number of a graph of K2,k in terms
of, respectively, its k-domination number and its matching number.

Proposition 2. For every G ∈ K2,k of order n ≥ 4, the following statements
hold:

(i) λ(G) ≤ γk(G).
(ii) λ(G) ≤ α′(G) whenever k = 2 and G ∈ C∗.

As an application of this proposition, we obtain the exact value of the
function (λ−Det)|C4 (n) and give bounds on (dim−Det)|C4 (n).

Theorem 7. For every n ≥ 49, it holds that

b2
7
nc ≤ (dim−Det)|C4 (n) ≤ bn

2
c and (λ−Det)|C4 (n) = bn

2
c.

Regarding the family of trees, Cáceres et al. [3] proved that (dim −
Det)|T (n) = Ω(

√
n). The following theorem provides the exact value of this

function (thereby closing the study initiated by those authors) and also the
value of (λ−Det)|T (n).

Theorem 8. For every n ≥ 49, it holds that

(dim−Det)|T (n) = b2
7
nc and (λ−Det)|T (n) = bn

2
c.

Observe that Theorems 7 and 8 also support Conjecture 2.

5 Concluding remarks

We develop a technique to study the function (dim − Det)(n) that involves
two other functions related to locating-dominating sets: (λ − Det)(n) and
λ|C∗ (n). This technique uses tools that go from results by Ore, and ErdHos
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and Szekeres to matchings, k-domination, and the design of a polynomial
time algorithm to obtain distinguishing sets and determining sets of twin-free
graphs. We want to stress that our technique requires many auxiliary results
that are of independent interest; here, they are omitted for the sake of brevity
but we refer the interested reader to [6] for more details.

It would be interesting to settle Conjectures 1 and 2, which deal with the
exact values of our functions. Further, it remains open the computation of
the function (dim − Det)|C4 (n). It would be also interesting to find specific
families of graphs where the restrictions of (dim− Det)(n) and (λ− Det)(n)
may be computed. Finally, the maximum value of the difference between the
metric dimension and the locating-domination number is still unknown and a
study on this function may be proposed.

References

[1] R. F. Bailey and P. J. Cameron. Base size, metric dimension and other invariants
of groups and graphs. Bull. Lond. Math. Soc., 43(2):209–242, 2011.

[2] D. L. Boutin. Identifying graph automorphisms using determining sets. Electron.
J. Combin., 13(1):Research Paper 78, 12, 2006.
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Abstract. In this paper we define a new concept of monitoring the elements of
triangulation graphs by faces. Furthermore, we analyze this, and other monitoring
concepts (by vertices and by edges), from a combinatorial point of view, on maximal
outerplanar graphs.
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1 Introduction

In Graph Theory, the notion of monitoring vertices, edges of graphs by other
vertices or edges has been widely studied (see, e.g., [4]). For instance, moni-
toring vertices by other vertices or edges by other edges leads to well known
parameters concerned with vertex domination or edge domination, respec-
tively. When vertices are to monitor edges we have the well known notions
of vertex covering. Finally, when edges are to monitor vertices we obtain pa-
rameters associated with edge covering. A dominating set is a set D ⊆ V such
that every vertex not in D is adjacent to a vertex in D. The domination num-
ber, γ(G), is the number of vertices in a smallest dominating set for G. A set
D ⊆ E is an edge dominating set if each edge in E is either in D or is adjacent
to an edge in D. The edge domination number, γ′(G), is the smallest cardi-
nality among all minimal edge dominating sets for G. A vertex cover is a set
C ⊆ V if each edge of the graph is incident to at least one vertex of the C. The
covering number, β(G), is the size of a minimum vertex cover. Finally, an edge
e = uv is said to cover the vertices u and v. An edge cover is set C ⊆ E which
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cover every vertex in V . The edge covering number, β′(G), is the minimum
cardinality of an edge cover for G. In Computational Geometry, for triangu-
lations or quadrangulations, a different monitoring notion was established –
the notion of monitoring bounded faces (faces, for short). When the faces are
monitored by vertices or edges, we obtain the parameters associated with ver-
tex guarding or edge guarding, respectively. Being G = (V,E) a triangulation,
a guarding set is a set L ⊆ V such that every face has a vertex in S. The
guarding number, g(G), is the number of vertices in a smallest guarding set for
G. Concerning edge guarding, an edge e = uv is said to guard a face of F of G
if u or v are vertices of F . An edge guarding set L ⊆ E is a set which guards
every face in G. The edge guarding number, ge(G), is the minimum cardinality
of an edge guarding set for G. All the previous described monitoring notions
were extended to include its distance versions on plane graphs. For example,
domination was extended to distance domination and guarding to distance
guarding [2].

Regarding combinatorial bounds, there are many results about domina-
tion and covering for graphs and for triangulations graphs (that is, the graph
of a triangulation of a set of points in the plane). In this paper we ana-
lyze these monitoring concepts (domination, covering and guarding) from a
combinatorial point of view, for a special class of triangulation graphs, the
maximal outerplanar graphs. A maximal outerplanar graph embedded in the
plane corresponds to a triangulation of a polygon. Concerning plane graphs,
it is natural to extend the notions of monitoring by faces. So, in this paper we
also define three new concepts: face-vertex guarding, face guarding and face-
edge guarding in triangulation graphs (triangulations, for short), that is, when
faces are monitored by vertices, faces and edges, respectively. Furthermore, we
establish tight bounds for the “normal” and distance versions of monitoring
by faces on maximal outerplanar graphs. In the next section we describe some
definitions and terminology that will be used throughout this paper.

2 Definitions

As stated above, given a triangulation T = (V,E) its elements (vertices, edges
and faces) can be monitored by other vertices, edges or faces (i.e., triangles).
First, we start by presenting the terminology that we use when the elements
of T are monitored by vertices, at its distance version (see [2], for details).
Let T = (V,E) be a triangulation. A kd-dominating set for T is a subset
D ⊂ V such that each vertex u ∈ V −D, distT (u, v) ≤ k for some v ∈ D.
The kd-domination number γkd(T ) is the number of vertices in a smallest
kd-dominating set for T . Given n ∈ N, we define γkd(n) = max{γkd(T ) :
T is triangulation T = (V,E) with |V | = n}. We say that a triangle Ti of
T is kd-guarded from by a vertex v ∈ V , if there is a vertex x ∈ Ti such
that distT (x, v) ≤ k − 1. A kd-guarding set for T is a subset L ⊆ V such
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that every triangle of T is kd-guarded by an element of L. The kd-guarding
number gkd(T ) is the number of vertices in a smallest kd-guarding set for
T . Given n ∈ N, we define gkd(n) = max{gkd(T ) : T is triangulation T =
(V,E) with |V | = n}. A kd-vertex cover of T , is a subset C ⊆ V such
that for each edge e ∈ E there is a path of length at most k, which con-
tains e and a vertex of C. The kd-covering number βkd(T ) is the num-
ber of vertices in a smallest kd-vertex cover of T . Given n ∈ N, we define
βkd(n) = max{βkd(T ) : T is triangulation T = (V,E) with |V | = n}.

In the following, we introduce the terminology that we use when the moni-
toring of the elements of T , at its distance version, is done by edges. A kd-edge
cover of T , is a subset C ⊆ E such that each vertex, v ∈ V distT (v, e) ≤ k − 1,
for some e ∈ Ce,kd, where distT (v, e) is the minimum distance between the
endpoints of e and v (see Fig. 1(a)), for a sketch). If the monitored elements
are triangles we have the notions of kd-edge guarding and gekd(T ) (see Fig.
1(b)). And if they are edges, kd-edge covering and β

′
kd(T ) (see Fig. 1(c)).

Given n ∈ N, the values γ
′
kd(n), gekd(n) and β

′
kd(n), are defined similarly to the

previous case (monitoring by vertices, in their distance versions).

e

(a) (b)

e

(c)

Fig. 1: The edge e: (a) 2d-edge dominate the black vertices; (b) 2d-edge guard
the shadow triangles; (c) 2d-edge cover the filled edges vertices.

Next, we will define new monitoring concepts: monitoring the elements
of a triangulation by its faces (the “normal” and the distance versions). Let
T = (V,E) be a triangulation. A face-vertex cover is a subset C of faces of T
such that each vertex v ∈ V is a vertex of some Ti ∈ C. The face-vertex cov-
ering number fv(T ) is the number of vertices in a smallest face-vertex cover
for T . Given n ∈ N, we define fv(n) = max{fv(T ) : T is triangulation T =
(V,E) with |V | = n}. We say that a triangle Tj of T is guarded by a triangle
Ti of T if they share some vertex. A face guarding set is a subset L of triangles
of T such that every triangle of T is guarded by an element of L. The face
guarding number, gf (T ), is the number of triangles in a smallest face guarding
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set for T . Given n ∈ N, we define gf (n) = max{gf (T ) : T is triangulation T =
(V,E) with |V | = n}. Finally, a subset C of triangles of T is face-edge cover if
each edge e ∈ E has an endpoint on some Ti ∈ C. The face-edge covering num-
ber fe(T ) is the minimum cardinality of a face-edge cover for T . Given n ∈ N,
we define fe(n) = max{fe(T ) : T is triangulation T = (V,E) with |V | = n}.

The above defined concepts were extended to its distance versions, “sim-
ilarly to the monitoring by edges” (see Fig.2). Given n ∈ N, the values

fvkd(n), gfkd(n) and fekd(n) are defined similarly to fv(n), gf (n) and fe(n), re-
spectively.

(a) (b) (c)

Fig. 2: The gray face:(a) 2d-face-face guard the shadow triangles; (b) 2d-face-
vertex cover the filled edges; (c) 2d-face-edge cover the black vertices.

Our main goal is to obtain combinatorial bounds related to the monitoring
numbers on triangulation. That is, establish tight bounds on γ(n), g(n), β(n),

. . . , gfkd(n), fekd(n), on triangulations. As stated in the introduction some
of these bounds are already known, so, as is evident, we will study the un-
known ones. Particularly, β(n), β

′
(n), β

′
kd(n), gekd(n), γ

′
kd(n) and, obviously, all

the values concerning the new defined concepts related to monitoring by faces.
We start by studying a special class of triangulations, namely the maximal
outerplanar graphs; and concerning the the distance versions we begin with
distance 2, that is, d = 2.

3 Monitoring maximal outerplanar graphs

In this section we establish tight bounds for the minimum number of vertices,
edges and faces that monitor the different elements (vertices, edges and faces)
of a special class of triangulation graphs – the maximal outerplanar graphs –
which correspond, as stated above, to triangulations of polygons. We call the
edges on the exterior face exterior edges, otherwise they are interior edges. In
the following tables are summarized our, and related, results concerning the
monitoring the different elements of maximal outerplanar graphs. In Table 1
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we present the results regarding “normal” monitoring versions, that is, moni-
toring at distance 1, and in Table 2 we show the results related to monitoring
versions at distance 2.
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Monitored Elements

Vertices Faces Edges

Monitored

by

Vertices
Dominating

γ(n) = bn+n2

4 c1 [1], [8]

Guarding

g(n) = bn3 c [3]

Covering

β(n) = b 2n3 c (here)

Edges
Edge-Covering

β
′
(n) = dn2 e (here)

Edge-Guarding

ge(n) = bn2 c [6]

Edge-Dominating

γ
′
(n) = bn+1

3 c [5]

Faces

Face-vertex

Covering

fv(n) = bn2 c (here)

Face-face

Guarding

gf (n) = bn4 c (here)

Face-edge

Covering

fe(n) = bn3 c (here)

Table 1: A summary of new and related results for “normal” monitoring.

Monitored elements

Vertices Faces Edges

Monitored by

Vertices
Dominating

γ2d(n) = bn5 c [2]

Guarding

g2d(n) = bn5 c [2]

Covering

β2d(n) = bn5 c [2]

Edges
Edge-Covering

β
′
2d(n) = bn4 c (here)

Edge-Guarding

ge2d(n) = bn6 c (here)

Edge-Dominating

γ
′
2d(n) = bn5 c (here)

Faces

Face-vertex

Covering

fv2d(n) = bn4 c (here)

Face-face

Guarding

gf2d(n) = bn6 c (here)

Face-edge

Covering

fe2d(n) = bn5 c (here)

Table 2: A summary of new results for monitoring at distance 2.

In the following, due to lack of space, we will present only two proofs of
the results shown in the tables.

First, we will prove that gf (n) = bn4 c, for n ≥ 4. In order to do this, and
following the ideas of O’Rourke [7], we first need to introduce some lemmas.

Lemma 1. Suppose that f(m) triangles are always sufficient to guard any
outerplanar maximal graph with m vertices. Let T be a m-vertex outerplanar
maximal graph and e an exterior edge. Then with f(m− 1) triangles and an
additional “collapsed triangle” at the edge e are sufficient to guard T .

Lemma 2. Let T be an outerplanar maximal graph with n ≥ 2k vertices.
There is an interior edge e of T that partitions G into two pieces, one of
which contains m = k, k + 1, . . . , 2k − 1 or 2k − 2 exterior edges of T .

Theorem 1. Every n-vertex maximal outerplanar graph, with n ≥ 4, can be
face-guarded by bn4 c triangles. And there are maximal outerplanar graphs that

1 n2 is the number of vertices of degree 2.
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need at least bn4 c triangles to be face-guarded. That is, gf (n) = bn4 c for all
n ≥ 4.

Proof.
For 4 ≤ n ≤ 7, the truth of the theorem can be easily established. Assume

that n ≥ 8 and that the theorem holds for all n′ < n. Lemma 2 guarantees the
existence of an interior edge e that divides T into two maximal outerplanar
graphs T1 and T2, such that T1 has m exterior edges of T with 5 ≤ m ≤ 8.
The vertices of T are labeled with 0, 1, . . . , n− 1 such that e is (0,m). Each
value of m, which is minimal is considered separately. Here, we present the
cases m = 5 and m = 8.

Case m = 5. T1 has m + 1 = 6 exterior edges, thus it can be face-guarded
with one triangle. T2 has n − 4 exterior edges including e, and by induction
hypothesis, it can be face-guarded with bn−4

4 c = bn4 c− 1 guards. Thus T1 and
T2 together can be face-guarded by bn4 c guards.

Case m = 8. The presence of any of the internal edges (0,7), (0,6), (0,5),
(7,1), (7,2) and (7,3) would violate the minimality of m. Thus, the triangle
T
′

in T1 that is bounded by e is (0,4,8). Consider the maximal outerplanar
graph T ∗ = T2 + (0, 4, 5, 6, 7, 8) (see Fig. 3(a)). T ∗ has n − 3 exterior edges,
applying lemma 1 it can be face-guarded with f(n − 3) triangles, that is
bn4 c − 1 triangles, and an additional “collapsed triangle” at the edge (0,4).
This “collapsed triangle” also face-guards the pentagon (0,1,2,3,4) regardless
of the way how it is triangulated. Thus, T is face-guarded by bn4 c triangles.

0

3
4

2

1

5

7

6

8
e

T’

T
1

T
2

(a)

...

(b)

Fig. 3: (a) The triangle T
′

is (0,4,8); (b) a maximal outerplanar graph T for
which gf (n) ≥ bn4 c.

To prove that this upper bound is tight we need to construct a n-vertex
maximal outerplanar graph T such that gf (n) ≥ bn4 c. Fig. 3(b) shows a maxi-
mal outerplanar graph T for which gf (n) ≥ bn4 c, since two shadowed triangles
can only be face-guarded by different triangles.

2
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Next, we will show that β
′
2d(n) = bn4 c, for any n-vertex maximal outerpla-

nar graph, with n ≥ 4. In order to do this, we first need to introduce the next
lemma.

Lemma 3. Suppose that f(m) edges are always sufficient to 2d-edge cover any
outerplanar maximal graph with m vertices. Let T be a m-vertex outerplanar
maximal graph and e = (u, v) an exterior edge. Then with f(m− 1) edges and
an additional “collapsed edge” at the vertex u or v are sufficient to 2d-edge
cover T .

Theorem 2. Every n-vertex maximal outerplanar graph, with n ≥ 4, can be
2d-edge covered by bn4 c edges. And this bound is tight in the worst case.

Proof.
The proof is done by induction on n. For 4 ≤ n ≤ 9, the truth of the

theorem can be easily established. Assume that n ≥ 10, and that the theorem
holds for n′ < n. Let T be a maximal outerplanar graph with n vertices.
The vertices of T are labeled with 0, 1, 2, . . . , n− 1. Lemma 2 guarantees the
existence of an interior edge e (which can be labeled (0,m)) that divides T into
maximal outerplanar graphs T1 and T2, such that T1 has m exterior edges of T
with 5, 6, 7 or 8. Each value of m, which is minimal, is considered separately.
Here, we present the cases m = 6 and m = 7.

Case m = 6. T2 has n − 5 exterior edges including e, and by induction hy-
pothesis, bn−5

4 c ≤ bn4 c − 1 edges are sufficient to 2d-edge-covered it. T1 has 7
exterior edges, so it can be 2d-edge-covered with 1 edge. In this way, T can
be 2d-edge covered with bn4 c edges.

Case m = 7. By the minimality of m the triangle T
′

supported by the internal
edge (0,7) is (0,3,7) or (0,4,7). Since these are equivalent cases, we suppose
that T

′
is (0,3,7) as shown in Fig. 4(a). Consider T ∗ = T2 + (0, 1, 2, 3, 7). T ∗

has n − 3 exterior edges, applying lemma 3 it can be 2d-edge covered with
bn4 c − 1 edges, and an additional “collapsed edge” at the vertex 3 or 7. This
“collapsed edge” also 2d-edge cover the pentagon (3,4,5,6,7). Thus, T can be
2d-edge covered by bn4 c edges.

Now, we will prove that this upper bound is tight. No two black vertices of
the maximal outerplanar graph illustrated in Fig. 4(b) can be 2d-edge covered
by the same edge, and therefore β

′
2d(n) ≥ bn4 c.

2
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Fig. 4: (a) The triangle T
′

is (0,3,7); (b) a maximal outerplanar graph T for
which β

′
2d(n) ≥ bn4 c.
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Abstract. If X is a geodesic metric space and x1, x2, x3 ∈ X, a geodesic triangle
T = {x1, x2, x3} is the union of the three geodesics [x1x2], [x2x3] and [x3x1] in X.
The space X is δ-hyperbolic in the Gromov sense if any side of T is contained in a
δ-neighborhood of the union of the two other sides, for every geodesic triangle T in
X. If X is hyperbolic, we denote by δ(X) the sharp hyperbolicity constant of X, i.e.
δ(X) = inf{δ ≥ 0 : X is δ-hyperbolic}. To compute the hyperbolicity constant is
a very hard problem. Then it is natural to try to bound the hyperbolycity constant in
terms of some parameters of the graph. Denote by G(n,m) the set of graphs G with n
vertices and m edges, and such that every edge has length 1. In this work we estimate
A(n,m) := min{δ(G) | G ∈ G(n,m)} and B(n,m) := max{δ(G) | G ∈ G(n,m)}. We
compute the precise value of A(n,m) in many cases and we obtain upper and lower
bounds for B(n,m). In addition, we obtain an upper bound of the size of any graph
in terms of its diameter and its order.

Key words: Gromov hyperbolicity, hyperbolicity constant, finite graphs, geodesic.

1 Introduction

Gromov hyperbolicity was introduced by the Russian mathematician Mikhail
Leonidovich Gromov in the setting of geometric group theory [18], [17], [16],
[14], but has played an increasing role in analysis on general metric spaces [6],
[7], [3], with applications to the Martin boundary, invariant metrics in several
complex variables [2] and extendability of Lipschitz mappings [24].

The concept of hyperbolicity appears also in discrete mathematics, algorithms
and networking. Another important application of these spaces is the secure
transmission of information by internet. The hyperbolicity is also useful in the
study of DNA data (see [9]).

The study of mathematical properties of Gromov hyperbolic spaces and its
applications is a topic of recent and increasing interest in graph theory; see,
for instance, [4,9,10,11,12,15,21,22,23,25,26,31].
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Now, let us introduce the concept of Gromov hyperbolicity and the main
results concerning this theory. For detailed expositions about Gromov hyper-
bolicity, see e.g. [1], [16], [14], [8, II.H] or [33].

Let (X, d) be a metric space and let γ : [a, b] −→ X be a continuous function.
We define the length of g as

L(δ) := sup
{ n∑

i=1

d(g(ti−1), g(ti)) : a = t0 < t1 < · · · < tn = b
}
.

If X is a metric space we say that the curve g : [a, b] −→ X is a geodesic if we
have L(g|[t,s]) = d(g(t), g(s)) = |t−s| for every s, t ∈ [a, b] (then γ is equipped
with an arc-length parametrization). The metric space X is said geodesic if
for every couple of points in X there exists a geodesic joining them; we de-
note by [xy] any geodesic joining x and y; this notation is ambiguous, since
in general we do not have uniqueness of geodesics, but it is very convenient.
Consequently, any geodesic metric space is connected. If the metric space X
is a graph, then the edge joining the vertices u and v will be denoted by [u, v].

In order to consider a graph G as a geodesic metric space, identify (by an
isometry) any edge [u, v] ∈ E(G) with the interval [0, 1] in the real line; then
the edge [u, v] (considered as a graph with just one edge) is isometric to the
interval [0, 1]. Thus, the points in G are the vertices and, also, the points in
the interior of any edge of G. In this way, any graph G has a natural distance
defined on its points, induced by taking shortest paths in G, and we can see
G as a metric graph. Throughout this paper, G = (V,E) denotes a simple
connected graph such that every edge has length 1. These properties guaran-
tee that any graph is a geodesic metric space. Note that to exclude multiple
edges and loops is not an important loss of generality, since [5, Theorems 8
and 10] reduce the problem of compute the hyperbolicity constant of graphs
with multiple edges and/or loops to the study of simple graphs.

If X is a geodesic metric space and J = {J1, J2, . . . , Jn} is a polygon with
sides Jj ⊆ X, we say that J is δ-thin if for every x ∈ Ji we have that
d(x,∪j 6=iJj) ≤ δ. In other words, a polygon is δ-thin if each of its sides is
contained in the δ-neighborhood of the union of the other sides. We denote
by δ(J) the sharp thin constant of J , i.e., δ(J) := inf{δ ≥ 0| J is δ-thin } .
If x1, x2, x3 ∈ X, a geodesic triangle T = {x1, x2, x3} is the union of the
three geodesics [x1x2], [x2x3] and [x3x1]. The space X is δ-hyperbolic (or
satisfies the Rips condition with constant δ) if every geodesic triangle in
X is δ-thin. We denote by δ(X) the sharp hyperbolicity constant of X,
i.e., δ(X) := sup{δ(T )|T is a geodesic triangle in X }. We say that X is
hyperbolic if X is δ-hyperbolic for some δ ≥ 0. If X is hyperbolic, then
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δ(X) = inf{δ ≥ 0|X is δ-hyperbolic }.

The following are interesting examples of hyperbolic spaces. Every bounded
metric space X is (diamX)-hyperbolic. The real line R is 0-hyperbolic due
to any point of a geodesic triangle in the real line belongs to two sides of
the triangle simultaneously. The Euclidean plane R2 is not hyperbolic, since
the midpoint of a side on a large equilateral triangle is far from all points
in the other two sides. A normed vector space E is hyperbolic if and only if
dim E = 1. The main examples of hyperbolic graphs are trees.

For a general graph deciding whether or not a space is hyperbolic seems an
unabordable problem. Therefore, it is interesting to study the hyperbolicity
of particular classes of graphs. The papers [4,9,11,26,28,29,30,32,34] study the
hyperbolicity of, respectively, complement of graphs, chordal graphs, strong
product graphs, corona and join of graphs, line graphs, Cartesian product
graphs, cubic graphs, tessellation graphs, short graphs, median graphs and k-
chordal graphs. In this work we study the hyperbolicity constant of the graphs
with n vertices and m edges.

Let G(n,m) be the set of graphs G with n vertices and m edges, and such
that every edge has length 1. Let us define

A(n,m) := min{δ(G) | G ∈ G(n,m)},

B(n,m) := max{δ(G) | G ∈ G(n,m)}.
Our aim in this work is to estimate A(n,m) and B(n,m). In particular, we
compute the precise value of A(n,m) in many cases and we obtain good
bounds for B(n,m). In addition, we obtain an upper bound of the size of any
graph in terms of its diameter and its order.

We state now the main results and the lemmas used in their proofs. See
[19] for the detailed proofs.

2 Bounds for the hyperbolicity constant of graphs with n
vertices and m edges

If m = n−1, then every G ∈ G(n,m) is a tree and δ(G) = 0. If n ≤ m ≤ n+3,
then there exists G ∈ G(n,m) with δ(G) = δ(Cn) = n/4 (see [31, Theorem
11]). Since δ ≤ n/4 (see [31, Theorem 11]), we have:

B(n,m) =

{
0 if n = m− 1,
n
4 if n ≤ m ≤ n+ 3.

Then we can consider just the case m ≥ n+ 4.
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2.1 Upper bound for the hyperbolicity constant

In order to prove our main result, we need some technical lemmas.

Lemma 1. Consider the following optimization problem:

∆r := min
x∈W

fr, with fr(k1, k2, . . . , kr) := Σr
t=2ktΣ

t−2
s=0ks, 2 ≤ r ≤ n

2
,

and W:= {k0 = 1, kj ≥ 2, if 1 ≤ j ≤ r − 1, kr ≥ 1,

1 + k1 + k2 + · · ·+ kr = n}.
Then ∆2 = 1, ∆3 = n− 1 and ∆r = 2n(r − 3)− 2r2 + 6r + 5 for r ≥ 4.

We say that a vertex v of a graph G is a cut-vertex if G\{v} is not connected.
A graph is two-connected if it is connected and it does not contain cut-vertices.

Given a graph G, we say that a family of subgraphs {Gs} of G is a T-
decomposition of G if ∪sGs = G and Gs ∩ Gr is either a cut-vertex or the
empty set for each s 6= r.

Given any edge in G, let us consider the maximal two-connected subgraph
containing it. We call to the set of these maximal two-connected subgraphs
{Gs}s the canonical T-decomposition of G, and we define

diameffV (G) := sups diamV (Gs), diameffG := sups diamGs.

The following result allows to obtain global information about the hyperbol-
icity of a graph from local information (see [5, Theorem 3] and [31, Theorem
8]).

Lemma 2. Let G be any graph. Then δ(G) ≤ 1
2 diameff(G).

We define M(n, r) :=

(
n

2

)
− ∆r, for 2 ≤ r ≤ n/2. We have the following

Lemmas.

Lemma 3. If G ∈ G(n,m) and diameff V (G) = diamV (G) = r, then m ≤
M(n, r).

Lemma 4. The inequality

(
n− n0 + 1

2

)
≤M(n, r)−M(n0, r)

holds for 2 ≤ r ≤ n0/2 and n > n0.

Lemma 5. If G ∈ G(n,m) and diameff V (G) = r, then m ≤M(n, r).

We obtain the following Corollary as a consequence of Lemma 5.
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Corollary 1. If G ∈ G(n,m), 2 ≤ r ≤ r/2 and m > M(n, r), then
diameff V (G) 6= r.

In fact, this result can be improved.

Theorem 1. If G ∈ G(n,m), 2 ≤ r ≤ n/2 and m > M(n, r), then
diameff V (G) < r.

Since diameffV (G) < r implies diameffG ≤ r, Lemma 2 and Theorem 1 imply
the following Theorem.

Theorem 2. If G ∈ G(n,m), 2 ≤ r ≤ n/2 and M(n, r) < m ≤ M(n, r − 1),
then δ(G) ≤ r/2.

Remark 1. Theorem 2 implies B(n,m) ≤ r/2 for M(n, r) < m ≤M(n, r− 1).

2.2 An inequality involving the diameter of a graph

We consider a similar optimization problem to the one in Lemma 1.

Lemma 6. Consider the following optimization problem:

Λ′r = min
x∈W0

fr, with fr(k1, k2, . . . , kr) := Σr
t=2ktΣ

t−2
s=0ks, 2 ≤ r ≤ n− 1,

and W0 := {k0 = 1, kj ≥ 1 if 1 ≤ j ≤ r,
1 + k1 + k2 + · · ·+ kr = n}.

Then Λ′2 = 1 and Λ′r = nr − 1
2r

2 + 1
2r + 2 for r ≥ 3.

To find inequalities relating the diameter, the order and another parameter of
any graph is an important problem in graph theory (see, e.g., [13] and [27]). If
the third parameter is a bound of the degree, we have the well-known Moore
bounds (see, e.g., [13] and [27]). We present here an upper bound of the size
of the graph in terms of its diameter and its order, that is a consequence of
Lemma 6.

Theorem 3. Let G be any graph with n vertices and m edges.

• If diamV (G) = 2, then

m ≤
(
n

2

)
− 1.

• If 3 ≤ diamV (G) ≤ n− 1, then

m ≤
(
n

2

)
− 2 +

1

2

(
diamV (G)

)2 −
(
n+

1

2

)
diamV (G).
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2.3 A lower bound for B(n,m)

Theorem 4. If 5 ≤ n0 ≤ n and

n+

(
n0 − 2

2

)
< m ≤ n+

(
n0 − 1

2

)
,

then

B(n,m) ≥ n− n0 + 3

4
.

2.4 Estimation of A(n,m)

Denote by Γ3 the set of graphs such that every cycle has length 3 and every
edge belongs to some cycle.

Proposition 1. Consider a graph G ∈ G(n,m)∩Γ3. If k denotes the number
of cycles of G, then n = 2k + 1 and m = 3k.

Proposition 2. Let G ∈ G(n,m) be a graph such that every cycle has length
3. Then 2m ≤ 3n− 3.

The previous results have the following consequence.

Theorem 5. If m = n− 1, then A(n,m) = 0.
If m ≥ n and 2m ≤ 3n− 3, then A(n,m) = 3/4.
If m ≥ n and 2m > 3n− 3, then 1 ≤ A(n,m) ≤ 3/2.

3 Conclusions

The main result in this work provides an upper bound for B(n,m) (see Theo-
rem 2). Also, we find a lower bound for B(n,m) (see Theorem 4). In addition,
we obtain an upper bound of the size of any graph in terms of its diameter and
its order (see Theorem 3). Another important result of this work is Theorem
5, which estimates the value of A(n,m).
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[33] Väisälä, J. Gromov hyperbolic spaces, Expo. Math. 23 (2005), 187-231.

[34] Wu, Y. and Zhang, C. Chordality and hyperbolicity of a graph, Electr. J. Comb.
18 (2011), P43.



LD-graphs and global location-domination in
bipartite graphs ?

C. Hernando, M. Mora, and I. M. Pelayo
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Abstract. A dominating set S of a graph G is a locating-dominating-set, LD-set for
short, if every vertex v not in S is uniquely determined by the set of neighbors of
v belonging to S. Locating-dominating sets of minimum cardinality are called LD-
codes and the cardinality of an LD-code is the location-domination number, λ(G).
An LD-set S of a graph G is global if it is an LD-set for both G and its complement,
G. One of the main contributions of this work is the definition of the LD-graph, an
edge-labeled graph associated to an LD-set, that will be very helpful to deduce some
properties of location-domination in graphs. Concretely, we use LD-graphs to study
the relation between the location-domination number in a bipartite graph and its
complement.

Key words: domination, location, complement graph, bipartite graph.

1 Introduction

In this work, G = (V,E) stands for a simple, finite graph. The open neigh-
borhood of a vertex v ∈ V is NG(v) = {u ∈ V : uv ∈ E} and the closed
neighborhood is NG[v] = {u ∈ V : uv ∈ E} ∪ {v}. We write N(v) or N [v] if
the graph G is clear from the context. The complement of a graph G, denoted
by G, is the graph on the same vertices such that two vertices are adjacent in
G if and only if they are not adjacent in G.

A set D ⊆ V is a dominating set if for every vertex v ∈ V \D, N(v)∩D 6= ∅.
The domination number of G, denoted by γ(G), is the minimum cardinality
of a dominating set of G. A dominating set is global if it is a dominating set
for both G and its complement graph, G. If D is a subset of V and v ∈ V \D,
we say that v dominates D if D ⊆ N(v).

A dominating set S ⊆ V is a locating-dominating set, LD-set for short,
if for every two different vertices u, v ∈ V \ S, N(u) ∩ S 6= N(v) ∩ S. The

? Research partially supported by projects MTM2012-30951, Gen. Cat. DGR
2009SGR1040, Gen. Cat. DGR 2014SGR46, ESF EUROCORES programme
EUROGIGA-ComPoSe IP04-MICINN, MTM2011-28800-C02-01, Gen. Cat. DGR
2009SGR1387
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location-domination number of G, denoted by λ(G), is the minimum cardi-
nality of a locating-dominating set. A locating-dominating set of cardinality
λ(G) is an LD-code [11]. LD-codes and the location-domination parameter
have been intensively studied during the last decade; see [1,2,5,6,7] A com-
plete and regularly updated list of papers on locating dominating codes can
be found in [9].

In the following section we introduce the LD-graph associated to an LD-set.
After that, we study the relation between LD-sets and the location-domination
number in a graph and its complement. Finally, we consider this parameter
for connected bipartite graphs. We omit proofs due to space limitations.

2 The LD-graph associated to an LD-set

We introduce in this section the so-called LD-graph, an edge-labeled graph
associated to an LD-set. This graph will allow us to deduce some properties
of LD-sets and the location-domination number of graphs.

Let S be an LD-set of a graph G of order n. Consider z /∈ V (G) and define
NG(z) = ∅. Let 4 denote the symmetric difference set operation. The LD-
graph associated to S, denoted by GS , is the edge-labeled graph defined as
follows:

i) V (GS) = (V \ S) ∪ {z};
ii) E(GS) = {xy |x, y ∈ V (GS) , |

(
NG(x) ∩ S

)
4
(
NG(y) ∩ S

)
| = 1};

iii) The label of edge xy ∈ E(GS) is `(xy) =
(
NG(x)∩S

)
4
(
NG(y)∩S

)
∈ S.
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Fig. 1: Left: a graph G. Right: the LD-graph GS associated to the LD-set
S = {1, 2, 3, 4, 5} .

