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Abstracts

Suppose that one or more entities are stationed at some of the vertices
of a simple graph and that an entity at a vertex can deal with a problem at
any vertex in its closed neighbourhood. In general, an entity could consist
of a robot, an observer, a legion, a guard, and so on. Informally, we say that
a graph is protected under a given placement of entities if there exists at
least one entity available to handle a problem at any vertex. Various strate-
gies (or rules for entities placements) have been considered, under each of
which the graph is deemed protected. These strategies for the protection
of graphs are framed within the theory of domination in graphs, or in the
theory of secure domination in graphs.

In this thesis, we introduce the study of (secure) w-domination in
graphs, which is a unified approach to the idea of protection of graphs,
that encompasses known variants of (secure) domination in graphs and in-
troduces new ones. The thesis is structured as a compendium of ten papers
which have been published in JCR-indexed journals. The first one is de-
voted to the study of w-domination, the fifth one is devoted to the study of
secure w-domination, while the other papers are devoted to particular cases
of total protection strategies. As we can expect, the minimum number of
entities required for protection under each strategy is of interest. In general,

we obtain closed formulas or tight bounds on the studied parameters.
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Introduction

Domination theory is a well-established topic in graph theory, as well as
one of the most active research area. Domination was first defined as a
graph-theoretical concept in 1958. This area experienced rapid growth re-
sulting in over 1200 papers published by the late 1990s. The explosive
growth has continued and today more than 4500 papers have been publi-
shed on domination in graphs. The increasing interest in this area is partly
explained by the diversity of applications to real-world problems, such as
facility location problems, computer and social networks, monitoring co-
mmunication, coding theory, algorithm design, among others. We refer to
[24) 250 126] for theoretical results and practical applications.

In a graph, a vertex dominates itself and its neighbours. A set of ver-
tices of a graph is said to be a dominating set if dominates every vertex of
the graph. The solution of different real-world problems using dominating
sets has allowed new and interesting domination models to be defined. The
notion of protection of graphs is closely related to the idea of domination.
Recently, many authors have considered the following approach to the pro-
blem of protecting a graph [2} [11} 12} |16} [18}, 28} 38]: suppose that one or
more “entities” are stationed at some of the vertices of a (simple) graph
and that an entity at a vertex can deal with a problem at any vertex in its
closed neighbourhood. In general, an entity could consist of a robot, an
observer, a legion, a guard, and so on. Informally, we say that a graph G is
protected under a given placement of entities if there exists at least one en-

tity available to handle a problem at any vertex of G. Various strategies (or
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rules for entities placements) have been considered, under each of which
the graph is deemed protected. As we can expect, the minimum number of
entities required for protection under each strategy is of interest.

The simplest strategies of graph protection are the strategy of domina-
tion and the strategy of total domination. In such cases, the sets of vertices
containing the entities are dominating sets and total dominating sets, res-
pectively. Among other studied strategies, we can cite, for instance, multi-
ple (total) domination, (total) Italian domination, secure (total) domination,
(total) weak Roman domination. In this thesis we propose to unify these
strategies under the following approach.

Let Z* ={1,2,3,...} and N = Z" U {0} be the sets of positive and
nonnegative integers, respectively. Let G be a graph, [ € Z* and f :
V(G) — {0,...,1} a function, where f(v) is the number of entities sta-
tioned at vertex v. Let V; = {v € V(G) : f(v) =i} forevery i € {0,...,1}.
We identify f with the subsets Vp,...,V; associated with it, and thus we
use the unified notation f(Vp,...,V;) for the function and these associated
subsets. The weight of f is defined to be

l
o(f) = f(V(G)) = Zii’Vi|~

Let w = (wp,...,w;) € Zt x N'. A function f(Vp,...,V;) is a w-
dominating function on a graph G if f(N(v)) > w; for every vertex v € V;
and i € {0,...,l}. The w-domination number of G, denoted by ¥, (G),
is the minimum weight among all w-dominating functions. For simplicity,
a w-dominating function f of weight w(f) = %,(G) is called a %,(G)-
function. A similar agreement will be assumed when referring to optimal
sets associated to other parameters used in the thesis.

As mentioned above, this unified approach allows us to encompass the
definition of several well-known domination parameters, and also intro-
duce new ones. For instance, we highlight the following particular cases
of known domination parameters, which we define here in terms of w-

domination.
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* The domination number of G is defined to be Y(G) = ¥1,0)(G) =
Y1,00)(G). Obviously, every ¥ ¢,0)(G)-function f(Vo,V1,V2) satis-
fies that V, = @ and V] is a dominating set of cardinality |V;| = y(G).
For more information on domination in graphs we suggest the books
(24, 26].

* The ftotal domination number of a graph G with no isolated vertex
is defined to be ¥%(G) = ¥1,1)(G) = ¥1,1,m,,....w) (G), for every inte-
gers wa,...,w; € {0,1}. Notice that every ¥y i y,,..w,)(G)-function
f(Vo,...,V)) satisfies that V; = & for every i € {2,...,1} and V] is
a total dominating set of cardinality |V;| = %(G). For more infor-
mation on total domination we suggest the book [31] or the survey
[27].

* Given a positive integer k, the k-domination number of a graph G is
defined to be %(G) = ¥,0)(G). In this case, V; is a k-dominating
set of cardinality |V;| = }%(G). The study of k-domination in graphs

was introduced in [22].

* Given a positive integer k, the k-tuple domination number of a graph
G with 6(G) > k — 1 is defined to be ¥«x(G) = ¥k x—1)(G). In this
case, V| is a k-tuple dominating set of cardinality |Vi| = 7.1 (G).
In particular, ¥1(G) = ¥(G) and Y«2(G) is known as the double

domination number of G. This parameter was introduced in [23].

* Given a positive integer k, the k-tuple total domination number of a
graph G of minimum degree 6(G) > k is defined to be y.x,(G) =
Vi) (G). In particular, ¥y1,(G) = %(G) and ¥x2,(G) is known as
the double total domination number, and V| is a double total domi-
nating set of cardinality |Vi| = ¥x2,(G). The k-tuple total domina-

tion number was introduced in [29].

* The [talian domination number of a graph G is defined to be ¥,(G) =
¥2,0,0)(G). This parameter was introduced by Chellali et al. in [15]
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under the name of Roman {2 }-domination number. The concept was
studied further in [30, 34].

* The total Italian domination number of a graph G with no isolated
vertex is defined to be ¥;(G) = ¥2,1,1)(G). This parameter was intro-
duced in this thesis, and independently by Abdollahzadeh Ahangar
et al. in [1]], under the name of total Roman {2 }-domination number.
The total Italian domination number of lexicographic product graphs
was studied in [[7]].

* The {k}-domination number of a graph G is defined as Y, (G) =
Yij—1,..0)(G). This parameter was introduced by Domke et al. in
[20]] and studied further in [4, 32, 37]].

Observe that the concept of w-domination does not include the cases in
which the graph is deemed protected under a placement of entities, and also
protected under the new placement of entities obtained from the previous
one, when an entity moves to a neighbour vertex to deal with a problem.
For instance, this is the case of secure (total) domination and (total) weak
Roman domination. The general approach for these cases will be called
secure w-domination.

For any function f(Vp,...,V;) and any pair of adjacent vertices v € Vj
and u € V(G) \ Vo, the function f,,_,, is defined by f,—,(v) =1, fu—(u) =
f(u)—1and f,,(x) = f(x) whenever x € V(G) \ {u,v}. We say that a w-
dominating function f(Vy,...,V}) is a secure w-dominating function if for
every v € Vp there exists u € N(v) \ Vo such that f,_,, is a w-dominating
function as well. The secure w-domination number of G, denoted by
75.(G), is the minimum weight among all secure w-dominating functions.
For simplicity, a secure w-dominating function f of weight o(f) = 7.,(G)
is called a ¥;,(G)-function.

This approach to the theory of secure domination covers the different

versions of secure domination known so far. For instance, we emphasize
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the following cases of known parameters that we define here in terms of
secure w-domination.

* The secure domination number of a graph G is defined to be %, (G) =
)f(ym)(G). In this case, for any secure (1,0)-dominating function
f(Vo, V1), the set V; is known as a secure dominating set. This con-
cept was introduced by Cockayne et al. [[18]] and studied further in
several papers (e.g.,[3, 15, 14, 17,133,135, 40]).

* The secure total domination number of a graph G of minimum de-
gree at least one is defined to be v, (G) = y(yu)(G). In this case,
for any secure (1,1)-dominating function f(Vo,V;), the set V; is
known as a secure total dominating set of G. This concept was in-
troduced by Benecke et al. [2] and studied further in several papers
(e.g., [11L 120 211 35, 361).

* The weak Roman domination number of a graph G is defined to be
1%(G) = Y10 0)(G)' This concept was introduced by Henning and
Hedetniemi [28]] and studied in several papers (e.g., [10, 14, 17, 39]).

* The total weak Roman domination number of a graph G of minimum
degree at least one is defined to be ¥,(G) = Yo (G). This concept
was introduced in this thesis.

* The secure Italian domination number of a graph G is defined to be
7 (G) = Y20 0)<G)' This parameter was introduced by Dettlaff et
al. [19].

Observe that the word “total” is used whenever a w-dominating func-
tion f satisfies the restriction f(N(v)) > 1 for every vertex v € V(G). Most
of the results of this thesis are focused on these strategies of protection of
graphs, which will be called fotal protection strategies.

This thesis is structured as a compendium of ten papers which have
been published in JCR-indexed journals. These papers are presented in
separated chapters.
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In Chapter 1 we introduce the study of w-domination in graphs, and
provide general results on the w-domination number.

The next three chapters are dedicated to the study of total protection
strategies, associated to the w-domination in graphs. The first one, deal
with the problem of finding the total domination number for the case of
rooted product graphs. This covers a gap in the theory of total domination
in graphs, since there are more than 580 published papers on this topic,
among which at least 50 concern the case of product graphs, and none of
these papers discusses the case of rooted product graphs. Chapters 3 and
4 are devoted to total Italian domination in graphs. In the first one, we
introduce this parameter and then we study its combinatorial and compu-
tational properties. The second one deals with the case of lexicographic
product graphs and, in particular, we show that the total Italian domina-
tion number and the double domination number coincide for this class of
graphs.

In Chapter 5 we introduce the study of secure w-domination in graphs,
we provide general results on the secure w-domination number and propose
the challenge of conducting a detailed study of the topic.

The next four chapters are devoted to the study of two total protection
strategies, associated to secure w-domination in graphs. Chapter 6 intro-
duces the study of the total weak Roman domination number of a graph.
For this parameter, we study combinatorial and computational properties.
In Chapter 7 we obtain new relationships between the secure total domina-
tion number and other graph parameters. Some of these results are tight
bounds that improve some well-known results. Chapter 8 considers the
secure total domination number for the particular case of rooted product
graphs. Finally, Chapter 9 deals with the case of lexicographic product
graphs, where we show that the secure total domination number and the
total weak Roman domination number coincide for this class of graphs,
and we obtain closed formulas and tight bounds for these parameters.

In Chapter 10 we show how the secure (total) domination number
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and the (total) weak Roman domination number of lexicographic product
graphs G o H are related to ¥,(G) or ¥,(G). For the case of the secure
domination number and the weak Roman domination number, the deci-
sion on whether w takes specific components will depend on the value of
jf(‘] 0) (H), while in the case of the total version of these parameters, the
decision will depend on the value of ¥, | (H).

In Chapter Conclusions, we present some concluding remarks, sum-
marize the contributions of the thesis, and give a list of future works. Fi-

nally, we present the references.
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Abstract

In this paper, we show that the Italian domination number of every lexicographic prod-
uct graph G o H can be expressed in terms of five different domination parameters of G.
These parameters can be defined under the following unified approach, which encompasses
the definition of several well-known domination parameters and introduces new ones.

Let N (v) denote the open neighbourhood of v € V(G), and let w = (wo, w1, . .., w;)
be a vector of nonnegative integers such that wg > 1. We say that a function f : V(G) —
{0,1,...,1} is a w-dominating function if f(N(v)) = > ,cn( f(u) = w; for every
vertex v with f(v) = 4. The weight of f is defined to be w(f) = >_,cy(c) f(v). The
w-domination number of G, denoted by 7, (G), is the minimum weight among all w-
dominating functions on G.

Specifically, we show that v;(G o H) = 7,(G), where w € {2} x {0,1,2}' and
1 € {2, 3}. The decision on whether the equality holds for specific values of wy, . . . , w; will
depend on the value of the domination number of H. This paper also provides preliminary
results on 7, (G) and raises the challenge of conducting a detailed study of the topic.

Keywords: Italian domination, w-domination, k-domination, k-tuple domination, lexicographic prod-
uct graph.

Math. Subj. Class. (2020): 05C69, 05C76
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1 Introduction

Let G be a graph, [ a positive integer, and f : V(G) — {0,...,1} a function. For every
i €40,...,1l}, wedefine V; = {v € V(G) : f(v) = i}. We will identify f with the
subsets Vj, ..., V; associated with it, and so we will use the unified notation f(V, ..., V])
for the function and these associated subsets. The weight of f is defined to be

l
w(f) = FV(@) =D ilVil.

An [talian dominating function (IDF) on a graph G is a function f(Vp, V1, V3) satisfy-
ing that f(N(v)) = 3_,en(y) f(u) = 2 for every v € Vo, where N(v) denotes the open
neighbourhood of v. Hence, f(Vy, V1, V) isan IDFif N(v) NV, # @ or |[N(v)NVy| > 2
for every v € Vp. The [ltalian domination number, denoted by ~;(G), is the minimum
weight among all IDFs on G. This concept was introduced by Chellali et al. in [6] under
the name of Roman {2}-domination. The term “Italian domination” comes from a subse-
quent paper by Henning and Klostermeyer [13].

In this paper we show that the Italian domination number of every lexicographic product
graph G o H can be expressed in terms of five different domination parameters of G. These
parameters can be defined under the following unified approach.

Let w = (wy,...,w;) be a vector of nonnegative integers such that wg > 1. We say
that f(Vh,...,V}) is a w-dominating function if f(N(v)) > w; for every v € V;. The
w-domination number of G, denoted by 7,,(G), is the minimum weight among all w-
dominating functions on G. For simplicity, a w-dominating function f of weight w(f) =
7w (G) will be called a ,, (G)-function.

This unified approach allows us to encompass the definition of several well-known
domination parameters and introduce new ones. For instance, we would highlight the fol-
lowing particular cases of known domination parameters that we define here in terms of
w-domination.

e The domination number of G is defined to be v(G) = v(1,0)(G) = Y(1,0,0)(G).
Obviously, every 7(1,0,0y(G)-function f(Vp, Vi, V) satisfies that Vo = @ and V; is
a dominating set of cardinality |V;| = v(G), i.e., V] is a y(G)-set.

e The total domination number of a graph G with no isolated vertex is defined to be
1%(G) = 71,1)(G) = Y1, 1,ws,....0) (G), for every wo, ..., w; € {0,1}. Notice
that there exists a (1,1,uw,,...,w,) (G)-function f(Vp, V1,..., V) such that V; = & for
every i € {2,...,1} and V; is a total dominating set of cardinality |Vi| = 7:(G),
ie., V1 is ay(G)-set.

e Given a positive integer k, the k-domination number of a graph G is defined to be
Y (G) = Yk,0)(G). In this case, Vi is a k-dominating set of cardinality [V1| =
7:(G), i.e., V1 is a v, (G)-set. The study of k-domination in graphs was initiated by
Fink and Jacobson [8] in 1984.

e Given a positive integer k, the k-tuple domination number of a graph G of minimum
degree 6 > k—1is defined to be yx 1 (G) = Yk k—1)(G). In this case, V; is a k-tuple
dominating set of cardinality |V1| = yxx(G), i.e., V1 is a v« (G)-set. In particular,
vx1(G) = v(G) and vx2(G) is known as the double domination number of G. This
parameter was introduced by Harary and Haynes in [9].
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e Given a positive integer k, the k-tuple total domination number of a graph G of
minimum degree § > k is defined to be vxx:(G) = Yx)(G). In particular,
vx1,t(G) = 1 (G) and yx2 +(G) is known as the double total domination number,
and V] is a double total dominating set of cardinality |Vi| = vx2.+(G), ie., Vi isa
vx2,t(G)-set. The k-tuple total domination number was introduced by Henning and
Kazemi in [12].

e The ltalian domination number of G is defined to be v,(G) = 7(2,0,0)(G). As
mentioned earlier, this parameter was introduced by Chellali et al. in [6] under the
name of Roman {2}-domination number. The concept was studied further in [13,

1.

o The total Italian domination number of a graph G with no isolated vertex is defined
to be v;1(G) = 72,1,1)(G). This parameter was introduced by Cabrera et al. in
[4], and independently by Abdollahzadeh Ahangar et al. in [1], under the name of
total Roman {2}-domination number. The total Italian domination number of lexi-
cographic product graphs was studied in [5].

e The {k}-domination number of G is defined to be v} (G) = Yrp—1,...,1,0)(G).
This parameter was introduced by Domke et al. in [7] and studied further in [3, 15,

1.

Notice that the concept of Y -dominating function introduced by Bange et.al. [2] is quite
different from the concept of w-dominating function introduced in this paper. Given a set
Y of real numbers, a function f : V(G) — Y is a Y-dominating function if f(N[v]) =
f(0) + X uenw) f(w) = 1 for every v € V(G). The Y-domination number, denoted
by 7, (G), is the minimum weight among all Y'-dominating functions on G. Hence, if
Y ={0,1,...,1}, then v, (G) = v(1,0,..,0)(G) = 7(G).

1

G1 GQ

Figure 1: The labels of black-coloured vertices describe a 7(2,1,0>(G1)—functi0n, a
Y(2,2,0)(G2)-function and a (2 2 2) (G3)-function, respectively.

For the graphs shown in Figure 1 we have the following values.

® 11(G1) = Y2,1,0)(G1) = Y2,2,0)(G1) =4 <6 = Y2.2,1)(G1) = V2,2,2)(G1)-
® 11(G2) = Y2,1,0)(G2) = Y(2,2,0)(G2) = Y2,2,1)(G2) = V(2,2,2)(G2) = 3.
o 71(G3) = Y2,1,0(G3) = 6 <8 = v(2,2,0)(G3) = Y(2,2,1)(G3) = Y(2,2,2)(G3).

The remainder of the paper is organized as follows. In Section 2 we show that for any
graph G with no isolated vertex and any nontrivial graph H with v(H) # 3 or v, (H) # 3,
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the Italian domination number of G'o H equals one of the following parameters: (2 1,0)(G),
Y2,2,0)(G)s Y(2,2,1) (G) or Y(2,2,2)(G). The specific value v, (G o H) takes depends on the
value of y(H). For the cases where ,(H) = «v(H) = 3, we show that v,(G o H) =
Y(2,2,2,0)(G). Section 3 is devoted to providing some preliminary results on w-domination.
We first describe some general properties of 7, (G) and then dedicate a subsection to each
of the specific cases declared of interest in Section 2.

We assume that the reader is familiar with the basic concepts, notation and terminology
of domination in graph. If this is not the case, we suggest the textbooks [10, 11, 14]. For
the remainder of the paper, definitions will be introduced whenever a concept is needed.

2 Italian domination in lexicographic product graphs

The lexicographic product of two graphs G and H is the graph G o H whose vertex set is
V(Go H) =V(G) x V(H) and (u,v)(z,y) € E(G o H) if and only if ux € E(G) or
u=uwzandvy € E(H).

Notice that for any u € V(G) the subgraph of G o H induced by {u} x V(H) is
isomorphic to H. For simplicity, we will denote this subgraph by H,. Moreover, the
neighbourhood of (z,y) € V(G) x V(H) will be denoted by N («, y) instead of N ((z,y)).
Analogously, for any function f on G o H, the image of (z, y) will be denoted by f(z,y)
instead of f((x,y)).

Lemma 2.1. For any graph G with no isolated vertex and any nontrivial graph H with
v, (H) # 3ory(H) # 3, there exists a~y, (GoH )-function f satisfying that f(V (H,,)) < 2
foreveryu € V(G).

Proof. Given an IDF f on G o H, we define the set Ry = {z € V(G) : f(V(H;)) > 3}.
Let f be a~y, (G o H)-function such that | R¢| is minimum among all y, (G o H)-functions.
Suppose that |[R¢| > 1. Let u € Ry such that f(V'(H,)) is maximum among all vertices
belonging to R. Suppose that f(V(H,)) > v, (H). In this case we take a ~, (H)-function
h and construct an IDF g defined on G o H as g(u,y) = h(y) for every y € V(H) and
g(z,y) = f(z,y) forevery x € V(G) \ {u} and y € V(H). Obviously, w(g) < w(f),
which is a contradiction. Thus, 3 < f(V(H,)) < v,(H,) = 7, (H). Now, we analyse the
following two cases.

Case 1. f(V(H,)) > 4. Letu' € N(u) and v € V(H). We define a function f' on G o H
as f'(u,v) = f'(v/,v) = 2, f'(u,y) = f(u',y) = 0 forevery y € V(H) \ {v}, and
' (x,y) = f(x,y) forevery x € V(G) \ {u,u'} and y € V(H). Notice that f' is an IDF
on G o H withw(f’) < w(f)and|Rs/| < |Ry|, which is a contradiction.