Notice that two vertices of V \ S are adjacent in GS if their neighborhood
in S differ in exactly one vertex, the label of the edge, and z is adjacent to
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vertices of V \S with exactly a neighbor in S. Therefore, we can represent the
graph GS with the vertices lying on |S|+1 levels, from bottom (level 0) to top
(level |S|), in such a way that vertices with exactly k neighbors in S are at level
k. There is at most one vertex at level |S| and, if it is so, this vertex is adjacent
to all vertices of S. The vertices at level 1 are those with exactly one neighbor
in S and z is the unique vertex at level 0. An edge of GS has its endpoints at
consecutive levels. Moreover, if e = xy ∈ E(GS), with `(e) = u ∈ S, and x is
at exactly one level higher than y, then N(x) ∩ S = (N(y) ∩ S) ∪ {u}, i.e., x
and y have the same neighborhood in S \ {u}. Therefore, the existence of an
edge in GS with label u ∈ S means that S \ {u} is not an LD-set. Hence, if S
is an LD-code, then for every u ∈ S there exists at least an edge in GS with
label u. See an example of an LD-graph in Figure 1.

The following proposition states some properties of the LD-graph.

Proposition 1. Let S be an LD-set with exactly r vertices of a connected
graph G = (V,E) of order n. Let GS be the LD-graph associated to S. Then:

i) |V (GS)| = n− r + 1.
ii) GS is bipartite.

iii) Incident edges of GS have different labels.
iv) Every cycle of GS contains an even number of edges labeled v, for all

v ∈ S.
v) Let ρ be a walk with no repeated edges in GS. If, for every v ∈ S, ρ

contains an even number of edges labeled v, then ρ is a closed walk.
vi) If ρ = xixi+1 . . . xi+h is a path satisfying that vertex xj lies at level j, for

any j ∈ {i, i+ 1, . . . , i+ h}, then
(a) the labels of the edges of ρ are different;
(b) for all j ∈ {i + 1, i + 2, . . . , i + h}, N(xj) ∩ S contains the vertex

`(xkxk+1), for any k ∈ {i, i+ 1, . . . , j − 1}.

3 Global location domination

This section is devoted to approach the relationship between λ(G) and λ(G),
for any arbitrary graph G.

Notice that NG(x) ∩ S = S \ NG(x) for any set S ⊆ V and any vertex
x ∈ V \S. A straightforward consequence of this fact are the following results.

Proposition 2 ([8]). If S ⊆ V is an LD-set of a graph G = (V,E), then S
is an LD-set of G if and only if S is a dominating set of G.

Proposition 3 ([7]). If S ⊆ V is an LD-set of a graph G = (V,E), then S
is an LD-set of G if and only if there is no vertex in V \ S dominating S in
G.
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Proposition 4 ([7]). If S ⊆ V is an LD-set of a graph G = (V,E) then there
is at most one vertex u ∈ V \S dominating S, and in the case it exists, S∪{u}
is an LD-set of G.

Theorem 1 ([7]). For every graph G, |λ(G)− λ(G)| ≤ 1.

According to the preceding result, λ(G) ∈ {λ(G) − 1, λ(G), λ(G) + 1}
for every graph G, all cases being feasible for some connected graph G. For
example, it is straightforward to check that the complete graph Kn of or-
der n ≥ 2 satisfies λ(Kn) = λ(Kn) + 1; the star K1,n−1 of order n ≥ 2
satisfies λ(K1,n−1) = λ(K1,n−1), and the bi-star K2(r, s), r, s ≥ 2, ob-
tained by joining the central vertices of two stars K1,r and K1,s, satisfies

λ(K2(r, s)) = λ(K2(r, s)) + 1.
We intend to obtain either necessary or sufficient conditions for a graph G

to satisfy λ(G) > λ(G), i.e., λ(G) = λ(G) + 1. After noticing that this fact is
closely related to the existence or not of sets that are simultaneously locating-
dominating sets in both G and its complement G, the following definition was
introduced in [8].

A set S of vertices of a graph G is a global LD-set if S is an LD-set for
both G and its complement G and it is a global LD-code if it is an LD-code
of G and an LD-set of G. Next results follow immediately from the definition
of global LD-set and global LD-code.

Proposition 5 ([8]). If G is a graph with a global LD-code, then λ(G) ≤
λ(G).

Proposition 6 ([8]). Let S be an LD-set of a graph G. Then, S is a non-
global LD-set if and only if there exists a (unique) vertex u ∈ V \ S such that
S ⊆ N(u).

In Table 1, the location-domination number of some families of graphs is
displayed, along with the location-domination number of their complement
graphs. Concretely, we consider the path Pn of order n ≥ 7; the cycle Cn of
order n ≥ 7; the wheel Wn of order n ≥ 8, obtained by joining a new vertex
to all vertices of a cycle of order n−1; the complete graph Kn of order n ≥ 2;
the complete bipartite graph Kr,n−r of order n ≥ 4, with 2 ≤ r ≤ n − r and
stable sets of order r and n− r, respectively; the star K1,n−1 of order n ≥ 4,
obtained by joining a new vertex to n − 1 isolated vertices; and finally, the
bi-star K2(r, n − r) of order n ≥ 6 with 2 ≤ r ≤ n − r, obtained by joining
the central vertices of two stars K1,r and K1,n−r respectively.

4 The bipartite case

In this section we study the relation between λ(G) and λ(G) in bipartite
connected graphs. Bipartite connected graphs of order at most 3 are the path
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G Pn Cn Wn Kn K1,n−1 Kr,n−r K2(r, n− r)
n n ≥ 7 n ≥ 7 n ≥ 8 n ≥ 2 n ≥ 4 2 ≤ r ≤ n− r 2 ≤ r ≤ n− r

λ(G) d 2n5 e d 2n5 e d 2n−25 e n− 1 n− 1 n− 2 n− 2

λ(G) d 2n−25 e d 2n−25 e d 2n+1
5 e n n− 1 n− 2 n− 3

Table 1: The values of λ(G) and λ(G) for some families of graphs.

graphs P1, P2 and P3, and for these graphs, λ(P1) = λ(P1) = 1; 1 = λ(P2) <
λ(P2) = 2; λ(P3) = λ(P3) = 2. In the sequel, G = (V,E) stands for a bipartite
connected graph of order n = r + s ≥ 4, such that V = U ∪W , being U ,W
its stable sets and 1 ≤ |U | = r ≤ s = |W |.

Proposition 7. Let S be an LD-code of G. Then, λ(G) ≤ λ(G) if any of the
following conditions holds

i) S ∩ U 6= ∅ and S ∩W 6= ∅;
ii) r < s and S = W .

iii) 2r ≤ s.

Corollary 1. If λ(G) = λ(G) + 1, then r ≤ s ≤ 2r − 1. Moreover, if r < s
then U is the unique LD-code of G, and if r = s we may assume that U is a
non-global LD-code of G.

Proposition 8. If 1 ≤ r ≤ 2, then λ(G) ≤ λ(G).

Notice that bipartite connected graphs G of order at least 4 such that
λ(G) ≤ 2 are P4, P5 and C4. These graphs satisfy λ(G) ≤ λ(G).

Next, we approach the case λ(G) = λ(G) + 1, when λ(G) ≥ 3, using LD-
graphs. We may assume that r ≥ 3 by Proposition 8. First we give some
properties of LD-graphs for bipartite graphs satisfying the preceding equality.

Lemma 1. If λ(G) = λ(G) + 1 and U is an LD-code of G, then GU contains
at least two edges with label u, for all u ∈ U .

In the study of LD-sets of a connected bipartite graph, a family of graphs
is particularly useful, the cactus graphs. A block of a graph is a maximal
connected subgraph with no cut vertices. A connected graph G is a cactus
if all its blocks are cycles or edges. Cactus are also characterized as those
connected graphs with no edge shared by two different cycles. The following
lemma gives some properties relating parameters of bipartite graphs having
cactus as connected components.

Lemma 2. Let H be a bipartite graph of order at least 4 such that all its con-
nected components are cactus having cc(H) connected components and cy(H)
cycles. Let ex(H) = |E(H)| − 4 cy(H). Then H satisfies:
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i) |V (H)| = |E(H)| − cy(H) + cc(H).
ii) ex(H) ≥ 0 and |V (H)| = 3

4 |E(H)|+ 1
4ex(H) + cc(H).

iii) |V (H)| ≥ 3
4 |E(H)|+ 1.

iv) |V (H)| = 3
4 |E(H)| + 1 if and only if H is connected and all blocks are

cycles of order 4.

Lemma 3. Let λ(G) = λ(G) + 1 and assume that U is an LD-code of G.
Consider a subgraph H of GU induced by a set of edges containing exactly two
edges with label u, for each u ∈ U . Then, all the connected components of H
are cactus.

Proposition 9. If r ≥ 3 and λ(G) = λ(G) + 1, then 3r
2 ≤ s ≤ 2r − 1.

Lemma 4. If λ(G) = λ(G) + 1 and U is an LD-code of G, let z be the vertex
of GU introduced in the definition of this graph and let H be a subgraph of GU

with exactly two edges with label u, for each u ∈ U . Then:

i) If H has at least two connected components, then s ≥ 3r
2 + 1.

ii) If z is an isolated vertex in GU , then s ≥ 3r
2 + 1.

iii) z is an non-isolated vertex in GU if and only if there is at least a vertex
in V \ U of degree 1 in G.

iv) If G has no vertex of degree 1 in W , then s ≥ 3r
2 + 1.

Proposition 10. There are no bipartite graphs G satisfying λ(G) = λ(G) + 1
if 3r

2 ≤ s < 3r
2 + 1.

Proposition 11. For every pair (r, s), r, s ∈ N, such that 3 ≤ r and 3r
2 + 1 ≤

s ≤ 2r − 1, there exists a bipartite graph G(r, s) such that λ(G) = λ(G) + 1.

Graphs satisfying the conditions of Proposition 11 can be constructed
from the LD-graph described in Figure 2 associated to the LD-code U =

{1, 2, . . . , r} when s =
⌈

3r
2 + 1

⌉
.

r

4

3

1

12

3
2

4

r-1

r-1

r

GU − z, r even

4

3

1

12

3
2

4

r-2

r-1

GU − z, r odd

r-2
r-1

r
r-1

r

level r

level r − 1

level r − 2

Fig. 2: The labeled graph GU − z, for G = G(r,
⌈

3r
2 + 1

⌉
) and U = {1, . . . , r}.

For s > d3r
2 + 1e, we can add up to 2r − 1− r vertices to the set W of the

graph G(r,
⌈

3r
2 + 1

⌉
) taking into account that the neighborhoods in U of the

vertices of W must be different and non-empty.
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Proposition 12. Let G be a bipartite connected graph with V (G) = U ∪W ,
|U | = r, |W | = s, 3 ≤ r ≤ s.

i) If r ≤ s < 3r
2 + 1⇒ λ(G)− λ(G) ∈ {0, 1} and there are examples of both

cases.
ii) If 3r

2 + 1 ≤ s ≤ 2r − 1 ⇒ λ(G) − λ(G) ∈ {−1, 0, 1} there are graphs
satisfying all cases.

iii) If 2r−1 ≤ s⇒ λ(G)−λ(G) ∈ {0, 1} and there are examples of both cases.

Examples of graphs satisfying the different cases of Proposition 12 are the
following. For every r, s, 3 ≤ r ≤ s, complete bipartite graphs Kr,s, satisfy

λ(Kr,s) = λ(Kr,s) = r + s− 2

and bistars K2(r − 1, s− 1) satisfy

r + s− 2 = λ(K2(r, s)) > λ(K2(r, s)) = r + s− 3.

By Proposition 9, we know that the equality λ(G) − λ(G) = −1 is possible
only in the case that 3r

2 + 1 ≤ s ≤ 2r − 1 and by Proposition 11 we know
examples for any s satisfying 3r

2 + 1 ≤ s ≤ 2r − 1.
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Abstract. Let G be a connected graph. A vertex w ∈ V (G) strongly resolves two
vertices u, v ∈ V (G) if there exists some shortest u − w path containing v or some
shortest v−w path containing u. A set S of vertices is a strong metric generator for
G if every pair of vertices of G is strongly resolved by some vertex of S. The smallest
cardinality of a strong metric generator for G is called the strong metric dimension of
G. In this paper we study the problem of finding sharp bounds for the strong metric
dimension of Cartesian product graphs, rooted product graphs and strong product
graphs, and express these in terms of invariants of the factor graphs.

Key words: strong metric dimension, Cartesian product graphs, rooted product

graphs, strong product graphs.

1 Introduction

The problem of uniquely recognizing the position of an intruder in a network
was the principal motivation of introducing the concept of metric generators
in graphs by Slater in [8]. An analogous concept was also introduced inde-
pendently by Harary and Melter in [4]. A vertex v of a connected graph G is
said to distinguish two vertices x and y of G if dG(v, x) 6= dG(v, y), i.e., the
distance between v and x is different from the distance between v and y. A
set S ⊆ V (G) is said to be a metric generator for G if any pair of vertices
of G is distinguished by some element of S. A minimum generator is called a
metric basis, and its cardinality the metric dimension of G.

Another invariant, more restricted than the metric dimension, was pre-
sented by SebHo and Tannier in [7], and studied further in several articles.
That is, a vertex w ∈ V (G) strongly resolves two vertices u, v ∈ V (G) if
dG(w, u) = dG(w, v) + dG(v, u) or dG(w, v) = dG(w, u) + dG(u, v), i.e., there
exists some shortest w − u path containing v or some shortest w − v path
containing u. A set S of vertices in a connected graph G is a strong metric
generator for G if every two vertices of G are strongly resolved by some vertex
of S. The smallest cardinality of a strong metric generator of G is called the
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strong metric dimension and is denoted by dims(G). A strong metric basis of
G is a strong metric generator for G of cardinality dims(G).

On the other hand, studies about graph operations are being frequently
presented and published in the last years. The book [3] is a very rich com-
pendium of the existent theory of product graphs. It is therefore natural that
several graphs invariants are studied for such classes of graph products, in the
sense of computing or bounding its exact value, or deducing its behavior with
respect to its factors. The strong metric dimension of product graphs has not,
of course, escaped to these kind of investigations.

We recall that the Cartesian product of two graphs G and H is the graph
G2H, such that V (G2H) = V (G) × V (H) and two vertices (a, b), (c, d) are
adjacent in G2H if and only if, either (a = c and bd ∈ E(H)) or (b = d and
ac ∈ E(G)).

The direct product of two graphs G and H is the graph G ×H, such that
V (G ×H) = V (G) × V (H) and two vertices (a, b) and (c, d) are adjacent in
G×H if and only if ac ∈ E(G) and bd ∈ E(H).

A rooted graph is a graph in which one vertex is labeled in a special way
so as to distinguish it from other vertices. The special vertex is called the root
of the graph. Let G be a labeled graph on n vertices. Let H be a sequence of
n rooted graphs H1, H2,...,Hn. The rooted product graph G(H) is the graph
obtained by identifying the root of Hi with the ith vertex of G [2]. In this paper
we consider the particular case of rooted product graph where H consists of n
isomorphic rooted graphs. More formally, assuming that V (G) = {u1, ..., un}
and that the root vertex of H is v, we define the rooted product graph G◦vH,
where V (G ◦v H) = V (G)× V (H) and

E(G ◦v H) =

n⋃

i=1

{(ui, b)(ui, y) : by ∈ E(H)} ∪ {(ui, v)(uj , v) : uiuj ∈ E(G)}.

The strong product of two graphs G and H is the graph G�H, such that
V (G �H) = V (G) × V (H) and two vertices (a, b) and (c, d) are adjacent in
G �H if and only if either (a = c and bd ∈ E2), or (ac ∈ E1 and b = d), or
(ac ∈ E1 and bd ∈ E2).

Also, the Cartesian sum of two graphs G and H, denoted by G ⊕H, has
as the vertex set V (G⊕H) = V (G)× V (H) and two vertices (a, b), (c, d) are
adjacent in G⊕H if and only if ac ∈ E(G) or bd ∈ E(H).

It was shown in [6] that the problem of computing dims(G) is NP-hard.
This suggests obtaining closed formulaes for the strong metric dimension of
specific families of graphs or bounding the value of this invariant as tight
as possible. In this article we are interested in the study of strong metric
generators of Cartesian product graphs, rooted product graphs and strong
product graphs.
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2 Basic tools

Oellermann and Peters-Fransen [6] showed that the problem of finding the
strong metric dimension of a graph G can be transformed into a more well-
known problem, the vertex cover problem. We recall that a set S of vertices
of G is a vertex cover of G if every edge of G is incident with at least one
vertex of S. The vertex cover number of G, denoted by β(G), is the smallest
cardinality of a vertex cover of G.

A vertex u of G is maximally distant from v if for every vertex w in the
open neighborhood of u, dG(v, w) ≤ dG(u, v). If u is maximally distant from
v and v is maximally distant from u, then we say that u and v are mutually
maximally distant. The boundary of G is defined as ∂(G) = {u ∈ V (G) : there
exists v ∈ V (G) such that u, v are mutually maximally distant}. For some
basic graph classes, such as complete graphs Kn, complete bipartite graphs
Kr,s, cycles Cn and hypercube graphs Qk, the boundary is simply the whole
vertex set. Notice that the boundary of a tree consists exactly of the set of its
leaves. A vertex of a graph is a simplicial vertex if the subgraph induced by
its neighbors is a complete graph. Given a graph G, we denote by σ(G) the
set of simplicial vertices of G. Notice that σ(G) ⊆ ∂(G).

The strong resolving graph of G is a graph GSR which has the same vertex
set as G and two vertices u, v are adjacent in GSR if and only if u and v are
mutually maximally distant in G.

Oellermann and Peters-Fransen [6] showed that finding the strong metric
dimension of a connected graph G is equivalent to finding the vertex cover
number of GSR. The following result is an important tool for study the strong
metric dimension.

Theorem 1. [6] For any connected graph G, dims(G) = β(GSR).

Recall that the largest cardinality of a set of vertices of G, no two of which
are adjacent, is called the independence number of G and is denoted by α(G).
We refer to an α(G)-set in a graph G as an independent set of cardinality
α(G). The following well-known result, due to Gallai, states the relationship
between the independence number and the vertex cover number of a graph.

Theorem 2. (Gallai’s theorem) For any graph G of order n, α(G)+β(G) = n.

Thus, for any graph G of order n, by using Theorems 1 and 2, we imme-
diately obtain that

dims(G) = n− α(GSR) (1)

There are some families of graphs for which the strong resolving graphs
can be obtained relatively easily. We state some of these here, since we need
to refer to these in other sections of the paper.
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Remark 1.

(a) (Kn)SR ∼= Kn.

(b) For any tree T of order n with l(T ) leaves, TSR ∼= Kl(T ) ∪
⋃n−l(T )
i=1 K1.

(c) For any 2-antipodal3 graph G of order n, GSR is isomorphic to the graph⋃n
2
i=1K2. In particular, (C2k)SR ∼=

⋃k
i=1K2.

(d) (C2k+1)SR ∼= C2k+1.
(e) For any complete k-partite graph such that at least all but one pi ≥ 2,

i ∈ {1, 2, ..., k}, (Kp1,p2,...,pk)SR is isomorphic to the graph
⋃k
i=1Kpi .

3 Cartesian product of graphs

We begin this section with an easily verified bounds relating the strong metric
dimension of a graph with the number of its simplicial vertices and the number
of its mutually maximally distant vertices.

Lemma 1. For every graph G, |σ(G)| − 1 ≤ dims(G) ≤ |∂(G)| − 1.

Note that if σ(G) = ∂(G), then by Lemma 1, dims(G) = |∂(G)| − 1.

Theorem 3. Let G and H be two connected graphs. If ∂(G) = σ(G) and
∂(H) = σ(H), then

dims(G�H) = min{|∂(G)|(|∂(H)| − 1), |∂(H)|(|∂(G)| − 1)}.

With the theorem above presented, it is possible to see that by using
Remark 1 in such a result we deduce the following values of dims(G�H)
for other specific families of graphs G and H.

Corollary 1.

(a) dims(Kn�Kr) = min{n(r − 1), r(n− 1)}.
(b) For any trees T1 and T2 with l(T1) and l(T2) leaves, respectively,

dims(T1�T2) = min{l(T1)(l(T2)− 1), l(T2)(l(T1)− 1)}.
(c) For any tree T with l(T ) leaves,

dims(Kn�T ) = min{l(T )(n− 1), n(l(T )− 1)}.

We continue with establishing an interesting connection between the strong
resolving graph of the Cartesian product of two graphs and the direct product
of the strong resolving graphs of its factors.

Theorem 4. Let G and H be two connected graphs. Then

(G�H)SR ∼= GSR ×HSR.

3 The diameter of G is defined as D(G) = maxu,v∈V (G){d(u, v)}. We recall that G is 2-
antipodal if for each vertex x ∈ V (G) there exists exactly one vertex y ∈ V (G) such that
dG(x, y) = D(G).
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As a consequence of Theorems 1 and 4 we have the next result.

Corollary 2. Let G and H be two connected graphs. Then dims(G�H) =
β(GSR ×HSR).

The following lemmas present two useful relationships between the inde-
pendence numbers of the Cartesian product of two graphs and that of its
factors.

Lemma 2. [5] For any graphs G and H of orders n1 and n2, respectively,

α(G×H) ≥ max{n2 · α(G), n1 · α(H)}.

Lemma 3. [9] For any graphs G and H of orders n1 and n2, respectively,

α(G×H) ≤ n2 · α(G) + n1 · α(H)− α(G) · α(H).

The next result gives lower and upper bounds for the strong metric di-
mension of the Cartesian product of graphs in terms of the strong metric
dimension of its factors and the size of their boundaries.

Theorem 5. For any connected graphs G and H, dims(G�H) ≥ dims(G) ·
dims(H) and dims(G�H) ≤ min{|∂(H)|dims(G), |∂(G)|dims(H)}.

Proof. The lower bound is obtained from Lemma 3, Theorem 2 and Corol-
lary 2. By using Lemma 2, Theorem 2 and Corollary 2 we have the upper
bound.

We do observe that there is an infinite family of Cartesian products for
which the strong dimension is “close” to the lower bound. In particular,
dims(Kn�K2) = n = dims(Kn) · dims(K2) + 1. Moreover, several examples
of pairs of graphs where the upper bound is attained are given in Corollary 1
and in the following proposition.

Proposition 1.

(a) dims(Kn�C2r+1) = min{n(r + 1), (2r + 1)(n− 1)}.
(b) For any tree T with l(T ) leaves,

dims(T�C2r+1) = min{l(T )(r + 1), (2r + 1)(l(T )− 1)}.
(c) [6] dims(C2n+1�C2r+1) = min{(2n+ 1)(r + 1), (2r + 1)(n+ 1)}.

4 Rooted product of graphs

We start by presenting closed formulae for the strong metric dimension of
rooted product graphs G ◦v H, where ∂(H) = σ(H).
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Theorem 6. Let G be a connected graph of order n ≥ 2 and let H be a
connected graph such that ∂(H) = σ(H).

(i) If v ∈ ∂(H), then dims(G ◦v H) = n(|∂(H)| − 1)− 1.
(ii)If v 6∈ ∂(H), then dims(G ◦v H) = n|∂(H)| − 1.

We emphasize the following particular cases of Theorem 6.

Corollary 3. Let G be a connected graph of order n ≥ 2.

(a) For any complete graph of order n′, dims(G ◦Kn′) = n(n′ − 1)− 1.
(b) For any tree T with l(T ) leaves,

dims(G ◦v T ) =





n(l(T )− 1)− 1, if v is a leaf of T ,

n · l(T )− 1, if v is an inner vertex of T .

The next result gives the lower and upper bounds for the strong metric
dimension of rooted product graphs G ◦v H in terms of the order of graph G,
the strong metric dimension of graph H and the size of its boundary.

Theorem 7. Let G be a connected graph of order n ≥ 2 and let H be a
connected graph.

(i) If v ∈ V (H) belongs to a strong metric basis of H, then

n · dims(H)− 1 ≤ dims(G ◦v H) ≤ (|∂(H)| − 1)(n− 1) + dims(H)− 1.

(ii)If v ∈ V (H) does not belong to any strong metric basis of H, then

n·dims(H) ≤ dims(G◦vH) ≤





|∂(H)|(n− 1) + dims(H), if v 6∈ ∂(H),

(|∂(H)| − 1)(n− 1) + dims(H), if v ∈ ∂(H).

As Corollary 3 shows, the bounds of Theorem 7 (i) are tight and the upper
bound dims(G ◦v H) ≤ |∂(H)|(n− 1) + dims(H) of Theorem 7 (ii) is tight.

5 Strong product of graphs

We start this section with a description of the structure of the strong resolving
graph of G�H.

Lemma 4. Let G and H be two connected nontrivial graphs. Let u, x be two
vertices of G and let v, y be two vertices of H. Then (u, v) and (x, y) are
mutually maximally distant vertices in G�H if and only if one of the following
conditions holds:
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(a) u, x are mutually maximally distant in G and v, y are mutually maximally
distant in H;

(b) u, x are mutually maximally distant in G and v = y;
(c) v, y are mutually maximally distant in H and u = x;
(d) u, x are mutually maximally distant in G and dG(u, x) > dH(v, y);
(e) v, y are mutually maximally distant in H and dG(u, x) < dH(v, y).

Notice that the lemma above leads to the following relationship, where
G v H means that the graph G is a subgraph of the graph H.

Theorem 8. For any connected graphs G and H,

GSR �HSR v (G�H)SR v GSR ⊕HSR.

Corollary 4. For any connected graphs G and H,

α(GSR �HSR) ≥ α((G�H)SR) ≥ α(GSR ⊕HSR).

The next three known results will be useful for our purposes.

Theorem 9. [5] For any graphs G and H,

α(G) · α(H) ≤ α(G�H) ≤ α(G2H).

Theorem 10. (Vizing’s theorem) For any graphs G and H,

α(G2H) ≤ min{α(G)|V (H)|, α(H)|V (G)|}.

Lemma 5. [1] For any graphs G and H, α(G⊕H) = α(G) · α(H).

The next result gives lower and upper bounds for the strong metric dimen-
sion of strong product of graphs in terms of the strong metric dimension of
its factors and theirs orders.

Theorem 11. Let G and H be two connected nontrivial graphs of order n1,
n2, respectively. Then dims(G�H) ≥ max{n2 · dims(G), n1 · dims(H)} and
dims(G�H) ≤ n2 · dims(G) + n1 · dims(H)− dims(G) · dims(H).

Proof. By using Corollary 4, equality (1), Theorem 9 and Theorem 10 we
obtain the lower bound. On the other hand, from Corollary 4, equality (1)
and Lemma 5 we have the upper bound.

To see the tightness of the upper bound of Theorem 11 we define a C-graph
as a graph G whose vertex set can be partitioned into β(G) cliques. Notice
that there are several graphs which are C-graphs. For instance, we emphasize
the following cases: complete graphs and cycles of even order.
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Theorem 12. Let G and H be two connected nontrivial graphs of order n1,
n2, respectively. If GSR is a C-graph, then

dims(G�H) = n2 · dims(G) + n1 · dims(H)− dims(G) · dims(H).

We emphasize the following particular cases of Theorem 12

Corollary 5. Let G and H be two connected nontrivial graphs of order n1

and n2, respectively.

(a) dims(Kn1 �H) = n2(n1 − 1) + n1 · dims(H)− (n1 − 1)dims(H).
(b) If G is a complete k-partite graph, then

dims(G�H) = n2(n1 − k) + n1 · dims(H)− (n1 − k)dims(H).

(c) If G is a tree with l(G) leaves, then

dims(G�H) = n2(l(G)− 1) + n1 · dims(H)− (l(G)− 1)dims(H).

(d) If G is a 2-antipodal graph, then

dims(G�H) =
n2 · n1

2
+ n1 · dims(H)− n1

2
· dims(H).
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Decomposing almost complete graphs by random
trees

A. Lladó
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Abstract. An old conjecture of Ringel states that every tree with m edges decom-
poses the complete graph K2m+1. A more general version of the Ringel’s conjecture
says that every tree with m edges decomposes Krm+1 for each r ≥ 2 provided that r
and m+ 1 are not both odd. The best lower bound for the order of a complete graph
decomposed by a given tree with m edge is O(m3). We show that asymptotically
almost surely a random tree with m edges and p = 2m+ 1 is a prime decomposes the
complete graph minus one edge K3p − e. We also show that, for every prime of the
form 2km+ 1 a random tree with m edges asymptotically almost surely decomposes
the graph K2km+1(3) obtained from the complete graph by replacing each vertex by
the complement of a triangle.

Key words: Ringel Conjecture, random trees.

1 Introduction

Given two graphs H and G we say that H decomposes G if G is the edge–
disjoint union of isomorphic copies of H. The following is a well–known con-
jecture of Ringel.

Conjecture 1 (Ringel [15]). Every tree with m edges decomposes the complete
graph K2m+1.

The conjecture has been verified by a number of particular classes of trees,
see the dynamic survey of Gallian [8]. By using the polynomial method, the
conjecture was verified by Kézdy [10] for the more general class of so–called
stunted trees. As mentioned by the author, this class is still small among the
set of all trees.

Robinson and Schwenk [16] proved that the average number of leaves in an
(unlabelled) random tree with m edges is asymptotically cm with c ≈ 0.438.
Drmota and Gittenberger [5] showed that the distribution of the number of
leaves in a random tree with m edges is asymptotically normal with variance
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c2m for some positive constant c2. Thus, asymptotically almost surely a ran-
dom tree with m edges has more than 2m/5 leaves. Drmota and the author [7]
used further structural results on random trees to show that asymptotically
almost surely a random tree with m edges decomposes the complete bipartite
graph K2m,2m, thus providing an aproximate result to another decomposition
conjecture by Graham and Haggkvist which asserts that in fact Km,m can be
decomposed by a given tree with m edges.

Let g(m) be the smallest integer n such that any tree with m edges decom-
poses the complete graphKn. It was shown by Yuster [18] that g(m) = O(m10)
and the upper bound was reduced by Kezdy and Snevily [11] to g(m) =
O(m3). Since K2m,2m decomposes the complete graph K8m2+1 (see Snevily
[17]), the above mentioned result on the decomposition of K2m,2m shows that
g(m) = O(m2) asymptotically almost surely.

In this note we use a similar approach to prove that one can decompose
smaller almost complete graphs by random trees, getting much closer to the
original conjecture by Ringel. Our main result is the following one.

Theorem 1. For every m such that p = 2m − 1 is a prime, asymptotically
almost surely a random tree with m edges decomposes the complete graph
minus one edge K6m−1 − e.

By using the same techniques we prove the following general result on
decomposition of almost complete graphs. For a graph G and a positive integer
m we denote by G(m) the graph obtained form G by replacing each vertex
with a coclique of order m and joining two vertices if they belong to cocliques
corresponding to adjacent vertices in G.

Theorem 2. For every prime of the form 2km+1 a random tree with m edges
asymptotically almost surely decomposes the graph K2km+1(3).

The above mentioned conjecture of Ringel has a general form according
to which every tree with m edges decomposes each complete graph Krm+1,
r ≥ 2, provided that r and m+ 1 are not both odd. Theorem 2 provides the
means of decomposing an infinite family of almost complete graphs.

Theorem 3. Let q be a prime power different from 2. For every m such that
p = 2km − (q − 1) is a prime, k ≥ 1, asymptotically almost surely a random
tree with m edges decomposes the Kqp −Kq−1.

2 Rainbow embeddings

The general approach to show that a tree T decomposes a complete graph or a
complete bipartite graph consists in showing that T cyclically decompose the
corresponding graphs. We next recall the basic principle behind this approach
in slightly different terminology.
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A rainbow embedding of a graph H into an oriented arc–colored graph X
is an injective homomorphism f of some orientation ~H of H in X such that
no two arcs of f( ~H) have the same color.

Let X = Cay(G,S) be a Cayley digraph of an abelian group G with respect
to an antisymmetric subset S ⊂ G (that is, S ∩ −S = ∅). We consider X as
an arc–colored oriented graph, by giving to each arc (x, x+ s), x ∈ G, s ∈ S,
the color s.

Lemma 1. Suppose that the graph H admits a rainbow embedding f in X =
Cay(G,S), where S is an antisymmetric subset of G. Then T decomposes the
underlying graph of X.

Proof. For each a ∈ G the translation x→ x+a, x ∈ G, is an automorphism
of X which preserves the colors and has no fixed points. Therefore, each
translation sends f( ~H) to an isomorphic copy which is edge disjoint from it.
Thus the sets of translations for all a ∈ G give rise to n := |G| edge–disjoint
copies of ~H in X. By ignoring orientations and colors, we thus have n edge
disjoint copies of H in the underlying graph of X. 2

The following result was proved by Alon [2] by using the Combinatorial
Nullsetellensatz.

Theorem 4. Let p be a prime. For every sequence a1, . . . , ak and every set
{b1, . . . , bk} there is a permutation σ ∈ Sym(k) such that the sums a1 +
bσ(1), . . . , ak + bσ(k) are pairwise distinct.

One consequence of the above result is that every forest of stars with m
edges admits a rainbow embedding in Cay(Zp, S) for every antisymmetric set
S with m elements. Moreover, the centers of the stars in the forest can be
placed at prescribed vertices.

Corollary 1. Let p be a prime. Let F be a forest of k stars centered at
x1, . . . , xk and m ≤ (p− 1)/2 edges. Let S be an antisymmetric subset with m
elements. Every injection f : {x1, . . . , xk} → Zp can be extended to a rainbow
embedding of F in Cay(Zp, S).

Proof. Consider the sequence A = (f(x1)m1 , . . . , f(xk)
mk) where mi is the

number of edges incident to xi, 1 ≤ i ≤ k. By Alon’s theorem There is a
numbering {s1, . . . , sm} of the elements of S such that the sums ai + si are
pairwise distinct. By defining f(yi) = ai + si we obtain the desired rainbow
embedding. 2
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3 The case 2m+ 1 a prime

Let p be a prime and let T be a tree with m = (p − 1)/2 edges. Let S ⊂ Zp
be an antisymmetric subset of Zp with |S| = (p− 1)/2. We will use the above
approach with the Cayley graph X = Cay(Zp×Z3, S×Z3). We note that the
underlying graph of X is isomorphic to K2m+1(3). The strategy of the proof
is to show first that the base tree T0 of a random tree with m edges admits a
rainbow embedding f into X in such a way that f(E(T0)) ⊂ S × {0}.

Lemma 2. Let T be a tree with m edges. Let p ≥ 3m be a prime. There is
a rainbow embedding of T into Y = Cay(Zp, S) for some antisymmetric set
S ⊂ Zp with |S| = (p− 1)/2.

Proof. The rainbow embedding can be defined greedily. Let xy be a leave
of T and suppose that f is a rainbow embedding of the subtree T ′ = T − x
of T . Let U = Zp \ (f(E(T ′)) ∪ (−f(E(T ′)))) and W = Zp \ f(V (T ′)). Since
|U | ≥ p − 2m + 2 ≥ m + 1 and |W | ≥ p −m + 1, there is u ∈ U such that
f(y) + u ∈ W . By extending f to x as f(x) = f(y) + u we obtain a rainbow
embedding of T . 2

Some ideas in the proof of the next Lemma can be found in [9].

Lemma 3. Let p = 2m + 1 be a prime. Let T be a tree with m edges and at
least 2m/5 end vertices. Then T decomposes K2m+1(3).

Proof. Let T0 be the subtree of T obtained by removing its endvertices.
Since T0 has at most 3m/5 < 3(p−1)/10 < (p−1)/3 edges there is a rainbow
embedding of T0 in Yα = Cay(Zp × Z3, S0 × {α}) for some antisymmetric set
S0 ⊂ Zp with |S0| = |E(T0)| and each α ∈ Z3. Let us call (T0)α such rainbowly
embedded graph.

Let S be an antisymmetric set with (p− 1)/2 elements containing S0 and
let S1 = S \ S0. Since F = T − T0 is a forest of stars, it admits a rainbow
embedding in Zβ = Cay(Zp × Z3, S1 × {β}) for each β ∈ Z3 for which the
centers of the stars are placed according to the previous embeddings of the
base tree T0 in Yα for α = β + 1. Let us call Fβ be such rainbowly embedded
forest.

Thus we get a rainbow graph

((T0)0 ⊕ F1)⊕ ((T0)1 ⊕ F2)⊕ ((T0)2 ⊕ F0)

which has 3p edges and hence it decomposes K2m+1(3), the underlying graph
of Cay(Zp × Z3,Z∗p × Z3).

It is clear that (T0)0⊕F1 is a rainbow embedding of the tree T in Cay(Zp×
Z3, (S0×{0})∪(S1×{1}). If each of (T0)1⊕F2 and (T0)2⊕F0 is also isomorphic
with T our job is finished.
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It is however possible that (T0)1⊕F2 is no longer isomorphic to the original
tree T since it may contain some cycles. More precisely, it may happen that
some edge of F2 joins a vertex (x, i) ∈ (T0)1 with a vertex (x+s, i+2) ∈ (T0)1.
In that case, the edge (s, β) in F2 will also join vertices in the translated copies
(T0)1 + (0, i), i ∈ Z3, of (T0)1. Denote by u, v the vertices of the original tree
T0 which are mapped to (x, i), (x+ s, i+ 2) by the embedding.

We consider the subgraph induced by the edges of Cay(Zp × Z3,Z∗p × Z3)
which are colored (s, β), β ∈ Z3. They form an oriented K3,3 isomorphic to
Zs = Cay(Z3×Z2,Z3×{1}). Each vertex (i, 0) in Zs contains three translated
copies of T0 in which the vertices u, v of T0 are mapped to (x, i) and (x+s, i+2),
which once combined with the rainbow embedding of the forest F , create a
cycle. We will redistribute the edges of these copies locally to undo the created
cycle. By doing so in each embedded edge of F we end up with a decomposition
of Cay(Zp × Z3,Z∗p × Z3), and hence of K2m+1(3) with isomorphic copies of
T . This local redistribution can be made by using two mutually orthogonal
latin squares of order 3, one labelled with the copies of the nine trees meeting
the vertices of Zs and an orthogonal mate according to which the vertices are
distributed in the corresponding copies of forests. By orthogonality, no edge
in a forest will join two vertices in its base tree. 2

Lemma 3 leads to the proof of Theorem 1 as follows.
Proof of Theorem 1 Let T be a random tree with m edges such that p =

2m − 1 is a prime. Asymptotically almost surely T has at least 2m/5 edges.
Let T ′ be the graph obtained from T by removing one leave uv, where v is a
pendant vertex of T . By Lemma 3, T ′ decomposes K2m−1(3). Every vertex in
this graph contains precisely three copies of T ′ in which this vertex occupies
the position of u in T ′. Add two vertices to K2m−1(3) joined from every vertex
in K2m−1(3) and a directed triangle in each coclique with size three. This way
we can use one of the three outgoing edges to each such copy and complete
the embedding of the original tree T in the resulting graph, which happens to
be K6m−1 minus the edge joining the two added vertices. 2

The proofs of Theorem 2 and Theorem 3 are extensions of the above ar-
guments and are not included on this extended abstract.
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[9] R. L. Häggkvist, Decompositions of Complete Bipartite Graphs, Surveys in Com-
binatorics, Johannes Siemons Ed., Cambridge University Press (1989) 115–146.
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Resumen. Los grafos construidos a partir de grupos (grafos de Cayley) han sido
ampliamente estudiados y gozan de propiedades que los hacen muy útiles en el con-
texto de los grafos y digrafos de Moore. En el año 1978, Bosák generalizó los grafos
y digrafos de Moore a grafos mezclados de Moore, es decir, grafos donde coexisten
aristas y arcos simultaneamente y para los que existe un único recorrido entre dos pa-
res de vértices cualesquiera a distancia más pequeña o igual que el diámetro. En este
trabajo extendemos el concepto de grafo de Cayley para los grafos mezclados, mos-
tramos como algunos grafos mezclados de Moore son de tipo Cayley y descartamos
la existencia de este tipo de grafos en otros casos.

Palabras clave: Grafo, Digrafo, Moore, Cayley.

1 Introducción, terminoloǵıa y notación.

Los grafos mezclados (mixed) resultan ser un buen modelo para ciertas redes
donde conexiones unidirecciones y bidireccionales coexisten en la topoloǵıa de
la propia red. Para los propósitos de este trabajo, los grafos (mezclados) pue-
den contener tanto arcos como aristas. Las definiciones relativas a recorridos,
caminos y distancia son conocidas en este contexto y pueden leerse, por ejem-
plo, en [2]. El diámetro de un grafo G, denotado por diam(G), es la máxima
de las distancias entre pares de vértices de G. Por otro lado, la cintura de
un grafo es la longitud del ciclo más corto del grafo. Sea (G, ·) un grupo con
elemento unitario 1G . El conjunto de todos los elementos que conmutan con
a ∈ G, Na = {x ∈ G | xa = ax}, se denomina centralizador de a. El orden de
un elemento a lo denotaremos por ordG(a). Para otros conceptos relacionados
con la teoŕıa de grupos seguiremos la notación de Lang [5].

? Este trabajo ha sido parcialmente financiado por los proyectos MTM2010-21580-C02-01
(Ministerio de Ciencia e Innovación) y 2009SGR-442 (Generalitat de Catalunya).
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2 Grafos mezclados de Moore

Los grafos parcialmente dirigidos de Moore también denominados grafos mez-
clados de Moore fueron definidos e investigados por Bosák en [1,2]. Aśı, un
grafo mezclado de Moore se define como aquel grafo simple, finito y totalmen-
te regular (cada vértice comparte r aristas y z arcos de entrada y de salida,
donde r y z son independientes de la elección del vértice en cuestión) de for-
ma que existe exactamente un recorrido desde un vértice u a un vértice v de
longitud como mucho el diámetro del grafo. Existe una cota superior para
el orden de un grafo de diámetro k, grado máximo (no dirigido) r y grado
máximo de salida (dirigido) z,

1+(r+z)+ [z(r+z)+r(r+z−1)]+ · · ·+[z(r+z)k−1 +r(r+z−1)k−1]. (1)

Este valor, denotado por Mr,z,k, se denomina cota de Moore para grafos mez-
clados (ver [8]). La cota se obtiene fácilmente si ‘colgamos’ un grafo con las
caracteŕısticas anteriores de un vértice cualquiera v y contamos el número
máximo de vértices que aparecen a distancia ≤ k de v (ver Fig. 1) Los gra-

v

r· · · z · · ·

r−1 z r−1 z r z r z

...
...

...
...

Figura 1: Árbol generador de un grafo mezclado de Moore ‘colgado’ desde v.

fos mezclados con Mr,z,k vértices, diámetro k, grado máximo (no dirigido)
r y grado máximo de salida (dirigido) z se denominan Grafos mezclados de
Moore. Estos grafos mezclados extremales son totalmente regulares de grado
d = r+ z y tienen la propiedad que dados dos vértices cualesquiera, existe un
único camino que los une de longitud ≤ k. Los casos extremos r = 0 y z = 0
corresponden a los Digrafos de Moore y Grafos de Moore, respectivamente.
Estas estructuras han sido ampliamente estudiadas (ver [7] para un resumen
completo sobre ellas). En general, podemos afirmar que los grafos y digrafos
de Moore existen sólo para escasos valores del diámetro y/o el grado. Los gra-
fos mezclados de Moore que contienen al menos un arco (z ≥ 1) y una arista
(r ≥ 1) se denominan grafos mezclados de Moore propios. Nguyen, Miller y
Gimbert demuestran en [9] que no hay grafos mezclados de Moore propios
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de diámetro k ≥ 3. Aśı pues, su existencia se focaliza en el caso de diámetro
k = 2, donde Bosák da una condición necesaria sobre los parámetros r y z,
para la existencia de estos grafos:

Teorema 1 ([2]). Sea G un grafo mezclado de Moore (propio) de diametro
dos. Entonces, G es totalmente regular con grado dirigido z ≥ 1 y grado no
dirigido r ≥ 1. Además, existe un entero impar c tal que

r =
1

4
(c2 + 3) y c|(4z − 3)(4z + 5). (2)

Para r = 1 y z ≥ 1 la familia de digrafos de Kautz Ka(d, 2) resultan ser gra-
fos mezclados de Moore (ver [9]). Otro ejemplo es el conocido como grafo de
Bosák de parámetros r = 3 y z = 1 que contiene 18 vértices (ver Fig. 2). En el

Figura 2: El grafo de Bosák es el único
grafo mezclado de Moore de 18 vérti-
ces, corresondiente al caso r = 3 y
z = 1.

Mr,z,2 r z d Existencia Unicidad

6 1 1 2 Ka(2, 2) Śı

12 1 2 3 Ka(3, 2) Śı

18 3 1 4 Bosák Śı

20 1 3 4 Ka(4, 2) Śı

30 1 4 5 Ka(5, 2) Śı

40 3 3 6 ? ?

42 1 5 6 Ka(6, 2) Śı

54 3 4 7 ? ?

56 1 6 7 Ka(7, 2) Śı

72 1 7 8 Ka(8, 2) Śı

84 7 2 9 ? ?

88 3 6 9 ? ?

90 1 8 9 Ka(9, 2) Śı

108 3 7 10 Jørgensen No

110 1 9 10 Ka(10, 2) Śı

Figura 3: Valores que satisfacen la
ecuación (2) para ordenes Mr,z,2 ≤
110.

año 2012, Jørgensen [4] encuentra dos grafos mezclados de Moore de 108 vérti-
ces, construyendolos a partir de dos grupos distintos de ese mismo cardinal.
Recientemente, López y Pujolàs [6] caracterizan todos los grafos mezclados
de Moore con z = 1, demostrando la no existencia de un grafo mezclado de
Moore de 486 vértices. En general, existen una infinidad de valores r y z que
satisfacen las condiciones de la ecuación (2) y para los cuales se desconoce la
existencia de un grafo mezclado de Moore (ver Fig. 3).
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3 Grafos mezclados de Moore de tipo Cayley

Los grafos y digrafos de Cayley admiten una particularización natural en
el mundo de los grafos mezclados. Sea (G, ·) un grupo y sean A y B dos
subconjuntos disjuntos sin elemento unidad de G, de forma que A es cerrado
por inversos, es decir A = A−1. El grafo mezclado de Cayley, denotado por
Cay(G;A,B), tiene por vértices los elementos de G, las aristas se generan
entre los vértices g ∈ G y gx, para todo x ∈ A, y existe un arco desde un
vértice g ∈ G hacia gx, para todo x ∈ B. Por definición, el grafo mezclado
Cay(G;A,B) tiene |G| vértices y es totalmente regular de grado no dirigido
|A| y grado dirigido |B|. Además, Cay(G;A,B) tendrá diámetro ≤ 2 si para
todo u, v ∈ G, existen g1, g2 ∈ A∪B∪{1G} tales que v = ug1g2. Los grafos de
Cayley tienen la propiedad de ser vertice-transitivos, lo que permite simplificar
la condición anterior de la manera siguiente:

Proposición 1. Sea Cay(G;A,B), donde |G| = Mr,z,2, |A| = r y |B| = z.
Entonces Cay(G;A,B) es un grafo mezclado de Moore (de diámetro 2) si y
sólo si existen g1, g2 ∈ A ∪ B ∪ {1G} tales que v = g1g2 para todo v ∈ G.

Nuestro objetivo es describir algunas condiciones necesarias para que una
terna (G;A,B) pueda generar un grafo mezclado de Moore. En el caso z = 0,
los grafos de Moore tienen una cintura relativamente grande (por ej. 5, para
un diámetro igual a 2). Existen cotas superiores para la cintura que se puede
lograr en un grafo de Cayley sobre un grupo nilpotente o resoluble G [3]. Estas
cotas también seŕıan válidas en el caso de los grafos mezclados, y en principio
nos permitiŕıan descartar algunos grupos G, suponiendo que conociéramos la
cintura que debeŕıa tener el grafo mezclado de Moore que estamos buscando.
Sin embargo, los grafos mezclados de Moore siempre tienen una cintura igual
a 3, muy por debajo de las cotas proporcionadas por [3], con lo cual este
criterio careceŕıa de valor práctico en nuestro caso. No obstante, el resultado
que damos a continuación nos permite acotar la búsqueda de ternas (G;A,B)
que puedan generar grafos mezclados de Moore.

Proposición 2. Sea Cay(G;A,B) un grafo mezclado de Moore de tipo Cayley,
donde |G| = Mr,z,2, |A| = r y |B| = z. Pongamos A = {g1, . . . , gr} y B =
{h1, . . . , hz}. Entonces,

(a)B ∩ B−1 = ∅, es decir, B no puede contener un elemento y su inverso.
(b)Los conjuntos A y B son libres de centralizadores, es decir,

– sea g ∈ A, entonces x /∈ Ng, para todo x ∈ A ∪ B \ {g, g−1},
– sea h ∈ B, entonces x /∈ Nh, para todo x ∈ A ∪ B \ {h}.
En particular G es un grupo no abeliano.

(c)A contiene un número impar de involuciones de G.
(d)Para cada hi ∈ B, existe un único hj ∈ B tal que hihj = h−1

σ(i), donde
σ ∈ Sz es una permutación fija e independiente de la elección de i. Además,
ordG(gi) > 3 para todo gi que no es una involución de A.
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Proof. (a) Supongamos que existiera h ∈ B tal que h−1 ∈ B. Desde un punto
de vista geométrico, el arbol generador que se obtendŕıa al ‘colgar’ el grafo
Cay(G;A,B) tendŕıa un máximo de r(r− 1 + z) + (z− 2)(r+ z) + 2(r+ z− 1)
vértices a distancia 2 del vértice 1G , ya que cada uno de los vértices h y h−1

aportarÃan r+z−1 vértices a esta cantidad. Sin embargo, todo grafo mezclado
de Moore tiene exactamente r(r − 1 + z) + z(r + z) vértices a distancia 2 de
cualquier vértice (ver Fig. 1), por lo que Cay(G;A,B) no podŕıa ser un grafo
mezclado de Moore.
(b) Sea g ∈ A y supongamos que existe x ∈ A ∪ B \ {g, g−1} tal que x ∈ Ng.
Entonces g y x son distintos y conmutan, es decir, gx = xg, además gx 6= 1G .
Veamos como se traduce este efecto en el grafo mezclado Cay(G;A,B):

• Si x ∈ A, entonces tenemos dos caminos distintos
1G ↔ g ↔ gx
1G ↔ x↔ xg

compuestos por dos aristas desde el vértice 1G hasta el vértice gx.
• Si x ∈ B, entonces tenemos también dos caminos distintos

1G ↔ g → gx
1G → x↔ xg

compuestos por una arista y un arco desde el vértice 1G hasta gx.

En cualquier caso tendŕıamos dos caminos distintos desde el vértice 1G hasta
gx, contradiciendo la unicidad de caminos que por definición tiene un grafo
mezclado de Moore. De forma análoga se hace el caso h ∈ B, teniendo en
cuenta que h−1 /∈ B por el apartado anterior.
(c) Primero demostramos que |A| = r es un número impar. En efecto, de la
ecuación (2) tenemos que r = 1

4(c2 + 3) para un c ∈ Z impar. Aśı, poniendo
c = 2n+1, tenemos que c2 = 4n2+4n+1, por lo que r = n2+n+1 = n(n+1)+1
de donde se deduce que r es siempre un número impar. Ahora como A = A−1,
por cada elemento g ∈ A tenemos su inverso g−1 ∈ A, por lo que estos ele-
mentos aparecen en parejas en A y aportan una cantidad par al cardinal de A,
siempre que g 6= g−1. El resto de elementos de A sólo pueden ser involuciones
(g = g−1), por lo que tendremos un número impar de éstas.
(d) Por un lado, observamos que los z arcos de entrada que tiene el vértice 1G
provienen de los elementos del conjunto B−1 = {h−1

1 , . . . , h−1
z }. Por otro lado,

desde un punto de vista geométrico, estos z arcos sólo pueden provenir de
vértices a distancia 2 de 1G , formando caminos constituidos unicamente por
arcos, ya que si una arista apareciera en alguno de los z caminos llegariamos a
contradicción con la unicidad de caminos que define a los grafos mezclados de
Moore. Los caminos constituidos por arcos sólo pueden generarse con elemen-
tos de B, por lo que por cada hi ∈ B debe existir hj ∈ B tal que hihj ∈ B−1.
Como hay z caminos distintos, tenemos que hihj = h−1

σ(i), donde σ ∈ Sz es

una permutación fija e independiente de la elección de i (ver Fig. 4). A con-
secuencia de este hecho ordG(gi) 6= 3, ya que en caso contrario tendŕıamos
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que g3
i = 1G para un determinado gi ∈ A, lo que significaŕıa que uno de los z

caminos estaŕıa constituido por aristas, lo que es imposible. 2

1G

g1

g1∗g1 g1∗gr g1∗h1 g1∗hz

r−1 z

gr

gr∗g1 gr∗gr gr∗h1 gr∗hz

r−1 z

h1

h1∗g1 h1∗gr h1∗h1 h1∗hi h1∗hz

r

hz

hz∗g1 hz∗gz hz∗h1 hz∗h j hz∗hz

r

Figura 4: Grafo mezclado de Moore de tipo Cayley Cay(G;A,B) ‘colgado’ des-
de el elemento unidad del grupo G, donde A = {g1, . . . , gr} y B = {h1, . . . , hz}.

El grafo de Bosák como grafo mezclado de Cayley

Podemos aplicar la proposición 2 para intentar encontrar ternas (G;A,B) que
posibiliten la construcción de grafos mezclados de Moore de tipo Cayley de
18 vértices, correspondiente al caso r = 3 y z = 1. Respecto al grupo G,
existen un total de 5 grupos de 18 elementos, pero unicamente 3 de ellos son
no abelianos:

• El grupo dihédrico de 18 elementos: D18.
• El producto directo del grupo de permutaciones de tres elementos con Z3,

es decir: S3 × Z3.
• Un producto semidirecto de Z3 × Z3 con Z2, es decir: (Z3 × Z3) o Z2.

Sobre cada uno de estos grupos candidatos, hay que buscar conjuntos A =
{g1, g2, g3} y B = {h1} de forma que se cumplan las condiciones necesarias
descritas en la proposición 2. Por el apartado c) de dicha proposición se tiene
que o bien g1, g2 y g3 son tres involuciones o bien g1 es una involución y
g3 = g−1

2 . Además, por el apartado d), tenemos que h1h1 = h−1
1 , es decir,

ordG(h1) = 3. Además, ordG(g2) > 3 (cuando g2 no fuera una involución).
Aśı pues nos reducimos a los siguientes casos:

1. A={g1, g2, g3} y B={h1}, con ordG(gi)=2 y ordG(h1)=3, para todo 1≤i≤3.
2. A={g1, g2, g

−1
2 } y B={h1}, con ordG(g1)=2, ordG(g2)>3 y ordG(h1)=3.

A los pares (A,B) que satisfacen la primera condición les diremos pares ‘tipo
1’, y a los que satisfacen la segunda condición pares ‘tipo 2’. Hemos implemen-
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tado un algoŕıtmo combinando los programas SAGE2 y GAP3 que construye
todos los pares de tipo 1 y tipo 2 para los tres grupos no abelianos de 18 vérti-
ces y que además verifican la condición (b) de la proposición 2. Para cada uno
de estos pares se ha construido el correspondiente grafo mezclado de Cayley
y se ha comprobado si dicho grafo teńıa diámetro 2. Hemos obteniendo los
resultados representados en la tabla 1. En el caso del grupo dihédrico D18 hay

Grupo G Tipo 1 [de Moore] Tipo 2 [de Moore]

D18 168 [0] 0 [0]

S3 × Z3 6 [0] 48 [16]

(Z3 × Z3) o Z2 672 [144] 0 [0]

Tabla 1: Parejas (A,B) de tipo 1 y 2 para los tres grupos no abelianos de 18
vértices. En algunos casos estas parejas dan lugar grafos mezclados de Moore.

un total de 168 de parejas de tipo 1 y ninguna del tipo 2. Estas 168 = 84 · 2
parejas estan formadas de la siguiente forma: A es cualquiera de los

(
9
3

)
= 84

conjuntos de tamaño 3 formados por las 9 involuciones de D18 y B sólo puede
ser 2 conjuntos (los formados por los dos únicos elementos de orden 3 que
tiene D18). En cualquier caso, ninguna de las 168 parejas (A,B) da como re-
sultado un grafo de diámetro 2. En cambio, los otros dos grupos no abelianos
śı generan grafos mezclados de Moore. Los 144 + 16 grafos de mezcados de
Moore obtenidos son todos isomorfos entre śı, dando lugar al grafo de Bosák
(ver Fig. 2).

Proposición 3. El grafo de Bosák es un grafo mezclado de Cayley que puede
obtenerse a partir de S3 × Z3 o bien (Z3 × Z3) o Z2.

Imposibilidad de otros grafos mezclados de Moore de tipo Cayley

En la linea de lo realizado para el caso de 18 vértices, hemos buscado exhaus-
tivamente grafos mezclados de Moore de tipo Cayley para otros casos donde
se desconoce la existencia de grafos mezclados de Moore. Aśı, para el caso de
40 y 54 vértices, no hemos hallado ninguna terna (G;A,B) que diera lugar a
un grafo mezclado de Moore. Hay un total de 11 grupos no abelianos con 40
elementos, pero únicamente tres de ellos producen pares (A,B) que satisfacen
condiciones de la proposición 2: Z5×Q8, Z2×(Z5nZ4) y Z5×D8, donde Q8 es
el grupo de cuaterniones de 8 elementos. Cabe destacar que en Z2× (Z5 nZ4)
se han encontrado del orden de 105 pares (A,B) verificando condiciones de la
proposición 2. Ninguno de estos pares ha dado lugar a un grafo mezclado de
Moore. Algo parecido ocurre con los grupos de 54 elementos.

2 http://www.sagemath.org
3 http://www.gap-system.org
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Proposición 4. No existen grafos mezclados de Moore de tipo Cayley de 40
y 54 vértices.

La proposición anterior no descarta la posibilidad de la existencia de grafos
mezclados de Moore de 40 y 54 vértices, pero, en estos casos, dichos grafos ex-
tremales debeŕıan ser de tipo no Cayley. Dado que el grafo de Bosák, aśı como
los grafos de Jørgensen y algunos grafos de la familia Ka(d, 2), son grafos de
Cayley, es plausible pensar en la no existencia de grafos mezclados de Moore
de tipo no Cayley.

Conjetura 1. No existen grafos mezclados de Moore de 40 y 54 vértices.
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Resumen. En este trabajo se enuncian nuevas relaciones de inclusión entre varias
condiciones suficientes para el RNIEP y se estudian la negatividad y el margen de
realizabilidad de un espectro respecto de dichas condiciones.

Palabras clave: matrices no negativas, RNIEP, condiciones suficientes.

1 Consideraciones previas

En el contexto de la Teoŕıa Espectral de Grafos, estamos interesados en proble-
mas espectrales inversos sobre digrafos. En particular, tratamos de encontrar
condiciones necesarias y suficientes para que una familia de números reales sea
el espectro de la matriz de adyacencia de un digrafo pesado. Este problema
se conoce como problema espectral real inverso no negativo (RNIEP) en el
contexto de matrices no negativas y sólo está resuelto para espectros reales
de tamaño menor o igual que cuatro.

En este trabajo, si σ = {λ1, . . . , λn} es una familia de n números reales
que es el espectro de una matriz no negativa (digrafo pesado) de tamaño n
escribiremos σ ∈ Spec n o simplemente σ ∈ Spec.

A continuación describiremos cronológicamente algunas condiciones sufi-
cientes, que llamaremos por el nombre de sus autores, para que σ sea el es-
pectro de una matriz no negativa:

• Suleimanova, 1949: Si σ = {λ0, λ1, . . . , λn}:

λ0 ≥ |λ| , λ ∈ σ , y λ0 +
∑
λi<0

λi ≥ 0
}
⇒ σ ∈ Spec .
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• Suleimanova-Perfect, 1953: Si σ = {λ0, λ01, . . . , λ0t0}∪{λ1, λ11, . . . , λ1t1}∪
· · · ∪ {λr, λr1, . . . , λrtr}:

λ0 ≥ |λ|, λ ∈ σ , y λj +
∑
λji<0

λji ≥ 0 , 0 ≤ j ≤ r
}
⇒ σ ∈ Spec .

• Perfect 1, 1953: Si σ = {λ0}∪{λ1, λ11, . . . , λ1t1}∪· · ·∪{λr, λr1, . . . , λrtr}∪
{λn}, con λj ≥ 0 y λji ≤ 0 para j = 1, . . . , r e i = 1, . . . , tj y λn ≤ 0:

λ0 ≥ |λ|, λ ∈ σ ,
∑
λ∈σ

λ ≥ 0

λj + λn ≤ 0 y λj +
∑

1≤i≤tj
λji ≤ 0 , 1 ≤ j ≤ r




⇒ σ ∈ Spec .

• Perfect 2, 1955: Si σ = {λ0, λ1, . . . , λr}∪{λ01, . . . , λ0t0}∪{λ11, . . . , λ1t1}∪
· · · ∪ {λr1, . . . , λrtr}, con {λ0, λ1, . . . , λr} el espectro de una matriz no ne-
gativa con diagonal d0, d1, . . . , dr y λji ≤ 0 para j = 0, . . . , r e i = 1, . . . , tj :

λ0 ≥ |λ|, λ ∈ σ ,
∑
λ∈σ

λ ≥ 0

dj +
∑

1≤i≤tj
λji ≥ 0 , 0 ≤ j ≤ r




⇒ σ ∈ Spec .

Cuando λj ≥ 0, para j = 0, . . . , r, la llamaremos condición Perfect 2+.

• Ciarlet, 1968: Si σ = {λ0, λ1, . . . , λn}:

|λj | ≤
λ0

n
, j = 1, . . . , n

}
⇒ σ ∈ Spec .

• Kellogg, 1971: Si σ = {λ0 ≥ λ1 ≥ · · · ≥ λn}, con λ0 ≥ |λ| para λ ∈ σ,
M = máx{j ∈ {0, 1, . . . , n} : λj ≥ 0} y K = {i ∈ {1, . . . , bn/2c} : λi ≥
0, λi + λn+1−i < 0}:

λ0 +
∑

i∈K, i<s
(λi + λn+1−i) + λn+1−s ≥ 0 ∀s ∈ K

λ0 +
∑
i∈K

(λi + λn+1−i) +
n−M∑
j=M+1

λj ≥ 0




⇒ σ ∈ Spec .

• Salzmann, 1972: Si σ = {λ0 ≥ λ1 ≥ · · · ≥ λn}:
∑
λ∈σ

λ ≥ 0 y
λi + λn−i

2
≤ 1

n+ 1

∑

0≤j≤n
λj , 1 ≤ i ≤ bn/2c

}
⇒ σ ∈ Spec .

• Fiedler, 1974: Si σ = {λ0 ≥ λ1 ≥ · · · ≥ λn}:

λ0 + λn +
∑
λ∈σ

λ ≥ 1

2

∑

1≤i≤n−1

|λi + λn−i|
}
⇒ σ ∈ Spec .
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• Borobia, 1995: Sea σ = {λ0 ≥ λ1 ≥ · · · ≥ λn}, M = máx{j ∈ {0, . . . , n} :
λj ≥ 0}. Si existe una partición J1 ∪ · · · ∪ Jt de {λM+1, . . . , λn} con {λ0 ≥
· · · ≥ λM ≥

∑
λ∈J1

λ ≥ · · · ≥∑λ∈Jt λ} verificando la condición de Kellogg,
entonces σ ∈ Spec.

• Soto 2, 2003: Sea σ = {λ11 ≥ · · · ≥ λ1t1} ∪ · · · ∪ {λr1 ≥ · · · ≥ λrtr}, con
λ11 ≥ |λ| para λ ∈ σ y λi1 ≥ 0 para i = 1, . . . , r. Sean Sij = λij + λi,ti−j+1

para j = 2, . . . , bti/2c, S(ti+1)/2 = mı́n{λ(ti+1)/2, 0} si ti es impar para i =
1, . . . , r, Ti = λi1 +λiti +

∑
Sij<0 Sij para i = 1, . . . , r y λM = máx{−λ1t1−∑

S1j<0 S1j ; máx2≤i≤r{λi1}}:

λ11 ≥ λM −
∑

Ti<0, 2≤i≤r
Ti

}
⇒ σ ∈ Spec .

• Soto-Rojo, 2006: Si σ = {λ11 ≥ · · · ≥ λ1t1} ∪ · · · ∪ {λr1 ≥ · · · ≥ λrtr},
con λ11 ≥ |λ| para λ ∈ σ, λi1 ≥ 0 para i = 1, . . . , r y {λ11, λ21, . . . , λr1} el
espectro de una matriz no negativa con diagonal d1, . . . , dr:

di ≥ λi2 y {di, λi2, . . . , λiti} ∈ Spec , 1 ≤ i ≤ r
}
⇒ σ ∈ Spec .

Si una familia de números reales satisface una condición suficiente X diremos
que es X-realizable. Por ejemplo, si σ verifica la condición de Fiedler diremos
que σ es Fiedler-realizable.

Si un espectro σ está dado por una partición, al elemento i-ésimo de la
partición lo denotaremos por σi.

El siguiente diagrama muestra las relaciones entre las anteriores condicio-
nes suficientes y aparece en [3]. La ĺınea punteada indica el desconocimiento
que entonces teńıan los autores sobre si Soto implica o no Perfect 2+.

Suleimanova = Su
Suleimanova-Perfect = SP
Perfect 1 = P1
Perfect 2+ = P2+

Ciarlet = C
Kellogg = K
Salzmann = Sa
Fiedler = F
Borobia = B
Soto 2 = So (S2 en la sección 3)

2 Negatividad y margen de realizabilidad

Sea X una condición suficiente, siguiendo [1], definimos la X-negatividad
de una familia σ = {λ1, λ2, . . . , λn} ⊂ R con λ1 ≥ λj para j = 2, . . . , n, como
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NX(σ) = mı́n{ε ≥ 0 : {λ1 + ε, λ2, . . . , λn} es X-realizable}

y como +∞ si {λ1 + ε, λ2, . . . , λn} no es X-realizable para ningún ε ≥ 0. Si σ
es X-realizable, definimos el X-margen de realizablidad de σ como

MX(σ) = máx

{
ε ≥ 0 :

{λ1 − ε, λ2, . . . , λn} es X-realizable

y λ1 − ε ≥ |λj | para j = 2, . . . , n

}
.

Observemos que la X-negatividad de un espectro σ mide, en cierto sentido,
cuánto le falta a σ para ser X-realizable. Una interpretación análoga puede
darse al margen de realizabilidad. Se verifican las siguientes propiedades:

� σ es X-realizable si y solo si NX(σ) = 0.
� Si X e Y son condiciones suficientes con X incluida en Y , entonces
NY (σ) ≤ NX(σ) y MY (σ) ≥MX(σ).

� NX(σ) ≥ máx{0,−
n∑
j=1

λj , |λ2| − λ1, . . . , |λn| − λ1}.

� MX(σ) ≤ mı́n{
n∑
j=1

λj , λ1 − |λ2| , . . . , λ1 − |λn|}.

� Si σ es X-realizable con traza cero, entonces MX(σ) = 0.
� Si σ es X-realizable con radio espectral múltiple, entonces MX(σ) = 0.
� Si σ es X-realizable con ı́ndice de ciclicidad 2, entonces MX(σ) = 0.

Para un espectro real σ, con las notaciones de las condiciones suficientes y
del diagrama dados en la sección anterior, tenemos:

NSu(σ) = máx{0,−λ0 −
∑

λi<0

λi}, MSu(σ) = mı́n{λ0 +
∑

λi<0

λi , λ0 − |λ1|, . . . , λ0 − |λn|},

NSP(σ) = mı́n{NSu(σ0) : σ =

r⋃

i=0

σi}, MSP(σ) = mı́n{
∑

λ∈σ
λ,mı́n{λ0 − |λ| : λ ∈ σ − {λ0}}, a},

donde a = máx{MSu(σ0) : σ =
r⋃
i=0

σi es SP -realizable},

NP1(σ) =





+∞ si ∀ partición de σ, ∃j ∈ {1, . . . , r} con λj + λn > 0 ó λj +
tj∑
i=1

λji > 0

máx

{
0,− ∑

λ∈σ
λ,máx{|λ| − λ0 : λ ∈ σ − {λ0}}

}
en caso contrario,

MP1(σ) = mı́n

{∑

λ∈σ
λ ,mı́n{λ0 − |λ| : λ ∈ σ − {λ0}}

}
,

MP2(σ),MP2+(σ) ≥ mı́n





r∑

i=0

mı́n{di +

ti∑

j=1

λij ,mi},mı́n{λ0 − |λ| : λ ∈ σ − {λ0}}



 ,



Condiciones suficientes RNIEP 401

donde mi, 0 ≤ i ≤ r, es el menor elemento de la columna i+ 1 de la matriz no
negativa con espectro {λ0, . . . , λr} considerada, y surge del uso del teorema
de Brauer.