Case2. f(V(H,)) = 3. Suppose that v, (H) # 3. Sincey, (H) > 4, there existu’ € N (u)
and v € V(H) such that f(u’,v) > 1. Hence, the function f’ defined in Case 1 is an IDF
on G o H withw(f’) < w(f)and|Rs/| < |Ry|, which is again a contradiction.

Thus, v, (H) = 3, and so y(H) # 3, which implies that v(H) = 2. Let {v1,v2} be
ay(H)-set. Let v’ € N(u) and v € V(H) such that f(u/,v") = max{f(v',y) : y €
V(H)}. Consider the function f’ defined as f'(u,v1) = f'(u,v2) = 1, f'(u,y) = 0 for
every y € V(H) \ {v1,v2}, f/(v/,v") = min{2, f(u/,v") + 1}, f'(v/,y) = 0 for every
y € V(H)\ {v'}, and f'(z,y) = f(z,y) forevery z € V(G) \ {v,v'} and y € V(H).
Notice that f’ is an IDF on G o H with w(f') < w(f) and |Ry/| < |Ry|, which is a
contradiction.

Therefore, Ry = &, and the result follows. O
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Theorem 2.2. The following statements hold for any graph G with no isolated vertex and
any nontrivial graph H with ~y,(H) # 3 or y(H) # 3.

() Ifv(H) =1, then,(G o H) = ¥(2,1,0)(G).

(i) Ifv2(H) =~(H) = 2, then v,(G o H) = 7(2,2,0)(G).
(i) Ify2(H) > v(H) = 2, then v, (G o H) = 7v(2,2,1)(G).
(iv) Ify(H) > 3, then y,(G o H) = 7(2,2,2)(G).

Proof. Let f(Vy, V1, V) be a~r(GoH )-function which satisfies Lemma 2.1. Let f/ (X, X1, X2)
be the function defined on G by X; = {z € V(G) : f(V(H,)) = 1} and Xo = {z €
V(G) : f(V(H,)) = 2}. Notice that v, (G o H) = w(f) = w(f’). We claim that f’ is a
V(wo, w1 ,w2) (G)-function. In order to prove this and find the values of wg, w; and wsy, we
differentiate the following three cases.

Case 1. vy(H) = 1. Assume that € X,. Since f(V(H,)) = 0, forany y € V(H) we
have that f(N(z,y) \ V(H;)) > 2. Thus, f/(N(z)) > 2. Now, assume that z € X,
and let (z,y) € V; be the only vertex in V' (H,) such that f(x,y) > 0. Since v(H) = 1,
for any z € V(H) \ {y}, we have that f(N(z,z) \ V(H,)) > 1, which implies that
f/(N(z)) > 1. Therefore, f’isa (2,1, 0)-dominating function on G and, as a consequence,
7:(GoH) =w(f) =w(f') = v2,1,0(G)

Now, for any (2,1,0)(G)-function g(Wy, Wy, W) and any universal vertex v of H, the
function g’ (W}, W1, W3), defined by W4 = W5 x {v} and W{ = W1 x {v}, is an IDF on
G o H. Therefore, v, (G o H) < w(g’) = w(9) = v(2,1,0)(G).

Case 2. v(H) = 2. As in Case 1 we conclude that f'(N(z)) > 2 for every z € X,. Now,
assume that z € X1, and let (z,y) € V1 be the only vertex in V (H,) such that f(z,y) >
0. Since v(H) = 2, there exists a vertex z € V(H) such that (z,z) € Vp \ N(z,y).
Hence, f(N(z,z) \ V(H,)) > 2, which implies that f'(N(z)) > 2. Therefore, [’ is a
(2,2, 0)-dominating function on G and, as a consequence, v, (G o H) = w(f) = w(f’) >
’7(2,2,0)(G)-

Now, if 7o (H) > v(H) = 2, then for every x € X, there exists y € V(H) such that
(z,y) € Voand f(N(z,y)NV(H;)) < 1, which implies that f (N (z,y)\V (H,)) > 1, and
so f/(N(z)) > 1. Hence, f’is a (2,2, 1)-dominating function on G and, as a consequence,
7(GoH) =w(f) =w(f) = Y221 (G).

On the other side, if v2(H) = 2, then for any (2 2 0)(G)-function g(Wy, W1, Ws)
and any v, (H)-set S = {vy,v2}, the function ¢’ (W, W{, W3), defined by W| = (W7 x
{v1})U (W3 x S) and W3 = &, is an IDF on G o H. Therefore, v,(G o H) < w(g') =
w(g) = Y2.2,0)(G).

Finally, if y2(H) > y(H) = 2 then we take a 7(2,2,1)(G)-function h(Yp, Y1, Y2) and
ay(H)-set 8" = {v},v}}, and construct a function /'(Yy, Y/, Yy) on G o H by making
Y/ = (Y1 x {v}}) U (Y2 x §') and Yy = @. Obviously, i’ is an IDF on G o H, and so we
can conclude that vy, (G o H) < w(h') = w(h) = y(2,2,1)(G).

Case 3. y(H) > 3. In this case, for every x € V(G), there exists y € V(H) such
that f(N[(x,y)] N V(H;)) = 0. Hence, f(N(z,y) \ V(H,)) > 2, which implies that
J(N(z)) > 2 for every x € V(G). Therefore, [’ is a (2,2, 2)-dominating function on G
and, as a consequence, v, (G o H) = w(f) = w(f’) > v(2,2,2)(G).
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On the other side, for any (2 2 2y (G)-function g(Wy, Wy, Ws) and any v € V(H), the
function g’ (W}, W1, W3), defined by W3, = W5 x {v} and W{ = W1 x {v}, is an IDF on
G o H. Hence, v, (G o H) Sw(g') = w(g) = v2,2,2)(G).

According to the three cases above, the result follows. O

The following result considers the case v, (H) = y(H) = 3.

Theorem 2.3. [f H is a graph with v,(H) = ~v(H) = 3, then for any graph G,

Y (GoH) = v22.20(G).

Proof. Let f(Vy, V1, Va) be a v (G o H)-function, and f(Xo, X1, X2, X3) the function
definedon Gby X1 = {z € V(G) : f(V(H,)) =1}, Xo ={2z € V(G) : f(V(H)) =
2} and X3 = {z € V(G) : f(V(H,)) > 3}. We claim that f’ is a (2, 2, 2, 0)-dominating
function on G.

Letx € XoU X3 U Xy. Since f(V(H,)) < 2andy(H) = 3, there exists y € V(H)
such that f(N[(z,y)] NV (H,)) = 0. Thus, f'(N(x)) > 2 forevery x € Xy U X; U X,
which implies that f’ is a (2, 2, 2, 0)-dominating function on G. Therefore, v,(G o H) =
w(f) = w(f') = v2.2.20(G).

On the other side, let h(Yp, Y1, Y2, Y3) be av(2,2,2,0)(G)-function, h; a~y, (H)-function
and v € V(H). We define a function g on GoH by g(z,v) = h(z) forevery x € V(G)\Y3,
g(z,y) =0foreveryz € V(G) \ Ysandy € V(H) \ {v}, and g(z,y) = h1(y) for every
(z,y) € Y3 x V(H). A simple case analysis shows that g is an IDF on G o H. Therefore,
(G o H) < w(g) = w(h) = 12,2200 (G). o

O O O O

Figure 2: This figure shows two (2 2 ¢y (G)-functions on the same graph. The function on
the left is also a (2 2,1)(G)-function.

The graph shown in Figure 2 satisfies 6 = 7(2,2,0)(G) = Y(2,2,1)(G) < 7 = Y(2,2,2,0)(G) <
7(2,2A,2)(G) =38.

3 Preliminary results on w-domination

In this section, we fix the notation Z* = {1,2,3,...} and N = Z* U {0} for the sets of
positive and nonnegative integers, respectively.

Throughout this section, we will repeatedly apply, without explicit mention, the follo-
wing necessary and sufficient condition for the existence of a w-dominating function.

Remark 3.1. Let G be a graph of minimum degree 6 and let w = (wy, ..., w;) € ZT x N,
If wg > --- > wy, then there exists a w-dominating function on G if and only if w; < [4.
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Proof. Letw = (wo,...,w;) € Z* x N! such that wg > --- > w;. If w; < 18, then the
function f, defined by f(v) = [ for every v € V(G), is a w-dominating function on G, as
V; =V(G) and for any = € V), f(N(x)) > 16 > w;.

Now, suppose that w; > 19. If g is a w-dominating function on G, then for any vertex
v of degree § we have g(N(v)) < 6l < w; < w1 < -+ < wg, which is a contradiction.
Therefore, the result follows. O

We will show that in general the w-domination numbers satisfy a certain monotonicity.
Given two integer vectors w = (wy, ..., w;) and w’ = (wy, ..., w}), we say that w < w' if
w; < wj forevery i € {0,...,[}. With this notation in mind, we can state the next remark
which is direct consequence of the definition of w-domination number.

Remark 3.2. Let G be a graph of minimum degree ¢ and let w = (wp,...,w;),w =
(w}, ..., w)) € Z* x N! such that w; > w; 11 and w} > wj,, forevery i € {0,...,1—1}
. Ifw < w' and w; < 16, then every w’-dominating function is a w-dominating function
and, as a consequence,

Yuw(G) < Y (G).

We would emphasize the following remark on the specific cases of domination param-
eters considered in Section 2. Obviously, when we write (2 2,2)(G) or (2,2,1)(G), we are
assuming that G has minimum degree 6 > 1.

Remark 3.3. The following statements hold.

@) 7, (G) =72,0,0)(G) <72,1,00(G) < Y2,.2,0)(G) < Y2,2,1)(G) < Y2,2,2)(G).

(i) If wo € {1,2}, then v(1,0,u)(G) = 71,0,0)(G) = Y(G) and Y(1,1,,)(G) =
7(1,1,0)(G) = 7(Q).

(iii) For any integer k£ > 3, there exists an infinite family #;, of graphs such that for every
graph G € Hy, 7, (G) = 72,00 (G) = Y2,1,0)(G) = Y2,2,0)(G) = Y221 (G) =
7(2,2,2)(G) =k.

(iv) There exists an infinite family of graphs such that vy, (G) < 7v(2,1,0)(G) < Y(2,2,0)(G) <
V2,21 (G) < Y2,2,2)(G)-

In order to see that the remark above holds, we just have to construct families of graphs
satisfying (iii) and (iv), as (i) is a particular case of Remark 3.2 and (ii) is derived from
the definition of (wp, w1, ws)-domination number. In the case of (iii), we construct a fam-
ily Hp, = {Gr, : 7 € ZT} as follows. Let k > 3 be an integer, and let N, be the
empty graph of order r. For any positive integer r we construct a graph G, € Hj
from a complete graph K}, and (g) copies of N, in such way that for each pair of dif-
ferent vertices {z,y} of K} we choose one copy of N, and connect every vertex of NV,
with « and y, making x and y vertices of degree (k — 1)(r + 1) in G . For instance,
the graph G is isomorphic to the graph G2 shown in Figure 1. It is readily seen that
Y:(Gr.r) = Y(2,2,2)(Gr,r) = k. On the other hand, in the case of (iv), we consider the
family of cycles of order n > 10 with n = 1 (mod 3). For these graphs we have that
Y1(Cn) < 72,1,0)(Cn) < Y(2,2,0)(Cn) < Y(2,2,1)(Cn) < Y(2,2,2)(Crn). The specific values
Of Y(wo w1 ,ws) (Cn) Will be given in Subsections 3.1, ...,3.4.

Next we show a class of graphs where (yy,...,w;)(G) = woy(G) whenever [ > wq >

- > w;. To this end, we need to introduce some additional notation and terminology.
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Given two graphs G; and Gy, the corona product graph G1 ® G4 is the graph obtained
from G and G, by taking one copy of G and |V (G1)| copies of G2 and joining by an
edge every vertex from the i*"-copy of G5 with the i*"-vertex of G;. For every x € V(G1),
the copy of G2 in G ® G4 associated to x will be denoted by G .. It is well known that
v(G1 @ G2) = |[V(G1)| and, if G; does not have isolated vertices, then v,(G1 ® G3) =
Y(G1 © Gz2) = [V(G1)l.

Theorem 3.4. Let G = G1 ® G3 be a corona graph where G1 does not have isolated
vertices, and let w = (wo, ..., w;) € ZT x NLIfl > wy > -+ > wy and |V (Ga)| > wy,
then

Y (G) = woy(G).

Proof. Since G does not have isolated vertices, the upper bound 7,,(G) < wo|V(G1)| =
woy(G) is straightforward, as the function f, defined by f(z) = wy for every vertex
x € V(G1) and f(x) = 0 forevery z € V(G) \ V(G1), is a w-dominating function on G.

On the other hand, let f be a ~y,,(G)-function and suppose that there exists z € V(G1)
such that f(V(Ga)) + f(z) < wo — 1. In such a case, f(N[y]) < wo — 1 for every
y € V(Ga,z), which is a contradiction, as |V (G2)| > wy. Therefore, v,,(G) = w(f) >
'LU()‘V(G1)| = wo’y(G). U

Proposition 3.5. Let G be a graph of order n. Let w = (wo, . . . ,w;) € Z+ x N! such that
wo > -+ > wy. If G' is a spanning subgraph of G with minimum degree §' > -, then

Yw (G) S Yw (G/) -

Proof. Let E= ={ey,..., ek} be the set of all edges of G not belonging to the edge set of
G'. Let G = G and, forevery i € {1,...,k},let X; = {e1,...,¢;} and G; = G — X;,
the edge-deletion subgraph of G induced by F(G) \ X;. Since any w-dominating function
on G is a w-dominating function on G’_,, we can conclude that v,,(G;_;) < v (GY).
Hence, 7, (G) = 7w(Gp) < 7w (Gh) <+ < 7w (GY) = 70 (G). O

From Proposition 3.5 we obtain the following result.

Corollary 3.6. Let G be a graph of order n and w = (wy, ..., w;) € Z+ x N such that
Wo > -+ 2> Wy

e If G is a Hamiltonian graph and w; < 21, then v,,(G) < 7, (Ch).

e [f G has a Hamiltonian path and w; <, then v,,(G) < Y (Py).

In order to derive lower bounds on the w-domination number, we need to state the
following useful lemma.

Lemma 3.7. Let G be a graph with no isolated vertex, maximum degree A and order n.
For any w-dominating function f(Vo,...,V;) on G such that wg > -+ > wy,

l
Aw(f) > won + Y _(w; — wo)|Vil.

i=1
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Proof. The result follows from the simple fact that the contribution of any vertex « € V(QG)

to the sum Z f(N(x)) equals deg(z)f(x), where deg(x) denotes the degree of z.
zeV(G)
Hence,

Aw(fy=A Y f(x)

zeV(G)

> ) deg(a)f(x)

zeV(G)

= Y f(N@)

zeV(G)

l
> wolVol + ) wilVi]
=1
l

= won + z:(wZ — wo)|Vil.

i=1
Therefore, the result follows. O

Corollary 3.8. The following statements hold for k,1 € Z+ and a graph G with minimum
degree 6 > 1, maximum degree A and order n.

W) IfFk<l+landw=(k+1-1,k+1-2,...,k—1), then v,(G) > [MW

A+1
+1
(i) Ifk <16 andw = (k,...,k), then v,(G) > [E2]
———
I+1
i) Ifk <10+ 1andw = (k.k—1,....k— 1), then 74, (G) > [A’C—M
N——
I+1
(iv) Letw = (wp,...,w;) withwg > -+ > wy. If10 > wy, then v, (G) > [Aﬂ‘i’zn—‘

In the next subsections we shall show that lower bounds above are tight. Corollary 3.8
implies the following known bounds.

P R R e P R P B O R Pt

kn kn kn kn
,Yk(G) 2 ’VA—Q—]Q—‘ ’ ’ka(G) Z ’VA_._l—‘ ’ V{k} 2 ’VA—F 1—‘ and ’YXk,t(G) > ’VA“ .

It is readily seen that (., ... w,)(G) = 1 if and only if wg = 1, w; = 0 and y(G) = 1.
Next we characterize the graphs with v(,,,....w,) (G) = 2.

Theorem 3.9. Let w = (wo,...,w;) € ZT x N such that wo > --- > w;. For a graph
G of order at least three, y(wy,... ) (G) = 2 if and only if one of the following conditions
holds.
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(i) wa =0, v(G) = 1 and either wy = 2 or wg = w1 = 1.
(ii) wo =1, wy = 0and v(G) = 2.
(iii) wo =1, w1 = 1 and (G) = 2.
(iv) wo =2, wy = 0and y2(G) = 2.
V) wo =2, w1 = 1and yx2(G) = 2.

Proof. Assume first that y(u,,....w,)(G) = 2 and let f(Vp,...,V}) be a Yu,,...,w)(G)-
function. Notice that wy € {1,2} and |V3| € {0,1}. If |V5| = 1, thenwy =0 and V; = &
for every ¢ # 0,2. Hence, v(G) = 1 and either wy = 2 or wy = w; = 1. Therefore, (i)
follows.

Now we consider the case Vo = @. Notice that V; is a dominating set of cardinality
two, w1 € {0,1} and V; = & forevery i # 0, 1.

Assume first that wg = 1 and wy = 0. If ¥(G) = 1, then Yy, ... w,)(G) = 1, which
is a contradiction. Hence, 7(G) = 2 and so (ii) follows. For wg + w; > 2 we have the
following possibilities.

If wy = wy = 1, then V; is a total dominating set of cardinality two, and so v:(G) = 2.
Therefore, (iii) follows.

If wg = 2 and wy = 0, then V; is a 2-dominating set of cardinality two, which implies
that v2(G) = 2. Therefore, (iv) follows.

If wy = 2 and w; = 1, then V; is a double dominating set of cardinality two, and this
implies that v (G) = 2. Therefore, (v) follows.

Conversely, if one of the five conditions holds, then it is easy to check that (yy,....u,) (G) =
2, which completes the proof.

In order to establish the following result, we need to define the following parameter.

V(wo,..., wl)(G) = max{|Vo| : f(Vb,...,Vi)isa Ywo wl)(G)-function.}

.....

In particular, for / = 1 and a graph G of order n, we have that (., (G) = n —
ry(wo,wl) (G)

Theorem 3.10. Let G be a graph of minimum degree § and order n. The following state-
ments hold for any (wo, ..., w;) € Zt x N withwy > -+ > wy.

(i) If there exists i € {1,...,1 — 1} such that i6 > w;, then
Vworrwr) (G) < Vwo,...ows) (G)-
(i) Ifl > i+ 1> wy, then
V(wo,eswi0,..,0) (G) < (i + 1)y(G).

(i) Let k,i € ZT such that 1 > ki, and let (wh,w}, ..., wl) € Z+ x NL Ifi§ > w! and
wy; = kw;for everyj €{0,1,...,i}, then

Y(wo .4.,11)1)(G> < k’Y(u;(),.“,u;;)<G)-
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(v) Letk € Zt and By,...,Br € ZV. IfI6 > k+w; > kand wg +k > By > -+ >
Br > wy + k, then

V(wotk,Br e B swi+ky s wr k) (G) < Vwosroywn) (G) F E(0 = Vg, ) (G))-
W) Ifld > w; > 1 > 2, then
7(U70,...,117l)(G) < lv(wgflJrl,wlflJrl) (G)

i) If § > 1, wo <1 —1and w;_1 > 1, then

Proof. 1f there exists ¢ € {1,...,1 — 1} such that i6 > w;, then for any (y, .. .w,) (G)-
function f(Vp,...,V;) we define a (wy, ..., w;)-dominating function g(Wy,...,W;) by
W; =V, forevery j € {0,...,i} and W; = @ forevery j € {i +1,...,l}. Hence,
Vwo,....;wn) (G) L w(g) = w(f) = Yewo,...,w:) (G). Therefore, (i) follows.

Now, assume [ > ¢+ 1 > wy. Let S be a v(G)-set. Let f be the function defined
by f(v) = i+ 1 forevery v € S and f(v) = 0 for the remaining vertices. Since f

is a (wo, ..., w;0...,0)-dominating function, we conclude that v(yy,....w;,0...,0)(G) <
w(f) = (E+1)|S| = (¢ + 1)y(G), which implies that (ii) follows.
In order to prove (iii), assume that [ > ki, 0 > w] and wy; = kw; for every

J €40,... i} Let f'(Vg,..., V) be a y(uy,....w;)(G)-function. We construct a func-
tion f(Vo,..., Vi) as f(v) = kf'(v) for every v € V(G). Hence, Vi; = V] for every

j € {0,...,i}, while V; = & for the remaining cases. Thus, for every v € V;; with

j € {0,...,i} we have that f(N(v)) = kf'(N(v)) > kw}; = wg;, which implies that
[ is a (wo, ..., w;)-dominating function, and $0 Y(wy,....u)(G) < w(f) = kw(f’) =
kY(w.....w;) (G). Therefore, (iii) follows.

Now, assume that [§ > k+w; > kand wg +k > 1 > -+ > B > wy + k. Let
g(Wo, ..., Wi) be aY(uy,...,w)(G)-function. We construct a function f(Vj,. .., Viyx) as
f(v) = g(v) + k for every v € V(G) \ Wy and f(v) = 0 for every v € Wy. Hence,
Vigr = W, forevery j € {1,...,1}, Vo = Wy and V; = & for the remaining cases. Thus,
ifveViggandj e {1,...,1}, then f(N(v)) > g(N(v)) +k > w; + k, andif v € Vg,
then f(N(v)) > g(N(v))+k > wo+ k. This implies that f isa (wo+k, 81, .. ., Bk, w1 +
k,...,w; + k)-dominating function, and S0 Y(w,4k,8. ,....8¢ w1 +k,....wi+k) (G) < W(f) =
w(g)+k Zé‘:l |Wj| r— ’Y(wo,...,wl)(G)'i'k(n_‘WOD < 7(u70,...,wl)(G)+k(n_y(wg,...,u71)(G))'
Therefore, (iv) follows.

Furthermore, if [6 > w; > | > 2, then by applying (iv) for k = [ — 1, we deduce that

Ywos o) (G) < Vwo =141, —141) (G)FU=1) M=V (wo—14 1,0 —141) (G)) = IV (wo—141,1—141) (G)-

Therefore, (v) follows.

From now on, let 6 > 1, wy < ! — 1 and w;—; > 1. Let f(Vp,...,V;) be a
Y(wo,...;wi_1,0) (G)-function. Assume first V; = @. Since w;—1 > 1, we have that f is a
(wo, . . ., w2, 1)-dominating function on G, which implies that (vi) follows. Assume now
that there exists v € V;. If f(N(v)) > [ — 1, then the function f’, defined by f'(v) =1—1
and f'(z) = f(z) forevery z € V(G) \ {v}, is a (wo, . . ., w;—1,0)-dominating function
with w(f") < w(f), which is a contradiction. Hence, f(N(v)) <[ — 2 for every v € V].
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Since & > 1, for each vertex = € V, we fix one vertex &’ € N(z) and we form a set S
from them such that |[S| < |V}|. Let g be the function defined by g(z) = f(z) + 1 for
any z € S, g(y) =1 — 1forany y € Vj, and g(z) = f(z) for the remaining vertices of
G. Since g(N(z)) > 1—1> w; forevery x € Sandi € {0,...,1 — 2}, g(N(y)) > 1
for every y € Vi1 UV, and g(N(z)) > w; forevery z € V; \ (SUV,_; UV;) and

i € {0,...,1 — 2}, we conclude that ¢ is a (wyp, . .., w;_2, 1)-dominating function on G.
Therefore, Y(wy,....w,_»,1)(G) < w(g) < w(f) = Ywo,...wi_1,0)(G), Which completes the
proof of (vi). O

In the next subsections we consider several applications of Theorem 3.10 where we
show that the bounds are tight. For instance, the following particular cases will be of
interest.

Corollary 3.11. Let G be a graph of minimum degree 6, and let k1, wy, . .., w; € Z+ with
k2>wy > 2w
() If6 > kandw = (k+ 1,k,wa, ..., wy), then v,(G) < yxk(Q).
() If 6 > kand w = (k, k,wa, ..., wy), then v, (G) < vxp,t(G).
(i) Ifl0 > k>1>2andw = (k+1,k,....k), then 7, (G) < 1Yy (k—142)(G).
———

141
(v) Ifl0 > k>1>2andw = (k. k,....k), then Y, (G) < Iy (k—141),¢(G).
N
I+1
W) Ifl >k 0 >1andw = (k... k), then v,(G) < kv:(G).
N —

I+1
Proof. If § > k, then by Theorem 3.10 (i) we conclude that (i) and (ii) follows.
Ifi§ > k > [ > 2, then by Theorem 3.10 (v) we deduce that
Y+ 1,5, ) (G) S Y mig2,k—141)(G) = 1 (k—142) (G).
| —

141

Hence, (iii) follows. By analogy we derive (iv), as Y(x—141,k—1+1)(G) = IV (k—14+1),¢(G).
Finally, if [ > k and 6 > 1, then by Theorem 3.10 (iii) we deduce that

Vi, ..., (G) < kv (G) = kv (G).

——
141

Therefore, (v) follows. O
3.1 Preliminary results on (2, 2, 2)-domination

Theorem 3.12. For any graph G with no isolated vertex, order n and maximum degree A,

2n

[AW < Y222 (G) < 2% (G).

Furthermore, if G has minimum degree 0 > 2, then

Y2,2,2)(G) < Yx2,(G).
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Proof. From Corollary 3.8 we deduce the lower bound. The upper bound (2 2 2)(G) <
274+(@Q) follows by Corollary 3.11 (v), while, if & > 2, then we apply Corollary 3.11 (ii) to
deduce that y(2,9.9)(G) < yx2,:(G). Therefore, the result follows. O

The bounds above are tight. For instance, for the graphs G5 and G5 shown in Figure 1
we have that [ %] = 7(22.2)(G2) = Yx2.4(G2) = 3 and y(2,2,2)(G3) = 27:(G3) = 8.
Notice that every graph G, ,- belonging to the infinite family H, constructed after Remark
3.3 satisfies the equality v(2.9.9)(Gk,r) = Vx2,:(Gk,r) = k. Furthermore, from Theorem
3.4 we have that for any corona graph G = G; ® G2, where GG; does not have isolated
vertices, Y(2,2,2)(G) = 27(G) = 27:(G).

Notice that by theorem 3.12 we have that v(3 5 2)(G) > [%”] > 3 for every graph G
with no isolated vertex. Next we characterize all graphs with v(z 2 2) (G) = 3. To this end,
we need to establish the following lemma.

Lemma 3.13. For a graph G, the following statements are equivalent.

1) Y2,2,2)(G) = Yx2,4(G).
(ii) There exists a y(2,2,2)(G)-function f(Vo, V1, Va) such that Vo = @.

Proof. 1f(2,2,2)(G) = vx2,:(G), then for any 2 + (G)-set D, the function g(Wo, W1, W3),
defined by Wy = D and Wy = V(G)\ D, is a (2 2,2) (G)-function. Therefore, (ii) follows.
Conversely, if there exists a (2 2,2)(G)-function f(Vp, Vi, V) such that Vo = @, then
Vi is a double total dominating set of G, and s0 vx2+(G) < |[Vi| = w(f) = Y(2,2,2)(G).
Therefore, Theorem 3.12 leads to v(2,2.2)(G) = yx2,:(G). O

Theorem 3.14. For a graph G, the following statements are equivalent.

(1) Y2,2,2)(G) = 3.

(11) 'YXZ,t(G) = 3
Proof. Assume first that (3 2 2)(G) = 3, and let f(Vp, Vi, V2) be a (2 2,2y (G)-function.
Suppose that there exists u € V. Since f(N(u)) > 2, we deduce that v 2.2)(G) > 4,
which is a contradiction. Hence, V, = @ and by Lemma 3.13 we conclude that vy +(G) =
3.

Conversely, if 7x2+(G) = 3, then G has minimum degree ¢ > 2 and so Theorem 3.12
leads to 3 < {QK"] < (2,2,2)(G) < yx2,t(G) = 3. Therefore, v(2,2.2)(G) = 3. O

Next we consider the case of graphs with (3 2 2)(G) = 4.

Theorem 3.15. For a graph G, Y(2,2,2)(G) = 4 if and only if at least one of the following
conditions holds.

() yx2,:(G) = 4.
(ii) v¢(G) = 2 and G has minimum degree 6 = 1.
(iil) v(G) =2 and yx2.4(G) > 4.
Proof. Assume 7(2292)(G) = 4. Notice that G does not have isolated vertices. Let

f(Vo, V1, V2) be a y(2,2,2)(G)-function. If V, = @, then by Lemma 3.13 we obtain that
Yx2,t(G) = Y(2,2,2)(G) = 4, and so (i) follows.
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From now on, assume that |V5| € {1, 2}. If |V2| = 2, then V; = & and, as a result, V5
is a total dominating set of G, which implies that v:(G) = 2. On the other side, if [V2| = 1,
then |Vi| = 2 and both vertices belonging to V; are adjacent to the vertex of weight two,
and every v € Vj satisfies N (v) NV, # @ or Vi C N (v). This implies that the union of 5
with a singleton subset of V; forms a total dominating set of G, and again v:(G) = 2. Now,
if § > 2, then Theorem 3.12 leads to 4 = 7(2,272)(61) < 7vx2,t(G). Hence, by Theorem
3.14 we conclude that either § = 1 or yx2,:(G) > 4. Therefore, either (ii) or (iii) holds.
Conversely, if yx2 +(G) = 4, then G has minimum degree 6 > 2 and by Theorem 3.12
we have that 3 < 7(,2.2)(G) < 4. Hence, by Theorem 3.14 we deduce that v 2 2)(G) =
4. Finally, if 74(G) = 2, then Theorem 3.12 leads to 3 < y(2,2,2y(G) < 4. Therefore, if
= 1 or yx2,(G) > 4, then Theorem 3.14 leads to (2 2,2)(G) = 4. O

Theorem 3.12 implies the next result.

Corollary 3.16. For any integer n > 3,

7(2,2,2)(Cn) =n.
In order to give the value of (3 2 2)(Py), we recall the following well-known result.
Proposition 3.17. [14] For any integer n > 3,
ifn=0 (mod 4),
Ye(Pp) = o ifn=1,3 (mod 4),
+1 ifn=2 (mod4).

3 3
+

N3

Lemma3.18. If P, = uyus . .. uy is apath of order n > 6, then there exists ay(2,2,2)(Pn)-
Sfunction f such that f(uy) = f(un—3z) = 0and f(up—1) = f(un—2) = 2.

Proof. Let f(Vo, V1, V2) be a v(2,2,2) (P, )-function such that [V3| is maximum. Since u,,
is a leaf, f(u,—1) = 2. Notice that f(u,) + f(u,—2) > 2. Hence, we can assume that
f(up—2) = 2 and f(u,) = 0. Now, if f(u,—3) > 0, then we can define a (2,2, 2)-
dominating function f’ by f'(un—3) = 0, f'(un—5) = min{2, f(un—s) + f(un—3)} and
f'(ui) = f(u;) for the remaining cases. Since w(f’) < w(f) = 7(2,2,2)(Pn), either f’
is a y(2,2,2) (P, )-function with f’(u,_3) = 0 or f(u,_3) = 0. In both cases the result
follows. 0

Proposition 3.19. For any integer n > 3,

n ifn=0 (mod 4),
Y2,2,2)(Pn) = 27(Pp) =4 n+1 ifn=13 (mod4),
n+2 ifn=2 (mod4).

Proof. Since Theorem 3.12 leads to v(22,2)(Pn) < 27:(P.), we only need to prove
that y(2.2.2)(P.) > 27:(P,). We proceed by induction on n. It is easy to check that
Y(2,2,2)(Pn) = 27¢(Py) for n = 3,4, 5, 6. This establishes the base case. Now, we assume
that n > 7 and 7(2,2,2)(Pr) > 27:(Px) for k < n. Let f(Vh, V1, V2) be a y(2,2.2)(Pn)-

function which satisfies Lemma 3.18, and let f’ be the restriction of f to V(P,,—4), where
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P, =wuy...u,and P,_4 = ujus ... u,—4. Hence, by applying the induction hypothe-
sis,

Y2,2,2)(Pn) = w(f) = w(f') +4 > Y222 (Poea) + 4> 27 (Pr_s) +4 > 2v(Py).

To conclude the proof we apply Proposition 3.17. O

3.2 Preliminary results on (2, 2, 1)-domination

Theorem 3.20. For any graph G with no isolated vertex, order n and maximum degree A,

{2n+%(G)

2299 < 500/(6) < min{31(G). 24(6).

Furthermore, if G has minimum degree > 2, then

Y2,2,1)(G) < ¥x2,t(G).

Proof. In order to prove the upper bound (2 2 1)(G) < 27:(G), we apply Remark 3.2 and
Theorem 3.12, i.e., 7(2’271)((;) < Y(2,2,2) < 2"/t (G)

Now, let S be a y(G)-set. Since G does not have isolated vertex, for each vertex
x € S such that N(z) NS = &, we fix one vertex #' € N(z) and we form a set S’
from them. Hence, S U S’ is a total dominating set and |[S U S’| = |S| + |S7| < 2v(G).
Notice that the function g(Xo, X1, X2) defined by Xo = S and X; = 5, is a (2,2,1)-
dominating function on G. Thus, v(221)(G) < w(g) = 2|S| + [5’| < 37(G), and so
Y(2,2,1)(G) < min{27%(G), 37(G)}.

On the other side, if G has minimum degree § > 2, then by Corollary 3.11 (ii) we have
that ¥(2.2,1)(G) < Vx2,(G).

In order to prove the lower bound, let f(Vp, V1, V2) be a v(2,2,1)(G)-function. Since
V1 U V4 is a total dominating set, 7 (G) < |V;| + |Vz|. Furthermore, from Lemma 3.7 we
have, 2n — [Va| < Ay(g,2,1)(G), which implies that 2n 4 7:(G) < 2n + [Vi] + V5] <
Av(2,2,1)(G)+ V1] +2[Va| = (A+1)7y(2,2,1)(G). Therefore, the lower bound follows. [

The bounds above are tight. For instance, the graph shown in Figure 3 satisfies y(2 2,1)(G) =
3v(G) = 9. Next we show that the remaining two bounds are also achieved.

ey
ey

Figure 3: This figure shows a (2 2,1)(G)-function and a (2,2 2,0)(G)-function on the
same graph.
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Corollary 3.21. Let G be a graph with no isolated vertex, order n and maximum degree

A Ify(G) < nA++A1721’ then

2n+%(G)"

Y2,2)(G) = 27(G) or 7221)(G) = { Al

Proof. If y(2,2,1)(G) # P"%ﬁ—‘ and (22,1 (G) # 27:(G), then by Theorem 3.20 we

deduce that [MW +1 < Y22.1)(G) < 2%(G) — 1, which implies that 7,(G) >

A+l
TLA++A1J/F21' Therefore, the result follows. =

For the graphs G5 and Gj illustrated in Figure | we have that 1:(G3) = 2 < % =

"LA++A1*/'21 and v,(G3) =4 < 2 = "A++A1721. Notice that, y(2,2,1)(G2) = 3 = inﬁfﬂ—‘

and ’}/(2,2’1)(G3) =8 = 2’}/t(G3).
Below we characterize the graphs with (3 5 1)(G) = 3.

Theorem 3.22. For a graph G with no isolated vertex, the following statements are equiv-
alent.

@) Y2,2,1)(G) = 3.
(i) Y(G) = 1oryx2.(G) = 3.

Proof. Assume first that (2 2 1)(G) = 3, and let f(Vp, V1, V2) be a y(2,2,1)(G)-function.
If Vo # @, then V5 is a dominating set of cardinality one. Hence, v(G) = 1. Now, if
Vo = @, then V; is a double total dominating set of cardinality three. Thus, vx2.(G) = 3.

On the other side, by Theorem 3.20 we have that 3 < [2"%@—‘ < 7(2,2,1)(6’) <
37(G). Hence, if v(G) = 1, then y(2.21)(G) = 3. Now, if 7x2:(G) = 3, then G has
minimum degree § > 2 and by Theorem 3.20 we have that y(22,1)(G) < Yx2,:(G) = 3.
Therefore, v(2,2,1)(G) = 3. O

Next we consider the case of graphs with (3 2.1)(G) = 4.

Theorem 3.23. For a graph G, the following statements are equivalent.

(1) Y2,2,1)(G) =4
(i) 1(G) =v(G) =2 0r yx2.4(G) = 4

Proof. Assume 7(272,1)(G) = 4. Notice that G does not have isolated vertices and, by
Theorem 3.20, we have that y(G) > 2. Let f(Vp, Vi, Va) be ay(2,2,1)(G)-function. If Vo =
@, then V] is a double total dominating set of cardinality four. Hence, 3 < vyx2:(G) <
|V1| = 4, and Theorem 3.22 implies that v« .(G) = 4.

From now on, assume that | V3| € {1,2}. If | V5| = 2, then V7 = @ and, as aresult, V3 is
a total dominating set of G, which implies that v, (G) = v(G) = 2. Now, if | V3| = 1, then
|V1| = 2 and both vertices belonging to V; are adjacent to the vertex of weight two, and
every v € Vj satisfies N(v)NVa # @ or Vi C N(v). This implies that the union of V5, with
a singleton subset of V; forms a total dominating set of G, and again v,(G) = v(G) = 2.

Conversely, if yx2 +(G) = 4, then G has minimum degree 6 > 2 and by Theorem 3.20
we have that 3 < 7(2.2.1)(G) < yx2,(G) = 4. Hence, by Theorem 3.22 we deduce that
Y(2,2,1)(G) = 4. Finally, if ;(G) = 2, then Theorem 3.20 leads to 3 < 7(2.2,1)(G) < 4.
Therefore, if v(G') = 2 then by Theorem 3.22 we conclude that (2 5 1)(G) = 4. O
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Lemma 3.24. For any integer n > 3,

n—|2]+1 ifn=1,2 (mod7),
n— L%J otherwise.

Yez,2,)(Pn) < {

Proof. First we show how to construct a (2,2, 1)-dominating function f on P, for n €

(2,...,8).

e n=2: f(u1) =2and f(ug) = 1.

e n=23: f(u1) =0, f(ug) =2and f(uz) =1

o n=4: f(ur) = f(us) = 0and f(uz) = f(us) =2

e n=>5: f(ur) = f(us) =0, f(ug) = f(ug) =2 and f(us) = 1.

e n=06: f(u1) = f(ug) =0, fu2) = f(us) = 2and f(uz) = f(us) =1

o n="T f(ur) = fus) = f(ur) =0, f(uz) = f(us) = 2and f(us) = f(us) =1
e n =8 f(ur) = f(ug) = flus) =0, f(uz) = flue) = flur) = 2, f(uz) =

We now proceed to describe the construction of f for any n = 7q + r, where ¢ > 1 and
0 < r < 6. We partition V(P,) = {u,...,u,} into g sets of cardinality 7 and for r > 1
one additional set of cardinality r, in such a way that the subgraph induced by all these sets
are paths.

For any r # 1, the restriction of f to each of these g paths of length 7 corresponds to
the weights associated above with P7, while for the path of length » (if any) we take the
weights associated above with P,.. The case r = 1 and ¢ > 2 is slightly different, as for the
first ¢ — 1 paths of length 7 we take the weights associated above with P; and for the last
8 vertices of P,, we take the weights associated above with Ps.

Notice that, forn = 1,2 (mod 7), we have that (5 2 1)(Pn) < w(f) =6q+r+1=
n—|2|+1, while forn # 1,2 (mod 7) wehave y(2.2,1)(P) < w(f) = 6g+r = n—|2].
Therefore, the result follows. O

Lemma 3.25. Let P; = x1...x7 be a subgraph of Cy, and X = {x1,...,z7}. If fisa
(2,2, 1)-dominating function on C,, then

f(X) >6.

Proof. Notice that f({z1,2z2,23}) > 2 and f({z4,x5,z6,27}) > 3 as fisa (2,2,1)-
dominating function. If f({z1,z2,23}) > 3, then we are done. Hence, we assume that
f{z1,x2,23}) = 2. In this case, it is not difficult to deduce that f({z4, x5, z6s, x7}) > 4,
which implies that f(X) > 6, as desired. Therefore, the proof is complete. O

Lemma 3.26. For any integer n > 3,

+1 ifn=1,2 (mod?7),
Y2,2,)(Cn) > { / ( )

]
| otherwise.
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Proof. 1t is easy to check that y(351)(C,) = n for every n € {3,4,5,6}. Now, let
n="T7q+r, with0 <r <6andq > 1. Let f(Vo, V1, V2) be a y(2,2,1)(Cr)-function.

If 7 = 0, then by Lemma 3.25 we have that w(f) > 6¢ = n — [ %]. From now on we
assume that » > 1. By Proposition 3.5 and Lemma 3.24 we deduce that 7(27271)(6’“) <
Y(2,2,1)(Pn) < n, which implies that V5 # @, otherwise there exists u € V(C,,) = VoUV;
such that N (u) NV # @ and so [N (u) N V4| < 1, which is a contradiction. Let z € V5
and, without loss of generality, we can label the vertices of C,, in such a way that z = uy,
and us € V4 U V5 whenever r > 2. We partition V(C},) into X = {us,...,u,} and
Y = {¢r41,...,uy,}. Notice that Lemma 3.25 leads to f(Y") > 6q.

Now, if » € {1,2}, then f(X) > r + 1, which implies that w(f) > r + 1+ 6g =
n — [ %] + 1. Analogously, if » = 3, then f(X) > randsow(f) >r+6g =n— [Z].

Finally, if » € {4,5,6}, then as f is a (2,2, 1)-dominating function we deduce that
J(X) > r, which implies that w(f) > r+6g =n — | Z]. O

The following result is a direct consequence of Proposition 3.5 and Lemmas 3.24 and
3.26.

Proposition 3.27. For any integer n > 3,

n—[%]+1 ifn=12 (mod7),

n—|% otherwise.

7(2,2,1)(071) = 7(2,2,1)(Pn) = {

3.3 Preliminary results on (2, 2, 0)-domination

Theorem 3.28. For any graph G with no isolated vertex, order n and maximum degree A,

2n
’VAH-‘ < ’7(2,2,0)(G) < 27(G)~

Furthermore, if G has minimum degree 0 > 2, then

Y2,2,0)(G) < Yx2,:(G).

Proof. The upper bound (2 20y(G) < w(g) = 27(G) is derived by we applying Theo-
rem 3.10 (ii) for # = 1 and [ = 2. Furthermore, if G has minimum degree § > 2, then by
Corollary 3.11 (ii) we have that v(2 5 0)(G) < Vx2,:(G).