NC(σ) = nmáx{|λ1|, . . . , |λn|} − λ0, MC(σ) = λ0 − nmáx{|λ1|, . . . , |λn|},

NK(σ) = −mı́n



0,mı́n{λ0 +

∑

i∈K, i<s
(λi + λn+1−i) + λn+1−s : k ∈ K},

λ0 +
∑

i∈K
(λi + λn+1−i) +

n−M∑

j=M+1

λj



 ,

MK(σ) = mı́n



λ0 − λ1, λ0 + λn,mı́n{λ0 +

∑

i∈K, i<s
(λi + λn+1−i) + λn+1−s : k ∈ K},

λ0 +
∑

i∈K
(λi + λn+1−i) +

n−M∑

j=M+1

λj



 ,

NSa(σ) = −mı́n



0,

n∑

j=0

λj ,mı́n





n∑

j=0

λj −
n+ 1

2
(λi + λn−i) : 1 ≤ i ≤ bn/2c







 ,

MSa(σ) = mı́n



λ0 − |λn|, λ0 − |λ1|,

n∑

j=0

λj ,mı́n{
n∑

j=0

λj −
n+ 1

2
(λi + λn−i) : 1 ≤ i ≤ bn/2c}



 ,

NF(σ) = máx

{
0,−

∑

λ∈σ
λ,−1

2

[
λ0 + λn +

∑

λ∈σ
λ− 1

2

n−1∑

i=1

|λi + λn−i|
]}

,

MF(σ) = mı́n

{∑

λ∈σ
λ, λ0 − |λ1|, . . . , λ0 − |λn|,

1

2

[
λ0 + λn +

∑

λ∈σ
λ− 1

2

n−1∑

i=1

|λi + λn−i|
]}

.

Observemos que la negatividad de todas las condiciones suficientes con-
sideradas es finita, excepto para Perfect 1. Para Borobia y Soto 2 sólo dis-
ponemos de procedimientos de fuerza bruta, para la construcción de todas
las particiones posibles de un espectro bajo las restricciones correspondientes.
La obtención de la negatividad y el margen de realizabilidad para Perfect 2
y Soto-Rojo implica, por un lado, fuerza bruta para la construcción de las
particiones y, por otro lado, la determinación de diagonales y de los elementos
mı́nimos de las columnas de las matrices que los realizan. En relación con
estos hechos, podemos considerar los siguientes problemas abiertos:
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Problema 1: Hallar el conjunto de diagonales de todas las realizaciones no
negativas de un espectro real.
Problema 2: Hallar el conjunto de espectros realizables con diagonal dada.

Estos dos problemas pueden ser tan complejos como el propio RNIEP, de
hecho, el primero de ellos está resuelto para n ≤ 3 y para n > 3 sólo se conocen
condiciones suficientes. Si la diagonal es nula el problema 2 es el RNIEP
con traza cero, sólo resuelto para n ≤ 5. Parecen igualmente complejos los
problemas relacionados con la determinación de los elementos mı́nimos de las
columnas que realizan los espectros, y su relación con los elementos diagonales,
y la determinación del elemento diagonal máximo. Véase el siguiente ejemplo.

Ejemplo 1. El espectro σ = {18, 6,−6,−2,−2,−3,−3} es P2-realizable: σ0 =
{18, 6,−6} es el espectro de

A =




12 3 3

0 6 12

12 6 0


 con

m0 = 0

m1 = 3

m2 = 0

ó B =




12 5 1

6 6 6

6 12 0


 con

m0 = 6

m1 = 5

m2 = 0

y

d0 = 12

d1 = 6

d2 = 0

.

Para {−2,−2,−3,−3} = σ1 ∪ σ2 ∪ σ3 tenemos varias particiones posibles

Partición σ1 ∪ σ2 ∪ σ3 cota MP2(σ) con A cota MP2(σ) con B

{−2,−2} ∪ {−3,−3} ∪ ∅ 0 6

{−3,−3} ∪ {−2,−2} ∪ ∅ 2 8

{−2,−2,−3} ∪ {−3} ∪ ∅ 3 8

{−2,−2,−3,−3} ∪ ∅ ∪ ∅ 3 7

El espectro σ también es P2+-realizable: σ0 = {18, 6} es el espectro de

Ca =

(
18 0

a 6

)
, a ≥ 0, y D =

(
12 6

6 12

)
.

Según las particiones de {−2,−2,−3,−3,−6} = σ1 ∪σ2 obtenemos diferentes
cotas para MP2(σ). Podemos concluir que MP2(σ) = MP2+(σ) = 8. Ob-
sevemos que el conocimiento de la diagonal no garantiza obtener una cota
óptima.

3 Nuevas condiciones suficientes y nuevas relaciones

En [4] los autores prueban que Soto 2 implica estrictamente P2+ (ver ĺınea
discontinua en el diagrama de la sección 1) y consideran las siguientes nuevas
condiciones suficientes para que σ sea el espectro de una matriz no negativa:
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• Juego, 2008: Si σ con n elementos puede alcanzarse empezando con los
n espectros {0}, . . . , {0} aplicando sucesivamente, en cualquier orden y
cualquier número de veces, las reglas 1, 2 ó 3, entonces σ ∈ Spec, donde
Regla 1: Si σ = {λ1, . . . , λn} ∈ Spec con λ1 ≥ |λ| para λ ∈ σ, entonces
{λ1 + ε, λ2 − ε, λ3, . . . , λn} ∈ Spec , ∀ε > 0.
Regla 2: Si σ = {λ1, . . . , λn} ∈ Spec con λ1 ≥ |λ| para λ ∈ σ, entonces
{λ1 + ε, λ2, . . . , λn} ∈ Spec , ∀ε > 0.
Regla 3: Si σ1, σ2 ∈ Spec, entonces σ1 ∪ σ2 ∈ Spec.
Observemos que la presencia o no de elementos nulos en σ no modifica la
juego-realizabilidad.
Esta condición suficiente en [2] es llamada C-realizabilidad y hemos cam-
biado el nombre para evitar confusiones con las notaciones y nombres de
otras condiciones suficientes.

• Soto 3 = S3, 2013: Si σ = {λ11 ≥ · · · ≥ λ1t1} ∪ · · · ∪ {λr1 ≥ · · · ≥ λrtr},
con λ11 ≥ |λ| para λ ∈ σ, λi1 ≥ 0, para i = 1, . . . , r, {λ11, . . . , λ1t1} Soto 2
realizable y γ = máx{λ11 −MS2(σ1),máx2≤i≤r{λi1}}:

λ11 ≥ γ +
r∑
i=2
NS2(σi)

}
⇒ σ ∈ Spec .

• Soto p = Sp, 2013: Si σ = {λ11 ≥ · · · ≥ λ1t1} ∪ · · · ∪ {λr1 ≥ · · · ≥ λrtr},
con λ11 ≥ |λ| para λ ∈ σ, λi1 ≥ 0 para i = 1, . . . , r, y {λ11, . . . , λ1t1} Soto
p− 1 realizable con p ≥ 3 y γ = máx{λ11 −MSp−1(σ1), máx2≤i≤r{λi1}}:

λ11 ≥ γ +
r∑
i=2
NSp−1(σi)

}
⇒ σ ∈ Spec .

En la práctiva, no es necesario conocerMSp−1(σ1), basta conocer una cota
inferior suya para poder aplicar la condición Soto p, ver [4,5].

Los siguientes resultados aparecen en [4] y los enunciaremos sin demostra-
ción.

Teorema 1. Juego implica Perfect 2+ y la inclusión es estricta.

Teorema 2. 1. La inclusión de Perfect 2+ en Soto-Rojo es estricta.
2. Soto p está estrictamente contenido en Soto p+ 1, para p ≥ 3.
3. Kellogg y Borobia son independientes de Soto p, para p ≥ 3.
4. Soto p implica juego, para p ≥ 3, y la inclusión es estricta.

Teorema 3. Si σ es Borobia realizable, entonces σ es Soto p realizable para
algún p (p depende de σ).
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A continuación resumimos los resultados anteriores en un diagrama y da-
mos ejemplos que lo justifican.

Borobia

Sotos

juego

Perfect 2+ Sotos =
⋃
p≥2

Soto p

X = la condición X no se cumple

Sotos ∩Borobia : {3, 3, 1, 1,−2,−2,−2,−2}

juego ∩ Sotos : ?

Perfect 2+ ∩ juego : {6, 1, 1,−4,−4}
En [4] se describe una sucesión de espectros que permiten discriminar la

validez de las condiciones Soto p para distintos valores de p. No la incluimos
aqúı porque su extensión excede la capacidad de este documento.

La condición suficiente juego es dif́ıcilmente algoritmizable y no dispone-
mos de expresiones expĺıcitas para Njuego(σ) yMjuego(σ). Una condición nece-
saria para juego es que, en el espectro ordenado, los elementos positivos mayo-
ricen débilmente a los negativos. Este resultado permite dar la siguiente cota
para un espectro σ juego-realizable que, sin pérdida de generalidad, podemos
suponer de la forma σ = {λ1 ≥ · · · ≥ λp ≥ 0 ≥ −µp ≥ · · · ≥ −µ1}:

Mjuego(σ) ≥ mı́n

{
λ1 − λ2, λ1 − µ1,

∑

λ∈σ
λ,mı́n{

k∑

i=1

(λi − µi) : k = 1, . . . , p}
}
.

Para la obtención de la negatividad y el margen de realizabildad para Soto
p, de nuevo, sólo disponemos de la fuerza bruta para la construcción de las
particiones.

Ejemplo 2. El espectro σ = {6, 3, 3,−5,−5} sólo es realizable por Perfect 2+

(por ello también por Perfect 2 y por Soto-Rojo) y no por ninguna de las
condiciones suficientes incluidas en Perfect 2+. Para este espectro tenemos

NSu(σ) = 4 , NSP(σ) = 4 , NP1(σ) = +∞ , NC(σ) = 14 ,

NSa(σ) = 13 , NF(σ) = 1 , Njuego(σ) = 1 , MP2+(σ) = 0 .

Como Kellogg, Borobia y Soto p están comprendidos entre Fiedler y juego
obtenemos que todas sus negatividades son 1.

Ejemplo 3. Para el espectro σ = {12, 6, 1, 1, 1, 1,−2,−3,−3,−4,−4} se tiene

NC(σ) = 48 , NSu(σ) = 4 , NP1(σ) = +∞ , NSa(σ) = 5 ,

MSP(σ) = 2 , MF(σ) = 3 , MK(σ) = 3 , MB(σ) = 4 ,

MSp(σ) = 5 , p ≥ 2 , Mjuego(σ) = 5 , MP2+(σ) = 6 .
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Abstract. This paper deals with the question of completing a monotone increas-
ing family of subsets Γ of a finite set Ω to obtain the linearly dependent subsets
of a family of vectors of a vector space. Specifically, we demonstrate that such vec-
torial completions of the family of subsets Γ exist and, in addition, we show that
the minimal vectorial completions of the family Γ provide a decomposition of the
clutter Λ of the inclusion-minimal elements of Γ . The computation of such vectorial
decomposition of clutters is also discussed in some cases.

Key words: Clutter, Antichain, Hypergraph, Matroid, Decomposition.

1 Introduction

A monotone increasing family of subsets Γ of a finite set Ω is a collection
of subsets of Ω such that any superset of a set in the family Γ must be in
Γ . All the inclusion-minimal elements of Γ determine a clutter Λ, that is, a
collection of subsets of Ω none of which is a proper subset of another. Clutters
are also known as antichains, Sperner systems or simple hypergraphs.

A wide variety of examples of monotone increasing families exist, among
which we find the collection of the linearly dependent subsets of vectors in a
vector space. We say that a clutter Λ is LD-vectorial if its elements are the
inclusion-minimal linearly dependent subsets of an indexed family of vectors
of a vector space. In other words, the LD-vectorial clutters are exactely those
corresponding to the set of circuits of representable matroids.

In some cases it is convenient to use clutters that are either LD-vectorial
or are closed to be LD-vectorial. Examples of this situation can be found in
the context of secret-sharing schemes [3,5], or in the framework of algebraic
combinatorics and commutative algebra [1,6]. For instance, in the context
of secret-sharing schemes, the LD-vectorial clutters become a crucial issue

? Research supported by the Ministerio de Educación y Ciencia (Spain) and the European
Regional Development Fund under project MTM2011-28800-C02-01.
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for providing general bounds on the optimal information rate of the scheme,
while in the framework of algebraic combinatorics and commutative algebra,
they are useful for controlling certain arithmetic properties of either monomial
ideals or the face rings of simplicial complexes.

In general, a clutter is far from being LD-vectorial. Therefore it is of interest
to determine how it can be transformed into an LD-vectorial clutter. This
paper deals with this issue; that is, with the question of finding LD-vectorial
completions of a clutter . Specifically, the goal of this paper is to prove that
these completions exist and that the minimal ones provide a decomposition
of the clutter.

The outline of the paper is as follows. In Section 2 we recall some definitions
and basic facts about clutters and present the problem of the LD-vectorial
completion of a clutter. Our main results are gathered in Section 3; namely,
we present two theorems concerning LD-vectorial decomposition of clutters
(Theorem 1 and Theorem 2). Finally, Section 4 is devoted to analyzing the
computation of such decompositions (Proposition 1). Due to limitations of
space, the proofs are omitted.

2 LD-vectorial clutters and LD-vectorial completions

In this section we present the definitions and basic facts concerning families
of subsets, clutters and LD-vectorial clutters that are used in the paper.

Let Ω be a finite set. A family of subsets Γ of Ω is monotone increasing if
any superset of a set in Γ must be in Γ ; that is, if A ∈ Γ and A ⊆ A′ ⊆ Ω,
then A′ ∈ Γ . A clutter of Ω is a collection of subsets Λ of Ω, none of which is
a proper subset of another; that is, if A,A′ ∈ Λ and A ⊆ A′ then A = A′.

Observe that if Γ is a monotone increasing family of subsets of Ω, then
the collection min(Γ ) of its inclusion-minimal elements is a clutter; while if
Λ is a clutter on Ω, then the family Λ+ = {A ⊆ Ω : A0 ⊆ A for some
A0 ∈ Λ} is a monotone increasing family of subsets. Clearly Γ = (min(Γ ))+

and Λ = min
(
Λ+
)
. So a monotone increasing family of subsets Γ is determined

uniquely by the clutter min(Γ ), while a clutter Λ is determined uniquely by
the monotone increasing family Λ+.

Let Λ1, Λ2 be two clutters on Ω. It is clear that if Λ1 ⊆ Λ2 then Λ+
1 ⊆ Λ+

2 .
However, the converse is not true; that is, there exist clutters with Λ1 6⊆ Λ2

and Λ+
1 ⊆ Λ+

2 . For instance, on the finite set Ω = {1, 2, 3}, let us consider the
clutters Λ1 = {{1, 2}, {2, 3}} and Λ2 = {{1}, {2, 3}}. Then Λ1 6⊆ Λ2, while
Λ+

1 = {{1, 2}, {2, 3}, {1, 2, 3}} ⊆ {{1}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} = Λ+
2 .

This fact leads us to consider a binary relation ≤ defined on the set of
clutters on Ω. Namely, if Λ1 and Λ2 are two clutters on Ω, then we say that
Λ1 ≤ Λ2 if and only if Λ+

1 ⊆ Λ+
2 . The following lemma will be used several

times throughout the paper.

Lemma 1. Let Ω be a finite set. The following statements hold:
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1. If Λ1, Λ2 are two clutters on Ω then, Λ1 ≤ Λ2 if and only if for all A1 ∈ Λ1

there exists A2 ∈ Λ2 such that A2 ⊆ A1.
2. The binary relation ≤ is a partial order on the set of clutters of Ω.

There are many interesting families of clutters that can be considered.
However, because of their applications, we are interested in those clutters
that are LD-vectorial .

Let Ω = {x1, . . . , xn} be a finite set of n elements. A monotone increasing
family Γ of subsets of Ω is said to be an LD-vectorial family if there exists an
indexed family of vectors v1, . . . , vn of a K-vector space (that can be vi = vj)
such that {xi1 , . . . , xir} ∈ Γ if and only if {vi1 , . . . , vir} is a linearly dependent
set of vectors. A clutter Λ on Ω is said to be an LD-vectorial clutter if the
monotone increasing family Λ+ is an LD-vectorial family.

In other words, a monotone increasing family of subsets Γ is LD-vectorial
if Γ is the family of the dependent sets of a representable matroid M with
ground set Ω; whereas a clutter Λ is LD-vectorial if the clutter Λ is the set
of circuits of a representable matroid M with ground set Ω. (The reader is
referred to [4,7] for general references on matroid theory). Observe that since
the binary relation ≤ is a partial order on the set of clutters of Ω, it is also a
partial order on the set of LD-vectorial clutters, and therefore ≤ is a partial
order on the set of representable matroids. In matroid theory, this is equivalent
to the weak order (see [4, Proposition 7.3.11]).

There are clutters on a finite set Ω that are not LD-vectorial (in fact, there
are matroids that are not representable matroids). So, a natural question that
arises at this point is to determine how to complete a clutter Λ to obtain
an LD-vectorial clutter. In order to look for LD-vectorial completions, it is
important to take into account the binary relation ≤ rather than the inclusion
⊆. This is due to the fact that, as the following example shows, there exist
clutters Λ such that Λ 6⊆ Λ′ for any LD-vectorial clutter Λ′.

Example 1. Let us consider the clutter Λ = {{1, 2}, {1, 3}, {2, 3, 4}} on the
finite set Ω = {1, 2, 3, 4}. Observe that

(
{1, 2} ∪ {1, 3}

)
\ {1} = {2, 3} ⊂

{2, 3, 4}. Hence it follows that Λ is not an LD-vectorial clutter and, moreover,
Λ 6⊆ Λ′ for any LD-vectorial clutter Λ′. However, we have that Λ ≤ Λ′, where
Λ′ is the LD-vectorial clutter Λ′ = {{1}, {2, 3, 4}} (an LD-vectorial realization
of Λ′ is given by the set of vectors {v1, v2, v3, v4} where v1 = (0, 0, 0), v2 =
(1, 0, 0), v3 = (0, 1, 0) and v4 = (0, 0, 1)). Futhermore, if Λ′′ is the clutter on Ω
defined by Λ′′ = {{1, 2}, {1, 3}, {2, 3}}, then we have that Λ ≤ Λ′′ and that the
clutter Λ′′ is also an LD-vectorial clutter (an LD-vectorial realization of Λ′′

is given by the set of vectors {w1, w2, w3, w4} where w1 = (1, 1), w2 = (1, 1),
w3 = (1, 1) and w4 = (0, 1)). Notice that now the clutter Λ can be obtained
from the LD-vectorial clutters Λ′ and Λ′′. Indeed, it is easy to check that
Λ = min

{
A′∪A′′ where A′ ∈ Λ′ and A′′ ∈ Λ′′}. Therefore, the clutters Λ′ and

Λ′′ in some way provide a decomposition of Λ.
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The above example leads us to the following definition. Let Λ be a clutter on
a finite set Ω. An LD-vectorial completion of the clutter Λ is an LD-vectorial
clutter Λ′ on the finite set Ω such that Λ ≤ Λ′.

The set of all the LD-vectorial completions of a clutter Λ is denoted by
LD-Vect(Λ). Observe that if ∅ ∈ Λ, then Λ = {∅}, and thus LD-Vect(Λ) = ∅.
So, from now on, throughout the paper we assume that ∅ 6∈ Λ if Λ is a clutter.
As shown in the next section, this assumption guarantees that LD-Vect(Λ) 6= ∅
for all clutters and, in addition, we demonstrate that suitable clutters in the
non-empty set LD-Vect(Λ) provide a decomposition of the clutter Λ in the
same way as in Example 1.

3 Two results on LD-vectorial decompositions

The aim of this section is to present two theoretical results concerning the
“decomposition” of a clutter Λ into LD-vectorial clutters Λ1, . . . , Λr, (Theo-
rem 1 and Theorem 2). The general case is considered in the first theorem,
while the second deals with those “decompositions” of Λ whose LD-vectorial
components Λ1, . . . , Λr admit vectorial realizations over a fixed field K.

Let Λ be a clutter on a finite set Ω. Our first result, Theorem 1, states
that the set LD-Vect (Λ) of its LD-vectorial completions is a non-empty set
and that its minimal elements provide a decomposition of Λ (in the sense that
the elements A of the clutter Λ can be obtained from the elements Ai of its
minimal LD-vectorial completions Λ1, . . . , Λr).

Theorem 1. Let Λ be a clutter on a finite set Ω. Then, LD-Vect (Λ) 6= ∅ and
Λ = min

{
A1 ∪ · · · ∪ Ar where Ai ∈ Λi

}
where Λ1, . . . , Λr are the minimal

elements of the poset
(
LD-Vect (Λ) , ≤

)
of the LD-vectorial completions of Λ.

In particular, the clutter Λ has a unique minimal LD-vectorial completion if,
and only if, Λ is an LD-vectorial clutter.

Observe that the previous theorem, Theorem 1, deals with LD-vectorial
completions and decompositions in the case where no field restrictions are
assumed. The next theorem, Theorem 2, states that a similar result occurs
if we consider only the case in which the vector spaces of the LD-vectorial
completions are over a fixed field K. Before stating the theorem, we introduce
some notations.

Let Λ be a clutter on a finite set Ω and let K be a field. Let us denote by
LD-Vect K(Λ) the set whose elements are the LD-vectorial completions of Λ
over K; that is, the elements of LD-Vect K(Λ) are the LD-vectorial clutters Λ′

over K with Λ ≤ Λ′. Therefore, LD-Vect (Λ) =
⋃

K LD-Vect K(Λ).
The next theorem states that the set LD-Vect K(Λ) is a non-empty set and

that its minimal elements provides a decomposition of the clutter Λ (in the
sense that the elements of Λ can be obtained from the elements of its minimal
LD-vectorial completions over K).
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Theorem 2. Let Λ be a clutter on a finite set Ω and let K be a field. Then,
LD-Vect K(Λ) 6= ∅ and Λ = min

{
A1∪· · ·∪Ar where Ai ∈ Λi

}
where Λ1, . . . , Λr

are the minimal elements of the poset
(
LD-Vect K(Λ) , ≤

)
. In particular, the

clutter Λ has a unique minimal LD-vectorial completion over K if, and only
if, Λ is an LD-vectorial clutter over K.

4 Computing LD-vectorial decompositions

This section is devoted to the computation of the LD-vectorial decomposition
of clutters. First we present a partial result (Proposition 1). After this, several
examples are given in order to illustrate this proposition (Example 2 and
Example 3). Finally, an example where the proposition cannot be applied is
analyzed (Example 4).

Our result, Proposition 1, provides a complete description of the minimal
LD-vectorial completion of a clutter Λ on a finite set Ω of size at most seven.
In order to state this proposition, we need to introduce two transformations
of clutters, the I-transformation and the T -transformation (see [2]).

Let Λ be a clutter on a finite set Ω. For a subset X ⊆ Ω, we denote
by IΛ(X) the intersection of the subsets A in Λ contained in X, that is,
IΛ(X) =

⋂
AA where A ∈ Λ and A ⊆ X, (this intersection is the one involved

in the characterization of the set of circuits in connected matroids, see [4,
Theorem 4.3.2]). We say that a clutter Λ′ is an I-transformation of the clutter
Λ if Λ′ = min

(
Λ∪{A1∩A2}

)
where A1, A2 ∈ Λ are two different subsets with

IΛ(A1 ∪A2) 6= ∅.
The definition of T -transformation is more involved. Let Λ be a clutter. We

define the elementary transformations T (1)(Λ) and T (2)(Λ) of the clutter Λ as
the clutters T (1)(Λ) = min

(
Λ∪
{

(A1∪A2)\{x}, where A1, A2 ∈ Λ are different

and x ∈ A1 ∩ A2

})
and T (2)(Λ) = min

(
Λ ∪

{
(A1 ∪ A2) \ IΛ(A1 ∪ A2), where

A1, A2 ∈ Λ are different}
)
. Since T (1)(Λ) and T (2)(Λ) are clutters, we can

apply the elementary transformations again. Hence, for (i1, i2) ∈ {1, 2}×{1, 2}
we can consider the clutter T (i2)(T (i1)(Λ)). At this point we proceed in a
recursive way. Let r ≥ 2 be a non-negative integer and let (i1, . . . , ir) ∈
{1, 2}r be an r-tuple. Then we define the clutter T (i1,...,ir)(Λ) by the recursion
formula T (i1,...,ir)(Λ) = T (ir)(T (i1,...,ir−1)(Λ)); that is, T (i1,...,ir)(Λ) is the ir
elementary transformation of T (i1,...,ir−1)(Λ). We say that a clutter Λ′ is a
T -transformation of the clutter Λ if it is obtained from Λ in this way, that is,
if Λ′ = T (i1,...,ir)(Λ) for some r-tuple (i1, . . . , ir).

Proposition 1. Let Λ be a non-LD-vectorial clutter on a finite set Ω of size
|Ω| = n ≤ 7. Let Λ′ be a clutter such that Λ ≤ Λ′. Then the following state-
ments hold:
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1. The clutter Λ′ is an LD-vectorial completion of Λ if, and only if, Λ′ is the
unique clutter which can be obtained from Λ′ by applying I-transformations
or T -transformations.

2. If the clutter Λ′ is a minimal element of the poset
(
LD-Vect (Λ) , ≤

)
, then

there is a monotone increasing sequence of clutters Λ = Λ0 < Λ1 < . . . <
Λr = Λ′ such that for i ≥ 1, either Λi is an I-transformation of Λi−1, or
Λi is a T -transformation of Λi−1.

We now give two examples to illustrate the above proposition.

Example 2. First, let us consider the clutter Λ = {{1, 2}, {1, 3}, {2, 3, 4}} on
the finite set Ω = {1, 2, 3, 4}. In this case only two clutters are obtained by
using or by combining I-transformations and T -transformations; namely, the
clutters Λ1 = {{1}, {2, 3, 4}} and Λ2 = {{1, 2}, {1, 3}, {2, 3}}. Therefore, from
Proposition 1 it follows that the minimal LD-vectorial completions of the
clutter Λ are the minimal elements of {Λ1, Λ2}. In this case, Λ1 6≤ Λ2 and
Λ2 6≤ Λ1, and so min

(
LD-Vect (Λ)

)
= {Λ1, Λ2}. Observe that now the LD-

vectorial decomposition of Λ given in Example 1 can be stated by applying
Theorem 1.

Example 3. Now, on the finite set Ω = {1, 2, 3, 4, 5}, we consider the clutter
Λ = {{1, 2, 3}, {1, 2, 4}, {1, 5}, {4, 5}}. In such a case, it is a straightforward
calculation to check that by using or by combining I-transformations and
T -transformations, eleven clutters Λ1, . . . , Λ11 can be obtained. Specifically,
by using only I-transformations we obtain the clutters Λ1 = {{5}, {1, 2}} and
Λ2 = {{1}, {4, 5}}. The clutters obtained by using only T -transformations are
the clutters Λ3 = {{1, 4}, {1, 5}, {4, 5}, {1, 2, 3}, {2, 3, 4}, {2, 3, 5}} and Λ4 =
{{1, 3}, {1, 4}, {1, 5}, {3, 4}, {3, 5}, {4, 5}}, whereas the clutters obtained by
combining the I-transformations and the T -transformations are the clutters
Λ5 = {{1}, {5}}, Λ6 = {{1}, {2, 4}, {2, 5}, {4, 5}}, Λ7 = {{5}, {1, 2}, {1, 4},
{2, 4}}, Λ8 = {{1, 2}, {1, 4}, {1, 5}, {2, 4}, {2, 5}, {4, 5}}, Λ9 = {{5}, {1, 2, 3},
{1, 2, 4}, {1, 3, 4}, {2, 3, 4}}, Λ10 = {{5}, {3, 4}, {1, 2, 3}, {1, 2, 4}}, and Λ11 =
{{4}, {1, 5}, {1, 2, 3}, {2, 3, 5}}. Therefore, by applying Proposition 1 we ob-
tain that the set of the minimal LD-vectorial completions of the clutter Λ
is min

(
LD-Vect (Λ)

)
= min{Λ1, . . . , Λ11} = {Λ1, Λ2, Λ3, Λ9}. So, from The-

orem 1 we conclude that Λ admits an LD-vectorial decomposition with four
components.

To conclude we give an example where Proposition 1 cannot be applied. In
addition, the clutter in this example reveals the difference between Theorem 1
and Theorem 2.

Example 4. On the finite set Ω = {1, 2, 3, 4} of four points, we consider the
clutter Λ = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. It is easy to prove that the
clutter Λ is an LD-vectorial clutter over any field K 6= Z/(2). Therefore, by
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applying Theorem 1 and Theorem 2 we obtain that min
(
LD-Vect (Λ)

)
= {Λ};

that min
(
LD-VectK (Λ)

)
= {Λ} if K 6= Z/(2), and that min

(
LD-VectZ/(2) (Λ)

)

has at least two elements. In this example, by an extensive exploration it
is not hard to show that min

(
LD-VectZ/(2) (Λ)

)
has six elements; namely

min
(
LD-VectZ/(2) (Λ)

)
= {Λ1,2, Λ1,3, Λ1,4, Λ2,3, Λ2,4, Λ3,4}, where if 1 ≤ i1 <

i2 ≤ 4 and if {i3, i4} = {1, 2, 3, 4} \ {i1, i2}, then Λi1,i2 = {{i1, i2}, {i1, i3, i4},
{i2, i3, i4}}. Now, from Theorem 2 it follows that the clutter Λ admits an
LD-vectorial decomposition over Z/(2) with six components.
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Resumen. En este trabajo los diseños sobresaturados E(s2)-óptimos y minimax-
óptimos k-circulantes con n = 2p (3 ≤ p ≤ 14) observaciones, m = k(n− 1) factores
y smax ∈ {2, 4, 6} son enumerados por medio de una búsqueda computacional.

Palabras clave: Diseños sobresaturados, E(s2)-optimalidad, minimax-optimalidad,

diseño de bloques incompletos balanceados resolubles, búsqueda computacional

1 Introducción

Los diseños sobresaturados (DSSs) son diseños factoriales en los cuales el
número de factores es mayor que el número de corridas experimentales (ob-
servaciones). Los DSSs son usados en la etapa inicial de un experimento indus-
trial o cient́ıfico para la detección de factores activos. Son extremadamente
útiles cuando hay un número grande de factores bajo investigación y sólo
un número muy limitado de corridas experimentales son disponibles. Los di-
seños sobresaturados con dos niveles fueron introducidos por Satterthwaite
[11]. Booth y Cox [1] fueron los primeros en examinarlos sistemáticamente
y en sugerir los criterios minimax y E(s2)-óptimos. Desde entonces, varios
métodos ha sido propuestos para la construcción de estos diseños, ver por
ejemplo, [3,6,7,10]. Bajo el criterio minimax, el objetivo es minimizar smax

donde smax = maxi<j |sij | y sij/n es la correlación entre los factores i y j.
Ryan y Bulutoglu [10] demostraron que la E(s2)-optimalidad es una condi-
ción necesaria para que la optimalidad mimimax smax ∈ {2, 4, 6}.

En este trabajo, usando una búsqueda computacional, enumeramos todos
los DSSs E(s2)-óptimos y minimax-óptimos k-circulantes con n = 6, 8, 10,
12, 14, 16, 18, 20 22, 24, 26 y 28 observaciones, m = k(n − 1) factores y
smax ∈ {2, 4, 6}. Nuestro metódo de enumeración usa la correspondencia, dada
en [5], entre los DSSs E(s2)-óptimos y minimax-óptimos k-circulantes con n
observaciones y m = k(n − 1) factores y los diseños de bloques incompletos
balanceados resolubles con parámetros (n, 2k(n−1), k(n−1), n/2, k(n/2−1))
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construidos ćıclicamente al desarrollar un conjunto de bloques iniciales, los
cuales satisfacen ciertas propiedades. Algunas propiedades combinatorias de
estos diseños resolubles son usadas para restringir el espacio de búsqueda.
Finalmente, reducimos el problema de enumeración de estos diseños resolubles
a un problema de encontrar cliques en una gráfica.

2 Criterios de optimalidad para DSSs

Un diseño sobresaturado con dos niveles, n observaciones y m factores es
representado por una matriz de orden n × m, D = D(n,m). Cada entrada
de la matriz D es ±1. Las frecuencias de +1 y −1 son las mismas en cada
columna. La matriz D no tiene dos columnas di y dj tales que di = ±dj . Se
puede suponer que la última fila del diseño es una fila de +1’s.

Dos DSSs son isomorfos si uno puede ser obtenido del otro por medio de
permutaciones de filas y columnas, y una multiplicación de un subconjunto
de columnas por −1.

Un criterio comúnmente usado para comparar DSSs del mismo tamaño es
la minimización de la función

E(s2) =
∑

i<j

s2
ij(
m
2

)

donde sij es la (i, j)-ésima entrada de la matriz DTD. El término sij mide el
grado de no ortogonalidad entre los factores i y j. Ngyuen [9] demostró que

E(s2) ≥ n2(m− n+ 1)

(m− 1)(n− 1)
. (1)

Esta cota puede ser alcanzada únicamente si m = q(m − 1) y n ≡ 0 (mod
4), ó si m = 2q(m − 1) y n ≡ 2 (mod 4) para algún entero positivo q. Aśı n
es un número par. Un diseño es llamado E(s2)-óptimo cuando esta cota es
alcanzada.

Otro criterio para construir y comparar DSSs con el mismo valor E(s2) es
la minimización de rmax = smax/n, donde smax = maxi<j |sij |. Este criterio
es llamado el criterio minimax. En un DSS, D(n,m), con las propiedades
anteriores, se tiene que: (1) Si n ≡ 0 (mod 4) entonces |sij | pertenece al
conjunto {0, 4, 8, . . .}. (2) Si n ≡ 2 (mod 4) entonces |sij | pertenece al conjunto
{2, 6, 10, . . .}.

Definición 1. Un DSS es llamado minimax óptimo si no hay otro DSS con
el mismo tamaño que tenga menor smax o el mismo smax pero con menor
frecuencia de smax.