Now, let f(Vp, Vi, V2) be a y(2,2,0)(G)-function. From Lemma 3.7 we deduce that
2(n — |Va|)) < Ay2,2,0)(G), which implies that 2n < 2n + [Vi] < (A + 1)y2,2,0)(G).
Therefore, the result follows. O

Theorem 3.28 implies that, if 7(G) = '3, then ¥(22,0)(G) = AQ—_ZI. It is easy to
see that a graph satisfies 7(G) = z'y if and only if there exists a 7(G)-set S which is a
2-packing' and every vertex in S has degree A. The upper bound (2 2,0)(G) < 27(G)
is achieved for the graph G shown in Figure 2, which satisfies y(2 2,0)(G) = 2v(G) = 6.
Furthermore, by Theorem 3.4 we have that for any corona graph G = G1 ® G4, where G
does not have isolated vertices, v(2,2,0)(G) = 27(G).

As shown in Theorem 3.9, for a graph G, 7(2.2,0)(G) = 2 if and only if v(G) = 1.

Now we consider the case y(2,2,0y(G) = 3.

'Aset S C V(QG) is a 2-packing if N[u] N N[v] = & for every pair of different vertices u, v € S.
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Theorem 3.29. For a graph G, (2,2,0)(G) = 3 if and only if 7x2+(G) = v(G) + 1 = 3.

Proof. Assume (2 2,0)(G) = 3. By Theorem 3.9 we have that y(G) > 2. Let f(Vp, V1, V)
be a 7y(2,2,0y(G)-function. If V3| = 1 then [Vi| = 1, and as f is a (2,2, 0)-dominating
function we deduce that N[V,2] = V(G), i.e., ¥(G) = 1, which is a contradiction. Thus,
Vo = @ and |V;| = 3. Notice that V; is a double total dominating set and since y(G) > 2,
it follows that 3 < y(G) + 1 < yx2,.(G) < |Vi| = 3. Hence, vx2+(G) = v(G) +1 =3,
as required.

Conversely, assume 2 +(G) = 7(G) + 1 = 3. Since G has minimum degree at least
two, Theorem 3.28 leads to 2 < 7(2,2,0)(G) < yx2,:(G) = 3, and so Theorem 3.9 implies
that y(2,2,0y(G) = 3, which completes the proof. O

Theorem 3.30. For a graph G, (2,2,0)(G) = 4 if and only if one of the following condi-
tions holds.

(i) G = Ky UGy, where Gy is a graph with v(G1) = 1.
(i) yx2.4(G) =4
(iii) v(G) = 2 and G has minimum degree one.
(iv) v(G) =2 and vx24+(G) > 4.

Proof. If K is a component of G, then by Theorem 3.9 we conclude that (2 2 ) (G) = 4
if and only if G = K3 U Gy, where G is a graph with v(G1) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
Y(2,2,0)(G) = 4 and let f(Vp, V1, V2) be a y(2,2,0)(G)-function. If Vo = @, then V is a
double total dominating set of GG. In this case, G has minimum degree 6 > 2 and by
Theorem 3.28 we have that 7,2 ¢(G) < [Vi] = 4 = ¥(2,2,0)(G) < yx2,:(G). Hence (ii)
follows.

Now, assume that |V5| € {1,2}. If |[V3]| = 2, then V] = &, and so y(G) < 2. Now, if
|V2| = 1, then | V1| = 2 and both vertices belonging V; are adjacent to the vertex of weight
two, and every v € V) satisfies N (v) NV, # @ or V3 C N (v). This implies that the union
of V, with a singleton subset of V; forms a dominating set of G, and again y(G) < 2. Thus,
from Theorem 3.9 we deduce that v(G) = 2. Furthermore, if § > 2, then by Theorem 3.28
we have that 2 :(G) > ¥(2,2,0) = 4. Therefore, either (iii) or (iv) holds.

Conversely, if yx2,:(G) = 4, then Theorem 3.28 leads to 2 < y(2.9.0) < Yx2,:(G) = 4.
Hence, by Theorems 3.9 and 3.29 we deduce that (2 2 0)(G) = 4. Analogously, if v(G) =
2and 6 > 1, then Theorem 3.28 leads to 2 < 7(2,2,0) < 27(G) = 4. Thus, by Theorem 3.9
we have that 3 < (5 0y < 4. In particular, if § = 1 or yx2,:(G) > 4, then Theorem 3.29
leads to (2,2,0)(G) = 4, which completes the proof. O

Lemma 3.31. For a graph G, the following statements are equivalent.

() 7(2,2,0)(G) = 27(G).
(ii) There exists a y(2,2,0)(G)-function f(Vy, V1, Va) such that Vi = @.

Proof. First, we assume that v 2 0y(G) = 27(G) and let D be a y(G)-set. Hence, the
function f(Vp, V1, V2), defined by Vo = D and Vy = V(G) \ D, is a y(2,2,0)(G)-function
which satisfies (ii), as desired.

Finally, we assume that there exists a (2 2 )(G)-function f(Vo, V1, V2) such that V; =
@. This implies that V5 is a dominating set of G. Hence, y(2,2,0)(G) < 27(G) < 2|Va| =
Y(2,2,0)(G), and the desired equality holds, which completes the proof. 0
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The following result provides the (2, 2, 0)-domination number of paths and cycles.

Proposition 3.32. For any integer n > 3,

Y2,2,0)(Pn) = Y(2,2,0)(Cn) = 2 [%W .
Proof. We first prove that y(2,20)(Crn) > 2[%]. Let f(Vo, V1, V2) be a y(2,2,0)(Cn)-
function. If V; = @, then by Lemma 3.31 it follows that y(22,0)(Cr) = 27(Cp) = 2 [ %] .
If Vi # @, then 1 4 2|Va| < [Vi| 4 2[Va| = y(2,2,0)(Crn) < 29(Cy) = 2 [ %], which leads
to [Va| < [%] — 1. By Lemma 3.7 we have that y(2 5.0y (Cr) > n— V2| > n—[2] +1 >
221, as desired.
Therefore, by the inequality above, Proposition 3.5 and Theorem 3.28 we deduce that
2[5 < 72,20 (Cn) < v2,2,0)(Pn) < 2y(P,) = 2[%]. Thus, we have equalities in the
inequality chain above, which implies that the result follows. O

3.4 Preliminary results on (2, 1, 0)-domination

Given a graph G, we use the notation L(G) and S(G) for the sets of leaves and support
vertices, respectively.

Theorem 3.33. For any graph G with no isolated vertex, order n and maximum degree A\,

| £ 9000(6) < minfa(@) - LG+ 5@ 26O

Proof. 1f f(Vo, V1, V2) is a (2,1,0)(G)-function, then from Lemma 3.7 we conclude that
2n—|V1|=2[Va| < Av(2,1,0)(G). Hence, 2n < Ay(z,1,0)(G)+w(f) = (A+1)¥(2,1,0)(G).
Therefore, the lower bound follows.

Let D be a yx2(G)-set. Notice that S(G) U L(G) C D. Since |[N[v] N D| > 2 for
every v € V(@), the function g(Vp, V1, V) defined by Vi = D\ (L(G) U S(G)) and
Vo = S(G), is a (2, 1, 0)-dominating function. Hence, v(2,1,0)(G) < w(g) = yx2(G) —
IL(G)| +S(G)].

By Remark 3.2, 7(2,1,0)(G) < 7(2,2,0)(G), hence the upper bound v(2,1,0)(G) <
27(G) is derived from Theorem 3.28. Therefore, v(2,1,0)(G) < min{yx2(G) — |L(G)| +
IS(G)],21(G)}. O

The bounds above are tight. For instance, for the graph GG; shown in Figure | we have

that y(2,1,0)(G1) = [ﬁ—fl-‘ = vx2(G1) = 29(G1) = 4. As an example of graph of

minimum degree one where (21,0 (G) = Yx2(G) — |L(G)| + |S(G)| we take the graph
G obtained from a star graph K, ., r > 3, by subdividing one edge just once. In such a
case, 7(2,1,0)(G) = 4 = yx2(G) — |L(G)| 4 |S(G)|. Another example is the graph shown
in Figure 2 which satisfies v(2 1,0 (G) = vx2(G) — |L(G)| + |S(G)| = 6.

Notice that y(21,0y(G) > [A{’jl-‘ > 2. As shown in Theorem 3.9, v(21,0y(G) = 2 if
and only if 7(G) = 1. Next we characterize the graph satisfying v(2,1,0y(G) = 3.

Theorem 3.34. For a graph G, (2,1,0)(G) = 3 if and only if yx2(G) = v(G) +1 = 3.
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Proof. Assume 7(21,0)(G) = 3. By Theorem 3.9 we have that v(G) > 2. Let f(Vp, V1, V)
be a (2,1,0)(G)-function. If |V5| = 1 then N[V3] = V(G), i.e., 7(G) = 1, which is a con-
tradiction. Thus, Vo = & and |V;| = 3, which implies that V; is a double dominating set.
Hence, 3 < v(G) + 1 < vx2(G) < |Vi| = 3. Therefore, yx2(G) = v(G) + 1 = 3.
Conversely, assume v42(G) = v(G) + 1 = 3. Notice that G has minimum degree
d > 1 and so by Theorems 3.9 and 3.33 we have that 3 < v(21,0)(G) < vx2(G) = 3,
which implies that y(21,0)(G) = 3. O

Next we consider the case of graphs with (3 1,0)(G) = 4.

Theorem 3.35. For a graph G, (21,0 (G) = 4 if and only if one of the following condi-
tions is satisfied.

(i) G = Ky UGy, where Gy is a graph with v(G1) = 1.

(i) yx2(G) = 4.
(i) 7(G) =2 and vx2(G) = 4.

Proof. 1f K is a component of G, then by Theorem 3.9 we conclude that (3 1,0y (G) = 4
if and only if G = K7 U G, where (G is a graph with y(G1) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
Y(2,1,00(G) = 4. By Theorem 3.33 we deduce that vx2(G) > 4 and v(G) > 2. Let
f(Vo, V1, V) be a y(2,1,0)(G)-function. If Vo = @, then V; is a double dominating set of
G, which implies that yx2(G) < |V1| = 4. Hence, (ii) follows. From now on, assume
[Va| € {1,2}. If |Va]| = 2, then V; = & and so, V2 is a dominating set of G, which implies
that v(G) = 2. If | V3] = 1, then for every v € V; we have that V5 U {v} is a dominating
set of G. Hence, v(G) = 2. Therefore, (iii) follows.

Conversely, if (ii) or (iii) holds, then by Theorems 3.33 we have that 2 < y(2.1,0)(G) <
4. Therefore, by Theorems 3.9 and 3.34 we deduce that Y(2,1,0) (@) = 4, which completes
the proof. O

The formulas on the {k }-dominating number of cycles and paths were obtained in [17].
We present here the particular case of k = 2, as v{2}(G) = Y(2,1,0)(G).

Proposition 3.36. [17] For any integer n > 3,

2n

7{2}(071):{§w and 7{2}(13"):2%},

3.5 Preliminary results on (2, 2, 2, 0)-domination
The following result is a direct consequence of Theorem 3.10 (i), (ii) and (vi).

Corollary 3.37. For any graph G with no isolated vertex,

Y2.21)(G) < Y2220)(G) <min{3v(G), v2.2,2)(G)}-

The bounds above are tight. For instance, every graph Gy, belonging to the in-
finite family Hj, constructed after Remark 3.3 satisfies the equalities 7(27271)(6*;“«) =
72,22 (Grr) = Y2,220)/(Gr,r) = k. In contrast, the graph shown in Figure 2 satis-
fies v(2,2,1)(G) = 6 < 7 = ¥(2,2,2,0)(G) <8 = 7(2,2,2)(G). Moreover, Figure 3 illustrates
a graph G with (2 2.1)(G) = 7(2,2,2,0)(G) = 37(G) = 9.
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In order to characterize the graphs with (2 2 2.0)(G) € {3,4}, we need to establish the
following lemma.

Lemma 3.38. For a graph G, the following statements are equivalent.

(1) Y2,2,2,0)(G) = Y(2,2,2)(G).
(ii) There exists a y(2,2,2,0)(G)-function f(Vo, V1, Va, V3) such that V3 = @.

Proof. 1f(2,2,2,0)(G) = Y(2,2,2)(G), then for any 7(2 5 2y (G)-function f(Vy, V1, V2), there
exists a y(2,2,2,0)(G)-function g(Wo, Wy, Wy, W3) defined by Wy = Vo, Wy = Vi, Wy =
V5 and W3 = @. Therefore, (i) implies (ii).

Conversely, if there exists a y(2,2,2,0)(G)-function f(Vy, V1, Va, V3) such that V3 = &,
then the function g(Wy, Wy, W), defined by Wy = Vo, Wi = Vi and Wy = Va, is a
(2,2,2)-dominating function on G, and 50 Y(2,2,.2)(G) < w(g) = wW(f) = Y2,2,2,0)(G).
Therefore, Corollary 3.37 leads to (2,2.2,0)(G) = ¥(2,2,2)(G), which completes the proof.

O

Theorem 3.39. For a graph G, the following statements are equivalent.

() Y2,2,2,0(G) = 3.
(i) v(G) =1 oryx2+(G) = 3.

Proof. Assume first that (2 2.2,0)(G) = 3, and let f(Vp, V1, V5, V3) be a v(2,2,2,0)(G)-
function. Notice that |V3| € {0,1}. If |V3| = 1, then V; U Vo = &, which implies that V3
is a dominating set of cardinality one. Hence, v(G) = 1.

If V3 = @, then by Lemma 3.38 we have that (2 2 2)(G) = 7(2,2,2,0)(G) = 3, and by
Theorem 3.14 we deduce that v, (G) = 3.

Conversely, if 7(G) = 1, then Corollary 3.37 leads to 3 < 7(2,2,2,0)(G) < 37(G) = 3.
Moreover, if yx2+(G) = 3, then G has minimum degree 6 > 2 and so Theorem 3.10 (i)
leads to 3 < ")/(272’270>(G) < ’}/(2’272)(G) < ’}/XQ’t(G) = 3. Therefore, ’Y(2,27270)(G) =
3. O

Theorem 3.40. For a graph G, 7(2,2,2,0)(G) = 4 if and only if at least one of the following
conditions holds.

(i) vx2,(G) =4
(i) v(G)

= v(G) = 2 and G has minimum degree 6 = 1.
(i) 7(G) =n(G) = 2 and 7x2.4(G) = 4.

Proof. Assume (22 2,0)(G) = 4. Let f(Vp, V1, Va, V3) be a7(2,2,2,0) (G)-function. Hence,
|V3| € {0,1}. If | V5] = 1, then V5 is a dominating set of cardinality one. Hence, v(G) = 1,
which is a contradiction with Theorem 3.39. Hence, V3 = @, and so, Lemma 3.38 leads to
Y2,2,2)(G) = Y(2,2,2,0)(G) = 4. Thus, by Theorems 3.15 and 3.39 we deduce (i)-(iii).
Conversely, if conditions (i)-(iii) hold, then by Theorem 3.14 we have that (3 2 9)(G) =
4. Corollary 3.37 leads to 3 < 7(2,2.2,0)(G) < 7(2,2,2)(G) = 4. Notice that if 6 > 2, then
7(G) > 2 and yx2+(G) > 4. Hence, Theorem 3.39 leads to v(2,2,2,0)(G) = 4. O

Proposition 3.41. For any integer n > 3,

7(272,2-,0) (Cn) =n.
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Proof. By Corollaries 3.16 and 3.37 we have that y(222,0)(Cn) < 7Y2,2,2)(Cn) = n.
We only need to prove that y(3 2.2.0)(Crn) > n. Let f(Vp, Vi, V2, V3) be a y(2,2,2,0)(G)-

function such that |V3| is minimum. If V3 = @, then by Lemma 3.38 and Corollary 3.16
we conclude that (22 2,0)(Cy) = n. Assume V3 # @. If v € V3, then N(v) C Vj as
otherwise, by choosing one vertex u € N(v) \ Vj, the function f’ defined by f'(v) = 2,
f'(u) = min{2, f(u) + 1} and f'(z) = f(z) for the remaining vertices, is a (2,2, 2,0)-
dominating function with w(f’) < w(f) and |V4| < |V3|, which is a contradiction. Hence,
> wcv, f(N[z]) = 3|V3|. Now, we observe that

2 Y f@= Y Y flu) ] =2(n - 3|Va)).

z€V(Crn)\N[V3] z€V(Cn)\N[Vs] \ueN (z)
Therefore,
Y(2,2,2,0)(Crn Zf Z f(x) = 3|Vs| + (n—3|V5]) =
T€V3 IEV(Cn)\N[VS]
and the result follows. O

Proposition 3.42. For any integer n > 3,

6 ifn=>5,

n  otherwise.

Y(2,2,2,0)(Pn) = {

Proof. Ttis easy to check that v 2 2 0y(P,) = nforn = 3,4,6,7,8, and also Y2 2 2,0 (P5) =
6. From now on, assume n > 9. By Propositions 3.5 and 3.41 we have that n =
Y2,2,2,0)(Cn) < Y(2,2,2,0)(Pn). Hence, we only need to prove that v(2.2.2,0)(P) < n.
To this end, we proceed to construct a (2, 2, 2, 0)-dominating function f (Vb, Vi, Ve, V3) on
P, = v1vy. .. v, such that w(f) = n.

e If n=0 (mod 3), then we set V3 = U{vgi_l} and Vo = V(G) \ Vs.
i=1
(n—4)/3
e If n = 1 (mod 3), then we set V3 = U {vsi—1}, Va = {vp—_2,vp_1} and
i=1
Vo =V(G)\ (Vo U V3).
(n—8)/3
e Ifn =2 (mod 3), then we set V3 = U {vsi—1}, Va = {Vn—6,Vn—5, Un—2, Un_1}
i=1
andV; = @
Notice that in the three cases above, f is a (2,2,2,0)-dominating function of weight
w(f) = n, as required. Therefore, the proof is complete. O
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Abstract: During the last few decades, domination theory has been one of the most active areas of
research within graph theory. Currently, there are more than 4400 published papers on domination
and related parameters. In the case of total domination, there are over 580 published papers, and 50
of them concern the case of product graphs. However, none of these papers discusses the case of
rooted product graphs. Precisely, the present paper covers this gap in the theory. Our goal is to
provide closed formulas for the total domination number of rooted product graphs. In particular,
we show that there are four possible expressions for the total domination number of a rooted product
graph, and we characterize the graphs reaching these expressions.

Keywords: total domination; domination; rooted product graph

Let G be a graph. The open neighborhood of a vertex v € V(G) is defined to be N(v) = {u €
V(G) : uisadjacenttov}. AsetS C V(G) is a dominating set of G if N(v) NS # @ for every vertex
v € V(G)\ S. Let D(G) be the set of dominating sets of G. The domination number of G is defined
to be,

¥(G) = min{|S|: S € D(G)}.

Aset S C V(G) is a total dominating set, TDS, of a graph G without isolated vertices if every
vertex v € V(G) is adjacent to at least one vertex in S. Let D;(G) be the set of total dominating sets
of G.

The total domination number of G is defined to be,

7¢(G) = min{|S| : S € D;(G)}.

By definition, D;(G) € D(G), so that 7(G) < 7¢(G).

We define a 7;(G)-set as a set S € D;(G) with |S| = ;(G). The same agreement will be assumed
for optimal parameters associated with other characteristic sets defined in the paper. For instance,
ay(G)-set willbe a set S € D(G) with |S| = v(G).

The theory of domination in graphs has been extensively studied. For instance, there are more
than 4400 papers already published on domination and related parameters. In particular, we cite the
following books [1,2]. In the case of total domination, there are over 580 published papers and one
book [3]. Among these papers on total domination in graphs, there are over 50 which concern the case
of product graphs. Surprisingly, none of these papers discusses the case of rooted product graphs. The
present paper covers that gap in the theory.

In order to present our results, we need to introduce some additional notation and terminology.
The closed neighborhood of v € V(G) is defined to be N[v]| = N(v) U {v}. A vertexv € V(G) is
universal if N[v] = V(G), while it is a leaf if [N (v)| = 1. The set of leaves of G will be denoted by
L(G). A support vertex is a vertex v with N(v) N L(G) # @. The set of support vertices of G will
be denoted by S(G). If v is a vertex of a graph G, then the vertex-deletion subgraph G — {v} is the

Symmetry 2020, 12, 1929; doi:10.3390/sym12111929 www.mdpi.com/journal/symmetry
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subgraph of G induced by V(G) \ {v}. By analogy, we define the subgraph G — S for an arbitrary
subset S C V(G).

The concept of rooted product graph was introduced in 1978 by Godsil and McKay [4]. Given a
graph G of order n(G) and a graph H with root vertex v, the rooted product graph G o, H is defined
as the graph obtained from G and H by taking one copy of G and n(G) copies of H and identifying the
i" vertex of G with the root vertex v in the i copy of H for every i € {1,2,...,n(G)}.If Hor Gis a
trivial graph, then G o, H is equal to G or H, respectively. In this sense, hereafter we will only consider
graphs G and H with no isolated vertex.

; 0

Go,H

Figure 1. The set of black-coloured vertices forms a (G o, H)-set.

Figure 1 shows an example of a rooted product graph. In this case, the set of black-coloured
vertices forms a TDS of G o, H and (G o, H) = 14 = 7(G) + n(G) (71:(H) — 1).

For every x € V(G), Hy = H will denote the copy of H in G o, H containing x. The restriction
of any set S C V(G o, H) to V(H,) will be denoted by Sy, and the restriction to V(Hy — {x}) will
be denoted by S;;ie, Sy = SNV(Hy) and S; = Sy \ {x}. In some cases, we will need to define
SCV(Goy H) from thesets Sy C V(Hy) as S = Usev(G)Sx-

Since V(G oy H) = Uycy(g)V (Hx), we have that for every set S C V(G o, H),

ISl="Y IS:= Y [ISZI+ISNV(G)|. 1)

xeV(G) xeV(G)

A basic problem in the study of product graphs consists of finding closed formulas or sharp
bounds for specific invariants of the product of two graphs and expressing these in terms of parameters
of the graphs involved in the product. In this sense, for recent results on rooted product graphs, we cite
the following works [5-19]. As we can expect, the products of graphs are not alien to applications in
other fields. In particular, in [5] the authors show that several important classes of chemical graphs can
be expressed as rooted product graphs, and as described in [20], there exist a number of molecular
graphs of high-tech interest that can be generated using the rooted product of graphs.

1. Closed Formulas for the Total Domination Number
The following three lemmas will be the main tools to deduce our results.
Lemma 1. Given a graph H with no isolated vertex and any v € V(H) \ S(H), the following statements hold.

(@) v(H—{v}) = n(H) -1
(i) Ify(H—{v}) = v(H) — 1, then the following statements hold.

(@) N(v) NS = & forevery vi(H — {v})-set S.
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(b) There exists a y;(H)-set S such that v ¢ S.
(i) Ify:(H —{v}) > v¢(H), then v € S for every y;(H)-set S.

Proof. Letv € V(H) \ S(H) and S a 1;(H — {v})-set. For every u € N(v) we have that S U {u} is
a TDS of H, which implies that y¢(H) < [SU {u}| < 9:(H — {v}) + 1. Therefore, (i) follows.

Now, in order to prove (ii), we assume that |S| = ;(H) — 1. If there exists a vertex y € N(v) N S,
then S is also a TDS of H, which is a contradiction. Therefore, N(v) NS = @ and so (a) follows.
In addition, for any y € N(v), the set SU{y} is a y(H)-set not containing v. Therefore, (b) also follows.

Finally, we proceed to prove (iii). If there exists a y¢(H)-set D such that v ¢ D, then D is also a TDS
of H—{v}, and so v;(H — {v}) < |D| = 9+(H). Therefore, we conclude that if v;(H — {v}) > 7:(H),
then v € D for every 7;(H)-set D, which completes the proof. [

Lemma 2. Let H be a graph and v € V(H). If v is not a universal vertex and H — N[v] does not have isolated
vertices, then
Y+(H = N[v]) = 7¢(H) — 2.

Furthermore, if v (H — {v}) = v(H) — 1, then
Ye(H) =2 < 1(H - N[o]) < y(H) - 1.

Proof. Assume that v is not a universal vertex and H — N[v] does not have isolated vertices. Let S be
ay:(H — N[v])-setand u € N(v). Since SU {u,v} is a TDS of H, we have that 1;(H) < |SU{u,v}| =
7t(H — N[v]) + 2, as required.

Now, assume v;(H — {v}) = 7:(H) — 1. In this case, by Lemma 1 (ii) we have that N(v) N D = &
for every v;(H — {v})-set D, which implies that D is a TDS of H — N[v], and so 7:(H — N[v]) < |[D| =
7t(H — {v}) = 7:(H) — 1. Therefore, the result follows. O

Lemma 3. Given a (G o, H)-set S and a vertex x € V(G), the following statements hold.
D [Sx| = 7(H) - 1.
()  If|Sx| = 1(H) — 1, then N(x) N Sx = @.

Proof. Let x € V(G). Notice that every vertex in V(Hy) \ {x} is adjacent to some vertex in Sy. For any
y € N(x) N V(Hy), the set Sy U{y} is a TDS of Hy, and so 7:(H) = 7:(Hx) < [SxU{y}| = [S+| + 1.
Therefore, (i) follows.

Finally, assume that |Sy| = (H) — 1. If there exists a vertex y € N(x) N S, then Sy is a TDS of
Hy, which is a contradiction. Therefore, N(x) N Sy = &, and so (ii) follows. [

Given a (G o, H)-set S, we define the following subsets of V(G) associated with S.
As = {x € V(G) : S| = mu(H)} and Bs = {x € V(G) : S| = m(H) — 1.
These sets will play an important role in the inference results. By Lemma 3, V(G) = Ag U Bs.
In particular, if As = @, then 74(G o, H) = n(G)(y+(H) — 1), and as we will show in the proof of

Theorem 2, if Bs = &, then (G o, H) = n(G)7y:(H). As we can expect, these are the extreme values
of 1¢(G oy H).

Theorem 1. For any graphs G and H with no isolated vertex and any v € V(H),
n(G)(1:(H) = 1) < 11(G oy H) < n(G)11(H).
Furthermore, if yv¢(H — {v}) = v+ (H) — 1, then

71(G oy H) <4(G) +n(G)(1:(H) —1).
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Proof. The lower bound follows from Lemma 3, as for any (G o, H)-set S,

1M(GooH) =S| =} [Sx| 2n(G)(n:(H)-1).
xeV(G)

Now, we proceed to prove the upper bound. Let D C V(G o, H) such that Dy is a 7y (Hy)-set for
every x € V(G). Itis readily seen that D is a TDS of G o, H. Hence,

1(Goy H) <Dl = Y |D:f= Y, 1(Hx) =n(G)y:(H).
xeV(G) xeV(G)

From now on, assume y;(H — {v}) = 7:(H) — 1. Notice that, by assumption, H — {v} does not
have isolated vertices.

Let W C V(G o, H) such that Wy = W, \ {x} is a 7¢(Hx — {x})-set for every x € V(G) and
WNV(G)isav:(G)-set. Clearly, W is a TDS of G o, H, which implies that

1(Goo H) < [WNV(G)|[+ Y Wy |=7(G)+ Y m(Hx—{x})=%(G)+n(G)(n(H)-1).
xeV(G) xeV(G)

Therefore, the result follows. [

The following lemma is another important tool for determining all possible values of (G oy H).

Lemma 4. Given a (G o, H)-set S with Bg # @, the following statements hold.

@) IfBsNS # @, then 11(G oy H) = n(G)(1:(H) —1).
(i) IfBsNS =, thenyi(H—{v}) =v:(H) — 1, and as a consequence,

Y(G) +n(G)(7:(H) = 1) < 7(G oy H) < 1t(G) +n(G)(v:(H) — 1).

Proof. First, we proceed to prove (i). Given a fixed x' € BsN S, let D C V(G o, H) such that for
every x € V(G) the set Dy is induced by S,.. Obviously, D is a TDS of G o, H. Hence, (G o, H) <
ID| = Liev(c) IDx| = n(G)[Sy| = n(G)(7:(H) — 1). Therefore, Theorem 1 leads to 7:(G o, H) =
n(G) (7(H) - 1).

In order to prove (ii), assume that Bs NS = &, and let x € Bs. By Lemma 3 we have that
N[x]N Sy = @. So, x ¢ S(Hy) and Sy is a TDS of Hy — {x}. Hence, 7¢(H — {v}) = 7 (Hx — {x}) <
|Sx| = 1:(H) — 1, and so Lemma 1 leads to v:(H — {v}) = 7:(H) — 1. Therefore, by Theorem 1 we
have that 7 (G oy H) < 1+(G) +n(G)(7+(H) — 1).

Moreover, since N[x] N Sy = & for every x € Bg, we have that Ag is a dominating set of G. Hence,

1(GoyH) = Z S| + Z |Sx]
xeAg x€Bg
> |As|ve(H) + [Bs|(7:(H) — 1)
> |As|+n(G)(1(H) - 1)
> 7(G) +n(G)(1(H) —1).

Therefore, the result follows. [J

Next we give one of the main results of this section, which states the four possible values of
"/t(G oy H ) .

Theorem 2. Let G and H be two graphs with no isolated vertex. For any v € V(H),

7+(G oy H) € {n(G)(7+(H) —1),7(G) +n(G)(7+(H) —1),7+(G) +n(G) (7¢(H) — 1),n(G)7(H)}.
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Proof. Let S be a (G o, H)-set and consider the subsets Ag, Bs C V(G) associated with S.
We distinguish the following cases.

Case 1. Bs = @. In this case, for any x € V(G) we have that |Sy| > ;(H), and as a consequence,
Y1(G oy H) = Yiev(c) ISx] = n(G)7:(H). Thus, Theorem 1 leads to the equality 7:(G oy H) =
n(G)vy:(H).

Case 2. Bs # @. If BsN'S # &, then from Lemma 4 (i) we have that (G o, H) = n(G)(1:(H) — 1).
From now on we assume that Bs NS = @. Hence, Lemma 4 (ii) leads to

7(G) +n(G)(1:(H) = 1) < 74(G oo H) < 74(G) +n(G) (7+(H) — 1).

We only need to prove that (G o, H) only can take the extreme values. To this end, we shall
need to introduce the following notation. Let Ay = {x € Ag : [Sy| = 7+(H)} and A¢ = Ag\ Ajg.

Subcase 2.1. There exists x" € Aj such that S, is a ;(H, )-set containing x’. From a fixed vertex y € Bg
and any y(G)-set D, we can construct a set W C V(G o, H) as follows. If x € D, then W, is induced by
Sy, while if x € V(G) \ D, then W, is induced by S,. Notice that W is a TDS of G o, H, which implies
that 71(G o, H) < [W| = 7(G) +1(G)(7:(H) — 1). Therefore, 71(G o, H) = 7(G) +n(G) (ys(H) — 1).

Subcase 2.2. Ay = @ or for any x € Af, either Sy is nota y;(Hy)-set or x ¢ Sy. If Ay # @, then every
vertex x € Aj satisfies one of the following conditions.

(@) Syisa:(Hy)-setsuch that x ¢ Sy.
(b) Syisnota TDS of Hy and x € Sy.

Notice that we do not consider the case where Sy is not a TDS of Hy and x ¢ Sy, as in this case we
can replace S with the 7¢(G o, H)-set (S \ Sx) U S for some 7¢(Hy)-set S;. In such a case, if x € S,
then we proceed as in Subcase 2.1, while if x € S’, then x satisfies (a).

Let us construct a TDS X of G as follows.

- AsC X

- Forany x € A} which satisfies condition (a) and N(x) N SN V(G) = @, we choose one vertex
y € N(x)NV(G) and sety € X.

- Forany x € A{ with N(x) NSNV(G) = &, we choose one vertex y € N(x) N V(G) and set
yeX.

We proceed to show that X is a TDS of G. If x € V(G) \ X, then either x € Bs or x € Aj\ S.
If x € Bs, then N(x) N SN Ag # @, which implies that N(x) N X # @. Obviously, if x € A’s \'S,
then N(x) N X # @, by definition of X. Now, let x € X. If x € A{ U (A5 \ S), then N(x) N X # @ by
definition. If x € A5 N S, then x satisfies condition (b). This implies that N(x) N Sx = @. Hence, there
exists a vertex y € N(x) N V(G) NS C X, as desired.

Therefore, X is a TDS of G, which implies that 7;(G) < |X| < 2| A%| + | A%]|. Thus,

1(Goo H) > Y [Si]+ Y IS+ Y IS«
xeAl xEA x€Bs
> [AG| (v (H) +1) + [As|yi(H) + [Bs|(7:(H) — 1)
> (2AG] + [A5]) +n(G) (1 (H) — 1)
> 7(G) +n(G)(1(H) - 1),

which completes the proof. [

Later on, we will characterize the graphs that reach each of the previous expressions. However,
we have to admit that when applying some of these characterizations we will need to calculate the
total domination number of H — {v} or H — N[v] which may not be easy. Before giving the above
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mentioned characterizations, we shall show a simple example in which we can observe that these
expressions of 'yt(G oy H) are realizable.

Example 1. Let G be a graph with no isolated vertex. If H is one of the graphs shown in Figure 2, then the
resulting values of (G oy H) for some specific roots are described below.

7+(G oy H2) = 3n(G) = n(G)(7:(Hz) — 1).

V(G 0y Ha) = 7(G) +3n(G) = 7(G) +n(G)(7:(Hz) — 1).
7t(G op H1) = 7t(G) +2n(G) = 7:(G) +n(G)(7(Hy) — 1).
71(G oy Hy) = 71(G opr Hy) = 3n(G) = n(G)7y:(H1).

For these cases, it is not difficult to construct a 7y;(G o, H)-set. For instance, a «v;(G oy Hy)-set S can be
formed as follows. Given a fixed y(G)-set X, we take S in such a way that the set Sy is induced by {a, b,v’, v}
for every x € X, and induced by {a, b, c} for every x € V(G) \ X.

o
b c
‘:&_.
,Z)’ v// [ ‘
a v v
o
Hy H,

Figure 2. The set of black-coloured vertices forms a -y (H;)-set for i € {1,2}. The set {v/,v"} forms a
¢ (Hy — {v})-set, while {a, b, c} forms a v:(H, — {v})-set.

As we have observed in Lemma 2, if v € V(H) is not a universal vertex and H — N[v] does
not have isolated vertices, then y;(H — N[v]) > 7;(H) — 2. Next we show that the extreme case
7t(H — N[v]) = 7:(H) — 2 characterizes the graphs with (G o, H) = n(G)(:(H) — 1).

Theorem 3. Given two graphs G and H with no isolated vertex and v € V(H), the following statements
are equivalent.

() 7(Goo H) =n(G)(1(H) - 1).
(i) v isauniversal vertex of H or vt(H — N[v]) = y:(H) — 2.

Proof. First, assume that (i) holds. Let S be a (G o, H)-set. If v is a universal vertex of H, then
we are done. Assume that v € V(H) is not a universal vertex. In this case, Lemma 3 leads to
Bs = V(G) and N(x) N Sy = & for every x € Bs. Thus, Bs N S is a dominating set of G and for any
x € Bs N S we have that Hy — N[x] does not have isolated vertices and S, \ {x} is a TDS of Hy — N|[x],
which implies that ¢ (H — N[v]) = 9¢(Hx — N[x]) < |Sy \ {x}| = 7¢(H) — 2. Hence, Lemma 2 leads
to 7t (H — N[v]) = v¢(H) — 2. Therefore, (ii) follows.

Conversely, assume that (ii) holds. If v is a universal vertex of H, then V(G) isa TDS of G o, H,
which implies that (G o, H) < |V(G)| = n(G) = n(G)(7:(H) — 1). Thus, by Theorem 1 we conclude
that 7¢(G oy H) = n(G)(7+(H) —1).

From now on, we assume that v is not a universal vertex. For any x € V(G), let D be a
Y+(Hx — Nx])-setand Dy = D/, U {x}. Observe that D = U,cy () Dx is a TDS of G o, H, which implies
that 7:(G oy H) < |D| = n(G)(7+(H — N[v]) + 1) = n(G)(7:(H) — 1). By Theorem 1 we conclude
that 7¢(G oy H) = n(G)(¢(H) — 1), which completes the proof. O

Lemma 5. Let G and H be two graphs with no isolated vertex and v € V(H) \ S(H). If v+(H — {v}) >
v¢(H), then
71(G oo H) € {n(G)7:(H),n(G)(1+(H) = 1)}.
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Proof. By Theorem 1 we have that (G o, H) < n(G)y:(H). Let S be a (G o, H)-set. If |S| =
n(G)v:(H), then we are done. Suppose that |S| < n(G)~y:(H). Hence, there exists x € V(G) such that
|Sx| < 7¢(H), which implies that x € Bs by Lemma 3. Since :(H — {v}) > ¢(H), Lemma 4 (ii) leads
tox € S, and by Lemma 4 (i) we deduce that 7;(G o, H) = n(G)(7:(H) —1). O

Lemma 6. Let G and H be two graphs with no isolated vertex and v € V(H). If v belongs to every
¢ (H)-set, then
11(G oy H) € {n(G)1:(H),n(G) (11(H) = 1)}

Proof. We first consider the case where v € V(H) \ S(H). By Lemma 1 we deduce that y;(H — {v}) >
7t(H), and so Lemma 5 leads to the result. Now, assume that v € S(H) and let S be a (G o H)-set.
If 74 (G oy H) = n(G)+(H), then we are done. Thus, we assume that (G o, H) < n(G)v:(H). Insuch
a case, there exists x € Bg, and since x € S(Hy), it follows that x € S(G o H). Therefore, x € S, and by
Lemma 4 (i) we deduce that v¢(G o, H) = n(G)(y+(H) — 1), which completes the proof. [

We are now ready to characterize the graphs with (G oy H) = y(G) +n(G) (1+(H) — 1).

Theorem 4. Let G and H be two graphs with no isolated vertex and v € V(H). The following statements
are equivalent.

@) 7(G oo H) = 7(G) +n(G)(1+(H) - 1).
(i) 7(H—N[v]) = v(H—{v}) = v(H) — 1, and in addition, v+(G) = (G) or there exists a
v¢(H)-set D such that v € D.

Proof. First, assume that (i) holds. Since 1 < 7(G) < n(G), by Lemma 6, v ¢ S(H), so that from
Lemma 5 we deduce that 1;(H — {v}) < 7:(H) — 1 and Lemma 1 leads to ¢ (H — {v}) = 7(H) — 1.
Hence, by Lemma 2 it follows that y:(H — N[v]) € {7:(H) —2,7:(H) — 1} and by Theorem 3 we
obtain that y¢(H — N[v]) = 7¢(H) — 1.

Now, let S be a 7¢(G o, H)-set. Since 1 < 4(G) < n(G), Lemma 3 leads to As # @ and
Bs # @. Additionally, by Lemma 4 we deduce that Bs NS = &, and by Lemma 3 we have that
N(x) NSy = @ for every x € Bs. Hence, Ag is a dominating set of G and As NS # @. Thus,
Y (G oy H) > |Ag| +n(G)(1:(H) —1) > v(G) +n(G)(y(H) —1) = (G oy H), which implies
that Ag is a 7(G)-set and for every x € Ag NS we have that |Sy| = 7¢(H). Therefore, there exists
x € Ag N S such that Sy is a ¢ (Hy)-set or Asg is a 7¢(G)-set, which implies that (ii) holds.

Conversely, assume that (ii) holds. As above, let S be a (G o, H)-set. Since 1;(H — {v}) =
7:(H) — 1, by Theorem 1, 7¢(G 0, H) < 7+(G) + n(G)(7:(H) — 1).

Suppose that Bs = @. In such a case, (G oy H) = n(G)y¢(H), which implies that 7(G) <
7t(G) =n(G), and so G = UK;. Let AU B = V(G) be the bipartition of the vertex set of G, i.e., every
edge has one endpoint in A and the other one in B. Thus, for every x € V(G) we define a subset
Yy C V(Hy) as follows. If x € A, then Yy is a 7¢(Hy)-set which contains x, while if x € B, then
Yy is a y(Hy — {x})-set. Hence, Y = U,cy(g)Yx is a TDS of G oy H and so 71(G o, H) < |Y| =
n(G)y(H) — @ < n(G)vt(H), which is a contradiction. From now on we assume that Bs # &.

If there exists a vertex x € Bs N S, then by Lemma 3 we have that N(x) N Sy = &, which implies
that Sy \ {x} is a TDS of Hy — N[x]. Hence, 7¢(H — N[v]) = 7:(Hx — N[x]) < |Sx \ {x}| = 1:(H) — 2,
which is a contradiction with the assumption ;(H — N[v]) = 7;(H) — 1. Therefore, BsNS = &,
and by Lemma 4 we deduce that v¢(G o, H) > 7(G) +n(G)(y+(H) — 1).

It is still necessary to prove that 7 (G o, H) < 4(G) +n(G)(1:(H) — 1). If ¥(G) = 74(G), then
we are done. Assume 7(G) < 7:(G). Now we take a 7(G)-set X and for every x € V(G) we
define a set Z, C V(Hy) as follows. If x € X, then Z, is a y;(Hyx)-set such that x € Z, while if
x € V(G)\ X, then Zy is a +(Hx — {x})-set. Notice that Z = U,cy(¢)Zx is a TDS of G o, H. Therefore,
Yt (Gop H) < |Z] = v(G) +n(G)(y+(H) — 1), as required. O



Total domination in rooted product graphs 44

Symmetry 2020, 12, 1929 8of 11

Next we proceed to characterize the graphs with (G o, H) = 7(G) + n(G)(1+(H) — 1).
Notice that it is excluded the case G = UK;. In such a case, 1:(G) = n(G), and so 7:(G) +
n(G)(vt(H) —1) = n(G)v+(H), which implies that the characterization of this particular case can be
derived by elimination from Theorems 3 and 4. Analogously, the case y(G) = :(G) is excluded, as it
was discusses in Theorem 4.

Theorem 5. Let G 22 UK and H be two graphs with no isolated vertex such that v(G) < 7:(G), and let
v € V(H). The following statements are equivalent.

(i) 7(GooH) = 7(G) +n(G)(1+(H) - 1).
(i) y(H—{v}) =7(H)—1andv & D for every v;(H)-set D.

Proof. First, assume that (i) holds. Since, G 2 UK;, we have that 7(G) < n(G). Thus, by Lemma 6,
v ¢ S(H) and then by Lemma 5 we deduce that ;(H — {v}) < 7;(H) — 1 and Lemma 1 leads to
(H—{v}) = n(H) - 1.