Teorema 1. ([10]) Sea D(n,m) un DSS E(s2)-óptimo con n obsevaciones y
m = k(n− 1) factores.
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(a) Si n ≡ 0 (mod 4) y smax = 4, entonces D(n,m) es minimax-óptimo.
(b) Si n ≡ 2 (mod 4) y smax ∈ {2, 6}, entonces D(n,m) es minimax-óptimo.

3 RBIBDs 1-rotacionales

Un diseño de bloques incompletos balanceados (RBIBDS, por sus siglas en
inglés) con (v, b, r, h, λ), denotado por BIBD(v, b, r, h, λ), es una pareja (V,B)
donde V es un conjunto de puntos de tamaño v, y B es una colección de b
h-subconjuntos (llamados bloques) de V , h < v, tal que cada punto está conte-
nido en exactamente r bloques, y cada pareja de puntos de V ocurren juntos
en exactamente λ bloques. Claramente, los parámetros satisfacen

vr = bh, r(h− 1) = λ(v − 1). (2)

Un BIBD(v, b, r, h, λ) es llamado resoluble (RBIBD), si sus bloques pueden ser
particionados en r conjuntos de bloques, llamados clases paralelas, cada una
de las cuales particiona el conjunto de puntos.

Dos BIBDs son isomorfos si existe una biyección entre los puntos que
mapea bloques sobre bloques; tal biyección es llamada un isomorfismo. Un
automorfismo de un diseño es un isomorfismo del diseño sobre el mismo.

Un BIBD, (V,B), es llamado un 1-rotacional si V = Zv−1 ∪ {∞}, y el
mapeo φ de i a i+ 1 (mod v − 1), que fija ∞, es un automorfismo.

Definición 2. Sea {S1 . . . , Ss, T1, . . . , Tt} una colección de h-subconjuntos de
V = Zp ∪ {∞} tales que

(a) Cada S1, . . . , Ss contiene únicamente elementos de Zp, y cada T1, . . . , Tt
contiene ∞ y elementos de Zp.

(b) Sea Si = {si1, . . . , sih} (1 ≤ i ≤ s) y Tj = {tj1, . . . , tjh−1,∞} (1 ≤ j ≤ t).
Entonces, todo elemento no cero de Zp ocurre λ veces entre las diferencias
six − siy (i = 1, . . . , s; x, y = 1, . . . , h) y tjz − tjw (j = 1, . . . , t; z, w =
1, . . . , h− 1).

Entonces, {S1, . . . , Ss, T1, . . . , Tt} es llamada una familia de diferencias 1-
rotacional con parámetros (p, s, t, h, λ). Los conjuntos S1, . . . , Ss, T1, . . . , Tt
son llamados bloques iniciales.

Una familia de diferencias 1-rotacional es llamada resoluble si la colección
de los (s+ t) bloques iniciales pueden ser particionados sobre t subconjuntos
de (s + t)/t bloques, es decir {S11, . . . , S1q, T1}, . . ., {St1, . . . , Stq, Tt} (clases
paralelas), cada una de ellas particiona V = Zp ∪ {∞}. Aqúı q = s/t.

Sea D = {d1, . . . , dh} un h-subconjunto de Zp. Entonces para cualquier
g ∈ Zp, el conjunto D + g = {d1 + g, . . . , dh + g} (mod p) es llamado una
traslación de D.
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Teorema 2. ([2]) Sea S1, . . . , Ss, T1, . . . , Tt una familia de diferencias resolu-
ble 1-rotacional con parámetros (p, s, t, h, λ). Entonces los conjuntos Si + g
(i = 1, . . . , s; g = 0, . . . , p − 1) y Tj + g (j = 1, . . . , t; g = 0, . . . , p − 1), con
la convención que ∞ + g = ∞, forman un RBIBD(p + 1, p(s + t), pt, h, λ)
1-rotacional.

4 Diseños sobresaturados a partir de RBIBDs

La estructura ćıclica que consideramos para los DSSs está basada sobre k
generadores que producen de manera ćıclica el resto de las columnas del diseño,
ver [5]. Aśı, un diseño con n − 1 factores es llamado 1-circulante si es de la
forma

D =




g1 gn−1 . . . g2

g2 g1 . . . g3

...
...

...

gn−2 gn−3 . . . gn−1

gn−1 gn−2 . . . g1

1 1 . . . 1




donde (g1, g2 . . . , gn−1)T es la columna generadora que contiene n/2 elementos
iguales a −1, y n/2−1 elementos iguales a +1. Entonces, el diseño k-circulante
con m = k(n − 1) factores es obtenido por la yuxtaposición de las columnas
de esos k diseños 1-circulantes.

Ahora, daremos la correspondencia entre los diseños sobresaturados y los
RBIBDs. Supongamos que (S1 + i, T1 + i), . . . , (Sk+ i, Tk+ i) (i = 0, . . . , n−2)
son las clases paralelas del RBIBD(n, 2k(n − 1), k(n − 1), n/2, k(n/2 − 1))
generado por la familia de diferencias (S1, T1), . . . , (Sk, Tk). Entonces para
cada clase paralela (Sj + (i − 1), Tj + (i − 1)) (1 ≤ j ≤ k; 1 ≤ i ≤ n − 1), se
define el vector columna dij como sigue:

dij` =

{
1 si ` ∈ Tj + (i− 1)

−1 si ` ∈ Sj + (i− 1)
(3)

para 1 ≤ ` < n − 1 y dijn = 1, donde dij` es la `-ésima componente de la
columna dij , aqúı dij denota la i-ésima columna del j-ésimo DSS 1-circulante.
No es dif́ıcil probar que esta correspondencia es uno a uno, y además respeta
isomorfismos, ver [5].

Ejemplo. Sea ({2, 4, 5, 6}, {0, 1, 3,∞}), ({2, 3, 4, 6}, {0, 1, 5,∞}) una fami-
lia de diferencias con parámetros (7, 2, 2, 4, 6). Entonces la correspondencia
entre este diseño y un DSS, D(8, 14), está dada por

({2, 4, 5, 6}, {0, 1, 3,∞}) ⇔ (1, 1,−1, 1,−1,−1,−1)T

({2, 3, 4, 6}, {0, 1, 5,∞}) ⇔ (1, 1,−1,−1,−1, 1,−1)T .
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5 El espacio de búsqueda

Para simplificar la notación, si n ≡ 0 (mod 4) denotamos n = 4a; mientras si
n ≡ 2 (mod 4), asumimos que n = 2c con c impar. Suponemos que k ≥ 2.

Definimos la matriz de intersección de clases paralelas (MICP) de dos dife-
rentes clases paralelas Q = (B1, B2) y Q′ = (B′1, B

′
2) sobre n puntos, como la

matriz (aij) de 2× 2 con entradas definidas por aij = |Bi ∩B′j | (ver [8]).
Dado que un RBIBD(n, 2k(n− 1), k(n− 1), n/2, k(n/2− 1)) tiene k(n− 1)

clases paralelas para cada clase paralela Q hay k(n−1)−1 MICPs con respecto
a las otras clases paralelas. Claramente, las sumas de las columnas y de filas
de cualquier MICP son iguales a n/2. Entonces, re-etiquetando los bloques
en las clases paralelas, si es necesario, cada una de las k(n − 1) − 1 matrices
asociadas con Q debe de ser alguna de la siguientes

S0 =

(
0 2a

2a 0

)
, S1 =

(
1 2a− 1

2a− 1 1

)
, . . . ,Sa =

(
a a

a a

)
para n = 4a,

(4)

T0 =

(
0 c

c 0

)
, T1 =

(
1 c− 1

c− 1 1

)
, . . . , T c−1

2
=

(
c−1

2
c+1

2
c+1

2
c−1

2

)
para n = 2c.

(5)
Sea Q una clase paralela fija de un RBIBD(n, 2k(n−1), k(n−1), n/2, k(n/2−
1)). Supongamos que n = 4a, y sean n0, n1, . . . , na el número de matrices
S0,S1, . . . ,Sa, respectivamente asociada con Q (ver (4)). Claramente

a∑

i=0

ni = k(4a− 1)− 1. (6)

Por un argumento de conteo de parejas de puntos ocurriendo en un bloque de
Q podemos ver que

a∑

i=0

[(
i

2

)
+

(
2a− i

2

)]
ni =

(
2a

2

)
[k(2a− 1)− 1]. (7)

De forma similar, para n = 2c con c impar, podemos concluir que

c−1
2∑

i=0

ni = k(2c− 1)− 1 (8)

c−1
2∑

i=0

[(
i

2

)
+

(
c− i

2

)]
ni =

(
c

2

)
[k(c− 1)− 1], (9)

donde n0, n1, . . . , n c−1
2

son los números de matrices T0, T1, . . . , T c−1
2

, respecti-

vamente asociadas con Q (ver (5)).
Por simple algebra tenemos:
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Teorema 3. Sea n ≥ 6 un entero par.

(a) Supongamos que n = 4a. Entonces no hay soluciones enteras con n0 =
· · · = na−1 = 0 y na > 0 para las ecuaciones (6) y (7). Además,

n0 = · · · = na−2 = 0, na−1 = a2(k− 1), na = k(4a− 1)− 1− a2(k− 1)

es una solución entera de (6) y (7).
(b) Supongamos que n = 2c con c impar. Si k es par, entonces

n0 = · · · = n c−5
2

= 0, n c−3
2

=
(c− 1)2k − (c− 1)(c+ 1)

8
,

n c−1
2

= k(2c− 1)− 1− (c− 1)2k − (c− 1)(c+ 1)

8

es una solución entera de las ecuaciones (8) y (9). Además, n0 = · · · =
n c−3

2
= 0 y n c−1

2
= k(2c− 1)− 1 si y sólo si n = 6 y k = 2.

Si A = (aij) es una matriz 2×2, definimos S(A) = |a11−a12−a21+a22|. Sea
D un diseño sobresaturado E(s2)-óptimo con n observaciones y m = k(n− 1)
factores. Sean Qi y Qj dos clases paralelas del RBIBD definidas por la i-ésima
y j-ésima columna de D. Entonces, si A es la MICP de Qi y Qj , tenemos que
|sij | = S(A).

Supongamos que n ≡ 0 (mod 4). Claramente, si smax = 4, entonces n0 =
· · · = na−2 = 0. Por tanto, los valores para na−1 y na estan dados por el
Teorema 3(a). Esto implica que si smax = 4, cada columna de DTD tiene
na−1 veces el valor ±4, y na veces el valor 0. En forma similar, si n ≡ 2 (mod
4), podemos probar n0 = · · · = n c−5

2
= 0, para smax = 6. Por tanto, los valores

para n c−3
2

y n c−1
2

están dados por el Teorema 3(b). También, el Teorema 3(b)

implica que smax = 2 si y sólo si n = 6 y k = 2.

6 La búsqueda

En esta sección, utilizamos la correspondencia entre DSSs E(s2)-óptimos k-
circulantes, D(n, k(n − 1)), y las familias de diferencias 1-rotacionales reso-
lubles con los parámetros (n − 1, k, k, n/2, k(n/2 − 1)) dada en la Sección 4,
para buscar todos los DSSs E(s2)-óptimos y minimax-óptimos k-circulantes.

Sea C el conjunto de todas la parejas (S, T ) tales que {S, T} es una par-
tición de Zn−1 ∪ {∞} con |S| = |T | = n/2 y T contiene ∞. Para cada
(S, T ) en C, definimos su órbita bajo el grupo Zn−1 por (S, T ) + Zn−1 =
{(S + x, T + x) | x ∈ Zn−1}. Hay g = 1

n−1

(n−1
n−1

2

)
órbitas en C bajo Zn−1. Sea

R = {(R1, P1), . . . , (Rg, Pg)} los representantes de cada una de las g órbitas.
Entonces la búsqueda de todas las familias de diferencias 1-rotacionales resolu-
bles con los parámetros (n−1, k, k, n/2, k(n/2−1)) es equivalente a encontrar
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todos los k-conjuntos en R satisfaciendo la Definición 2(b) con λ = k(n/2−1).
Sin embargo, para enumerar todos los DSSs E(s2)-óptimos k-circulantes con
smax dado, es necesario reducir el espacio de búsqueda. Decimos que una órbita
(S, T ) +Zn−1 tiene intersección mı́nima si S(A((S, T ) +x, (S, T ) + y)) ≤ smax

para cualquier x y y en Zn−1 con x 6= y. Ahora construimos un grafo con un
vértice por cada elemento en R, y una arista conecta a dos vértices (S, T )
y (S′, T ′) cuando S(A((S, T ) + x, (S′, T ′) + y)) ≤ smax para cualquier x y
y en Zn−1. Por tanto, por la Sección 4, la enumeración de todos los DSSs,
D(n, k(n− 1)), E(s2)-óptimos y minimax-óptimos k-circulantes es equivalen-
te a encontrar todos los k-cliques en este grafo, cuyos k vértices satisfacen la
Definición 2(b) con λ = k(n/2− 1).

Ahora, describimos el algoritmo para enumerar todos los DSSs, D(n, k(n−
1)), E(s2)-óptimos k-circulantes con smax = 4 si n ≡ 0 (mod 4), y smax ∈ {2, 6}
si n ≡ 2 (mod 4). Por el Teorema 1, estos DSSs son también minimax-óptimos.

Primero, se construye el grafo asociado al DSS.
Segundo, una vez que el grafo fue construido, para k = 2, . . . ,maxk

(aqúı maxk es el tamaño del máximo clique), encontramos todos los k-cliques
cuyos k vértices satisfacen la Definición 2(b) con λ = k(n/2−1). Claramente,
el algoritmo permite la posibilidad de generar diseños resolubles, los cuales
son isomorfos. Sin embargo, estos diseños isomorfos serán eliminados al final
de la búsqueda.

El algoritmo descrito en este trabajo fue implementado en C y ejecutado
en una máquina 2.67GHz.

Tabla 1: Los DSSs E(s2)-óptimos k-circulantes y minimax-óptimos con n ≤ 28
observaciones, m = k(n− 1) factores y smax ∈ {2, 4, 6} donde n es par.

(n,m) |Aut(D)| Nd (n,m) |Aut(D)| Nd (n,m) |Aut(D)| Nd

(6,10) 720 1 (12,22) 11 1 (16,30) 15 2

(8,14) 336 1 (12,33) 11 1 (16,60) 5760 1

(8,21) 336 1 (12,55) 7920 1 (18,34) 17 2

(8,28) 1344 1 (12,55) 1320 1 (18,68) 17 3

(8,35) 40320 1 (12,66) 95040 1 (18,102) 17 3

(10,18) 9 1 (14,26) 39 2 (18,136) 4896 1

(10,36) 9 3 (14,52) 13 3 (20,38) 57 1

(10,54) 9 3 (14,78) 13 3 (22,42) 21 2

(10,72) 9 2 (14,104) 13 2 (22,84) 21 3

(10,90) 9 1 (14,130) 39 1 (26,50) 25 3

(10,90) 27 1

(10,108) 9 1

(10,126) 3628800 1
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En la Tabla 1 presentamos el número de DSSs E(s2)-óptimos y minimax-
óptimos k-circulantes con n observaciones, k(n−1) factores y smax ∈ {2, 4, 6},
para n = 6, 8, . . . , 26, 28. También los tamaños de sus grupos de automorfismos
son presentados en la tabla. La columna “Nd” contiene el número de DSSs
no isomorfos. El tiempo de CPU del algoritmo fue alrededor de 281 minutos
para generar todos los diseños presentados en este trabajo.
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Let G = (V,E) be a d-regular graph on n vertices. It is easy to see that ev-
ery such graph has a spanning triangle-free (in particular, bipartite) subgraph
H, with minimum degree at least d/2. Let F denote a family of fixed graphs.
We say that G is F-free if for every F ∈ F , G does not contain any subgraph
isomorphic to F . Then, a natural question is which is the largest minimum
degree of a spanning F-free subgraph H of G. Let ex(n,F) be the maximum
number of edges in an F-free graph on n vertices. Since the complete graph on
n = d + 1 vertices, denoted by Kn, is d-regular, the largest minimum degree
a spanning F-free subgraph H of Kn is at most 2ex(d+ 1,F)/(d+ 1). In [8],
Foucaud, Krivelevich and Perarnau conjectured the following,

Conjecture 1 ([8]). Let F be a family of fixed graphs and let d be large enough.
Then for every d-regular graph G, there exists a spanning F-free subgraph
H ⊆ G with minimum degree δ(H) = Ω(ex(d,F)/d).

If the chromatic number of F is at least 3 (no bipartite graphs in F), it is
easy to verify the conjecture. Kun [11] showed that if F = {C3, . . . , Cg−1} then
every d-regular graph G admits a spanning subgraph with minimum degree
Ω(d1/g). This gives a lower bound on the minimum degree which it is still far
from the conjectured one. A better non explicit result is obtained in [8]. In
particular, if F = {C3, C4, C5}, it is showed that Conjecture 1 holds up to a
logarithmic factor. A similar problem has been studied when F is composed
by complete bipartite graphs in [3].
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In this paper we prove that the conjecture is true for a large number of
families F with χ(F) = 2.

For any two graphs F and Γ , we say that ϕ : V (F ) → V (Γ ) is an homo-
morphism if uv ∈ E(F ) implies ϕ(u)ϕ(v) ∈ E(Γ ). We say that ϕ is locally
injective if, for every v ∈ F , the restriction of ϕ onto the neighbors of v in F is
injective. Let hom∗(F, Γ ) be the number of locally injective homomorphisms
from F to Γ . Observe that the condition hom∗(F, Γ ) = 0, for every F ∈ F ,
is stronger than F-freeness. Any copy of F in Γ induces an injective homo-
morphism from F to Γ which, in particular, is also locally injective. We call a
family of fixed graphs F closed if for every graph Γ we have: hom∗(F, Γ ) = 0
for every F ∈ F if and only if Γ is F-free.

Here we prove that Conjecture 1 holds for every closed family F of graphs.

Theorem 1. Let F be a closed family of graphs and let d be large enough.
Then for every d-regular graph G, there exists a spanning F-free subgraph
H ⊆ G with minimum degree δ(H) = Ω(ex(d,F)/d).

The proof goes as follows. First, we select a large bipartite subgraph of G
with stable sets A and B. Then we consider a graph Γ of order αd for some
large constant α, such that hom∗(F, Γ ) = 0, for every F ∈ F , and δ(Γ ) =
Ω(ex(d,F)/d). We color A in a two steps procedure. First, we randomly assign
a color to each vertex a ∈ A and we either remove the color, or keep it and
delete some dangerous edges incident to a from G. We complete the coloring
by deterministically assigning colors to the uncolored vertices in A. After that,
we color B and remove edges from G iteratively in a similar fashion. During all
the procedure, we make sure that all the degrees stay large enough and that
no color appears more than once in each neighborhood, that is neighborhoods
are rainbowly colored. Finally, we use this coloring to embed the resulting
subgraph to Γ . According to this embedding, from all the edges still remaining
we only keep the ones whose embedding agrees with the edges in Γ . This final
subgraph satisfies the desired properties.

As a corollary, we get explicit results for some important families F with
χ(F) = 2. The problem of determining ex(d,F) when F contains bipartite
graphs has attracted a lot of attention (see [9] for a complete survey on the
topic). Here we use some well-known constructions in extremal graph theory,
to provide explicit corollaries of Theorem 1:

• Let F = {C3, . . . , C2r+1}. Observe that F is a closed family. However, the
asymptotic order of ex(d,F) is not known in general. Using the ErdHos-
Rényi random graph G(n, p) for some good probability p = p(n, r), it
is easy to show the existence of F-free graphs of order d and many
edges. Thus, by Theorem 1 we have that every d-regular graph G ad-
mits a spanning subgraph with girth g ≥ 2r + 2 and minimum degree
Ω(d1/(2r−1)) = Ω(d1/(g−3)). This improves the result of Kun [11]. Never-
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theless, for any family of graphs F , lower bounds on ex(d,F) obtained
from mimicking random graphs do not seem to be tight.

• Let F = {C3, C4, C5}. From the constructions of C4-free graphs provided
by ErdHos, Rényi and Sós [6] and Brown [2] one can obtain an F-free
graph of order d and Ω(d3/2) edges. Again, by Theorem 1, for every d-
regular graph G we can show the existence of a spanning subgraph with
girth at least 6 and minimum degree Ω(

√
d). Extremal constructions for

graphs with girth at least 8 and 12 are also known [13,12]. From them
we can obtain tight explicit lower bounds for F = {C3, . . . , C7} and F =
{C3, . . . , C11}.

• Let F = {C2q} where q > 2 is a prime. While F is not close, F ′ = {Cp, C2p}
is. Moreover, since q is odd, ex(d,F) = Θ(ex(d,F ′)). Thus, Conjecture 1
is true for these families.

• Let F = {Ka,b} with a ≤ b. Since Ka,b has diameter two, each locally
injective homomorphism of Ka,b onto a graph Γ , is also injective. Thus, if
hom∗(Ka,b, Γ ) = 0, then Γ is Ka,b-free, and F is closed. In particular, any
family composed by complete bipartite graphs is closed. It is conjectured
that ex(d,Ka,b) = Θ(n2−1/a). While the upper bound has been proved for
all values of a and b (Kovári, Sós and Turán [10]), the lower bound is still
widely open. However, it is known to be true in the following cases: a = 2
and b ≥ 2, a = 3 and b ≥ 3 (Brown [2]), and b > (a − 1)! (Alon, Rónyai
and Szabó [1]). Using these results we can get tight explicit lower bounds
on the existence of subgraphs with large minimum degree and inducing no
complete bipartite subgraph of a given size.

• Let F = {Q3}, where Qs is the s-dimensional hypercube. The family F
is closed: again, every locally injective homomorphisms is also injective.
This is not true when we consider s ≥ 4. It is conjectured in [7] that
ex(d,Q3) = Θ(d8/5), but no better bound that ex(d,Q3) ≥ ex(d,C4) =
Ω(d3/2) is known.

Theorem 1 solves in the affirmative Conjecture 1 for families of graphs
satisfying a “local” condition. In order to solve the conjecture for every family
of graph F , one needs to extend the idea of local injectivity to injectivity. In
terms of colorings, one needs to prove the existence of a spanning subgraph H
with large minimum degree and a coloring χ such that all the copies of F in
H are rainbow. This is stronger than the rainbow condition we impose here
in the neighborhoods of vertices in H.

Finally, Theorem 1 studies the case when G is d-regular. Similar results in
terms of the maximum and minimum degree have been given in [8]. We believe
that the same techniques used here could be extended to the non regular case.



426 G. Perarnau and B. Reed

1 Proof of Theorem 1

For every v ∈ V (G) we denote by NG(v) the set of vertices adjacent to v in
G, by dG(v) = |NG(v)| the degree of v in G and by N2

G(v) the set of vertices
at distance two from v in G. If the graph G is clear from the context, we use
N(v), d(v) and N2(v). We denote by ∆(G) and by δ(G) the maximum and the
minimum degree of G. We denote by χ a vertex (partial) coloring of a graph
G. We use χ(G) to denote the chromatic number of G, and for every family
of graphs F , we also use χ(F) = minF∈F χ(F ). For every vertex v ∈ V , we
denote by χ(v) its color and for every set S ⊆ V (G), by χ(S) the set of colors
appearing in S. We call S ⊆ V rainbow if χ(u) 6= χ(v) for every u, v ∈ S,
u 6= v, that were assigned a color by χ.

First, we may assume that χ(F) = 2. Otherwise, Theorem 1 can be easily
proven (see Proposition 1 in [8] for a stronger version of it).

We use the technique of almost-regularization to obtain an F-free graph Γ
where all the degrees are similar. For every β ≥ 1, we say that G is β-almost
regular if ∆(G) ≤ βδ(G). ErdHos and Simonovits [7] showed the following.
For every γ ∈ (0, 1), there exists some β = β(γ) such that if the maximum
number of edges of an F-free β-almost regular graph of order m is O(m1+γ),
then ex(m,F) = O(m1+γ). Otherwise stated, for every family F with χ(F) =
2, there exists an F-free graph Γ with ∆(Γ ) ≤ βδ(Γ ), for some constant
β = β(γ). In particular, this implies that δ(Γ ) = Ω(ex(m,F)/m)

Observe that we may also assume that F does not contain any forest.
Suppose that F contains a forest T . Since ex(d,F) ≤ ex(d, T ) = O(d), then
Theorem 1 is trivially true. By the result of ErdHos in [4,5], if F does not
contain any forest, there exists a constant ε0 = ε0(F) > 0 such that for
every large enough m, ex(m,F) > m1+ε0 . Thus, the graph Γ satisfies δ(Γ ) =
Ω(ex(m,F)/m) > mε, for some ε < ε0.

If F is closed, such Γ also satisfies hom∗(F, Γ ) = 0, for every F ∈ F .
Finally, observe that for every constant α > 0,

ex(αd,F)

αd
= O

(
ex(d,F)

d

)
.

Then, the following proposition implies Theorem 1.

Proposition 1. Let F be a family of graphs with χ(F ) = 2 that does not
contain any forest. Let G be a d-regular graph. Suppose that there exists ε > 0,
β > 0, α ≥ 32β and a graph Γ on αd vertices such that,

• G is β-almost regular,
• G has minimum degree δ(Γ ) > dε, and
• hom∗(F, Γ ) = 0, for every F ∈ F .

Then there exists a spanning F-free subgraph H ⊆ G with δ(H) = Ω(δ(Γ )).



Existence of spanning F-free subgraphs with large minimum degree 427

1.1 Sketch of the proof of Proposition 1

First of all, observe that we can consider G to be bipartite. If this is not the
case, we can always find a bipartite spanning subgraph where every vertex has
at least half of its degree in G. Thus we obtain a new graph which is bipartite
and where every degree is asymptotically the same as in G. Let A and B be
the two stable sets of G.

We construct a spanning subgraph H and an αd coloring χ of H in two
phases. By the construction of H and χ we will deduce that H is a spanning
subgraph of G satisfying the desired properties, thus proving Proposition 1.

On Phase I we will color the vertices in A. First, we will assign a random
color to every vertex a ∈ A. If there are too many vertices b ∈ N(a) such that
the color of a appears more that once in N(b), we will uncolor a. Otherwise
it retains its color and we delete the dangerous edges incident to a. After this
random partial coloring of A we will deterministically assign a color to all the
uncolored vertices in A and delete the corresponding dangerous edges. At the
end of Phase I, with positive probability, we will obtain a subgraph with large
minimum degree where there are no repeated colors in N(b), for every b ∈ B

On Phase II we will extend the partial coloring to B. In the first part,
we will iteratively color the vertices in B until no vertex in A has too many
uncolored neighbors. At each iteration a partial coloring is obtained using
the same idea used in Phase I: we randomly color all the uncolored vertices,
uncolor a vertex b ∈ B that was assigned a color in this iteration if the
previous condition holds and otherwise retain the color in b and delete all the
dangerous edges. In this case we also delete an edge ab if χ(a)χ(b) /∈ E(Γ ).
We will prove that after each iteration, a large proportion of the uncolored
vertices in B retain the color they were assigned. Once there are not many
uncolored vertices in each neighborhood of a ∈ A, we finish this phase by
deterministically assigning every uncolored vertex a color that minimizes the
number of conflict edges.

Proposition 2. After Phase II, the subgraph H and the coloring χ obtained
satisfy with positive probability,

• for every v ∈ V (H), dH(v) = Ω(δ(Γ )),
• for every v ∈ V (H), NH(v) is rainbow, and
• for every uv ∈ E(H), χ(u)χ(v) ∈ E(Γ ).

The proof of this proposition is done by analyzing the coloring procedure
described above in a similar fashion than in Part V of [14].

From Proposition 2, it is easy to deduce that the subgraph H satisfies the
statement of Proposition 1.
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Abstract. A set S ⊆ V is said to be a simultaneous metric generator for a graph
family G = {G1, G2, . . . , Gk}, defined on a common vertex set, if it is a generator
for every graph of the family. A minimum simultaneous metric generator is called
a simultaneous metric basis, and its cardinality the simultaneous metric dimension
of G. We study the properties of simultaneous metric generators and simultaneous
metric bases, and calculate closed formulae or tight bounds for the simultaneous
metric dimension of several graph families.

Key words: simultaneous metric generator, simultaneous metric basis, simultaneous

metric dimension.

1 Introduction

A generator of a metric space is a set S of points in the space with the property
that every point of the space is uniquely determined by its distances from the
elements of S. Given a simple and connected graph G = (V,E), we consider
the function dG : V × V → N, where dG(x, y) is the length of a shortest path
between u and v and N is the set of non-negative integers. Clearly, (V, dG) is
a metric space. A vertex v ∈ V is said to distinguish two vertices x and y if
dG(v, x) 6= dG(v, y). A set S ⊆ V is said to be a metric generator for G if any
pair of vertices of G is distinguished by some element of S. A minimum metric
generator is called a metric basis, and its cardinality the metric dimension of
G, denoted by dim(G).

The concept of metric dimension of a graph was introduced by Slater in
[8], where metric generators were called locating sets, and, independently, by
Harary and Melter in [3], where metric generators were called resolving sets.
Applications of the metric dimension to the navigation of robots in networks
are discussed in [7] and applications to chemistry in [5,6].

Now we present the navigation problem proposed in [7] where navigation
was studied in a graph-structured framework in which the navigating agent
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(which was assumed to be a point robot) moves from node to node of a “graph
space”. The robot can locate itself by the presence of distinctively labeled
“landmark” nodes in the graph space. On a graph, there is neither the concept
of direction nor that of visibility. Instead, it was assumed in [7] that a robot
navigating on a graph can sense the distances to a set of landmarks. Evidently,
if the robot knows its distances to a sufficiently large set of landmarks, its
position on the graph is uniquely determined. This suggests the following
problem: given a graph G, what is the smallest number of landmarks needed,
and where should they be located, so that the distances to the landmarks
uniquely determine the robot’s position on G? The solution of this problem
requires us to determine the metric dimension and a metric basis of G. In
this article we consider the following extension of this problem. Suppose that
the topology of the navigation network may change within a range of possible
graphs, say G1, G2, ..., Gk. In this case, the above mentioned problem becomes
that of determining the minimum cardinality of a set S which is a metric
generator for each graph Gi, i ∈ {1, ..., k}. So, if S is a solution for this
problem, then the position of each robot can be uniquely determined by the
distance to the elements of S, regardless of the graph Gi that models the
network at each moment.

Given a family G = {G1, G2, ..., Gk} of (not necessarily edge-disjoint) con-
nected graphs Gi = (V,Ei) with common vertex set V (the union of whose
edge sets is not necessarily the complete graph), we define a simultaneous
metric generator for G as a set S ⊆ V such that S is simultaneously a metric
generator for each Gi. We say that a minimum simultaneous metric generator
for G is a simultaneous metric basis of G, and its cardinality the simultaneous
metric dimension of G, denoted by Sd(G) or explicitly by Sd(G1, G2, ..., Gk).
An example is shown in Figure 1 where {c, d} is a simultaneous metric basis
of {G1, G2, G3}.

a

b c

d

a

b c

d

a

b c

d

G1 G2 G3

Fig. 1: The set {c, d} is a simultaneous metric basis of {G1, G2, G3}. Thus,
Sd(G1, G2, G3) = 2.
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The study of simultaneous parameters in graphs was introduced by Brigham
and Dutton in [1], where they studied simultaneous domination. This should
not be confused with studies on families sharing a constant value on a param-
eter, for instance the study presented in [4], where several graph families all
of whose members have a constant metric dimension are studied, enforcing no
constraints regarding whether all members share a metric basis or not.

2 Some basic results

Remark 1. For any family G = {G1, G2, ..., Gk} of connected graphs with com-
mon vertex set V and any subfamily H of G it holds Sd(H) ≤ Sd(G) ≤ |V |−1.
In particular, maxi∈{1,...,k}{dim(Gi)} ≤ Sd(G).

The above inequalities are tight. For instance, for the family of graphs
shown in Figure 1 we have Sd(G1, G2, G3) = 2 = dim(G1) = dim(G2) =

max
i∈{1,2,3}

{dim(Gi)}, while the upper bound is reached for any family containing

the complete graph.

Corollary 1. Let G be a family of connected graphs with the same vertex set.
If Kn ∈ G, then

Sd(G) = n− 1.

As shown in Figure 2, the converse of Corollay 1 does not hold.

a b

cd

a b

cd

a b

cd

G1 G2 G3

Fig. 2: The set {b, c, d} is a simultaneous metric basis of {G1, G2, G3}. Thus,
Sd(G1, G2, G3) = 3 = n− 1.

Given a graph G = (V,E) and a vertex v ∈ V, the set NG(v) = {u ∈
V : u ∼ v} is the open neighborhood of v and the set NG[v] = NG(v) ∪ {v}
is the closed neighborhood of v. Two vertices x, y ∈ V (G) are twin in G if
NG(x) = NG(y) or NG[x] = NG[y].

Theorem 1. Let G be a family of connected graphs on a common vertex set
V . Then Sd(G) = |V |−1 if and only if for every u, v ∈ V , there exists a graph
Guv ∈ G such that u and v are twin in Guv.
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Corollary 2. Let G be a family of connected graphs on a common vertex set V .
If G contains three star graphs having different centers, then Sd(G) = |V | − 1.

The following two results concern the limit cases of the left hand side
inequalities in Remark 1.

Theorem 2. Let G be a family of connected graphs on a common vertex set.
The following assertions hold:

1. Sd(G) = 1 if and only if G is a family of paths all of which have a common
leaf.

2. If G is a family of paths, then 1 ≤ Sd(G) ≤ 2.

Theorem 3. Let G be a family of graphs on a common vertex set V . Let H
be a non-empty subfamily of G consisting of all the graphs of G which are
different from a path. Then Sd(G) = Sd(H).

Theorem 4. Let G = {G1, G2, ..., Gk} be a family of cycle graphs on a com-
mon vertex set V. Then the following assertions hold:

1. If |V | is odd, then Sd(G) = 2.
2. If |V | is even, then 2 ≤ Sd(G) ≤ 3. Moreover, for |V | even, Sd(G) = 2 if

and only if there are two vertices u, v ∈ V which are not mutually antipodal
in Gi for all i ∈ {1, ..., k}.

A vertex of degree at least 2 in a graph G is called an interior vertex. The
set of interior vertices of graph G is represented by I(G). A vertex of degree at
least 3 is called a major vertex of G. Any end-vertex (a vertex of degree 1) u of
G is said to be a terminal vertex of a major vertex v of G if d(u, v) < d(u,w)
for every other major vertex w of G. The terminal degree ter(v) of a major
vertex v is the number of terminal vertices of v. A major vertex v of G is
an exterior major vertex of G if it has positive terminal degree. The set of
exterior major vertices of graph G is represented by M(G).

Proposition 1. Let T = {T1, T2, . . . , Tk} be a family of trees on a common

vertex set V that are not paths, and let SI =
k⋂
i=1
I(Ti) be the set of vertices

that are interior vertices of every tree Ti ∈ T . Then

Sd(T ) ≤ |V | − |SI | − 1.

It was shown in [2] that for any connected graph G of order n and diameter
D(G), dim(G) ≤ n−D(G). Our next result is an extension of this bound to
the case of the simultaneous metric dimension.

Theorem 5. Let G be a family of graphs with common vertex set V having a
shortest path of length d in common. Then Sd(G) ≤ |V | − d.
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For example, let G1 be a graph obtained from a complete graph Kr =
(V ′, E′), r ≥ 3, and a path graph Pd, d ≥ 2, by identifying leaf a of Pd, with
a vertex c of Kr, and let G2 be the graph obtained by identifying a leaf a
of Pd with the center c of a star K1,r−1 = (V ′, E′′). In this case, G1 and G2

have the same vertex set V = V (P ) ∪ V ′ (where a = c ∈ V (P ) ∩ V ′ and so
|V | = d + r − 1). Also, if b is the leaf of Pd different from a, then for any
v ∈ V ′ − {c} we have dG1(b, v) = dG2(b, v) = d and vPd is a shortest path of
length d in both graphs G1 and G2. Moreover, W = V ′−{c} is a simultaneous
metric basis of {G1, G2} and so Sd(G1, G2) = |V | − d. Therefore, the above
bound is tight.

3 Families of interrelated graphs

Next we analyze some special cases of families composed by graphs that may
be obtained by applying some operations or transformations on another graph
in the family. The first case concerns a family of graphs obtained as a result
of transformations on a cycle graph.

Theorem 6. Let G = {Cn, Cn,W1,n−1, F1,n−1} be a family consisting of a
cycle of order n ≥ 5, its complement, the wheel graph W1,n−1 = 〈vc〉 + Cn−1

and the fan graph F1,n−1 = 〈vc〉 + Pn−1, where vc ∈ V (Cn), vc−1 and vc+1

are the vertices adjacent to vc in Cn, V (Cn−1) = V (Pn−1) = V (Cn) − {vc},
E(Cn−1) = {vc−1vc+1} ∪ E(Cn) − {vc−1vc, vcvc+1} and E(Pn−1) = E(Cn) −
{vc−1vc, vcvc+1}. Then, for any subfamily H ⊆ G such that Cn ∈ H,

Sd(H) =
⌊2n+ 2

5

⌋
.

Our next result concerns a second graph family which is also the result of
a number of transformations on a cycle graph.

Theorem 7. Let G = {Cn, Cn, Pn, Pn,W1,n−1}, be a family consisting of a cy-
cle Cn of order n ≥ 5, its complement, the path graph Pn, its complement, and
the wheel graph 〈vc〉+Cn−1, where vc ∈ V (Cn), vc−1 and vc+1 are the vertices
adjacent to vc in Cn, V (Pn) = V (Cn), E(Pn) = E(Cn)−{vcvc+1}, V (Cn−1) =
V (Cn)− {vc}, and E(Cn−1) = {vc−1vc+1} ∪ E(Cn)− {vc−1vc, vcvc+1}. Then,
for any subfamily H ⊆ G such that Cn ∈ H,

Sd(H) =
⌊2n+ 2

5

⌋
.

4 Families of corona product graphs

Let G and H be two graphs of order n and n′, respectively. The corona product
G�H is defined as the graph obtained from G and H by taking one copy of G
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and n copies of H and joining by an edge each vertex from the i-th copy of H
with the i-th vertex of G. Notice that the corona graph K1�H is isomorphic
to the join graph K1 +H.

Theorem 8. Let G1 and G2 be two connected non-trivial graphs with common
vertex set and let H be a non-trivial graph. Then any metric basis for G1�H
is a metric basis for G2 �H.

Corollary 3. Let {G1, G2, ..., Gk} be a family of connected non-trivial graphs
with common vertex set V and let H be a non-trivial graph. Then for any
i ∈ {1, . . . , k}, Sd(G1 �H,G2 �H, . . . , Gk �H) = dim(Gi �H).

Results from [9] allow us to deduce the exact simultaneous metric dimen-
sion, or establish bounds, for several special families of corona product graphs.

Theorem 9. Let {G1, G2, . . . , Gk} be a family of connected non-trivial graphs
with common vertex set V and let H be a non-trivial graph. The following
statements hold:

1. |V | · dim(H) ≤ Sd(G1 �H,G2 �H, . . . , Gk �H) ≤ |V | · dim(K1 +H).
2. If H has diameter D(H) ≤ 2, then Sd(G1 � H,G2 � H, . . . , Gk � H) =
|V | · dim(H).

3. If H has diameter D(H) ≥ 6 or it is a cycle graph of order at least 7, then
Sd(G1 �H,G2 �H, . . . , Gk �H) = |V | · dim(K1 +H).

4. For any integer n ≥ 7,
a) Sd(G1 � Cn, G2 � Cn, . . . , Gk � Cn) = |V | ·

⌊
2n+2

5

⌋

b) Sd(G1 � Pn, G2 � Pn, . . . , Gk � Pn) = |V | ·
⌊

2n+2
5

⌋

c) Sd(G1 � Cn, G2 � Cn, . . . , Gk � Cn) = |V | ·
⌊

2n+2
5

⌋
.

Theorem 10. Let {G1, G2, . . . , Gk} be a family of connected non-trivial graphs
with common vertex set V and let H be a graph of order n′ ≥ 2. Let α be the
number of connected components of H of order greater than 1 and let β be the
number of isolated vertices of H. Then

Sd(G1 �H,G2 �H, . . . , Gk �H) ≤





|V | · (n′ − α− 1) for α ≥ 1 and β ≥ 1

|V | · (n′ − α) for α ≥ 1 and β = 0

|V | · (n′ − 1) for α = 0.

In a similar way, we may derive other results analogously to the remaining
results obtained in [9].

Theorem 11. Let G be a connected graph of order n ≥ 2 and let H =
{H1, . . . ,Hk} be a family of non-trivial connected graphs on a common vertex
set. Then Sd(G�H1, G�H2, . . . , G�Hk) ≥ n · Sd(H).

The next results cover special cases involving graphs of diameter two.
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Theorem 12. Let G be a connected graph of order n ≥ 2 and let H =
{H1, . . . ,Hk} be a family of non-trivial graphs on a common vertex set where
every Hi, i ∈ {1, . . . , k}, has diameter D(Hi) ≤ 2. Then Sd(G�H1, G � H2,
. . . , G�Hk) = n · Sd(H).

Theorem 13. Let G be a connected graph of order n ≥ 2. For any family of
non-trivial graphs {H1, ...,Hk} with common vertex set,

n· max
i∈{1,...,k}

{dim(Hi)} ≤ Sd(G�H1, . . . , G�Hk) ≤ n·Sd(K1+H1, . . . ,K1+Hk).
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P. Mezey, editors, Advances in Molecular Similarity, JAI Press Inc, Stamford,
Connecticut, 1998 pp. 153–170.

[7] Khuller, S., B. Raghavachari and A. Rosenfeld, Landmarks in graphs, Discrete
Applied Mathematics 70 (1996), pp. 217–229.

[8] Slater, P. J., Leaves of trees, Congressus Numerantium 14 (1975), pp. 549–559.
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Abstract. We get asymptotic estimates for the number of (labeled) series-parallel
graphs with n vertices without cycles of length 3. As a consequence of our method,
we are also able to study the limiting distribution of the number of triangles in a
uniformly at random series-parallel graph with n vertices. Further research is also
discussed.

Key words: Analytic combinatorics, graph enumeration, random graphs, limit law

1 Introduction

Series-parallel graphs, shortly called SP graphs hereafter, form a very natu-
ral family of graphs. There are at least 5 ways of defining them. The first
definition is in terms of primitive operations. A graph is SP if and only if
its blocks (maximal 2-connected subgraphs) are obtained from a single edge
by recursive subdivision of edges (series operation) and duplication of edges
(parallel operation). Equivalently, a graph is SP if and only if its tree-width
is at most 2. In the language of graph minor theory, a graph is SP if and only
if excludes K4 as a minor. Another equivalent definition is that a graph is SP
if and only if its connected components are subgraphs of a 2-tree (namely, a
graph obtained starting from and edge and then repeatedly adding vertices
in such a way that each added vertex has exactly 2 neighbors that form a
triangle).

Finally, the last way to define SP graphs is via a classical decomposition of
a graph into 3-connected components, formalised by Tutte [14]: SP graphs are
exactly the graphs with no 3-connected component for Tutte’s decomposition.
This is precisely the definition exploited by Bodirsky, Giménez, Kang and Noy
in [2] and by and by Drmota, Fusy, Kang, Kraus and Rué in [9] in order to
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get asymptotic estimates for the number of SP graphs with n labelled and
unlabelled vertices, respectively. The main ideas developed in [2] have been
extended in several directions, and nowadays many parameters of a uniformly
at random SP graph with n vertices are well understood. This includes the
degree distribution [7], the maximum degree [6], the size of the maximal block
[13] and the diameter [8], among others.

Concerning the number of pending copies of a given subgraph, very pre-
cise estimates are known for planar graphs [11] and for graphs defined by
3-connected components [12] (see also [3] for minor-free closed families of
graphs). However, little is known about the enumeration of SP graphs where
a certain subgraph is avoided. The present extended abstract is the first at-
tempt to systematically study these questions in SP graphs. In particular,
we are able to asymptotically enumerate the number of (labelled) SP graphs
with n vertices without cycles of length 3 (see Subsection 3.2). As a conse-
quence of our techniques, we are also able to get limiting distributions for the
number of triangles in a uniformly at random SP graph with n vertices (see
Subsection 3).

The plan of this extended abstract is the following: in Section 2 we intro-
duce the basics on Tutte’s tree decomposition and the Dissymetry Theorem
for trees. In Section 3.1 we compute the generating function G(x, y, u) of SP
graphs where x marks vertices, y marks edges and u marks triangles. In Sec-
tion 3.2 we write u = 0 and y = 1 in order to avoid triangles in the counting
formulas, getting the asymptotic enumeration of the number of SP graphs
with girth at least 4. Finally in Section 3.3 we study the generating function
G(x, 1, u) in order to compute the limit law of the number of triangles in a
uniformly at random SP graph.

2 Background and definitions

All the generating functions that we are considering are exponential with re-
spect to vertices and ordinary with respect to edges and triangles, respectively.
We use variables x, y and u to mark vertices, edges and triangles. The lan-
guage we use in order to encode enumerative problems is the Symbolic Method
(see [10]), which provides a direct way to translate algebraic relations between
combinatorial classes into equations between the associated generating func-
tions.

The strategy we use to study SP graphs without triangles is based on
connectivity decomposition. Specially important in our context is how to get
the generating function for 2-connected graphs in the family. For this pur-
pose, let us briefly recall Tutte’s decomposition and the definition of RMT-
trees (see [4]). Following Tutte’s decomposition Theorem (see [14]) every 2-
connected graph can be decomposed into 3-connected components using split
operations. The resulting final structure after all possible split operations have
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been performed is a collection of graphs called bricks. The resulting bricks are
independent of the order in which the split operations are performed.

Furthermore, Tutte showed that a brick graph has to be of one of the follow-
ing types: multi-edge graph (M-brick), ring-graph (R-brick), or 3-connected
graph with at least 4 vertices (T-brick). In the case of SP graphs there does
not exist T-bricks, and consequently the vertices of the brick tree are of two
types.

One can translate now Tutte’s decomposition into a graph structure. For
a graph G let the RMT-tree be the graph with vertex set equal to the set
of bricks of G and edge set corresponding to the virtual edges of the Tutte’s
decomposition of G. The resulting graph is a tree and by the maximality of
the decomposition two R-bricks as well as two M-bricks are never adjacent.

Following [4], and by applying the Dissymmetry Theorem for trees, the
generating function for 2-connected SP graphs B can be written as B = BR+
BM − BRM , where BM , BR and BRM are the counting formulas associated
to the class of graphs in B such that the RMT-tree has either a distinguished
vertex (of type M and R, respectively) or a distinguished edge.

3 Triangles in SP graphs

3.1 Equations

Since there are no 3-connected SP graphs, we start by computing the gener-
ating functions D(x, y, u) of networks, where x, y marks vertices and edges,
respectively. We add an additional parameter u which will be used in order
to encode triangles.

Recall that a network is obtained from a 2-connected SP graph by choosing
and orienting an edge. It might not occur in the graph, and the vertices
incident to it, the poles, are not labelled, but instead one of them is consider
to be 0, and the other one is ∞. For convenience we split both series and
parallel generating functions as follows. We define P0 := P0(x, y, u) as the
generating function of parallel networks that do not contain an edge between
the poles, whereas P1 := P1(x, y, u) is the generating function of parallel
networks where there is an edge connecting the poles. For convenience, we
include the network consisting of a single edge in P1.

We define S2 := S2(x, y, u) as the generating function of series networks
where there is a path of length exactly 2 between the poles, or equivalently
where there exists a single cut vertex. We also define S3 := S3(x, y, u) as
the remaining series networks. Namely, the ones where the graph distance
between the poles is at least 3. The generating function D := D(x, y, u) can
be expressed then as the solution of the following system of equations:
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D = P0 + P1 + S2 + S3 (1)

P0 = exp≥2(S2 + S3)

P1 = y exp(uS2 + S3)

S2 = xP 2
1

S3 = xDP0 + xP1(P0 + S2 + S3).

From these equations we deduce that triangles can only come up from parallel
constructions where the poles are connected by an edge and at least one path
of length 2. The generating function D(x, y, u) cannot be expressed in terms
of elementary functions, but we can obtain the first terms of its expansion
near 0:

D(x, y, u) = y +
(
y2 + uy3

)
x+

(
2y3 + 3y4 + 4uy4 + 5u2y5

) x2

2!
+

+
(
6y4 + 30y5 + 7y6 + 18uy5 + 48uy6 + 36u2y6 + 49u3y7

) x3

3!
+O(x4).

Now that we know D and the auxiliar functions P0, P1, S2 and S3, we
can use the Dissymmetry Theorem for trees in order to obtain the generating
function B(x, y, u) of 2-connected series-parallel graphs, where x, y, u marks
vertices, edges and triangles, respectively. In order to apply the Dissymmetry
Theorem we need to root a network in either a cycle or a multiple edge,
obtaining the following expressions:

BR(x, y, u) = Cyc(x(P0 + P1)) + (u− 1)
x3P 3

1

6

BM (x, y, u) =
x2

2

(
y exp≥2(uS2 + S3) + exp≥3(S2 + S3)

)

BMR(x, y, u) =
x2

2
((S2 + S3)(P0 + P1 − y) + (u− 1)(P1 − y)S2) ,

where Cyc(x) = − log(1 − x)/2 − x/2 − x2/4 is the exponential generating
function of cycles consisting of at least 3 vertices. Note that this is not a
system of equations provided that we know the values of P0, P1, S2 and S3.
Finally, following [4], the generating function B(x, y, u) is obtained as

B(x, y, u) = BR(x, y, u) +BM (x, y, u)−BMR(x, y, u).

Once that we know B(x, y, u), we can use the standard decomposition of a
class of graphs into its 2-connected components

xCx(x, y, u) = x exp(Bx(xCx(x, y, u), y, u)),
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where the subindex means that we are considering the derivative of the func-
tion with respect to x. This equation determines unequivocally C(x, y, u) by a
standard integration. In the last step we just compute the generating function
G(x, y, u) as the set of its connected components, which is encoded as

G(x, y, u) = exp(C(x, y, u)).

This last equation finally determines the generating function G(x, y, u) of SP
graphs where x counts vertices, y counts edges and u counts triangles.

3.2 Enumeration of triangle-free SP graphs

Now that we have the generating function G(x, y, u), if now we impose u = 0,
we get the generating function G(x, 1, 0) of SP graphs with girth greater or
equal than 4. The singularity of this function provides information about its
asymptotic growth:

Theorem 1. The number of 2-connected SP graphs with n vertices without
cycles of length 3 is asymptotically equal to

b · n−5/2 · γn n!,

where b ≈ 1.5195 · 10−3 and γ ≈ 5.0929. Furthermore, the number of
connected and general SP graphs with n vertices without cycles of length 3 is
asymptotically equal to

c · n−5/2 · ρn n!, g · n−5/2 · ρn n!,

where c ≈ 2.8588 · 10−3, g ≈ 3.3398 · 10−3 and ρ ≈ 6.2816.

The proof of Theorem 1 is based on singularity analysis (see [10, Chapter
VI]). We briefly sketch the ideas behind the proof of this theorem. We start
studying the system of equations defining the networks by means of the so-
called Drmota-Lalley-Woods Theorem (see [5]).

Once the singular behaviour of D(x, y, u) (for y = 1, u = 0) is known,
we conclude that the dominant singularity of B(x, 1, 0) is determined by the
dominant nature of D(x, 1, 0). Let us mention that the singular nature of
B(x, 1, 0) is of type 3/2 instead of 1/2. This can be understood as the unroot-
ing step which is required when relating networks with 2-connected graphs in
the family.

Going from the 2-connected to the connected level the singularity is moved
due to the existence of a branch point of the equation relating B(x, 1, 0) and
C(x, 1, 0). This phenomena is also translated to the general level by means
of the set construction. Finally, by applying the classic transfer theorems of
singularity analysis [10, Thm VI.2] we deduce the asymptotic behaviour of
the coefficients.
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3.3 Number of triangles

Now that we have the generating function G(x, y, u), by means of the so-called
Quasi-Powers Theorem (see [10]) we can show that the number of triangles
tends to a normal law, and obtain its mean and variance:

Theorem 2. The number of triangles Xn of a SP graph with n vertices is
asymptotically Gaussian, with

E(Xn) ∼ µn, Var(Xn) ∼ λn,

where µ ≈ 0.3947 and λ ≈ 0.4143.

One may compare these values with the expected number of pending trian-
gles in a random SP-graph, computed in [12] as approximately 2.2313 ·10−3n.
As expected, the number of pending copies of a triangle in a random SP graph
is much smaller than the number of occurrences of the triangle in a random
SP graph.

4 Future work

The next step in this program is to study the same problem when avoiding
the cycle of length four as a subgraph. By similar arguments it seems feasable
to get asymptotic estimates for the number of SP graphs without cycles of
length four. Surprisingly, a preliminary analysis shows that the study of the
distribution of the number of four cycles on a uniformly at random SP graph
with n vertices becomes more involved: as in the case of triangles, the cre-
ation of four cycles is essentially due to parallel compositions. However, in
this situation is it possible to create a quadratic number of copies. This phe-
nomena is completely different to the one obtained in the study of triangles.
In particular, the existence of a limiting distribution will not be based on the
application of the Quasi-Powers Theorem.

In this direction, a first study over 2-trees (maximal SP graphs) suggests
that the distribution of the number of triangles on a random 2-tree with n
vertices has linear expectation and variance, so the distribution is concentrated
around the expected value. This is interesting by itself, because it is easy to
construct 2-trees with a quadratic number of four cycles. Consequently this
situation shows that the order of magnitude of expected value (linear) could be
completely different of an object in the family (quadratic) . Indeed, heuristic
arguments suggests that the limiting distribution (conveniently reescaled) is
in fact a normal distribution, and we also believe that a similar phenomenon
would arise in the SP family.

We also plan to study SP graphs with girth greater or equal than a given
value g: this would emerge using similar ideas as in the case of triangles, but
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excluding at the same time cycles of length less than g. It also seem feasable to
study these questions when excluding a 2-connected subgraph and, in general,
a connected subgraph.
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Abstract. This article aims to explore the algebraic structure of Hadamard prope-
linear codes, which are not abelian in general but they have good algebraic and com-
binatorial properties. Concretely, we construct a subclass of Hadamard propelinear
codes which enlarges the Hadamard Z2Z4Q8-codes. Several papers have been devoted
to the relations between difference sets, t-designs, cocyclic-matrices and Hadamard
groups, and we present a link between them and a class of Hadamard propelinear
codes, which will be called full propelinear. Finally, as an exemplification, we go over
Hadamard codes of length sixteen giving a propelinear structure for all of them.

Key words: Hadamard group, propelinear code, full propelinear codes.

1 Introduction

The discovery of the existence of a quaternary structure in some relevant
families of codes with better parameters than any linear code [9] has raised the
interest in the study of these codes and more generally on codes with a group
structure. Propelinear codes issued from the idea of study the relationship
between completely regular codes and regular graphs. Any propelinear code
is associated to a group structure, for instance Z2Z4-linear codes ([6,9]) are
propelinear codes. An important subclass of propelinear codes are those which
are translation invariant, which were charaterized as Z2Z4Q8-code in [14]. The
goal of this article is to study the algebraic properties of a kind of propelinear,
which we call full propelinear.

In Section 2, we present the preliminaries of propelinear codes and the con-
nections between the difference sets, t-designs, Hadamard groups, and cocyclic
matrices. In Section 3, we construct the subclass of Hadamard full propelinear
codes and anaylize some of the algebraic properties of these codes, while con-
cluding that all Hadamard codes of length sixteen are Hadamard propelinear
codes.

? This work has been partially supported by the Spanish MICINN under Grants TIN2010-
17358 and TIN2013-40524-P, and by the Catalan AGAUR under Grant 2009SGR1224.
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2 Preliminaries

We denote by Z, Zr, Fq, the ring of integers, the ring of integers modulo r
and any representation of a finite field with q elements, respectively. Any sub-
set C of Fn2 is called a binary code. It is denoted by dH(·, ·) and wtH(·) the
Hamming distance and the Hamming weight on Fnq , respectively. We write
dH(C) for the minimum distance of a linear code C, which is equal to its
minimum weight, for C a linear subspace. A [n, k, d] linear code C over Fq is a
k-dimensional subspace of Fnq . The elements of C are called codewords. If the
code is not linear we will call (n,M, d) a code of length n, cardinality M and
minimum distance equal to d. The parameter d determine the error-correcting
capability of C which is given by e =

⌊
d−1

2

⌋
. For a word v in Fnq , the support

of v, denoted by Supp(v), is defined as the set of its nonzero positions.
Let Sn denote the symmetric group of permutations of the set {1, . . . , n}.
For any π ∈ Sn and any vector v ∈ Fn2 , v = (v1, v2, . . . , vn), we write π(v)
to denote (vπ−1(1), vπ−1(2), . . . , vπ−1(n)). The isometries of a code C (distance
preserving bijective mappings from C to C) form a group, Iso(C). We will
call Perm(C) the group of coordinate permutations stabilizing C. Two binary
codes C1, C2 of length n are said to be isomorphic if there is a coordinate per-
mutation π ∈ Sn such that C2 = {π(x) : x ∈ C1}. They are said to be equiva-
lent if there is a vector y ∈ Fn2 and a π ∈ Sn such C2 = {y + π(x) : x ∈ C1}.
The rank of a binary code C is the dimension of the linear span of the code-
words of C. The kernel K of a binary code C is the set of words which keeps
the code invariant by translation, so K(C) = {z ∈ Fn2 : C+z = C}. Assuming
the all zero vector is in C we have that the kernel is a linear subspace and the
dimension of K(C) will be denoted by by k(C) or simply k.

Definition 1. [15] A binary code C of length n has a propelinear structure
if for each codeword x ∈ C there exists πx ∈ Sn satisfying the following
conditions:

1. For all x, y ∈ C, x+ πx(y) ∈ C,
2. For all x, y ∈ C, πxπy = πz, where z = x+ πx(y).

For all x ∈ C and for all y ∈ Fn2 , denote by ∗ the binary operation such
that x ∗ y = x + πx(y). Then, (C, ∗) acts over Fn2 and, specifically, it is a
group, which is not abelian in general. The vector 0 is always a codeword
and π0 is the identity permutation. Hence, 0 is the identity element in C and
x−1 = π−1

x (x), for all x ∈ C [15]. We call (C, ∗) a propelinear code if it can
be provided with a propelinear structure.

Definition 2. The action of a group, G on a set X is regular if it is both
transitive and semiregular. Transitivity requires that for all x, y ∈ X, there is
some g ∈ G such that gx = y. Semiregularity requires that the stabilizers of
all points be trivial. Obviously, if G acts regularly on X then |G| = |X|.
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Proposition 1. [11] Let (C, ∗) be a group. C is a propelinear code if and only
if Iso(C) contains a regular subgroup acting transitively on C.

Definition 3. A Hadamard matrix is an 4n×4n matrix H containing entries
from the set {1,−1}, with the property that:

HHT = 4nI,

where I means the identity matrix.

Let H be a normalized Hadamard matrix of order 4n, so a matrix with all the
entries in the first row and first column equal to +1. let H ′ be the matrix H
after removing the first row and the first column. Let B = 1

2(H ′ + J), where
J is the all one matrix. Hadamard matrices of order 4n (n > 1), can be used
to create an special family of 2-designs.
A set T of vectors v ∈ Fn of weight w is a t-design, t-(n,w, λ), if for any vector
z ∈ Fn2 of weight t, 1 ≤ t ≤ w, there are precisely λ vectors vi, i = 1, . . . , λ
from T, each of them covering z. A square divisible (n,m,w, λ)-design consists
of a set of nm points and a set of nm blocks, where each point is in w blocks
and each block consists of w points. Further, the point set is partitioned into
n point classes of m points each, such that two points in distinct classes are
both contained in precisely λ blocks, and no block contains distinct points in
the same class. A 2-(n,w, λ)-design is just a divisible (n, 1, w, λ)-design.
Thus, note that the before defined matrix B is the incidence matrix of a 2-
(4n− 1, 2n− 1, n− 1) design, and we can take it as an alternative definition
for a Hadamard matrix [1]. Let H be a 4n× 4n Hadamard matrix, and A the
incidence matrix defined by A = 1

2(H+J). Write Ā for the complement of A.
Then

Φ =

(
A Ā

Ā A

)

is the incidence matrix of a divisible (4n, 2, 4n, 2n)-design.
Elliott and Butson [5] define a relative (v,m, k, λ)-difference set in a

group G relative to a normal subgroup N , where |G| = vm and |N | = m.
This is a subset D of G such that |D| = k and the multiset of quotients
d1d
−1
2 of distinct elements d1, d2 ∈ D contains each element of G\N exactly λ

times, and contains no elements of N. Thus k(k− 1) = λm(v− 1) and v 6= 2k.
Equivalently, |D∩xD| = λ, for all x ∈ G\N . Let R be a relative (4n, 2, 4n, 2n)-
difference set in a group G of order 8n relative to a normal subgroup N ' Z2

of G. Such a group is called a Hadamard group of order 8n [8]. In other
words, G is a Hadamard group of order 8n and identity element e, if it is a
finite group containing a 4n-subset D and an element u (called Hadamard
subset corresponding to u), such that

• D and uD are disjoints,
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• aD and D intersect exactly in 2n elements, for any a ∈ G, a 6= u, a 6= e.
• aD and {b, bu} intersect exactly in one element, for any a, b ∈ G.

Let G be a finite group of order 4n and let 〈−1〉 ' Z2. A (normalized,
binary, two-dimensional) cocycle is a set map ψ : G × G → Z2 satisfying
ψ(e, e) = 1 and

ψ(g, h)ψ(gh, k) = ψ(g, hk)ψ(h, k), for all g, h, k ∈ G.

A cocycle over G is naturally displayed as a cocyclic matrix M ; that is,
under some fixed ordering of the elements of G which indexes rows, and some
(possibly different) fixed ordering of the elements of G which indexes columns,
the entry in the (g, h)th position of the cocyclic matrix is ψ(g, h), for all
g, h ∈ G.
The connection between cohomology theory and Hadamard matrices afforded
by cocyclic matrices was introduced by de Launey and Horadam. Furthermore,
in [3] it is stated that the existence of a normal relative (4n, 2, 4n, 2n) difference
set is equivalent to the existence of a cocyclic Hadamard matrix of order 4n.
In [7], Flannery proved that the concepts of Hadamard group and cocyclic
Hadamard matrix are equivalent.

Definition 4. Any binary (2n, 4n, n)-code is called a Hadamard code. Furhter,
C is said to be a Hadamard propelinear code if it is a Hadamard code and also
a propelinear code.

In [12] it was computed all possible values for two structural parameters
(rank and dimension of the kernel) of a binary Hadamard code of length a
power of two. Our interest is to deal with Hadamard codes with some kind of
algebraic structure. The most basic structure is coming from groups of order
8 which, apart from those composed by Z2 and Z4, are the cyclic Z8, the
dihedral D8 and the quaternionic Q8. The next proposition summarizes the
results we obtained.

Proposition 2. (The propelinear structures for Q8, D8, Z8)

1. The minimum lenght n for which a Hadamard propelinear structure ex-
ists for Q8 = 〈a,b : a4 = e,a2 = b2,ab = bab−1 = a−1〉 is n = 4.
Furthermore, this structure is unique (up to isomorphism) and is given
by:

a = (0, 1, 0, 1),b = (0, 1, 1, 0), πa = (1, 2)(3, 4), πb = (1, 3)(2, 4).

2. The unique Hadamard propelinear structure of length n for the dihedral
D8 = 〈a, b : a4 = e, b2 = e, ab = bab−1 = a−1〉 is given by:

a = (1, 1, 0, 0), b = (0, 1, 1, 0), πa = (1, 4)(2, 3), πb = (1, 4)(2, 3).
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Furthermore, there are only two propelinear structures of length 3 (up to
isomorphism) given by:

a = (1, 1, 0), b = (1, 0, 0), πa = (23), πb = (23).

a = (1, 0, 0), b = (0, 0, 1), πa = (12), πb = (12).

3. There is no any Hadamard propelinear structure for the cyclic group Z8 =
〈a : a8 = e〉. Although, there is a unique propelinear structure (up to
isomorphism) of length 4 given by:

a = (1, 1, 1, 0), πa = (1, 2, 3, 4).

3 Hadamard Full Propelinear Codes

In this section we introduce the concept of Hadamard full propelinear code
C. These codes have the property that the associated permutation πx to each
x ∈ C do not have any fix point, except for x ∈ {e,u}. We show that the
above definition is equivalent to the well known concepts of Hadamard group,
2-cocyclic matrices and relative difference sets. The section concludes showing
that all binary Hadamard codes of length 16 are full propelinear.

Definition 5. A Hadamard full propelinear code is a Hadamard propelinear
code C such that for every a ∈ C, a 6= e, a 6= u the permutation πa has not
any fixed coordinate and πe = πu = I.

Lemma 1. In a Hadamard full propelinear code (C, ∗) let u be the all one
vector. Then vector u is central in C and πu = I.

Let C be a Hadamard full propelinear code of length 4n. Define Dj ⊂ C
the subset of all vectors in C such that the jth coordinate is zero. Vectors in
C have 4n coordinates and we can associate each one of them to a vector in
Dj . Let x ∈ Dj such that πx(ej) = ex, where, for i ∈ {1, . . . , 4n}, ei means
the unitary vector with only one nonzero coordinate at the position ith. The
position where ex is nonzero is the associated coordinate to vector x. This
association is well defined, for a vector y 6= x the associated coordinate is
ey 6= ex. Let k the position where ex has the nonzero coordinate. Note that
either Dk = x ∗ Dj or Dk = u ∗ x ∗ Dj depending on the value of the kth
coordinate of vector x. Calling δx,j = e when the value of the kth coordinate
of vector x is zero and δx,j = u when the value of the kth coordinate of vector
x is one, we have Dk = δx,j ∗ x ∗Dj , for x ∈ Dj .

Let H be the normalized Hadamard matrix corresponding to C and assume
that the columns and the rows of H are indexed by the elements in D1. The
(y, x)-entry of H is zero if vector y belongs to Dk, where πx(e1) = ek, so

(y, x)-entry of H is zero if and only if y ∗ x−1 ∗ δx,1 ∈ D1. (1)
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Proposition 3. Let (C, ∗) be a Hadamard propelinear code of length 4n. Let
D1 the set of codewords with a zero in the first coordinate. Then for any a ∈ C
we have |D1 ∩ a ∗D1| ∈ {0, 4n, 2n}.

If C is a Hadamard full propelinear code of length 4n then C is a Hadamard
group in the sense of [8] and D1 is a Hadamard set corresponding to u.

Proof.

1. If a ∈ D1 and πa does not include the first position then a ∗D1 = D1 and
|D1 ∩ a ∗D1| = 4n.

2. If a /∈ D1 and πa does not include the first position then a ∗D1 = u ∗D1

and |D1 ∩ a ∗D1| = 0.
3. If πa includes the first position, say that πa(e1) = ek then Dk = δa,1∗a∗D1

and |D1 ∩ a ∗D1| = 2n.

If C is a full propelinear code the previous first two items show that |D1 ∩
a ∗D1| = 4n if and only if a = e and |D1 ∩ a ∗D1| = 0 if and only if a = u.
Hence, in this case, C is a Hadamard group.

Proposition 4. Let G be a Hadamard group with D as a Hadamard subset.
Then G is a Hadamard full propelinear code.

Proof. Let G a Hadamard group of order 8n with Hadamard subset D. We
can construct an 4n× 4n matrix H, where the rows and columns are indexed
by the elements in D. The entry (a, b) of H is 0 or 1, depending on whether
ab−1δb,1 ∈ D, where δb,1 was defined in (1). Matrix H is a Hadamard matrix
and G can be equipped with a full propelinear structure. For any a ∈ G
define πa(x) = a + xa, where x ∈ G. The map πa acts as a permutation on
the coordinates. Specifically, coordinate given by b is moved to coordinate
ba after πa. To show this, take two vectors x, y with the same value on the
coordinate given by b, so xb−1 and yb−1 simultaneously belong (respectively,
does not belong) to D. Consider the values of (a + xa) and (a + ya) on the
coordinate given by ba. This pair of values agrees or does not agree like the
values of xa and ya on the same coordinate and these last ones agree or do
not agree depending on whether xa(ba)−1 and ya(ba)−1 simultaneously belong
(respectively, do not belong) to D. Thus, we reached the same condition that
the starting one. Also we see that πa(e) = a+ ea = e. Finally, we can define
the propelinear structure on G given by a ∗ b = a + πa(b) = ba. This proves
the statement.