Suppose that there exists a 7¢(H)-set containing v. Let X be a y(G)-set. For every x € V(G)
we define a set Zy C V(Hy) as follows. If x € X, then Z, is a :(Hy)-set such that x € Z,, while if
x € V(G)\ X, then Zy is a 7 (Hx — {x})-set. Notice that Z = Uycy(g)Zx is a TDS of G o, H. Therefore,
7t(G oy H) < |Z| = 4(G) + n(G)(7+(H) — 1), which is a contradiction, as :(G) > 7(G). Therefore,
v ¢ D for every y¢(H)-set D, which implies that (ii) follows.

Conversely, assume that (ii) holds. Since v (H — {v}) = 7:(H) — 1, by Theorem 1 we have that
Y (Gop H) < 7(G) +n(G)(v¢(H) —1). Let S be a 7¢(G o, H)-set. If B = &, then (G o, H) =
n(G)v¢(H), and so 7¢(G) = n(G), which is a contradiction, as G 2 UK;. Hence, from now on we
assume that Bg # @.

If there exists a vertex x € Bg N S, then for any vertex y € N(v) N V(Hy), the set Sy U {y} isa
7t (Hy)-set, which is a contradiction. Thus, Bs NS = &, and so by Lemma 3, Ag is a dominating set of
G. Moreover, by Lemma 4 and Theorem 2 we deduce that either (G o, H) = 7(G) +n(G)(y:(H) — 1)
or Y¢(G oy H) = 74(G) + n(G)(7+(H) — 1). Now, let Ag = A~ UA™T where x € A~ if x € Ag and
N(x)NAgs = @. Let B C Bg such that |B| < |[A™| and N(x) N B # @ for every x € A~. Obviously,
BU AT is a total dominating set of G, and so 1+(G) + n(G)(v¢(H) — 1) < |[BUAT| +n(G)(7:(H) —
1) < |As| +n(G)(7:(H) — 1) < 74(G oy H). Therefore, the result follows. [

From Theorem 2 we learned that there are four possible expressions for (G o, H). In the case
of the first three expressions, the graphs (and the root) reaching the equality were characterized
in Theorems 3-5. In the case of the expression 7;(G o, H) = n(G)v:(H), the corresponding
characterization can be derived by elimination from the previous results, although it must be
recognized that the formulation of such a characterization is somewhat cumbersome. To conclude this
section, we will just give a couple of examples where this expression is obtained.

The following result shows an example where (G o, H) = n(G)~y¢(H), which covers the cases
in which v is a neighbor of a support vertex, excluding the case where v is the only leaf adjacent to
its support.

Proposition 1. Let G and H be two graphs with no isolated vertex and v € V(H). If there exists u € N(v)
such that N(u) N (L(H) \ {v}) # @, then

71(G oo H) = n(G)y+(H).

Proof. Assume first that v ¢ S(H). Let D be a 7;(H — {v})-set. Since u € S(H — {v}), we have
that u € D. Hence, D is a TDS of H, and so v:(H — {v}) = |D| > v:(H). Therefore, Lemma 5
leads to 7¢(G oy H) = n(G)y:(H) or 7¢(G o, H) = n(G)(7:+(H) — 1). Now, suppose that (G o,
H) = n(G)(+(H) —1). Let S be a (G o, H)-set. By Lemma 3, Bs = V(G) and N(x) NSy = &



Total domination in rooted product graphs 45

Symmetry 2020, 12, 1929 9of11

for every x € Bg, which is a contradiction, as N(x) N S(Hy) # @ and S(Hy) C S,. Therefore,
71(G 00 H) = n(G)mi(H).

Now, if v € S(H), then u,v € S(G o, H). Hence, for every (G o, H)-set S and every vertex
x € V(G), we have that Sy is a TDS of Hy. Thus, Bs = &, which implies that (G o, H) = n(G)v:(H),
as required. [J

We next consider another example where v¢(G o, H) = n(G)y:(H).

Proposition 2. Let G and H be two graphs with no isolated vertex and v € V(H) \ S(H). If yv¢(H — {v}) >
v¢(H) and v does not belong to any <y (H)-set, then

7(G oy H) = n(G)7:(H).

Proof. If v¢(H — {v}) > ¢(H), then by Lemma 5 we have that (G o, H) = n(G)y:(H) or 7:(G oy
H) = n(G)(y+(H) — 1). Now, assume that v does not belong to any 7;(H)-set. If 7;(G o, H) =
n(G)(vt(H) — 1), then Bs = V(G). Hence, by Lemma 4 (ii) there exists x € Bs N S, which is a
contradiction as from any x’ € N(x) N V(Hy) the set Sy U {x"} is a y; (Hy)-set containing x. Therefore,
71(G oy H) =n(G)v(H). O

2. An Observation on the Domination Number

It was shown in [15] that there are two possibilities for the domination number of a rooted product
graph. Since the graphs reaching these expressions have not been characterized, we consider that
it is appropriate to derive a result in this direction. Specifically, we will provide a characterization
in Theorem 7.

Theorem 6. [15] For any nontrivial graphs G and H and any v € V(H),
(G oy H) € {n(G)y(H),7(G) +n(G)(x(H) — 1)}.

In order to derive our result, we need to introduce the following two lemmas.

Lemma 7. [21] Let H be a graph. For any vertex v € V(H),
Y(H = {o}) 2 7(H) - 1.
Lemma 8. For any (G o, H)-set D and any vertex x € V(G),
IDy| = 7(H) - 1.

Furthermore, if |Dy| = y(H) — 1, then N[x] N Dy = @.
Proof. Let x € V(G). Notice that every vertex in V(Hy) \ {x} is adjacent to some vertex in Dy.
Since Dy U {x} is a dominating set of Hy, we have that y(H) = y(Hy) < |DyU{x}| < |Di| +1,
as required.

Now, assume that |Dy| = y(H) — 1. If N[x] N Dy # &, then Dy is a dominating set of H,, which is
a contradiction as |Dy| = y(Hy) — 1. Therefore, the result follows. [

Theorem 7. For any pair of nontrivial graphs G and H, and any v € V(H),

7(G)+n(G)(v(H) =1) ify(H—{v}) =v(H) -1,

Y(GoyH) = { ‘
n(G)y(H) otherwise.
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Proof. By Theorem 6 we only need to prove that (G o, H) = 7(G) +n(G)(y(H) — 1) if and only if
Y(H—{v}) =v(H) - 1.

We first assume y(H — {v}) = v(H) — 1. Let D C V(G oy H) such that Dy = Dy \ {x} is
a y(Hy — {x})-set for every x € V(G), and DN V(G) is a v(G)-set. It is readily seen that D is a
dominating set of G o, H, which implies that 7(G o, H) < |D| = 7(G) + Lyev(g) IDx | = 7(G) +
n(G)(y(H) — 1), and by Theorem 6 we conclude that the equality holds.

Conversely, assume (G o, H) = 9(G) +n(G)(y(H) —1). Let S be a ¥(G o, H)-set. Since
|S| < n(G)y(H), there exists x € V(G) such that |Sx| < y(H). Hence, by Lemma 8, |S,| = y(H) — 1
and N[x] NSy = @. This implies that S, is a dominating set of Hy — {x}, and so y(H — {v}) = v(Hy —
{x}) < |Sx| = yv(H) — 1. By Lemma 7 we conclude that y(H — {v}) = (H) — 1, which completes
the proof. [
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Abstract

Given a graph G = (V, E), a function f : V — {0, 1,2} is a total Roman {2}-dominating
function if

e every vertex v € V for which f(v) = 0 satisfles that 3_, ¢ v () f(u) = 2, where N(v)
represents the open neighborhood of v, and

e every vertex x € V for which f(z) > 1 is adjacent to at least one vertex y € V such
that f(y) > 1.

*This is an original manuscript of an article published by Taylor & Francis in Quaestiones Mathematicae,
available online: http://www.tandfonline.com/10.2989/16073606.2019.1695230.
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The weight of the function f is defined as w(f) = >, ¢y f(v). The total Roman {2}-
domination number, denoted by y(ray (G), is the minimum weight among all total Roman
{2}-dominating functions on G. In this article we introduce the concepts above and begin
the study of its combinatorial and computational properties. For instance, we give several
closed relationships between this parameter and other domination related parameters in
graphs. In addition, we prove that the complexity of computing the value v,(poy(G) is
NP-hard, even when restricted to bipartite or chordal graphs.

Mathematics Subject Classification (2010): 05C69, 05CT75.

Key words: Total Roman {2}-domination, Roman {2}-domination, total Roman domination,
total domination.

1 Introduction

Throughout this article we only consider simple graphs G with vertex set V(G) and edge set
E(G). That is, graphs that are finite, undirected, and without loops or multiple edges. Given a
vertex v of G, N (v) denotes the open neighborhood of vin G: Ng(v) ={u € V(G) : wv € E(G)}.
The closed neighborhood, denoted by Ng(v], equals Ng(v) U {v}. Whenever possible, we shall
skip the subindex G in the notations above.

A function f: V(G) — {0,1,2,...} on G is said to be a dominating function if for every
vertex v such that f(v) = 0, there exists a vertex u € N(v), such that f(u) > 0; furthermore, f is
said to be a total dominating function (TDF) if for every vertex v, there exists a vertex u € N(v),
such that f(u) > 0. The weight of a function f on a set S C V(G) is f(S) = > ,cq f(v). If
particularly S = V(G), then f(V(G)) will be represented as w(f).

Recently, (total) dominating functions in domination theory have received much attention.
A purely theoretic motivation is given by the fact that the (total) dominating function problem
can be seen, in some sense, as a proper generalization of the classical (total) domination problem.
That is, a set S C V(G) is a (total) dominating set if there exists a (total) dominating function
f such that f(z) > 0 if and only if x € S. The (total) domination number of G, denoted by
(%(G)) ¥(G), is the minimum cardinality among all (total) dominating sets of G, or equivalently,
the minimum weight among all (total) dominating functions on G. Domination in graphs is a
classical topic, and nowadays, one of the most active areas of research in graph theory. For more
information on domination and total domination see the books [13, 14, 17] and the survey [15].

From now on, we restrict ourselves to the case of functions f : V(G) — {0,1,2}. Let
Vi={v € V(G) : f(v) =i} for every i € {0,1,2}. We will identify f with the three subsets
of V(G) induced by f and write f(Vp,Vi,V2). Notice that the weight of f satisfies w(f) =
S22 ilVil = 2|Va| 4 [Vi|. We shall also write Voo = {v € Vo: N(v)NV, # 0} and Vo, = Vp\ Voo

We now define some types of (total) dominating functions, which are obtained by imposing
certain restrictions, and introduce a new one, in order to begin with the exposition of our results.

A Roman {2}-dominating function (R2DF) is a dominating function f(Vj, Vi, Va) satisfying
the condition that for every vertex v € Vo, f(N(v)) > 2. The Roman {2}-domination number
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of G, denoted by v{r2}(G), is the minimum weight among all R2DFs on G. A R2DF of weight
Yir2} (G) is called a Yoy (G)-function. This concept was introduced by Chellali et al. in [8]. It
was also further studied in [16], where it was called Italian domination number.

A total Roman dominating function (TRDF) on a graph G is a TDF f(V,, V4,V3) on G
satisfying that for every vertex v € Vp there exists a vertex u € N(v) N V. The total Roman
domination number, denoted by yz(G), is the minimum weight among all TRDFs on G. A
TRDF of weight vz(G) is called a y;r(G)-function. This concept was introduced by Liu and
Chang [18]. For recent results on the total Roman domination in graphs we cite [1, 2, 6].

A set S C V(G) is a double dominating set of G if for every vertex v € V(G), |[N[v]NS| > 2.
The double domination number of G, denoted by 7x2(G), is the minimum cardinality among
all double dominating sets of G. This graph parameter was introduced in [12] by Harary and
Haynes, and it was also studied, for example, in [3, 7, 11].

In this article we introduce the study of total Roman {2}-domination in graphs. We define
a total Roman {2}-dominating function (TR2DF) to be a R2DF on G which is a TDF as well.
The total Roman {2}-domination number, denoted by i(pe}(G), is the minimum weight among
all TR2DFs on G.

In particular, we can define a double dominating function (DDF) to be a TR2DF f(Vy, Vi, Va)
in which V5 = ). Obviously f(Vg, V4, 0) is a DDF if and only if V; is a double dominating set of
G.

To illustrate the definitions above, we consider the graph shown in Figure 1.

() (b) (©) () (e) (f)

N

1 1

Figure 1: Graph G with different labelings (vertices with no drawn label have label zero) to show
the values of several parameters: v(G) = 3 (a), 1(G) = 4 (b), vr2;(G) =5 (¢), Y{r2y(G) =6
(@), %r(G) =7 () and 7a(G) = 8 (f).

The article is organized as follows. Section 2 introduces general combinatorial results which
show the close relationship that exists between the total Roman {2}-domination number and
other domination parameters. Also, we obtain general bounds and discuss the extreme cases.
Finally, in Section 3 we show that the problem of deciding if a graph has a TR2DF of a given
weight is NP-complete, even when restricted to bipartite graphs or chordal graphs.
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1.1 Terminology and Notation

Given a graph G, we denote by dg(v) = |Ng(v)| the degree of a vertex v of G. Also, §(G) =
min,ev () {0c(v)} and A(G) = max,cy () {0c(v)}. We say that a vertex v € V(G) is universal
if Ng[v] = V(G). For a set S C V(G), its open neighborhood is the set Ng(S) = UyesNa(v),
and its closed neighborhood is the set Ng[S] = Ng(S)U S.

The private neighborhood png(v, S) of v € S C V(G) is defined by png (v, S) = {u € V(G) :
Ng(u) NS = {v}}. Each vertex in png(v, S) is called a private neighbor of v with respect to S.
The external private neighborhood epne(v, S) consists of those private neighbors of v in V(G)\ S.
Hence, epng(v, S) = png(v, S) N (V(G)\ S).

For any two vertices u and v, the distance dg(u,v) between u and v is the minimum length
of a u—v path. The diameter of G, denoted by diam(G), is the maximum distance among pairs
of vertices of G. A diametral path in G is a shortest path whose length equals the diameter of the
graph. Thus, a diametral path in G is a shortest path joining two vertices that are at distance
diam(G) from each other (such vertices are called diametral vertices). From now on, we shall
skip the subindex G in all the notations above, whenever the graph G is clear from the context.

Given a set of vertices S C V(G), by G — S we denote the graph obtained from G by
removing all the vertices of S and all the edges incident with a vertex in S (if S = {v}, for some
vertex v, then we simply write G — v).

A leaf vertex of G is a vertex of degree one. A support vertex of G is a vertex adjacent to a
leaf vertex, a strong support vertex is a support vertex adjacent to at least two leaves, a strong
leaf vertex is a leaf vertex adjacent to a strong support vertex, and a semi-support vertex is a
vertex adjacent to a support vertex that is not a leaf. The set of leaves is denoted by L(G); the
set of support vertices is denoted by S(G); the set of strong support vertices is denoted by S(G);
the set of strong leaves is denoted by Ls(G); and the set of semi-support vertices is denoted by
SS(G).

A tree T is an acyclic connected graph. A rooted tree T is a tree with a distinguished special
vertex r, called the root. For each vertex v # r of T, the parent of v is the neighbor of v on the
unique r — v path, while a child of v is any other neighbor of v. A descendant of v is a vertex
u # v such that the unique r — u path contains v. Thus, every child of v is a descendant of v.
The set of descendants of v is denoted by D(v), and we define D[v] = D(v) U{v}. The mazimal
subtree at v is the subtree of T induced by D[v], and is denoted by T,,.

We will use the notation K, N,, Ki,-1, P, and C,, for complete graphs, empty graphs,
star graphs, path graphs and cycle graphs of order n, respectively. Given two graphs G and
H, the corona product G ® H is defined as the graph obtained from G and H by taking one
copy of G and |V (G)| copies of H, and joining by an edge each vertex of the i*-copy of H with
the it"-vertex of G. For the remainder of the article, definitions will be introduced whenever a
concept is needed.



Total Roman {2}-domination in graphs 55

2 Combinatorial results

We begin this section with two inequality chains relating the domination number, the total
domination number, the total Roman domination number, the Roman {2}-domination number,
the double domination number and the total Roman {2}-domination number. We must remark
that the last inequality in the first item is a well known result (see [1]). We include it in the result
to have a complete vision of the relationship between our parameter and the total domination
number.

Proposition 2.1. The following inequalities hold for any graph G without isolated vertices.
(1) %(G) < rey(G) < %r(G) < 2%(G), (%r(G) < 2%(G) is from [1]).
(i) vr2}(G) < 2y (G) < Yx2(G).

Proof. Tt was shown in [1] that v;r(G) < 27(G). To conclude the proof of (i), we only need to
observe that any TR2DF is a TDF, which implies that v,(G) < 442} (G), and any TRDF is a
TR2DF, which implies that v(re (G) < %r(G).

Now, to prove (ii), we only need to observe that any DDF is a TR2DF, which implies that
Yir2y (G) < Yx2(G) and any TR2DF is a R2DF, which implies that ypa (G) < vyroy(G). O

The following result provides equivalent conditions for the graphs where the left hand side
inequality of Proposition 2.1 (i) is achieved. Note that it has a simple proof, but we however
prefer include it to have a more complete exposition.

Remark 2.2. For any graph G, the following statements are equivalent.
(a) %{Rz}(G) = Wt(G>-
() 7x2(G) = %(G).

Proof. Suppose that (a) holds and let f(Vp, Vi, V2) be a vy gy (G)-function. Since f is a TDF,
1(G) < Vi UVa| = [Vi] + [Va| < [Vi]+2[Va] = Yiqroy (G) = (G). So V3 = 0, which implies that
f is a DDF of weight w(f) = 7(G). Hence, (b) holds. Finally, it is straightforward to observe
that (b) implies (a). O

We continue by showing a simple relationship between the total Roman {2}-domination
number, the domination number and the total domination number. Since ¥(G) < v(G) for any
graph G, we notice that the following result improves the last upper bound of Proposition 2.1 (i).

Theorem 2.3. For any graph G without isolated vertices, Yy(ra}(G) < %(G) +v(G).

Proof. Let D be a 7,(G)-set and let S be a v(G)-set. We define the function f(Vp, V1, Va) on
G, where Vo, = DN S and V; = (D US) \ Va. Notice that f is a TR2DF on G of weight
w(f) =2|Va| + [Vi| = | D] + |S| = 1(G) + v(G). Therefore, the result follows. O
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The following result is an immediate consequence of the remark above and the well-know
inequality 7(G) < 2v(G) (see [15]).

Corollary 2.4. For any graph G without isolated vertices, vy(r2}(G) < 37v(G).

We remark that the upper bound of Theorem 2.3 is sharp. For example, for an integer s > 1,
let H, be the graph obtained from P; and N; by taking one copy of N; and s copies of Ps, and
joining by an edge the support vertex of each copy of P; with the vertex of Nj. It is easy to
check that v(H,) = s, y(H,) = s+ 1 and yypey (Hs) = 25+ 1 = v (H,) +v(H,). The graph Hs,
for example, is illustrated in Figure 2.

Figure 2: The graph Hj.

From Proposition 2.1 and Theorem 2.3, we immediately obtain that 7,(G) = 7(G) is a
necessary condition for a graph G to satisfy Y2} (G) = 27:(G). However, this condition is not
sufficient, for example, the cycle graph Cy satisfies that v(Cy) = y(Cy) = 2 and oy (Cy) =

The following result provides an equivalent condition for the graphs G which satisfy the
equality i(ro}(G) = 27v(G). Before we shall need the following known result.

Theorem 2.5. [1] If G is a graph with no isolated vertez, then 2v(G) < vr(G).

Theorem 2.6. Let G be a graph. Then vipoy (G) = 2%(G) if and only if vyr2y(G) = 1r(G)
and v(G) = v(G).

Proof. Assume that y1rey(G) = 27(G). Hence, Proposition 2.1 leads to viray (G) = %r(G).
Also, by Theorem 2.3 and the known inequality 7(G) < 7(G), we obtain that 2v,(G) =
Yir2y (G) < %(G)+7(G) < 2%(G). Therefore, we must have equality throughout the inequality
chain above. In particular, v,(G) = v(G).

On the other hand, we assume that yy(go} (G) = %r(G) and 1(G) = 'y( By the equalities
above, Theorem 2.5 and Proposition 2.1, we obtain that 2v¢(G) = 2v(G) < 1r(G) = Yr2y (G) <
27(G). Therefore ve(roy(G) = 27%(G). O

Notice that the inequality y,r2} (G) < 37(G) can be also deduced from the following result.
Theorem 2.7. For any graph G without isolated vertices, Ve(r2y(G) < Yir2y(G) +7(G).

Proof. Let f(Vy,Vi,Va) be a y(roy(G)-function and let S be a v(G)-set. Now, we consider the
function f'(Vy, V{,V3) defined as follows.
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(a) For every z € (V1 UV,2)N S, choose a vertex u € (Vo N N(x)) \ S if it exists, and label it as

Jw) =1.
(b) For every vertex x € Vo N S, f'(z) = 1.
(¢) For any other vertex u not previously labelled, f'(u) = f(u).

Since f is a R2DF, by definition, f” is a R2DF as well. Observe that f’ is also a TDF on G.
Thus, f’is a TR2DF on G, and therefore, vpoy (G) < w(f) < yry (G) + 7(G). O

The bound above is tight. For instance, it is achieved for the star graph K ,_1, where n > 3.

Corollary 2.8. For any graph G without isolated vertices, vi{roy(G) < 27(r2y(G). Furthermore,
if Y(rey (G) > (G), then Yiyroy (G) < 2v(rey(G) — 1.

In connection with the sharpness of the latter bound of the corollary above, we observe that
every graph G having exactly one universal vertex satisfies that vi(ro) (G) = 2v(re}(G) — 1.

The next result establishes the existence of a vy goy(G)-function which satisfies a useful
property.

Proposition 2.9. For any graph G without isolated vertices, there exists a Yy pay(G)-function
F(Vo, Vi, Va) such that either Vo = 0 or every vertex of Vo has at least two private neighbors in
Vo with respect to the set Vi U Vs.

Proof. Let f(Vo,V1,V2) be a iroy(G)-function satisfying that |V| is minimum. Clearly, if
[Va] = 0, then we are done. Hence, let v € V5. If epn(v, V3 U V,) = 0, then the function f/,
defined by f’(v) =1 and f'(z) = f(z) whenever 2z € V(G) \ {v}, is a TR2DF on G, which is a
contradiction, and so, epn(v, V1UVs) # 0. If epn(v, V1 UV,) = {u}, then the function f”, defined
by f"(v) = f"(u) = 1 and f"(z) = f(x) whenever z € V(G) \ {v,u}, is a TR2DF on G, which
is a contradiction as well. Thus, |epn(v,V; U V3)| > 2, which completes the proof. |

Corollary 2.10. For every graph G without isolated vertices and mazimum degree A(G) < 2,

Yiir2y (G) = 7x2(G).

From Corollary 2.10, and the following values of v«2(P,) and yx2(C),) obtained in [3] and
[12] respectively, we obtain our next result.

2[2]+1, ifn=0 (mod 3),
el Py) —{ .

2 {ﬂ-‘ , otherwise.

and  vx2(Ch) = P—n—‘ .
3

3
Remark 2.11. For any positive integer n > 2,

25| +1, ifn=0 (mod3),
(i) ”/t{Rz}(Pn) _{ |— 1

2 [lﬂ , otherwise.
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(ii) 'Yt{Rz}(Cn) = (%"-‘ .

Our next contribution shows another relationship between our parameter and the total
domination number, but we now also use the order of the graph.

Theorem 2.12. For any graph G of order n and 6(G) > 2,

Yerrey (G) < {@J .

Proof. Let D be a v:(G)-set, let I be the set of isolated vertices in (V(G) \ D) and let S be
a y((V(G) \ (D UI)))-set. In addition, let f(Vo,V1,0) be a function defined by V; = DU S
and Vo = V(G) \ Vi. Since D is a TDS of G, we have that V; = DU S is a TDS as well.
Furthermore, every vertex u € V(G) \ (D U S) is dominated by at least two vertices of Vj.
Hence, V; is a double dominating set of G, which implies that f is a TR2DF on G. Thus,
Yir2y(G) < Vil = |D US| = |D|+ |S|. Now, since (V(G)\ (DUI)) is a graph without isolated
vertices, we have that |S| = y((V(G)\ (DUI))) < ‘V(G)\Z(DUI)‘ < ‘V(C’;)\Dl = "_N;‘(G). Therefore,
Yir2y(G) < L“(G%J, which completes the proof. O

To see the tightness of the bound above we consider for instance the Cartesian product
graph P,00P;. Also, a consequence of such theorem above is next stated. This is also based on
the fact that for any graph G with §(G) > 3, %(G) < &ZC’)'

Proposition 2.13. For any graph G of order n and 6(G) > 3,

3n
Yr2y (G) < T

Given a graph G and an edge e € E(G), the graph obtained from G by removing the edge e
will be denoted by G — e. Notice that any yre; (G — e)-function is a TR2DF on G. Therefore,
the following basic result follows.

Observation 2.14. If H is a spanning subgraph (without isolated vertices) of a graph G, then
Yeir2y (G) < Yegray (H).

From Remark 2.11 and Observation 2.14, we obtain the following result.
Proposition 2.15. Let G be a graph of order n.

- If G is a Hamiltonian graph, then Yy pa (G) < 2 [%]

- If G has a Hamiltonian path, then vyroy(G) < 2 (g-‘ + 1.

Clearly, the bounds above are tight, as they are achieved for C,, and P, with n = 0 (mod
3), respectively.

We now proceed to characterize all graphs achieving the limit cases of the trivial bounds
2 < yyr2y(G) < n. For this purpose, we shall need the following theorem.

8
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Theorem 2.16. [12] Let G be a graph without isolated vertices. Then vx2(G) = 2 if and only if
G has two universal vertices.

Theorem 2.17. Let G be a graph without isolated vertices. Then yypoy(G) = 2 if and only if
G has two universal vertices.

Proof. Notice that y{rey(G) = 2 directly implies y,2(G) = 2. Hence, by Theorem 2.16, G has
two universal vertices. The other hand it is straightforward to see. O

We next proceed to characterize all graphs G with 7tpe(G) = 3. For this purpose, we
consider the next family of graphs. Let H be the family of graphs H of order n > 3 such that
the subgraph induced by three vertices of H is Py or C3 and the remaining n — 3 vertices have
minimum degree two and they induce an empty graph.

Theorem 2.18. Let G be a connected graph of order n. Then Yy ray (G) = 3 if and only if there
exists H € HU{K,_1} which is a spanning subgraph of G and G has as most one universal
vertez.

Proof. We first suppose that 7y rey(G) = 3. Let f(Vo,V1,V2) be a 7yqpoy(G)-function. By
Theorem 2.17, G has at most one universal vertex. If |[V3| = 1, then |Vi| = 1. Let V; = {v}
and Vo = {w}. Notice that v and w are adjacent vertices. Since f is a TR2DF, any vertex
must be adjacent to w, concluding that K7, is a spanning subgraph of G. Now, if |V3| = 0,
then |Vi| = 3. As Vi is a TDS, the subgraph induced by V; is P or C5. Since f is a TR2DF,
we observe that |N(z) N'Vi| > 2 for every x € V. Hence, in this case, G' contains a spanning
subgraph belonging to H.

Conversely, let G be a connected graph of order n containing a graph H € H U {K;,_1} as
a spanning subgraph. Notice that we can construct a TR2DF g satisfying that w(g) = 3. Hence
Yt{r2y (G) < w(g) = 3. Moreover, since G has at most one universal vertex, by Theorem 2.17 we
have that yi(roy(G) > 3, which completes the proof. |

Theorem 2.19. Let G be a connected graph of order n. Then vipoy (G) = n if and only if G is
P3 or H® Ny for some connected graph H.

Proof. If G is P3 or H ® N; for some connected graph H, then it is straightforward to see that
Yt{r2y(G) = n. From now on we assume that G is a connected graph such that y;(ra}(G) = n.
If n =2, then G =2 P, 2 N; ® Ny, and if n = 3, then G = P3;. Hence, we consider that
n > 4. Suppose there exists a vertex v ¢ L(G) U S(G). Notice that the function f, defined by
f(v) =0and f(z) =1 whenever z € V(G) \ {v}, is a TR2DF of weight w(f) = n — 1, which is
a contradiction. Thus V(G) = L(G) U S(G).

Now, suppose there exists a vertex u € Ss(G) and let hy, hy be two leaves adjacent to wu.
We consider the function g defined by g(hi) = g(h2) = 0, g(u) = 2 and g(z) = 1 whenever z €
V(G)\ {u, h1, h2}. Hence, g is a TR2DF of weight w(g) = n — 1, which is again a contradiction.
Thus S,(G) = 0 and, as a consequence, G = H ® N; for some connected graph H. O
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Based on the trivial bound 2 < v,{rs)(G) < n and the characterizations above, it is natural
to think into the existence of graphs achieving all the other possible values in the range given
by such bounds for vy(go3(G). That is made in our next result, and for it, we need two previous
observations that appear first.

Observation 2.20. For any connected graph G containing two adjacent support vertices v and
w, there exists a Yy poy (G)-function f satisfying f(v) = f(w) = 2.

Observation 2.21. Let G be a connected graph different from a star graph. If v € Ss(G), then
there exists a vyroy(G)-function (yr(G)-function) f satisfying that f(v) = 2 and f(N(v) N
L(G)) =0.

Proposition 2.22. For any integers r,n with 3 < r < n, there exists a graph F,, of order n
such that Yy ray (Frpn) = 7.

Proof. If r is even, then we consider a graph F,,, constructed as follows. We begin with a corona
product graph H ® N; of order |V(H ® Ny)| = r and n — r isolated vertices. To obtain F},,
we join (by an edge) one vertex v of H to each one of the n — r isolated vertices. Notice that
F,, has order n. By Observation 2.20, the function f, defined by f(z) = 2 if 2 € V(H) and
flx) =0ifz € V(F.,) \V(H), is a y{ray (Frn)-function and so, ye(ray(Frn) = w(f) = 7.

On the other hand, if r is odd, we construct a graph F}.,, as follows. We begin with a corona
product graph H ® Ny of order |V(H ® N;)| =7 — 3 and a star graph K ,_,2. To obtain F},,
we join (by an edge) one vertex v of H to one leaf, namely h, of the star K ,_,o. Hence, F,,
has order n. Now, we consider the function f, defined by f(h) =1, f(z) =2 if z € S(F,,) and
f(x) = 0 otherwise. Notice that f is a TR2DF on F,.,, and so, yira} (Frn) < w(f) =7

Let v be the support vertex of K, ,+2. Since |V(Kin—ri2)| > 4, v € Ss(F.,). By
Observation 2.21, there exists a v;{ pay (F},n)-function g(Vj, V1, V2) such that g(v) = 2 and g(z) = 0
if # € N(v) N L(F,,). Hence g(h) > 1 because V3 UV, is a TDS of F,,. Moreover, notice that
the function g restricted to V(H ® Ny), say ¢/, is a TR2DF on H ® N;. So, by statement
above and Theorem 2.19, w(g’) > Yroy(H © Ny) = r — 3. Therefore, viypay(Fn) = w(g) =
g(N]) +w(g") > 3+r —3 =r. Consequently, it follows that y{re}(Fr,) = r and the proof is
complete. |

2.1 Trees T' with vy poy(T) = vr(T)

We begin this subsection with a theoretical characterization of the graphs G satisfying the
equality Yi(ro}(G) = %r(G)-

Theorem 2.23. Let G be a graph. Then Yyray(G) = vr(G) if and only if there exists a
Yiiroy (G)-function f(Vo, Vi, Va) such that Vo, = 0.

Proof. Suppose that vy roy(G) = r(G). Let f(Vo,V1,V2) be a vz(G)-function. Since every
TRDF is a TR2DF, f is a v(rey(G)-function as well, and satisfies that Vo, = (. Conversely,
suppose there exists a y,(roy (G)-function f'(Vy, V{,V;) such that Vj, = 0. So, Vj = V{,, which

10
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implies that f’is a TRDF on G. Thus, %z(G) < w(f’) = 7¢{rey(G). Hence, Proposition 2.1
leads to v ra (G) = 1r(G). O

The characterization above clearly lacks of usefulness since it precisely depends on finding a
Yt{r2y (G)-function which satisfies a specific condition. In that sense, it appears an open problem
to characterize the graphs G which satisfy the equality ve(roy(G) = %r(G). In this subsection
we give a partial solution to this problem for the particular case of trees. To this end, we require
the next results and extra definitions.

Observation 2.24. Let G be a connected graph. If v € Sy(G), then there exists a Yiiroy(G)-
function (vir(G)-function) f satisfying that f(v) =2 and f(h) =0 for some vertex h € N(v) N
L(G).

Observation 2.25. If T" is a subtree of a tree T, then v ray(T") < Yyray(T) and vr(T") <
Yer(T).

By an isolated support vertex of G we mean an isolated vertex of the subgraph induced by
the support vertices of G. The set of non isolated support vertices of G is denoted by Su4(G).

The set of support vertices of G labelled with two by some 7;(G)-function is denoted by
Sir2(G). The set of leaves of G labelled with one by some v, (G)-function is denoted by Lig 1 (G).
The set of vertices of G labelled with zero by all v;(ro) (G)-functions is denoted by Wy(G). The
set of support vertices of G labelled with one by all y1ro} (G)-functions is denoted by S(G).

For an integer r > 1, the graph R, is defined as the graph obtained from P, and N; by
taking one copy of N; and r copies of P, and joining by an edge one support vertex of each copy
of P, with the vertex of N;. In Figure 3 we show the example of Rj.

Figure 3: The structure of the tree Rs.

A near total Roman {2}-dominating function relative to a vertez v, abbreviated near-TR2DF
relative to v, on a graph G, is a function f(Vp, V1, V) satisfying the following.

e Foreach vertexu € Vp, if u = v, then 37, v,y f(u) > 1, whileif u # v, then 3 () f(u) >
2.

e The subgraph induced by V; U V; has no isolated vertex.

11
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The weight of a near-TR2DF relative to v on G is the value f(V(G)) = 3, cp(q) f(u).
The minimum weight of a near-TR2DF relative to v on G is called the near total Roman {2}-
domination number relative to v of G, which we denote as WIL{RQ}(G;'U). Since every TR2DF is
a near-TR2DF, we note that 7}z, (G;v) < Yir2} (G) for any vertex v of G. We define a vertex
v € V(G) to be a near stable vertex of G if 7} 5y, (G5 v) = Yiroy(G). For example, every leaf of
any star K ,_; with n > 4, is a near stable vertex. We remark that the terminology of “near”
style parameters is a commonly used technique in domination theory. In order to simply mention
a recently published example where this was used, we can for instance refer to [16].

Now on, in order to provide a constructive characterization for the trees which achieve the
stated equality in Theorem 2.23, we consider the next family of trees. Let F be the family of
trees T' that can be obtained from a sequence of trees Ty, ..., Ty, where k > 0, Ty = P, and
T = Ty. Furthermore, if k > 1, then for each ¢ € {1, ..., k}, the tree T; can be obtained from the
tree 7" = T;_; by one of the following operations Fy, Fy, Fy, Fy, F5, Fg or Fr. In such operations,
by a join of two vertices we mean adding an edge between these two vertices.

Operation F: Add a tree R, with semi-support vertex u, and join u to an arbitrary vertex v
of T'.

Operation F5: Add a new vertex u to 7" and join u to a vertex v € Sygo(T").

Operation Fj: Add a new vertex u to 7" and join u to a vertex v € S;(T”).

Operation Fj: Add a path P, and join a leaf to a vertex v € S,q;(T”).

Operation Fs: Add a path P; with support vertex u, and identify u with a vertex v € L1 (T").
Operation Fg: Add a path P», and join a leaf to a near stable vertex v € L(T") U SS(T").

Operation Fr: Add a path P;, and join a leaf to a vertex v € Wy(T”).

We next show that every tree T" in the family F satisfies that y1pey () = Yr(T).
Theorem 2.26. If T € F, then vypay(T) = vr(T).

Proof. We proceed by induction on the number 7(T') of operations required to construct the tree
T. If (T) = 0, then T' = P, and satisfies that y4{re) (1) = 2 = vz(T). This establishes the base
case. Hence, we now assume that k > 1 is an integer and that each tree 77 € F with r(T") < k
satisfies that v poy (1) = vr(T"). Let T € F be a tree with 7(T") = k. Then, T' can be obtained
from a tree T € F with 7(T’) = k — 1 by one of the seven operations above. We shall prove that
T satisfies that ve(roy(T) = 1r(T). We consider seven cases, depending on which operation is
used to construct the tree T' from 7".

Case 1. T is obtained from 7" by Operation F;. Assume T is obtained from 7" by adding a
tree R,, being u the semi-support vertex, and the edge uv where v is an arbitrary vertex of 7.

12
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Observe that, from any TRDF on 7", we can obtain a TRDF on T by assigning the weight two
to each support vertex and zero to another vertices of R,. Hence, by Proposition 2.1, statement
above and inductive hypothesis, we obtain

Yir2y(T) < wr(T) < wer(T') + 4r = yqpoy(T7) + 4r. (1)

Since S(R;) = Saq(R,), by using Observation 2.20, there exists a 7poy(T)-function f
satisfying that f(z) = 2 for every z € S(R,). As a consequence, f(h) = 0 for every vertex
h € L(R,).

If f(u) = 0, then f restricted to V(I”) is a TR2DF on T", implying that vy(ray(T") <
fV(T) = w(f) = f(V(R,)) = Ye(rey(T) — 4r, and by the inequality chain (1) it follows that
Vt{R2} (T) = %R(T)-

Let w € N(v) \ {u} be a vertex such that f(w) = max{f(z): z € N(v)\ {u}}. If f(u) >0,
then the function g, defined by g(v) = max{f(v), f(v)f(w) + 1}, (note that in any possibil-
ity, this maximum expression can never take a value larger than two), g(w) = max{1, f(w)}
g(u) = 0 and g(z) = f(x) whenever z € V(T) \ {v,w,u}, is a TR2DF on T with weight
w(g) = w(f) = Yerey(T). So, g is a Yuqrey (T)-function as well. As g(u) = 0, g restricted to
V(T") is a TR2DF on 7" and, by using a similar reasoning as in the previous case (f(u) = 0),
we obtain that v oy (T) = ver(T).

Case 2. T is obtained from 7" by Operation Fy. Assume T is obtained from 7" by adding
a new vertex u and the edge uv, where v € Sigo(T”). Hence, there exists a yr(7”)-function
f satisfying that f(v) = 2. Notice that f can be extended to a TRDF on T by assigning
the weight 0 to w, which implies that vr(T) < 1r(T"). By using Proposition 2.1, inequality
above, inductive hypothesis and Observation 2.25, we obtain ypoy(T) < %r(T) < %r(T") =
Yitr2y(T") < igrey (T). Therefore, we must have equality throughout the inequality chain above.
In particular, Y rey(T) = yr(T).

Case 3. T is obtained from 7" by Operation F3. Assume T is obtained from 7" by adding a
new vertex u and the edge uv, where v € S;(7"). Since v is a support of 7", v is a strong support
of T. So, by Observation 2.24, there exists a 7,(gs} (T)-function g satisfying that g(v) = 2 and
g(u) = 0. Hence, g restricted to V(I”) is a TR2DF on 1" with weight w(g) = Ye(r2y(T), but it
is not a yy(ray (T")-function because v € S1(T"). So, Yeyray(T") < Yeqray(T) — 1.

Moreover, let f be a yz(1")-function. Since Y12y (1”) = 1r(1") and v € S1(T”), we obtain
that f(v) = 1. Hence, f can be extended to a TRDF on T' by assigning the weight 1 to u. Thus,
Yr(T) < wr(T") + 1. By using Proposition 2.1, inequalities above and inductive hypothesis, we
obtain that vy ray (T) < ver(T) < %r(T") +1 = Yeqray (T7) + 1 < vegroy(T).

Therefore, we must have equality throughout the inequality chain above. In particular,
Yegray(T') = %er(T).

Case 4. T is obtained from 7" by Operation Fy. Assume T is obtained from 7" by adding a
path uuy and the edge uv, where v € S,q(T"). Notice that every TRDF on 7" can be extended

13
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to a TRDF on T by assigning the weight 1 to u and u;. Hence, by Proposition 2.1, the statement
above and the inductive hypothesis, we obtain

Yer2y(T) < %er(T) < wr(T") + 2 = ery (T7) + 2. (2)

We now show that ygrey(1") < Y(rey(T) — 2. Let w € N(v) N .S(T”). By Observation 2.20,
there exists a yypoy (T')-function f such that f(v) = f(w) = f(u) = 2 and f(u;) = 0. Hence, f
restricted to V/(T") is a TR2DF on T”, which implies that v,iroy (T") < f(V(T")) = vyray(T) — 2,
as desired. In consequence, we must have equality throughout the inequality chain (2). In par-
ticular, yira2} (1) = vr(T).

Case 5. T is obtained from 7" by Operation Fs. Assume 7T is obtained from 7" by identifying
the vertex u of path ujuus and the vertex v, where v € Lig1(T"). Notice that there exists a
Yer(T")-function g satisfying that g(v) = 1. So, g can be extended to a TRDF on T be assigning
the weight 2 to u and the weight 0 to u; and uy. Therefore, by Proposition 2.1, the statement
above and the hypothesis, we obtain Ypo (1) < %r(T) < %r(T") + 1 = Yeqray (T7) + 1.

Moreover, by Observation 2.21, there exists a Yy(ro)(T')-function f satisfying that f(v) = 2
and f(u1) = f(u2) = 0. Notice that the function f’, defined by f'(v) = 1 and f'(z) = f(x)
whenever © € V(T") \ {v}, is a TR2DF on T". So yyre}(T") < w(f') = nrp(T) — 1. As
a consequence, we must have equality throughout the inequality chain above. In particular,
Yegray(T) = ver(T).

Case 6. T is obtained from 7" by Operation Fgz. Assume T is obtained from 7" by adding a
path uu; and the edge uv, where v is a near stable vertex belonging to L(T") U SS(T”"). Let s
be a support vertex adjacent to v in T”. Again, notice that every TRDF on T” can be extended
to a TRDF on T by assigning the weight 1 to  and w;. Hence, by the statement above, Propo-
sition 2.1 and the inductive hypothesis, we obtain the inequality chain (2). We now show that
Yegr2y (T") < Yegrey(T) — 2. For this, we consider the next two cases.