It is well known that there are five inequivalent Hadamard codes of length
16. One of them is linear, another is a Z2Z4-linear code and the other three
cannot be realized as Z2Z4-linear codes, [6]. However, one of those can be
realized as a Z2Z4Q8-code, more specifically, as a pure Q8-code [4]. As an
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exemplification of the concepts of the current paper we present the last two
as Hadamard full propelinear codes. The group structure of these two prope-
linear codes correspond to a generalized quaternion group of order 32. This
generalized quaternion group is given by Q32 = 〈a,b : a16 = e,a8 = b2,ab =
bab−1 = a−1〉. To construct these propelinear codes take a,b ∈ F16

2 and their
corresponding permutations πa, πb ∈ S4.
The code C with rank equal to 8 and dimension of the kernel 2 is given by:

a = (1, 1, 1, 1, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1),

b = (0, 0, 1, 0, 1, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 1),

πa = (8, 7, 6, 5, 4, 3, 2, 1)(16, 15, 14, 13, 12, 11, 10, 9),

πb = (1, 9)(2, 16)(3, 15)(4, 14)(5, 13)(6, 12)(7, 11)(8, 10).

and the remainder elements are computed giving the code C = 〈a,b〉.
The code D = 〈a,b〉, with rank equal to 8 and dimension of the kernel 1, is
computed taking:

a = (1, 1, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 0, 0, 0, 0),

b = (0, 1, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0),

πa = (8, 7, 6, 5, 4, 3, 2, 1)(9, 10, 11, 12, 13, 14, 15, 16),

πb = (1, 9)(2, 10)(3, 11)(4, 12)(5, 13)(6, 14)(7, 15)(8, 16).

Note that in both cases, the group Π = {πx : x ∈ G}, where G is either C or
D, is the dihedral group of order 16.
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2 Dpto. de Álgebra, Univ. de Granada, 18071-Granada, Spain.
jrosales@ugr.es

Abstract. Let M be a submonoid of (N2,+) such that

A(M) = {n ∈ N | a < n < b for some (a, b) ∈M}
is a non-empty set. Then A(M)∪ {0} is a numerical semigroup. We will show that a
numerical semigroup S can be obtained in this way if and only if {a+b−1, a+b+1} ⊆
S for all a, b ∈ S \ {0}. We will see that such numerical semigroups form a Frobenius
variety and we will study it.

Key words: submonoids, numerical semigroups, non-homogeneous patterns, Frobe-

nius varieties, trees.

1 Introduction

Let N be the set of nonnegative integers and let M be a submonoid of (N2,+)
(that is, a subset of N2 that is closed for the addition and that contains
the zero element (0, 0)). We will say that a positive integer n is bounded
by M if there exists (a, b) ∈ M such that a < n < b. We will denote by
A(M) = {n ∈ N | n is bounded by M}.

A numerical semigroup is a submonoid S of (N,+) such that gcd(S) = 1.
It is easy to check that, if M is a submonoid of (N2,+) such that A(M)

is not empty, then A(M) ∪ {0} is a numerical semigroup. This fact allows us
to give the concept of numerical A-semigroup. Indeed, a numerical semigroup
S is a numerical A-semigroup if there exists M , submonoid of (N2,+), such
that S = A(M) ∪ {0}.

The purpose of this work is to study this family of numerical semigroups.
First of all, we will show a characterization of them, via the concept of non-
homogeneous pattern (see [1]), and how we can obtain all of them.
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We have that, if S is a numerical semigroup, then N \ S is finite. This
fact allows us to define the Frobenius number of S, denoted by F(S), as the
greatest integer that does not belong to S (see [4]).

A Frobenius variety (see [6]) is a non-empty family V of numerical semi-
groups that fulfills the following conditions,

1. if S, T ∈ V, then S ∩ T ∈ V;
2. if S ∈ V and S 6= N, then S ∪ {F(S)} ∈ V.

If we denote by A = {S | S is a numerical A-semigroup}, then we will
show that A is a Frobenius variety. As a consequence of this result, we will
arrange the elements of A in a tree G(A) with root N.

Finally, we will see that, if X is a non-empty set of positive integers,
then there exists the smallest numerical A-semigroup, A(X), that contains
X. Moreover, we will design an algorithm to compute A(X) starting from X.

We end this introduction pointing out that this work is a short version of
the manuscript [5] that is under review process.

2 Numerical A-semigroups

Let us remember that, if M is a submonoid of (N2,+), then

A(M) = {n ∈ N | a < n < b for some (a, b) ∈ N2}.

Lemma 1. Let M be a submonoid of (N2,+). If x, y ∈ A(M), then we have
that {x+ y − 1, x+ y, x+ y + 1} ⊆ A(M).

Remark 1. Let us observe that there exist numerical semigroups that are
not numerical A-semigroups. For example, the numerical semigroup S =
{0, 5, 7, 9, 10, 12, 14,→} (where the symbol→means that every integer greater
than 14 belongs to S) is not a numerical A-semigroup because 5 + 7 + 1 6∈ S.

Let X be a non-empty subset of a commutative monoid (M,+). The
monoid generated by X, denoted by 〈X〉, is the smallest (with respect to the
set inclusion) submonoid of (M,+) containing X. It is known (see [7]) that
〈X〉 = {λ1x1 + · · ·+ λnxn | n ∈ N \ {0}, x1, . . . , xn ∈ X, λ1, . . . , λn ∈ N}.

If M = 〈X〉, then we say that X is a system of generators of M (or that M
is generated by X). It is well known (see [8]) that the submonoids of (N,+)
(in particular, the numerical semigroups) are finitely generated.

Lemma 2. Let S be the numerical semigroup generated by a set of positive
integers {n1, . . . , np}. Let us assume that {x+ y− 1, x+ y+ 1} ⊆ S, for every
x, y ∈ S \ {0}. If λ1, . . . , λp, x ∈ N and λ1(n1 − 1) + · · · + λp(np − 1) < x <
λ1(n1 + 1) + · · ·+ λp(np + 1), then x ∈ S.

In the next result (that is a consequence of Lemmas 1 and 2) we give a
characterization of numerical A-semigroups.
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Theorem 1. Let S be a numerical semigroup. The following conditions are
equivalent.

1. S is a numerical A-semigroup.

2. If x, y ∈ S \ {0}, then {x+ y − 1, x+ y + 1} ⊆ S.

The next result guarantees us that, to study numerical A-semigroups, we
can focus in finitely generated submonoids of (N2,+).

Corollary 1. Let S be a numerical semigroup. The following conditions are
equivalent.

1. S is a numerical A-semigroup.

2. S = A(M) ∪ {0} for some finitely generated submonoid M of (N2,+).

3. There exist a1, b1, . . . , ap, bp ∈ N such that S = {n ∈ N | a1x1+· · ·+apxp <
n < b1x1 + · · ·+ bpxp for some x1, . . . , xp ∈ N} ∪ {0}.

From Item 3 of Corollary 1, we can see a numerical A-semigroup as a set
that contains the integers n such that the system of inequalities

a1x1 + · · ·+ apxp < n < b1x1 + · · ·+ bpxp

has solution in Np (where {a1, b1, . . . , ap, bp} ⊆ N is a fixed set).
Let (M,+) be a commutative monoid and let X be a system of generators

of M. If M 6= 〈Y 〉 for all Y ⊂ X (with Y 6= X), then we say that X is a
minimal system of generators of M.

The following result is consequence of [8, Lemma 2.3, Corollary 2.8].

Lemma 3. Let M be a submonoid of (N,+). Then the minimal system of
generators of M is X = (M \ {0}) \ ((M \ {0}) + (M \ {0})). In addition, X
is finite and is contained in every system of generators of M .

Let S be a numerical semigroup and let {n1, . . . , np} ⊆ N\{0} be a system
of generators of S. If s ∈ S, then it is defined the order of s in S by (see [2])
ord(s;S) = max {a1 + · · ·+ ap | a1n1 + · · ·+ apnp = s, with a1, . . . , ap ∈ N}.
If no ambiguity is possible, then we write ord(s).

Remark 2. From Lemma 3, the definition of ord(s;S) is independent of the
considered system of generators of S, that is, only depends on s and S. Thus,
we can take the minimal system of generators of S in order to define ord(s;S).

Lemma 4. Let S be the numerical semigroup with minimal system of gener-
ators {n1, . . . , np} and let s ∈ S.

1. If i ∈ {1, . . . , p} and s− ni ∈ S, then ord(s− ni) ≤ ord(s)− 1.

2. If s = a1n1 + · · · + apnp, with ord(s) = a1 + · · · + ap and ai 6= 0, then
ord(s− ni) = ord(s)− 1.
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As a consequence of Theorem 1 and Lemma 4, we have another character-
ization of numerical A-semigroups.

Proposition 1. Let S be a numerical semigroup with minimal system of gen-
erators given by {n1, . . . , np}. The following conditions are equivalent.

1. S is a numerical A-semigroup.

2. If i, j ∈ {1, . . . , p}, then {ni + nj − 1, ni + nj + 1} ⊆ S.

3. If s ∈ S \ {0, n1, . . . , np}, then {s− 1, s+ 1} ⊆ S.

4. If s ∈ S \ {0}, then s+ z ∈ S for all z ∈ Z such that |z| < ord(s).

Remark 3. Item 2 of the above proposition allows us to decide, faster than
with Theorem 1, if a numerical semigroup is a numerical A-semigroup.

Remark 4. Let us remember that the gaps of a numerical semigroup S are the
elements of the set N \ S. As a consequence of Item 3 of Proposition 1, we
have that a numerical A-semigroups S can be characterized as a numerical
semigroup satisfying that, if s ∈ S is a maximum or a minimum of an interval
of non-gaps, then s is a minimal generator of S or s = 0.

Example 1. Let S be the numerical semigroup minimally generated by {3, 5, 7}.
Since {3+3}+{−1, 1}, {3+5}+{−1, 1}, {3+7}+{−1, 1}, {5+5}+{−1, 1},
{5 + 7}+ {−1, 1}, and {7 + 7}+ {−1, 1} are subsets of S, then we can assert
that S is a numerical A-semigroup (remember Remark 3).

On the other hand, we have that S = {0, 3, 5, 6, 7,→} and, thereby, its
intervals of non-gaps are {0}, {3} and {5,→}. Inasmuch as the maximum and
the minimum of such a sets are zero or a minimal generator, from Remark 4,
we have another way to state that S is a numerical A-semigroup.

Example 2. Let T be the numerical semigroup minimally generated by {5, 7, 9}.
Then T = {0, 5, 7, 9, 10, 12, 14,→} and its intervals of non-gaps are {0}, {5},
{7}, {9, 10}, {12}, and {14,→}. Since max{9, 10} = 10 is different from zero
and it is not a minimal generator of T , then T is not a numerical A-semigroup.

3 The Frobenius variety of the numerical A-semigroups

Lemma 5. Let S, T be numerical semigroups.

1. S ∩ T is a numerical semigroup.

2. If S 6= N, then S ∪ {F(S)} is a numerical semigroup.

From Lemma 5 and Theorem 1, we have the following result.

Proposition 2. The set A = {S | S is a numerical A-semigroup} is a Frobe-
nius variety.
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A graph G is a pair (V,E), where V is a non-empty set and E is a subset
of {(v, w) ∈ V × V | v 6= w}. The elements of V are called vertices of G
and the elements of E are called edges of G. A path (of length n) connect-
ing the vertices x and y of G is a sequence of different edges of the form
(v0, v1), (v1, v2), . . . , (vn−1, vn) such that v0 = x and vn = y.

We say that a graph G is a tree if there exist a vertex v∗ (the root of G)
such that, for every other vertex x of G, there exists a unique path connecting
x and v∗. If (x, y) is an edge of the tree, then we say that x is a child of y.

We define the graph G(A) in the following way,

• A is the set of vertices of G(A);

• (S, S′) ∈ A×A is an edge of G(A) if S′ = S ∪ {F(S)}.
If S is a numerical semigroup, then we will denote by msg(S) the minimal

system of generators of S. It is easy to show (see [8, Exercise 2.1]) that, if S
is a numerical semigroup and x ∈ S, then S \ {x} is a numerical semigroup if
and only if x ∈ msg(S).

The next result is consequence of [6, Proposition 24, Theorem 27].

Theorem 2. G(A) is a tree with root N. Moreover, the set of children of a
vertex S ∈ A is {S \ {x} | x ∈ msg(S), x > F(S), and S \ {x} ∈ A}.

Now, we will characterize the elements x ∈ msg(S) such that S \ {x} ∈ A.

Proposition 3. Let S be a numerical A-semigroup such that S 6= N, and
let x ∈ msg(S). Then S \ {x} is a numerical A-semigroup if and only if
{x− 1, x+ 1} ⊆ {0} ∪ (N \ S) ∪msg(S).

Corollary 2. Let S be a numerical A-semigroup such that S 6= N, and let x
be a minimal generator of S greater than F(S). Then S \ {x} is a numerical
A-semigroup if and only if {x− 1, x+ 1} ⊆ msg(S) ∪ {F(S)}.

By applying Theorem 2 and Corollary 2 (see Example 3) we can build
recursively the tree G(A) such as it is shown in the following figure.

〈1〉 = N

〈2, 3〉

〈3, 4, 5〉
���

HHH
〈4, 5, 6, 7〉 〈3, 5, 7〉
���

HHH
〈5, 6, 7, 8, 9〉 〈4, 6, 7, 9〉 〈4, 5, 7〉




�
�
A
A
J
J

. . . . . . . . . . . . 〈4, 7, 9, 10〉



458 Aureliano M. Robles-Pérez and José Carlos Rosales

Example 3. Let S be the numerical semigroup with minimal system of gen-
erators {4, 6, 7, 9}. Then S = {0, 4, 6,→} and, therefore, F(S) = 5. From
Proposition 1, we deduce that S is a numerical A-semigroup. By applying
Theorem 2 and Corollary 2, we get that S has a unique child in G(A). Namely,
S \ {6} = 〈4, 7, 9, 10〉.

Remark 5. Let us observe that, if S′ is a child of S in G(A), then F(S′) > F(S)
and g(S′) = g(S) + 1. Therefore, when we go on along the branches of the
tree G(A), we get numerical semigroups with greater Frobenius number and
genus. Thus, we can use this construction in order to obtain all the numerical
A-semigroups with a given Frobenius number or genus.

4 The smallest numerical A-semigroup that contains a given
set of positive integers

Since A is a Frobenius variety, we have that the finite intersection of numerical
A-semigroups is a numerical A-semigroup. However, the infinite intersection
of numerical A-semigroups is not always a numerical A-semigroup. On the
other hand, it is clear that the (finite or infinite) intersection of numerical
semigroups is always a submonoid of (N,+).

If M is a submonoid of (N,+), then we will say that M is an A-monoid
if it can be expressed like the intersection of numerical A-semigroups. Being
that the intersection of A-monoids is an A-monoid, we can give the following
definition.

Definition 1. Let X be a subset of N. The A-monoid generated byX (denoted
by A(X)) is the intersection of all A-monoids containing X.

Let us observe that A(X) is the smallest A-monoid containing X.

Proposition 4. If X ⊆ N, then A(X) is the intersection of all numerical A-
semigroups that contain X. Moreover, if X 6= ∅ and X ⊆ N \ {0}, then A(X)
is a numerical A-semigroup.

As a consequence of Proposition 4, we have that M is an A-monoid if and
only if M is a numerical A-semigroup or M = {0}. Moreover, from Lemma 3
and Proposition 4, we can prove the next result.

Theorem 3. A = {A(X) | X is a non-empty finite subset of N \ {0}}.

If M is an A-monoid and X is a subset of N such that M = A(X), then we
will say that X is an A-system of generators of M . In addition, if M 6= A(Y )
for all Y ⊂ X (with Y 6= X), then we will say that X is a minimal A-system
of generators of M . From [6, Corollary 19], we have the following result.
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Proposition 5. Every A-monoid has a unique minimal A-system of genera-
tors, which in addition is finite.

The next result follows from [6, Proposition 24].

Proposition 6. Let M be an A-monoid and let x ∈M . Then M \ {x} is an
A-monoid if and only if x is a minimal A-system generator of M .

Corollary 3. Let X be a non-empty subset of N \ {0}. Then the set given by
{x ∈ X | A(X) \ {x} is a numerical A-semigroup} is the minimal A-system
of generators of A(X).

Example 4. Beginning in Example 3, we know that S = 〈4, 6, 7, 9〉 is a numer-
ical A-semigroup. By applying Proposition 3, we easily deduce that

{x ∈ {4, 6, 7, 9} | S \ {x} is a numerical A-semigroup} = {4, 6}.

Therefore, S = A ({4, 6}) and {4, 6} is its minimal A-system of generators.

Let x1, . . . , xt be positive integers. We will denote by S(x1, . . . , xt) the set
{a1x1 + · · ·+ atxt + z | a1, . . . , at ∈ N, z ∈ Z, and |z| < a1 + · · ·+ at} ∪ {0}.

Theorem 4. If x1, . . . , xt are positive integers, then S(x1, . . . , xt) is the small-
est numerical A-semigroup that contains the set {x1, . . . , xt}.

Corollary 4. If m is a positive integer, then

A ({m}) = {km+ z | k ∈ N \ {0} and z ∈ {−(k − 1), . . . , k − 1}} ∪ {0}.

Example 5. The smallest numerical A-semigroup containing m = 10 is the set
A ({10}) = {k · 10 + z | k ∈ N \ {0} and z ∈ {−(k − 1), . . . , k − 1}} ∪ {0} =
{0, 10, 19, 20, 21, 28, 29, 30, 31, 32, 37, 38, 39, 40, 41, 42, 43, 46,→}. By using mi-
nimal generators, A ({10}) = 〈10, 19, 21, 28, 32, 37, 43, 46, 54, 55〉.

Let us observe that, in Theorem 4, are described the elements of the small-
est numerical A-semigroup containing a given set of positive integers. How-
ever, in order to compute such a numerical A-semigroup, we propose the
following algorithm that is justified by Proposition 1.

Algorithm 1. INPUT: A finite set X of positive integers.

OUTPUT: The minimal system of generators of A(X).

(1) Y = msg(〈X〉).
(2) Z = Y ∪

(⋃
a,b∈Y {a+ b− 1, a+ b+ 1}

)
.

(3) If msg(〈Z〉) = Y , then return Y .

(4) Set Y = msg(〈Z〉) and go to (2).
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Example 6. We are going to compute A({5, 7}) applying Algorithm 1.

• Y = {5, 7}.
• Z = {5, 7, 9, 11, 13, 15}.
• msg(〈Z〉) = {5, 7, 9, 11, 13}.
• Y = {5, 7, 9, 11, 13}.
• Z = {5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27}.
• msg(〈Z〉) = {5, 7, 9, 11, 13}.
• A({5, 7}) = 〈5, 7, 9, 11, 13〉).

The most complex process in Algorithm 1 is the computation of msg(〈Z〉),
that is, the computation of the minimal system of generators of a numerical
semigroup S starting from a system of generators of it. For this purpose, we
can use the GAP package called numericalsgps (see [3]).
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Abstract. We study conditions to approximate the degree sequence of a given graph
by a regular one. We obtain optimal conditions for a few metrics such as the edge
rotation distance for graphs, the rectilinear and Euclidean distances over degree se-
quences. When we require the approximation to have at least k copies of each value
in the degree sequence, that is, each value d in the degree sequence appears at least
k times, the problem has a direct application in the context of data privacy when
k-anonymity is required.
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1 Introduction

For modeling applications, it is very important to know the distance between
isomorphism classes of graphs. This is the case in organic chemistry, cf. [1]
where the principle of minimal structural change is reflected in the maximum
common subgraph, this was defined and proved to be a distance in [10].

In [2], Chartrand, Saba and Zou defined the edge rotation distance, it is
also known as the reaction metric. Both concepts are put toghether in [4],
where the authors present bounds on the rotation distance of two graphs in
terms of their greatest common subgraphs.

In [5] three different metrics derived from edge manipulation are studied.
They are the edge move distance, the edge slide distance and the edge rotation
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distance. It is also observed a relation between edge rotation distance between
two graphs and the rectilinear distance between its degree sequences.

The edge move distance was first defined by V. Baláz, J.Koca, V. Kvasńıcka,
and M. Sekanina, cf. [3]. More recently it also is known as edit distance.

The general edit distance problem is to approximate a given graph G by
another graph that satisfies an additional property P, i.e. calculate the min-
imum number of edge modifications (additions or deletions) that have to be
done to a graph G in order to guarantee that the modified graph has property
P.

In this work we consider the case of the k-anonymity property proceeding
from data privacy. In data privacy, a data satisfies k-anonymity with respect
to a query when for any value in the domain of the result of the query, there
are at least k individuals with that value, cf. [8,9]. Applying this concept to
the degree sequence of a given graph G means that given k, we are interested
in a graph G′ such that for any value d in the degree sequence of G′, there
are at least k vertices in G′ with the same degree d. In order to keep some of
the structure of G, the graph G′ must be the most similar graph to G under
a given metric.

We review in Section 2 the main definitions needed in the rest of the paper.
In Section 3, we consider the problem of approximating a graph with regu-
lar graphs and we obtain the best approximations under the Euclidean and
rectilinear metrics between degree sequences and also under the edge rotation
distance for graphs. In Section 4, we consider the problem of approximating
with degrees of frequencies k, and obtain a result that has an application for
k-anonymity of degree sequences. This section contains the main results.

2 Definitions

Let G denote a simple graph, i.e. without loops or multiple edges, V (G) its
vertex set and E(G) its edge set.

By considering the degree sequences of graphs with n vertices as vectors
in the discrete Euclidean space Nn ⊂ Rn, they inherit the Euclidean distance

δ2(s, s′) =
n∑

i=1

(di − d′i)2, where s = (d1, d2, . . . , dn) is the degree sequence of

a graph G and s′ = (d′1, d
′
2, . . . , d

′
n) the degree sequence of a graph G′. By

measuring the distance coordinate by coordinate, the rectilinear distance is

obtained δ1(s, s′) =
n∑

i=1

|di − d′i|.

The distance between two graphs G and G′ can also be measured by the
number of edge operations that must be done to G in order to obtain the
graph G′, if the operation is a rotation then we refer to the edge rotation
distance δER.
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Let G and G′ be two graphs having the same order n = |V (G)| = |V (G′)|
and size q = |E(G)|, q′ = |E(G′)|, not necessarily equal. The edge rotation
distance δER(G,G′) is defined as 0 if G ∼= G′ and, otherwise, as the smallest
positive integer r for which there exists a sequence G0, Gl, . . . , Gr of graphs
such that G0

∼= G, Gr ∼= G′, where ∼= denotes isomorphism, and Gi can
be transformed into Gi+1 by an edge rotation, deletion or addition, for i =
0, 1, ..., r − 1, i.e. Gi+1 = Gi − xu + xv, Gi+1 = Gi − xu or Gi+1 = Gi + xv,
for xu ∈ E(G) and xv 6∈ E(G). For graphs G and G′ with the same size the
following equation holds, cf.[4,5]:

δER(G,G′) ≥ 1

2

n∑

i=1

|di − d′i| (1)

We consider that all degree sequences are in non-increasing order, i.e. if s =
(d1, d2, . . . , dn) is the degree sequence of a graph G, then d1 ≥ d2 ≥ . . . ≥ dn,
and we will denote by vi the vertex of degree di, that is d(vi) = di. By adding
a superindex we will denote the frequency of the degree, e.g. (dn1

1 , dn2
2 , . . . , dnll )

is a sequence in which each degree di has ni repetitions. We will denote dG′(x)
as d′(x), and dG′′(x) as d′′(x)

Let a = b 1
n

n∑

i=1

dic denote the lower arithmetic mean of a set of numbers

{d1, . . . , dn}.
Let C,C ′ ⊂ V (G) be such that C ∩ C ′ = ∅, we will denote by G[C] the

graph induced by the set C, where uv ∈ E(G[C]) if and only if uv ∈ E(G)
and u, v ∈ V (C). By G[C,C ′] we will denote the induced bipartite graph with
vertex set V (G[C,C ′]) = V (C) ∪ V (C ′), where uv ∈ E(G[C,C ′]) if and only
if uv ∈ E(G), u ∈ V (C) and v ∈ V (C ′).

IfX ⊂ E(G) we will denote byG−X, the graph with vertex set V (G−X) =
V (G) and edge set E(G−X) = E(G)−X.

3 Approximating with regular graphs

Lemma 1. Let s = (d1, d2, . . . , dn) be the degree sequence of a graph G and

C ⊂ V (G). If
∑

vi∈C
di = a|C|, then the degree sequence s∗ with degrees

d∗i =




di if vi 6∈ C

a if vi ∈ C.

is graphic.

Next, we compare the approximation with the median and the lower arith-
metic mean of a set of numbers s = {d1, . . . , dn}, with the edge rotation
distance between the corresponding graphs.
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For this we need the following definitions. Let C = {v1, v2, . . . , v|C|} ⊂
V (G) and assume that is ordered so that the degrees are in a non-increasing
order, i.e. di ≥ dj , for i < j. Let a and m be, repectively, the lower arithmetic
mean and the median of the degrees of the vertices in C, from now on assume
that a > m.

Let C1 = {vi : di ≥ m and i ≤ |C|2 }, C2 = {vi : a > di ≥ m, i ≤ |C|2 }. Let

X1 be a maximal set of edges such that G̃ = G −X1 has degrees d̃i ≥ m for
all ṽi ∈ G̃[C1].

Theorem 1. Let s′ be the following degree sequence:

d′i =




di if vi 6∈ C

m if vi ∈ C.

If (a − m)|C| is even and there is X ⊂ E(G̃[C1]) ∪ E(G̃[C1, G − C1]) of

cardinality |X| =
∑

vi∈C1

(d̃i −m) such that for each vi ∈ X, there is vj ∈ X,

not necesarilly different, and uivi, ujvj ∈ E(G) such that ui 6= uj and uiuj 6∈
E(G). Then, there is a graph G′ of degree sequence s′.

Furthermore, δER(G,G′) ≤ δER(G,G∗) if and only if
|X|
2
≤
∑

vi∈C2

(a− di),

where G∗ is the graph from Lemma 1.

In general for every value t ≤ m, if we supppose that |E(G[C])| ≥ (a −
t)
|C|
2

, by deleting (a− t) |C|
2

edges from |E(G[C])| and applying Lemma 1 we

obtain the following simple corollary.

Corollary 1. Let G and G∗ as in Lemma 1, and ŝ be the following degree
sequence:

d̂i =




di if vi 6∈ C

t if vi ∈ C.

If (a− t)|C| is even and |E(G[C])| ≥ (a− t) |C|
2

, then ŝ is graphic.

We can omit the condition |E(G[C])| ≥ (a − t) |C|
2

and suppose that the

graph G is triangle-free, and quadrangle-free and obtain the following corol-
lary.

Corollary 2. Let G,G∗ and ŝ as in Corollary 1. Suppose that (a − t)|C| is
even and G is triangle-free and quadrangle-free, then ŝ is graphic.

Lemma 2. Let s = (d1, d2, . . . , dn) be the degree sequence of a graph G. Then,
either the degree sequence s∗ = (an) or s∗ = ((a+ 1)n) is graphic.
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From Corollary 1 and Lemma 2 we obtain the following.

Corollary 3. The degree sequence s′ = (mn) or s′ = ((m+ 1)n) is graphic.

Theorem 2. For any given graph G with degree sequence s, the closest graphs
and sequences to G and s, respectively, that are regular are the following under
the different metrics:

i) The sequence s∗ = (an) or s∗ = ((a+ 1)n), for the metric δ2.
ii) The sequence s′ = (mn) or s′ = ((m+ 1)n), for the metric δ1.

iii)The graph G′ or G∗, for the distance δER depending on whether
1

2

∑

vi∈C1

(d̃i−

m) ≤
∑

vi∈C2

(a− di) or not.

Where C1 = {vi : di ≥ m and i ≤ |C|2 }, C2 = {vi : a > di ≥ m, i ≤ |C|2 }, d̃i
is the degree of the vertex vi in G̃ = G −X1 and X1 is a maximal set of
edges such that G̃ = G−X1 has degrees d̃i ≥ m.

4 Approximating with degrees of frequencies k

Let G be a graph and C be a partition of V (G) such that C =

l⋃

i=1

Ci.

Let aj be the lower arithmetic mean of {di : vi ∈ Cj}, rj =
∑

x∈Cj
d(x)−aj |Cj |

for all j ≤ l, and e such that R =
∑

1≤j≤l
rj = e|Cl|+ r′l, for 0 ≤ r′l ≤ |Cl|.

Theorem 3. Let G be a graph with degree sequence s = (d1, d2, . . . , dn). Let k
be a positive integer and suppose that n = lk+t with t < k. Let C be a partition

of V (G), such that C =

l⋃

j=1

Cj, |Cj | = k for all j < l and |Cl| = k+ t. Then the

sequence s∗ = (ak1, a
k
2, . . . , a

k
l−1, (al + e+ 1)k+t) or s∗ = (ak1, a

k
2, . . . , a

k
l−1, (al +

e+ 1± 1)k+t) is graphic.

Corollary 4. Let G be a graph with degree sequence s = (d1, d2, . . . , dn), as

in Theorem 3. Let R =
∑

1≤j≤l
rj even. If ∆(G) < |E(G\Cl)|−R/2

2 , Then s∗ =

(ak1
1 , a

k2
2 , . . . , (al)

kl) is graphic.

In particular we obtain next corollary, since R < n

Corollary 5. Let G be a graph with degree sequence s = (d1, d2, . . . , dn), as

in Theorem 3. Let R =
∑

1≤j≤l
rj even. If ∆(G) < |E(G\Cl)|−n/2

2 , Then s∗ =

(ak1
1 , a

k2
2 , . . . , (al)

kl) is graphic.
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Another good approximation can be given using the following Lemma, cf.
[6].

Lemma 3. [6] Let G be an n-vertex graph with distinguished vertices s and t
(not necesarilly distinct), and suppose that the set of vertices adjacent to s is
equal to the set of vertices adjacent to t. Suppose also that δ and ∆ are natural
numbers such that the degrees of all vertices in G other than s and t lie in
the range [δ,∆], and such that s and t themselves have degree at least δ + 1.
If (∆− δ + 1)2 ≤ 4δ(n−∆− 1) then there exist an edge disjoint alternating
path in G that starts at s, ends at t, and has length 1,3,5, or 7.

Theorem 4. Let G be a graph with degree sequence s = (d1, d2, . . . , dn). Let k
a positive integer and suppose that n = lk + t with t < k. Let C be a partition

of V (G), as in Theorem 3, i.e. such that C =
l⋃

j=1

Cj, |Cj | = k for all j < l and

|Cl| = k + t. Suppose that R =
∑

1≤j≤l
rj is even.

If (a1−al+2)2 ≤ 4al(n−a1) then the sequence s∗ = (ak1, a
k
2, . . . , a

k
l−1, a

k+t
l )

is graphic.

Proof. Let G′ be the graph with degree sequence s′ = ((a1+1)r1 , ak−r11 , (a2+

1)r2 , ak−r22 , . . . , (al + 1)rlak+t−rl
l ), that is obtained from G by rotations.

Note that the maximum degree of G′ is a1 + 1 and the minimum degree
of G′ is al. Hence, applying Lemma 3 we know that there is an alternating
odd path between any s and t in V (G′), by taking the vertices s and t of
degrees ai + 1 and ah + 1 respectively, and complementing along such path,
we decrease the degrees of s and t in one.

As the sum
∑

1≤j≤l
rj is even, and being careful of not taking the vertices

of degree a1 + 1 until the last step, we can repeat this operation
1

2

∑

1≤j≤l
rj

times, for all vertices of degree aj +1 and all j ≤ l, and in each step the graph
fulfills the condition of Lemma 3. Obtaining a graph with degree sequence as
desired.

Its interesting for the applications to note that the condition (a1−al+2)2 ≤
4al(n − a1) from Theorem 4, also implies that the degree sequence obtained
s∗ = (ak1, a

k
2, . . . , a

k
l−1, a

k+t
l ) belongs to a P-stable class of sequences, cf. [6]

Theorem 8.1. This in turn, implies that the number of graphs with degree
sequence s∗ = (ak1, a

k
2, . . . , a

k
l−1, (a

k+t
l ) can be approximated in polynomial

time for any specified level of accuracy, cf. [7].
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Numerical algorithms for efficient compression of
distributed information
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Abstract. The numerical algorithms for distributed information processing are de-
veloped. The underlying idea is a reduction of the original information processing task
to a special rank-constrained matrix approximation problem. Its solution is derived.
The error analysis and a comparison with the existing approach are provided.

Key words: Rank-constrained matrix approximation, large-dimensional covariance

matrix estimation, numerical stability.

1 Introduction

1.1 Motivation. We seek to find effective numerical algorithms for an infor-
mation processing scenario that involves a set of spatially distributed sensors,
q1, . . . , qp, and a fusion center, p. The sensors make local noisy observa-
tions, y1, . . . ,yp, correlated with a signal of interest, x = [xT1 , . . . ,x

T
p ]T . Each

sensor transmits compressed information about its measurements, u1, . . . ,up,
to the fusion center which should recover the original signal. We show how
desired models of the above scenario can be determined from a special rank-
constrained matrix approximation problem. A comparison with the existing
transform-based approach is provided.
1.2 Contribution. Differences from known technique. The proposed
approach differs from the known method [1,2,3,4] in several instances. In
[1,2,3,4], the original problem is replaced with two problems of iterative find-
ing of q1, . . . , qp and p, respectively. Here, the original problem is reduced
to a single new rank constrained matrix approximation problem. Then, de-
sired q1, . . . , qp and p follow from its solution. This procedure is numerically
simpler. Second, our method is presented in terms of both the estimates of
covariance matrices and also under assumption that the covariance matrices
are known. The method [1,2,3,4] has been presented in terms of exact co-
variance matrices only. A knowledge of exact covariance matrices might be a
restrictive condition in some cases. Third, our technique is developed in terms
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of pseudo-inverse matrices while the known method [1,2,3,4] is presented in
terms of inverse matrices. It is known that in the cases when the matrices are
close to singular this may lead to instability and significant increase in the
associated error. Moreover, when the matrices are singular, the algorithms
[1,2,3,4] may not be applicable. Those drawbacks are avoided in our method.
Our solution is numerically stable and always exists since it is obtained in
terms of the pseudo-inverses.
1.3 Notation. A formalization of the problem is given in Sections 1.4 and
1.5 below. It requires some specific notation as follows.

Let us write (Ω,Σ, µ) for a probability space1. We denote by x ∈
L2(Ω,Rm) the signal of interest2 (a source signal to be estimated) represented
as

x = [x(1), . . . ,x(m)]T where x(j) ∈ L2(Ω,R), for j = 1, . . . ,m.

Further, y1 ∈ L2(Ω,Rn1), . . . ,yp ∈ L2(Ω,Rnp) are observations made by the
sensors. In this regard, we write

y = [yT1 , . . . ,y
T
p ]T and y = [y(1), . . . ,y(n)]T (1)

where y(k) ∈ L2(Ω,R), for k = 1, . . . , n. We would like to emphasize a dif-
ference between yj and y(k): in (1), the observation yj , for j = 1, . . . , p, is
a ‘piece’ of random vector y (i.e. yj is a random vector itself), and y(k), for
k = 1, . . . , n, is an entry of y (i.e. y(k) is a random variable). The observations
are correlated with x which is also represented as

x = [xT1 , . . . ,x
T
p ]T , (2)

where xj ∈ L2(Ω,Rmj ), for j = 1, . . . , p, is is a random vector, a ‘piece’ of x.
For j = 1, . . . , p, let us define a sensor model qj : L2(Ω,Rnj )→ L2(Ω,Rrj )

by the relation [qj(yj)](ω) = Qj [yj(ω)] where Qj ∈ Rrj×nj ,

r = r1 + . . .+ rp and, for j = 1, . . . , p, rj ≤ min{mj , nj}. (3)

Let us denote uj = qj(yj) and u = [uT1 , . . . ,u
T
p ]T , where for j = 1, . . . , p,

uj ∈ L2(Ω,Rrj ) represents information transmitted by a j-th sensor qj to the
fusion center p, and u ∈ L2(Ω,Rr).

A fusion center model is defined by p : L2(Ω,Rr) → L2(Ω,Rm) so that
[p(u)](ω) = P [u(ω)]. where P ∈ Rm×r.

We also denote ‖x‖2Ω =
∫
Ω‖x(ω)‖22dµ(ω) where ‖x(ω)‖2 is the Euclidean

norm of x(ω) ∈ Rm.
1.4 Statement of the problem. Find models of the sensors, q1, . . . , qp, and
a model of the fusion center, p, that solve

1 Here, Ω = {ω} is the set of outcomes, Σ a σ–field of measurable subsets of Ω and
µ : Σ → [0, 1] an associated probability measure on Σ with µ(Ω) = 1

2 Here, space L2(Ω,Rm) has to be used because of the norm ‖x‖2Ω introduced below.
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min
p,q1,...,qp

∥∥∥∥∥∥∥∥
x− p




q1(y1)
...

qp(yp)




∥∥∥∥∥∥∥∥

2

Ω

. (4)

1.5 Reformulation of the original problem. The model of the fusion
center, p, can be represented as p = [p1, . . . ,pp] where for j = 1, . . . , p,
pj : L2(Ω,Rr)→ L2(Ω,Rm). Then, for fi = piqi and i = 1, . . . , p, let us write

∥∥∥∥∥∥∥∥
x− [p1 . . . pp]




q1(y1)
...

qp(yp)




∥∥∥∥∥∥∥∥

2

Ω

= ‖x− [f1(y1) + . . .+ fp(yp)]‖2Ω

= ‖x− [f1, . . . , fp](y)‖2Ω . (5)

Therefore, on the basis of (5)–(5), the original problem in (4) can equiva-
lently be rewritten as follows. Find f1, . . . , fp that solve

min
f1,...,fp

‖x− [f1, . . . , fp](y)‖2Ω s. t. rank f1 = r1, . . . , rank fp = rp. (6)

2 Main results

2.1 Preliminaries. For x and y represented by x = [x(1), . . . ,x(m)]T and
y = [y(1), . . . ,y(n)]T where x(j) ∈ L2(Ω,R) and y(k) ∈ L2(Ω,R), respectively,

we write E[xyT ] = Exy =
{〈

x(j),y(k)
〉}m,n

j,k=1
∈ Rm×n, where

〈
x(j),y(k)

〉
=∫

Ω
x(j)(ω)y(k)(ω) dµ(ω). The Moore-Penrose generalized inverse for a matrix

M is denoted by M †. We set M1/2† = (M1/2)† where M1/2 is a square root
of M , i.e. M = M1/2M1/2.

For signals y, y1, . . . ,yp, we denote Ey`ys = E[y`y
T
s ] where `, s = 1, . . . , p.

Then Eyy =



Ey1y1 . . . Ey1yp

. . . . . . . . .

Eypy1 . . . Eypyp


 ∈ Rn×n and Exy =

[
Exy1 , . . . , Exyp

]
∈

Rm×n where Ey`ys is a n` × ns block of Eyy and Exys is a m× ns block of
Exy. In other words, if Eyy and Exy are known then all Ey`ys , for `, s = 1, . . . , p,
Exys , for s = 1, . . . , p, are known as well.

We also denote

F = [F1, . . . , Fp] where F ∈ Rm×n and Fj ∈ Rm×nj , for all j = 1, . . . , p,

and write ‖ · ‖ for the Frobenius norm.
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2.2 Assumptions. An assumption in [1,2,3,4] is that Exy and Eyy are known.
We mainly concern the case when only estimates of Exy and Eyy are known
(e.g. they can be obtained from samples of training signals taken for some
different random outcomes ω). At the same time, we provide solution and the
error analysis in terms of both matrices Exy, Eyy and their estimates.
2.3 Solution of problem (6). The solution of the problem (6) is based
on the generalized reduced rank matrix approximation developed in [7,8].
Let the singular value decomposition (SVD) of A ∈ Rm×s be given by A =
UAΣAV

T
A , where UA ∈ Rm×m and VA ∈ Rs×s are unitary matrices, ΣA =

diag(σ1(A), . . . , σmin(m,s)(A)) ∈ Rm×s is a generalized diagonal matrix. Let
UA = [u1 u2 . . . um] and VA = [v1 v2 . . . vs] be the representations of U and
V in terms of their m and s columns, respectively. Define

[A]r =

r∑

i=1

σi(A)uiv
T
i = UArΣArV

T
Ar ∈ Rm×s, LA =

rank A∑

i=1

uiu
T
i ∈ Rm×m (7)

for r = 1, . . . , rank A, where UAr = [u1 u2 . . . ur], ΣAr = diag(σ1(A), . . . , σr(A))
and VAr = [v1 v2 . . . vr]. It can be shown that

‖x− [f1, . . . , fp](y)‖2Ω = ‖E1/2
xx ‖2 −

p∑

j=1

∥∥∥Exyj (E1/2
yjyj )

†
∥∥∥

2
(8)

+

p∑

j=1

∥∥∥∥∥∥∥∥


Exyj −

p∑

k=1
k 6=j

FkEykyj


 (E†yjyj )

1/2 − FjE1/2
yjyj

∥∥∥∥∥∥∥∥

2

In (8), only the last term depends on F1, . . . , Fp. It can be written as
p∑

j=1

‖Aj − FjCj‖2 where Aj = (Exyj −
p∑

k=1
k 6=j

FkEykyj )(E
†
yjyj )

1/2 and Cj = E
1/2
yjyj .

Therefore, problem (6) is reduced to finding F1, . . . , Fp which solve

min
F1,...,Fp

p∑

j=1

‖Aj − FjCj‖2 s. t. rank Fj ≤ r1, . . . , rank Fp ≤ rp. (9)

We observe that minF1,...,Fp

∑p
j=1 ‖Aj − FjCj‖2 =

∑p
j=1 minFj ‖Aj − FjCj‖2 .

On this basis, we consider the problem of finding Fj , for j = 1, . . . , p, that
solves

min
f
‖Aj − FjCj‖2Ω s. t. rank Fj = rj . (10)

Its solution is as follows (also, see [7,8]).

Theorem 1. For j = 1, . . . , p, let L
E

1/2
yjyj

be given similar LA in (7), and let

Kj = Nj(I − L
E

1/2
yjyj

), where Nj ∈ Rs×s is any matrix. Then
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Fj =





Exyj −

p∑

k=1
k 6=j

FkEykyj


 (E†yjyj )

1/2



rj

(E†yjyj )
1/2(I +Kj) (11)

Proof. The proof is based on [9], pp. 309 – 314.

To find Fj that satisfies the set of matrix equations (11), we consider F
(q)
j ,

for q = 1, 2, . . ., given by

F
(q)
j =





Exyj −

p∑

k=1
k 6=j

F
(q−1)
k Eykyj


 (E†yjyj )

1/2



rj

(E†yjyj )
1/2(I +Kj). (12)

In practice, an exact representation of matrices Exy and Eyy might be

unknown. Their estimates, Ẽxy and Ẽyy, respectively, can be obtained, in
particular, by the method [6]. In this regard, we represent the procedure in
(12) as

F̃
(q)
j =





Ẽxyj −

p∑

k=1
k 6=j

F̃
(q−1)
k Ẽykyj


 (Ẽ†yjyj )

1/2



rj

(Ẽ†yjyj )
1/2(I +Kj). (13)

A determination of initial iterations F
(0)
j and F̃

(0)
j , for j = 1, . . . , p, is based

on the following observation. Let us write

‖x− [f1, . . . , fp](y)‖2Ω = ‖E1/2
xx ‖2 − ‖Exy(E1/2

yy )†‖2 + ‖Exy(E1/2
yy )† − FE1/2

yy ‖2.

Then F that minimizes ‖x− [f1, . . . , fp](y)‖2Ω is given by

[F1, . . . , Fp] = ExyE
†
yy +M(I − (E1/2

yy )†E1/2
yy ) (14)

where M is an arbitrary m× n matrix. We denote

[E1, . . . , Ep] = ExyE
†
yy and [M1, . . . ,Mp] = M(I − (E1/2

yy )†E1/2
yy ) (15)

where for j = 1, . . . , p, Ej and Mj are blocks of matrices ExyE
†
yy and M(I −

(E
1/2
yy )†E1/2

yy ), respectively. Then F1, . . . , Fp are given by

F1 = E1 +M1, . . . , Fp = Ep +Mp. (16)

To satisfy the rank-constrained condition, a truncated SVD is applied to each
E1 +M1, . . . , EP +Mp so that F1, . . . , Fp are represented in the form
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F
(0)
1 = [E1 +M1]r1 , . . . , F (0)

p = [Ep +Mp]rp . (17)

Similarly, we write

F̃
(0)
1 = [Ẽ1 + M̃1]r1 , . . . , F̃ (0)

p = [Ẽp + M̃p]rp (18)

where Ẽj and M̃j are blocks of matrices ẼxyẼ
†
yy and M(I − (Ẽ

1/2
yy )†Ẽ1/2

yy ),
respectively.
2.4 Compression. Compression of the observations and their simultaneous
denoising are realized by the truncated SVD in (12) and (13).

2.5 Error analysis. The proposed method is mainly defined by Fj , F
(q)
j and

F̃
(0)
j given by (11), (12) and (13), respectively. First, we establish how close the

representation of Fj by F
(q)
j and F̃

(q)
j are. Then the error estimates associated

with the proposed method are given. To this end, some additional notation is
required as follows. We denote by Zj : Rm×nk → Rm×nj an operator defined
by

Z(Ej , Fk) =





Exyj −

p∑

k=1
k 6=j

FkEykyj


 (E†yjyj )

1/2



rj

(E†yjyj )
1/2(I +Kj) (19)

where Ej = (Exyj , Ey1yj , . . . , Eyj−1yj , Eyj+1yj , . . . , Eypyj ). Suppose λ and β
are Lipschitz constants for Z(Ej , Fk) such that, for any Ej , ‖Z(Ej , Fk) −
Z(Ej , F

(q−1)
k )‖2 ≤ λ‖Fk − F

(q−1)
k ‖2,and for any F

(q−1)
k , ‖Z(Ej , F

(q−1)
k ) −

Z(Ẽj , F
(q−1)
k )‖2 ≤ β‖Ej − Ẽj‖2.

Let us first consider the case when Fj in (11) is approximately determined

by F
(q)
j in (12), where q = 0, 1, . . .. Let us show that F

(q)
j tends to Fj as q

increases. Equations (11), (12) and (19) imply

‖Fj − F (q)
j ‖2 ≤ λ‖Fk − F

(q−1)
k ‖2, (20)

where j, k = 1, . . . , p, k 6= j and q = 1, 2, . . .. It follows from (20) that

‖Fj − F (q)
j ‖2 ≤ λq‖Fk − F

(0)
k ‖2. (21)

Thus, if λ < 1 then F
(q)
j −→ Fj as q →∞.

Let us now consider the case when Fj , forj = 1, . . . , p, is approximately

determined by F̃
(q)
j in (13), for q = 0, 1, . . .. Then

∥∥∥Fj − F̃ (q)
j

∥∥∥
2
≤ 2λ‖Fk − F (q−1)

k ‖2 + β‖Ej − Ẽj‖2 (22)

where we denote
∥∥∥Ej − Ẽj

∥∥∥
2

=
∑p

k=0
k 6=j
‖Eykyj − Ẽykyj‖2, Ey0yj = Exyj and

Ẽy0yj = Ẽxyj .Therefore, (22) implies
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∥∥∥Fj − F̃ (q)
j

∥∥∥
2
≤ λq‖Fk − F (0)

k ‖2 +
1− λq
1− λ β

p∑

k=0
k 6=j

‖Eykyj − Ẽykyj‖2. (23)

If λ < 1 then F̃
(q)
j −→ Fj + β

1−λ
∑p

k=0k 6=j ‖Eykyj − Ẽykyj‖2 as q →∞. In other

words, a closeness of F̃
(q)
j to Fj depends on the closeness of the estimate Ẽykyj

to the covariance matrix Eykyj . The latter issue is not a subject of this paper
and we refer to the known related results provided, in particular, in [6].

The error associated with the proposed method, for F
(q)
j defined in (12),

is represented as
∥∥∥x− [f

(q)
1 , . . . , f(q)

p ](y)
∥∥∥

2

Ω
= ‖E1/2

xx ‖2 − ‖Exy(E1/2
yy )†‖2 + ‖Exy(E1/2

yy )† − F (q)E1/2
yy ‖2

where F (q) = [F
(q)
1 , . . . , F

(q)
p ]. For F̃

(q)
j defined in (13),

∥∥∥x− [̃f
(q)
1 , . . . , f̃(q)

p ](y)
∥∥∥

2

Ω

= ‖Ẽ1/2
xx ‖2 − ‖Ẽxy(Ẽ1/2

yy )†‖2 + ‖Ẽxy(Ẽ1/2
yy )† − F̃ (q)Ẽ1/2

yy ‖2. (24)

3 Numerical experiments

Example 1. Here, we use simulations carried out with some training signals.
Estimates of Exx, Exy and Eyy are obtained from signal samples [6]. For p = 2,
observations y1 and y2 are assumed to be in the form y1 = A1x1 + ξ1 and
y2 = A2x2 + ξ2, where x = [xT1 , xT2 ]T , xj ∈ L2(Ω,Rmj ), mj = m/2, j = 1, 2
and Ai ∈ Rmj×mj , for each realization of xi, is represented by a matrix with
entries, chosen from a normal distribution with mean zero and variance one, x
has uniformly distributed random entries and ξi is a Gaussian random vector
with mean zero and variance one. For different m, s, r1 and r2 in (4) and (6),
the proposed method and known method [1,2,3,4] were applied 1000 times,
each time with a different choice of estimates of Exx, Exy and Eyy produced
by MATLAB commands randn and rand. The method [1,2,3,4] might be set
aside since it has only been developed under the assumption of the knowledge
of exact matrices Exx, Exy and Eyy. Nevertheless, it has been used here for
the purpose of a numerical comparison with the proposed technique.

Expected errors associated with the proposed method (blue) and the
known method [1,2,3,4] (red) versus number of iterations and for some m,
s, r1 and r2, are given in the Figure 1. The presented results show that the
errors associated with the proposed method are smaller than the errors associ-
ated with the known method [1,2,3,4]. This is because of the reasons described
in Section 1.2: unlike the approach in [1,2,3,4] the proposed numerical scheme
is based on the solution of the new single matrix approximation problem, its
solution is obtained in terms of the pseudo-inverse matrices and, therefore,
always exists and is numerically stable.
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Fig. 1: The left figure: m = 20, s = 10, r1 = 3, r2 = 3. The right figure:
m = 50, s = 20, r1 = 3, r2 = 2.
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Abstract. We wish to estimate each random vector xω(t) in the set Kx from the
corresponding large set of noisy observations. The conceptual foundation of the pro-
posed filter is an optimal least squares linear estimate of the incremental change to
the p signal pairs, extended by a natural interpolation to an estimated value of each
reference signal.

Key words: Rank-constrained matrix approximation, matrix estimation, stability.

1 Introduction

We develop new numerical algorithms for the estimation of noisy data sets.
1.1 Motivation. We write Kx = {xω} for the set of signals of interest and
Ky = {yω} for the corresponding noisy observations. Here, xω = xω(t) =
x(ω, t) and yω = yω(t) = y(ω, t) are represented by stochastic vectors with
m and n components, respectively, associated with a random outcome ω and
time t ∈ T = [a, b] ⊂ R. That is, for each ω, xω(t) and yω(t) are functions
of t and for each t ∈ T , xω(t) and yω(t) are stochastic vectors (or stochastic
vector valued signals), i.e. functions of ω. In other words, xω and yω can be
interpreted as stochastic processes.

In many applications (associated, e.g., with a difficult environment), the
sets Kx and Ky are large, and a priori information (in terms of covariance ma-
trices) on the setKx, can only be obtained for a few signals {xω(t1), . . . ,xω(tp)}
⊂ Kx, where p is a small number, while information on other signals in Kx is
missing. The times t1, t2, . . . , tp are given and they are such that

a = t1 < t2 < · · · < tp−1 < tp = b. (1)

Their choice and consequently a choice of signals xω(t1), . . . ,xω(tp) might
be beyond our control. At the same time, it is required to estimate each
reference signal xω(t) in the set Kx from the corresponding large set of noisy
observations Ky.
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Thus, all we can exploit to develop an associated filter is observed noisy
data Ky and a sparse information on reference signals provided by covariance
matrices E[yω(tj)x

T
ω (tk)] and E[xω(tj)x

T
ω (tk)] (or their estimates) formed

from yω(tj) and xω(tk), for j, k = 1, . . . , p. Methods of covariance matrix
estimation were studied in a number of papers (see, for example, [8]) and it
is not a subject of our work.
1.1 Formalization of the problem. To formalize the problem, we denote
by Ω the set of all experimental outcomes1, by Kx = {xω | ω ∈ Ω} a set
of reference stochastic signals and by Ky = {yω | ω ∈ Ω} a set of observed
signals. Note that, theoretically, Kx and Ky are infinite signal sets. In practice,
however, sets Kx and Ky are finite and large, each with, say, N signals. To
each random outcome ω ∈ Ω we associate a unique signal pair (xω,yω) where2

xω : T → C0,1(T,Rm) and yω : T → C0,1(T,Rn). Write

P = Kx ×Ky = {(xω,yω) | ω ∈ Ω} (2)

for the set of all such signal pairs. For each ω ∈ Ω, the components xω =
xω(t) = x(ω, t), yω = yω(t) = y(ω, t) are Lipschitz continuous vector-valued
functions on T .

We wish to construct a filter F (p−1) that estimates each reference signal
xω(t) in p from related observed input yω(t) under the restriction that a priori
information on only a few reference signals, xω(t1), . . ., xω(tp), is available
where p� N . As has been mentioned above, for each tj ∈ T , xω = xω(tj) is
a stochastic vector,3 x(·, tj) : Ω → Rm. In particular, derivations in Section 2
require that xω ∈ L2(Ω,Rm).

In more detail, this restriction implies the following. Let us denote by K(p)
x a

set of p signals xω(t1), . . ., xω(tp) for which a priori information is available. A

set of associated observed signals yω(t1), . . ., yω(tp) is denoted by K(p)
y . Then

for all yω(t) that do not belong to K(p)
y , filter F (p−1) is said to be the blind

filter since no information on xω(t) /∈ K(p)
x is available. If yω(t) ∈ K(p)

y then

F (p−1) becomes a nonblind filter since information on xω(t) ∈ K(p)
x is available.

Thus, depending on yω(t), filter F (p−1) is classified differently. Therefore, such
a procedure of estimating reference signals in Kx is here called the filtering
under partially missing information.
1.3 Differences from known technique. We would like to note that the
filtering under partially missing information considered in this paper is dif-
ferent from known methods developed, in particular, in [1]–[7]4. Indeed, at

1 We write {Ω,Σ, µ} for a probability space where Σ ⊂ Ω is a sigma-algebra of measurable
sets known as the event space and µ is a non-negative probability measure with µ(Ω) = 1.

2 The space C0,1(T,Rp) is the set of vector-valued Hölder continuous functions f of order
1 with f(t) ∈ Rp and ‖f(s)− f(t)‖ ≤ K|s− t|.

3 We would like to emphasize this issue: xω(tj) is not a sample of xω, it is a stochastic
signal itself.

4 The literature on these subjects is very abundant. Here, we listed only some related
references.
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each particular time t ∈ T , the input of the filter F (p−1) developed below in
this paper, is a random vector yω(t). Thus, for different t ∈ T , the input is a
different random vector yω(t) but we wish to keep the same filter F (p−1) for
any t ∈ T , i.e. for any observed signal yω(t) in the set Ky.

By techniques based on the Wiener approach, a filter (here, we choose the
united term ‘filter’ to denote an equalizer or a system) is specifically designed
for each particular input–output signal pair represented by random vectors.
That is, for different inputs (observed signals) yω(t), known techniques re-
quire different specified filters and the number of filters should be equal to a
number of processed signals. In the case of large signal sets, such approaches
become inconvenient because the number of signals N can be very large as it
is supposed in this paper. Therefore, the restricting condition of using a pri-
ori information on only p reference signals, with p � N , is quite significant.
To the best of our knowledge, the exception is the method in [7] where for
estimation of a set of signals, the single filter is constructed (see also Section
2.4 for a comparison of the results of the numerical experiments).

Much of the papers on piecewise linear filters seems to be not directly rele-
vant to the filter proposed here. They are mostly concerned with the problems
of approximation by piecewise linear functions which is not the case here.

Further, the semiblind techniques are not applicable to the considered
problem because they require a knowledge of some ‘parts’ of each reference
signal in Kx but it is not the case here. Although the blind techniques allow
us to avoid this restriction, it is known that they have difficulties related to
accuracy and computational load.

Nonblind filters are not applicable here because they require a priori infor-
mation on each reference signal in Kx (e.g., a knowledge of covariance matrix
E[xωy

T
ω ] where E is the expectation operator). In particular, it is known that

there are significant advantages in adaptive or recursive filters (e.g., associ-
ated with Kalman filtering approach and it may well be possible to embed our
filter into such an environment—but that is not our particular concern here.
Furthermore, known filters require that the covariance matrices are invertible.
In many cases, it is not true and then known filters are nor applicable or re-
quire additional work to overcome ill-conditioning. Our filter is constructed
in terms of the Moore-Penrose pseudo-inverse matrix. Therefore it is always
well defined.

2 Main results

2.1 Some preliminaries. The conceptual device behind the proposed filter
is a linear interpolation of an optimal incremental estimation applied to ran-
dom signal pairs (xω(tj),yω(tj)) and (xω(tj+1),yω(tj+1)), for j = 1, . . . , p−1,
interpreted an extension of the least squares linear (LSL) filter (see, for ex-
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ample, [7]). Although this idea may seem reasonable the detailed justification
of the new filter is not straightforward and requires careful analysis.

Since the filter proposed below is based on an extension of the LSL filter it
is convenient to sketch known related results here. Consider a single random
signal pair (x(ω),y(ω)) where x ∈ L2(Ω,Rm) and y ∈ L2(Ω,Rn) with zero
mean (E[x], E[y]) = (0,0), where 0 is the zero vector. The estimate x̂ of the
reference vector x by the optimal least squares linear filter is given by

x̂(ω) = ExyE
†
yy y(ω) (3)

where Exy = E[xyT ] and Eyy = E[yyT ] are known covariance matrices

and E†yy is the Moore-Penrose pseudo-inverse of Eyy. Further, we denote
x(t, ω) = xω(t) and y(t, ω) = yω(t) so that x(t, ω) ∈ Rm and y(t, ω) ∈ Rn.

2.2 The piecewise LSL interpolation filter. For each signal pair (or
vector function pair) in the set P, (x(t, ω),y(t, ω)), we assume that (E[x(t, ·)],
E[y(t, ·)]) = (0,0). To begin the estimation process we need to find an initial
estimate x̂(t1, ω). It is assumed this can be found by some known method.
Further, let us consider a signal estimation procedure at t2, · · · , tp. Consider
a typical interval [tj , tj+1] and define incremental random vectors

vj(ω) = x(tj+1, ω)−x(tj , ω) ∈ Rm, wj(ω) = y(tj+1, ω)−y(tj , ω) ∈ Rn (4)

and construct the optimal linear estimate

v̂j(ω) = EvjwjE
†
wjwj

wj(ω) (5)

of the increment vj(ω) for each j = 1, . . . , p− 1. We will write

Bj = EvjwjE
†
wjwj

∈ Rm×n. (6)

We note that matrices Evjwj and Ewjwj can easily be represented in terms
of matrices Exjyk and Eyjyk (due to the linearity of the expectation).

Define the estimate at point tj+1 by setting x̂(tj+1, ω) = x̂(tj , ω) + v̂j(ω).
Thus we have

x̂(tj+1, ω) = εj(ω) +Bjy(tj+1, ω) (7)

where we write
εj(ω) = x̂(tj , ω)−Bjy(tj , ω).

Note that this definition can be rewritten more suggestively as

x̂(tj , ω) = εj(ω) +Bjy(tj , ω), for each j = 1, . . . , p− 1. (8)

The formula (7) shows that on each subinterval [tj , tj+1] the estimate of the
reference signal at tj+1 is obtained from the initial estimate at tj by adding
the optimal LSL estimate of the increment.
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Now, consider a signal estimation at any t ∈ [a, b]. The first step is simply
to extend the formulæ (7) and (8) to all t ∈ [tj , tj+1] by defining

x̂(t, ω) = εj(ω) +Bjy(t, ω). (9)

We call this procedure as the LSL piecewise interpolation. Further, for each
j = 1, 2, . . . , p− 1, write

Fj [y(t, ω)] = εj(ω) +Bjy(t, ω) for all t ∈ [tj , tj+1] (10)

and hence define the piecewise LSL interpolation filter by setting

F (p−1)[y(t, ω)] =

p−1∑

j=1

Fj [y(t, ω)][u(t− tj)− u(t− tj+1)] (11)

for all t ∈ [a, b] where u(t) =

{
1 for t > 0

0 otherwise.
is the unit step function. Thus

we can now use the estimate

x̂(t, ω) = F (p−1)[y(t, ω)] (12)

for all (t, ω) ∈ T ×Ω.
We note that by (6)-(12), the filter F (p−1) is adaptive to a variation of

signals in K(p)
x . A change of signals in K(p)

x implies a change of determinations
of sub-filters Bj in (6) and keep the same structure of the F (p−1).

2.3 Justification of the piecewise LSL interpolation filter. We wish
to analyze the error in estimating the reference signals in set p. Let us denote

‖x(t, ·)‖2Ω =

∫

Ω
‖x(t, ω)‖2dµ(ω) for each t ∈ T . Assume that for all t ∈ T ,

‖x(t, ·)‖2Ω <∞ and ‖y(t, ·)‖2Ω <∞, (13)

where ‖x(t, ω)‖ and ‖y(t, ω)‖ are the Euclidean norms for x(t, ω) and y(t, ω)
for each (t, ω) ∈ T × Ω, respectively. Thus we write x(t, ·) ∈ L2(Ω,Rm) and
y(t, ·) ∈ L2(Ω,Rn) for each fixed t ∈ T .

Let F = {f : T ×Ω → Rm | f(t, ·) ∈ L2(Ω,Rm) for each t ∈ T} and define

‖f‖T,Ω =
1

b− a

∫

T×Ω
‖f(t, ω)‖ dt dµ(ω) =

1

b− a

∫

T
E[‖f(t, ·)‖] dt

for each f ∈ F where ‖f(t, ω)‖ is the Euclidean norm of f(t, ω) on Rm for all
(t, ω) ∈ Rm. Suppose that for all (x,y) ∈ P there exist constants γj , δj > 0
such that

‖x(s, ω)− x(t, ω)‖ ≤ γj |s− t| and ‖y(s, ω)− y(t, ω)‖ ≤ δj |s− t| (14)
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for all (s, ω), (t, ω) ∈ [tj , tj+1] × Ω. That is we suppose that the Lipschitz
constants in (14) are independent of ω.

The main result is the error bound for the piecewise LSL interpolation filter
established in Theorem 1 below. Note that if f ∈ F then f(t, ·) ∈ L2(Ω,Rm)
for all t ∈ T . Then it follows from the Cauchy-Schwartz inequality that

E[‖f(t, ·)‖]2 ≤ E[‖f(t, ·)‖2Ω] <∞

and hence the norm ‖f‖T,Ω is well defined for all f ∈ F .

Theorem 1. If condition (14) is satisfied where the Lipschitz are independent
of ω ∈ Ω then the error εp = ‖x−F (p−1)[y]‖T,Ω associated with the piecewise
LSL interpolation filter satisfies the inequality

εp ≤ max
j=1,...,p−1

{
(γj + ‖Bj‖2δj)∆tj +

[
‖E1/2

vj ,vj‖2F − ‖Evjwj (E
1/2
wjwj

)†‖2F
]1/2

}

(15)
where ‖Bj‖2 denotes the 2-norm given by the square root of the largest eigen-
value of BT

j Bj, ∆tj = tj+1 − tj and ‖ · ‖F denotes the Frobenius norm.

2.4 Numerical experiments. Suppose we need to filter a set Ky of N =
121 noisy random signals over set T = [τ1, τ2, . . . , τN ] so that each input
signal from this set, y(t, ·), enters a filter at time t = τk where τ1 = 0 and
τk+1 = τk + 0.05, for k = 1, . . . , 120. At each time τk, the training reference
signal x(τk, ·) is represented by its realizations as a 4× 4 matrix

X(k) = [x(τk, ω1), . . . ,x(τk, ω4)] = {x(k)
`,r }4`,r=1, for k = 1, . . . , N . (16)

A column of matrix X(k), x(τk, ωi) ∈ R4, represents the realization of the
signal x(t, ωi) at time t = τk generated by the random event ωi, for each
i = 1, 2, . . . , 4. Entries of matrix X(k) are simulated in the form

x
(k)
1,1 = 0.918η

(k)
1 , x

(k)
1,2 = 1.02η

(k)
2 , x

(k)
1,3 = 1.122η

(k)
3 , x

(k)
1,4 = 0.918η

(k)
4 ,

where η
(k)
1 = − cos(2k), η

(k)
2 = sin(cos(k)), η

(k)
3 = − cos(k), η

(k)
4 =

cos(sin(k)). Thus, all training reference signals are simulated as the 4 × 484
matrix X = [X(1), . . . , X(121)].

Suppose that an information on the references signals can only be obtained
at some times t1, . . . , tp ∈ T where p � N in the form of samples given by
4× 4 matrices

X̃(j) = {x̃(k)
`,r }4`,r=1 = [x̃(tj , ω1), . . . , x̃(tj , ω4)], for j = 1, . . . , p (17)

where x̃
(k)
`,r = 1.02x

(k)
`,r , i.e. it is assumed that due to some measurement errors

the values of x̃
(k)
`,r are different from the values of x

(k)
`,r . For p = 6, 11, 16, 31,

four particular choices of points t1, . . . , tp are as follows:
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for p = 6, t1 = τ1, tj+1 = τ24j+1 where j = 1, . . . , 5,
for p = 11, t1 = τ1, tj+1 = τ12j+1 where j = 1, . . . , 10,
for p = 16, t1 = τ1, tj+1 = τ8j+1 where j = 1, . . . , 15, and
for p = 31, t1 = τ1, tj+1 = τ4j+1 where j = 1, . . . , 30.

Samples of training reference signals, for the choice of t1, . . . , tp with p = 11,
are given in Fig. 1 (left). Recall the whole set consists of 121 signals.

Further, at time τk, the observed signal y(τk, ·), is simulated as 4×4 matrix

Y (k) = {y(k)
`,r }4`,r=1 = [y(τk, ω1), . . . ,y(τk, ω4)], for k = 1, . . . , N . (18)

Entries of matrix Y (k) are

y
(k)
1,1 = 0.9η

(k)
1 + ρ(k), y

(k)
1,2 = η

(k)
2 + ρ(k), (19)

y
(k)
1,3 = 1.1η

(k)
3 − ρ(k), y

(k)
1,4 = 0.9η

(k)
4 + ρ(k), (20)

where, for each k = 1, . . . , N , ρ(k) = 0.5randn(k) and randn(k) is a normally
distributed random variable with mean zero, variance one and standard de-
viation one. Thus, all observed signals are simulated as the 4 × 484 matrix
Y = [Y (1), . . . , Y (121)] represented in Fig. 1 (right).

On the basis of the observed signals Y (k) in (18)–(19) and the samples
in (17), four piecewise LSL interpolation filters F (p−1), for p = 6, 11, 16, 31,
respectively, have been applied to estimate the training reference signals rep-
resented by X. The estimated reference signals by the filters F (5) and F (10)

obtained from observed signals in Fig. 1 (right), and samples in Fig. 1 (left)
are represented in Fig. 2.

The obtained results demonstrate a quite acceptable accuracy of signal
estimation and the natural improvement in the accuracy of the proposed fil-
ter when the number of points t1, . . . , tp increases. In particular, differences
between the estimates obtained by the filter F (30) and the training reference
signals X are almost invisible, and therefore, they are not represented here.
The errors associated with the filters confirm the above observation.

The averaging polynomial filter [7] has also been applied to the described
signals. For the above particular choice of points t1, . . . , tp, its associated er-
rors are about 10 times worse than those by the proposed piecewise LSL
interpolation filters.
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