Case 6.1. v € L(T"). Since v € S(T) and 7(v) = dr(u) = 2, there exists a v roy (T)-function f
satisfying that f(u) = f(u1) =1, f(v) = 0 and f(s) > 0. If f restricted to V(1”) is a TR2DF on
T, then yiypay (T7) < f(V(T")) = Yeqray (T') —2. Conversely, suppose that f restricted to V(7”) is
not a TR2DF on T”. So, f restricted to V(7") is a near-TR2DF relative to v on T". Thus, asvis a
near stable vertex of T, and so, Y{rey (1") = Vi(R2y (T";v) < F(V(T")) = Yeqroy (T) —2, as desired.

Case 6.2. v € SS(T"). Let f be a 7poy(T)-function such that f(u;) is minimum. Hence
f(u) + f(uy) =2 and f(s) > 0 since s is a support of T. If f restricted to V(T") is a TR2DF
on 77, then yypoy (1) < f(V(T')) = ve(rey(T) — 2. Conversely, suppose that f restricted
to V(T") is not a TR2DF on 7". Hence f(v) = 0, implying that f restricted to V(7") is
a near-TR2DF relative to v on T”. Also, as v is a near stable vertex of 7", it follows that
Yerray(T") = Vjigoy (T"30) < f(V(T)) = Yerrap(T)) — 2, as desired.

In consequence, we must have equality throughout the inequality chain (2). In particular,

14
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Vt{R2} (T) = 'YtR(T)'

Case 7. T is obtained from 7" by Operation F;7. Assume 7' is obtained from 7" by adding a
path uujug and the edge uv, where v € Wy(T”). Let g be a v;p(T")-function. Hence, g can be
extended to a TRDF on T be assigning the weight 1 to u, u; and uy. Therefore, by Proposition
2.1, the statement above and the hypothesis, we obtain

Yoty (T) < vr(T) < 3r(T') + 3 = Yyrey (T') + 3. (3)

We now show that viypoy(T") < Yeqray(T) — 3. Let f(Vp, Vi, Va) be a vypoy(T')-function
such that |V3| is minimum. Hence f(u1) + f(u2) = 2. If f(u) = 0, then f(v) > 0 and also, f
restricted to V(1") is a TR2DF on 7. As v € Wy(T”), f is not a vyy(rey(1")-function. Hence,
Yegrey(T') < fF(V(T')) = 1 < vyypoy(T') — 3, as desired.

Now, we suppose that f(u) > 0. In this case, we observe that f(u) = 1 since |V5] is
minimum. If f(v) = 0, then the function f’, defined by f'(v) = f(u) and f'(z) = f(x) whenever
z € V(I')\ {v}, is a TR2DF on 7" such that w(f’) < yre(T) — 2. On the other hand, if
f(v) > 0, then observe that f(N(v) \ {u}) = 0. Otherwise, if there exists z € N(v) \ {u} such
that f(z) > 0, then f(u) = 0, which is a contradiction. Now, notice that the function f”, defined
by f’(w) = f(u) =1 for some w € N(v) \ {u} and f”(z) = f(z) whenever z € V(T") \ {w},
is a TR2DF on 1" such that w(f’) < vyrey(T) — 2. Again, as v € Wy(T"), f' and f” are not
Yegrey (T")-functions. Hence, Yiqpoy (T") < Yaqroy(T) — 3, as desired.

In consequence, we must have equality throughout the inequality chain (3). In particular,
Vt{R2} (T) = %R(T)- o

We now turn our attention to the opposite direction concerning the theorem above. That
is, we show that if a tree T satisfies y¢{roy(T) = y:r(T'), then it belongs to the family F.

Theorem 2.27. Let T be a tree. If Yypoy(T) = vr(T), then T € F.

Proof. First, we say that a tree T' belongs to the family 7 if ~¢(roy(T)) = :r(T). We proceed by
induction on the order n > 2 of the trees T € T. If T is a star, then vy gy (T') = yr(T). Thus, T'
can be obtained from P, by first applying Operation Fj, thereby producing a path P; and then
doing repeated applications of Operation Fy. Therefore, T € F. This establishes the base case.
We assume now that k£ > 3 is an integer and that each tree 7" € T with |V(T")| < k satisfies
that 7" € F. Let T € T be a tree with |V(T)] = k and we may assume that diam(T) > 3.

First, suppose that diam(T) = 3. Therefore, T is a double star S,, for some integers
x>y >1 If T = P, then T can be obtained from a path P, by applying Operation Fy. If
T=85,,withz>y>1(T % Py), then T can be obtained from a path P, by first applying
Operation F}, thereby producing a path P, and then doing repeated applications of Operation
F5 in both support vertices of P;. Therefore, T € F.

We may now assume that diam(T") > 4, and we root the tree T at a vertex r located at
the end of a longest path in 7. Let h be a vertex at maximum distance from r. Notice that,
necessarily, r and h are leaves (and diametral vertices). Let s be the parent of h; let v be the
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parent of s; let w be the parent of v; and let z be the parent of w. Notice that all these vertices
exist since diam(T) > 4, and it could happen z = r. Since h is a vertex at maximum distance
from the root r, every child of s is a leaf. We proceed further with the following claims.

Claim I. If 67(s) > 4, then T € F.

Proof. Suppose that dr(s) > 4 and let 77 = T — h. Hence, dr+(s) > 3 and consequently,
s € S¢(T"), since every child of s is a leaf vertex. Therefore, by Observation 2.24, there exists
a Yygrey (1")-function, that assigns the weight 2 to s. The function above can be extended to
a TR2DF on T by assigning the weight 0 to h, implying that v(r2}(T) < Ye(rey(T”). Thus,
by Proposition 2.1, Observation 2.25, hypothesis and inequality above, we obtain vz} (1) <
Y1r(T") < %r(T) = Y{r2y(T) < Yeqroy(T”). Thus, we must have equality throughout this in-
equality chain. In particular v,y (T") = vr(T"). Applying the inductive hypothesis to T”, it
follows that 77 € F. Since s € S5(T"), by using Observation 2.24, we deduce that s € Sigo(T").
Therefore, T can be obtained from T” by applying Operation Fy, and consequently, T € F. (O)

By Claim I, we may henceforth assume that |[N(xz) N L(T)| = 2 for every strong support
vertex x of T'.

Claim II. If 67(s) = 3 and 0r(v) > 3, then T € F.

Proof. Suppose that dr(s) = 3 and dr(v) > 3. Thus, s is a strong support vertex and has two
leaf neighbors, say h, hy. Moreover, observe that v has at least one child, say s, different from s,
and also, s is either a leaf vertex or a support vertex of T. By using Theorem 2.23, there exists a
Yegrey (T)-function f(Vp, Vi, V) with Vo1 = 0, and without loss of generality, we assume that |V5|
is maximum. Notice that f is a g (T)-function as well. Now, we differentiate the following cases.

Case 1. s' € L(T). In such situation, v € S(T), and so, f(v) = f(s) =2 and f(s') = f(h) =
f(h1) = 0. Let T" = T — h. Since v, s € Saq;(T”), by Observation 2.20, there exists a vy(po} (T")-
function g satisfying that g(v) = g(s) = 2. So, g can be extended to a TR2DF on T by assigning
the weight 0 to . Hence Yypoy(T) < Yiqrey(T”). Consequently, by inequality above, Proposition
2.1, Observation 2.25 and hypothesis, we obtain Yo (T') < Yeqroy(T") < r(T") < 1r(T) =
Ye(r2y(T). Therefore, we must have equality throughout this inequality chain. In particular,
Yegr2y(T") = %r(T"). Applying the inductive hypothesis to 7", it follows that 7" € F.

As another consequence of the equality chain above, we obtain that v;r(T") = vr(T). This
implies that f restricted to V(1") is a yz(T")-function, which means s € S;go(7”). Therefore,
T can be obtained from 7" by applying Operation Fy, and consequently, T' € F. (O)

Case 2. ' € S5(T). Observe that f(s') = f(s) =2, f(h) =0and f(v) > 0. Let 7" = T—h. Since

s € S5(T"), by Observation 2.24, there exists a 7y po)(1")-function g satisfying that g(s’) = 2.
So, without loss of generality, we can assume that g(v) > 0, implying that g(s) = 2 and
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g(h1) = 0. Thus, g can be extended to a TR2DF on T by assigning the weight 0 to h. Hence
Yegr2y(T) < Yigray (T7). Consequently, by the inequality above, Proposition 2.1, Observation 2.25
and the hypothesis, we obtain Yo} (1) < Yeqro} (") < %r(T") < %r(T) = Ye(rey(T'). Therefore,
we must have equality throughout this inequality chain. In particular, yqpay (T") = %r(T").
Applying the inductive hypothesis to T”, it follows that 7" € F.

As another consequence of equality chain above, we obtain that vz(T") = yr(T). This
implies that f restricted to V(T”) is a yr(T")-function, and so, s € S;g2(T”). Therefore, T' can
be obtained from 7" by applying Operation Fy, which leads to T € F. (O)

Case 3. s € S(T)\ Ss(T). Notice that Ty = P, and let 7" = T — Ty. Since v € SS(T") N
N(Ss(T")), f restricted to V(T") is a TRDF on T” and also f(V(Ty)) = 2. Hence vr(T') <
Yr(T) — 2. Moreover, any TR2DF on 7" we can extended to a TR2DF on T by assigning
the weight 1 to s” and its leaf-neighbor. Thus Yoy (T) < Yigre}(T”) + 2. So, by these previous
inequalities, Proposition 2.1 and the hypothesis, we deduce Yoy (T) < Yoy (1) +2 < ver(T')+
2 < %r(T) = Yeqray(T). Therefore, we must have equality throughout this inequality chain. In
particular, vy pay (T") = %r(T"). Applying the inductive hypothesis to 77, it follows that 7" € F.

Moreover, as v is adjacent to the support vertex s, every near-TR2DF relative to v on 7"
can be extended to a TR2DF on T by assigning the weight 1 to s’ and to its leaf-neighbor.
So, Yegray(T) < ’Yt"{RZ}(T/; v) + 2. In addition, if v is not a near stable vertex of 7", then
Vegray (T3 0) < ygroy(17), implying that Ye(ray(T) < Vipoy (T730) + 2 < Yerp(17) + 2, which is
a contradiction with the related equality noticed above. Therefore, the semi-support vertex v is
a near stable vertex of 7", and therefore, T' can be obtained from 7" by applying Operation Fg,
which means T' € F. (O)

Claim III. If 7 (s) = 3 and dr(v) = 2, then T € F.

Proof. Suppose that dr(s) = 3 and d7(v) = 2. Thus, s is a strong support vertex and has
two leaf neighbors, say h, h;. By Observation 2.21, there exists a yz(T)-function f such that
f(s) =2 and f(h) = f(h1) = 0, which implies that f(v) > 0. Let 7" = T — {h, hy}. Notice
that the function f’, defined by f’(s) = 1 and f'(z) = f(z) whenever z € V(T") \ {s}, is a
TRDF on 7". Hence vg(T") < w(f’) = mr(T) — 1. Moreover, as v € S(T") and or(v) = 2,
there exists a gy (1”)-function g satisfying that g(s) = g(v) = 1. So, g can be extended to
a TR2DF on T by assigning the weight 2 to s and the weight 0 to h and h;, implying that
Yeir2y(T) < Yegrey(T") + 1. Thus, by Proposition 2.1, the hypothesis and the inequalities above,
we obtain that Yoy (T) < Yr(T') < nr(T) — 1 = ey (T) — 1 < Yrey(T"). Therefore,
we must have equality throughout this inequality chain. In particular, Yipa (T") = %r(T").
Applying the inductive hypothesis to 7", it follows that 7" € F.

Moreover, by the equality noted before, we deduce that f' is a yr(7")-function. Thus
s € Lyg1(T"). Therefore, T can be obtained from 7" by applying Operation Fj, and conse-
quently, T € F. (O)

17



Total Roman {2}-domination in graphs 68

Claim IV. If 67(s) = 2 and ép(v) = 2, then T € F.

Proof. Suppose that dr(s) = 2 and dr(v) = 2. By Theorem 2.23, there exists a yypo}(T)-
function f with Vo1 = 0 and, without loss of generality, we assume that |V5| is minimum. Notice
that f is a yr(T)-function as well, and also f(s) + f(h) = 2.

First, we suppose that f(w) > 0. Let 7" =T — T, = T — {s, h}. Notice that f restricted
to V(T") is a TRDF on T". Hence yr(T") < f(V(T")) = %r(T) — 2. Moreover, any TR2DF
on T can be extended to a TR2DF on T by assigning the weight 1 to s and h, implying that
Yegr2y (T) < Yegrey(T") 4-2. So, by the inequalities above, Proposition 2.1 and the hypothesis, we
obtain that ypo (1) < Yeqrey(T") +2 < vr(T") + 2 < %r(T) = Yyrey(T). Therefore, we must
have equality throughout this inequality chain. In particular, vpay (") = %r(T"). Applying
the inductive hypothesis to 7", it follows that 7" € F.

Moreover, a minimum weight near-TR2DF relative to v on 7" can be extended to a TR2DF
on T by assigning to s and h the weight 1. Hence v,(p} (T') < Viir2} (T";v)+2. If v is not a near
stable vertex of T, then A/t”{RZ}(T’; v) < Yegray(T"), implying that e roy(T) < Vi{ray (Thv)+2<
Yegrey(T") + 2, which is a contradiction with the related equality noted before. Therefore, v is
both a near stable vertex and a leaf of T7". Thus, T can be obtained from the tree 7" by applying
Operation Fg, and consequently, T € F.

From now on, we suppose that f(w) = 0. Hence f(v) = f(s) = f(h) = 1. We consider the
tree 7" =T — T, =T — {v, s, h}. Notice that any TR2DF on T” can be extended to a TR2DF
on T by assigning the weight 1 to v, s and h, implying that virey(T) < Yegray(T") + 3.

On the other hand, notice that f restricted to V(7”) is a TRDF on T”. Hence yz(T") <
F(V(T")) = wr(T) — 3. Consequently, by the previous inequalities, Proposition 2.1 and the
hypothesis, we obtain that vira(T) < Yeqrey(T") +3 < vr(T") + 3 < wr(T) = Yeqray(T).
Therefore, we must have equality throughout this inequality chain. In particular, v poy (1") =
Yr(T"). Also, note that v pay(T') = Ye(r2y(T") + 3. Applying the inductive hypothesis to 7",
it follows that 7" € F.

Moreover, we suppose there exists a 7yrey (T")-function g satisfying that g(w) > 0. Observe
that g can be extended to a TR2DF on T by assigning the weight 0 to v and the weight 1 to s
and h. Hence Yoy (T) < w(g) + 2 = Ye(rey(T") + 2, which is a contradiction with the related
equality noticed above. Therefore w € Wy(T”) and so, T can be obtained from the tree 7" by
applying Operation F;. Consequently, T' € F. (O)

Claim V. If 0r(s) = 2 and é7(v) > 3, then T € F.

Proof. Suppose that dr(s) = 2 and dr(v) > 3. Clearly, v has at least one child, say &', different
from s, implying that s’ is either a support vertex or a leaf vertex of T. Now, we differentiate
the following cases.

Case 1. s' € S(T). By Theorem 2.23, there exists a yyroy(T)-function f with V5, = @ and,

without loss of generality, we assume that |V3| is maximum. Notice that f is a vy,(T)-function
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as well, and also, f(s) + f(h) = 2. As s’ € S(T), f restricted to T" = T — {s,h} is a TRDF
on T". Hence yr(T") < yr(T) — 2. Moreover, any TR2DF on T” can be extended to a TR2DF
on T' by assigning the weight 1 to s and h. Hence vy(go}(T) < Yi(ro}(I”) + 2. Therefore, by the
inequalities above, Proposition 2.1 and the hypothesis, we obtain Yi(p2} (T') < Yeqray(T7) + 2 <
%r(T") +2 < %r(T) = yrey(T). Thus, we must have equality throughout this inequality
chain. In particular, yrey (T") = %r(T"). Applying the inductive hypothesis to 7", it follows
that 7" € F.

If v € S(T”), then v € Suq;(T"). So T can be obtained from T" by applying Operation Fy,
and consequently, T' € F.

If v ¢ S(T"), then v € SS(T"). Now, we prove that v is a near stable vertex of 7. Notice
that a minimum weight near-TR2DF relative to v on 7" can be extended to a TR2DF on T by
assigning to s and h the weight 1. So Yy(ra}(T) < A/Q{RZ}(T’; v)+2. If v is not a near stable vertex
of T, then 7} goy (T";v) < Yegray(T"), implying that Yegray(T) < Vi ey (T3 0) +2 < igmay (T) +2,
which is a contradiction with the related equality noted before. Therefore, v is a near stable
vertex of T, as desired. Thus, T can be obtained from 7" by applying Operation Fg, and con-
sequently, T € F. (O)

By the case above, we may henceforth assume that every child of v is a leaf of 7.

Case 2. s' € L(T) and v € S¢(T). We consider the tree 7" = T — s’. Notice that v € S,q;(T").
Hence, by Observation 2.20, there exists a yy(go} (1”)-function f such that f(v) = f(s) = 2. So, f
can be extended to a TR2DF on T by assigning the weight 0 to s'. Thus yypa (1) < Yeqray (1)
and by using Proposition 2.1, Observation 2.25 and the hypothesis, we obtain poy (1) <
Yeir2y(T") < nr(T") < %r(T) = Yegrey(T). Therefore, we must have equality throughout this
inequality chain. In particular, vy po} (1") = %r(1"). Applying the inductive hypothesis to 1", it
follows that 7" € F. As another consequence of equality chain above, we obtain v;(T") = vr(T).
By Observation 2.21, there exists a y;z(T)-function g such that g(v) = 2 and g(s’) = 0. Since
nr(T") = vr(T), g restricted to V(T") is a yr(T")-function. Hence v € S;p2(T"). Therefore, T'
can be obtained from 7" by applying Operation Fy, and consequently, T € F. (O)

Case 3. s € L(T) and v € S(T) \ Ss(T). First, we suppose that w € S(T). Let T' =T — T, =
T — {s,h}. By using a similar procedure as in Case 1 of Claim V (v € S(T”)), we obtain
Yeir2y(T") = %r(T") and v € Saq(T"). Hence, by applying the inductive hypothesis to 1", it
follows that 7" € F. Therefore, T can be obtained from 7" by Operation Fj, and consequently,
TeF.

From now on, we assume that w ¢ S(T). Let f(Vo, V4, V2) be a vr(T)-function such that
f(w) is minimum among all y;z(T')-functions which satisfy that |S(7) NVz| and |Ls(T) N'Vp| are
maximum. Hence f(v) = f(s) = 2. Next, we analyse the two possible scenarios.

Subcase 3.1. f(w) > 0. Since N(w) \ {z} € S(T)USS(T) and f(v) = 2, it is easy to check
that f(w) = 1 and N(w) N Ss(T) # 0. Let v' € N(w) N Ss(T), N(v') N L(T) = {hq,hs} and
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T =T — {hl, hg}.

Notice that the function f’, defined by f’(v') = 1 and f'(z) = f(z) whenever z € V(T") \
{v'}, is a TRDF on T”. Hence vr(T") < w(f’) = %r(T) — 1. Moreover, as v € S(T") and
N(w)\{z, v} € S(T")USS(T"), there exists a yy(ra} (T")-function g such that g(w) = g(v') = 1.
So, g can be extended to a TR2DF on T by re-assigning the weight 2 to v’ and by assigning the
weight 0 to hy and hy, which implies that 7oy (T') < ey (T7) + 1.

Thus, by Proposition 2.1, the inequalities above and the hypothesis, we obtain Yi{pey (T") <
Y1r(T") < %r(T) =1 = Yyr2y(T) =1 < Yeqray (T”). Therefore, we must have equality throughout
this inequality chain. In particular, vygoy(T") = %r(T"). Applying the inductive hypothesis to
T", it follows that 7" € F. Also, by the equality noted before, we deduce that f’is a yr(T")-
function. Thus v' € L;g1(T"). Therefore, T can be obtained from 7" by applying Operation
F5, and consequently, T € F. (O)

Subcase 3.2. f(w) = 0. Notice that N(w) N Ss(T) = 0. Now, we consider that w has a child,
say v, different from v. First, we suppose that Ss(T) NV (T,) # 0. Let x € S(T) NV (T,),
hy € N(z)NL(T) and T” = T — h,,. Again, by using a similar procedure as in Case 2 of Claim V,
we obtain vyroy(T") = %r(T") and © € Sir2(T"). Hence, by applying the inductive hypothesis
to T", it follows that 7" € F. Therefore, T' can be obtained from 7" by applying Operation Fs,
and consequently, 7" € F.

Thus, we may assume that Sy(T)NV(T,,) = 0. If T,, is isomorphic to P, or Py, then, by using
a similar reasoning as in Case 1 of Claim V (v € SS(1")) or Claim IV (f(w) = 0), respectively,
we obtain that 7" = T —T,, € F. Therefore, T' can be obtained from T” by applying Operation
Fg or Operation F7, respectively. Consequently, T' € F.

Hence, we may assume that for every child x of w, the tree T, is not isomorphic to P,
or P;. Thus, it is easy to check that T,, = R,. Let 7" = T — T,. Since f(w) = 0 and
w ¢ S(T), the function f restricted to V(T") is a TRDF on T". So, wr(T") < f(V(T")) =
Yr(T) — 4r. Moreover, any TR2DF on 7" can be extended to a TR2DF on T by assigning the
weight 2 to every support vertex and the weight 0 to another vertices of Ti,. Thus, y1roy(T) <
Yigrey(T") + 4r, and by using the inequalities above, Proposition 2.1 and the hypothesis, we
obtain pay(T) < Yaqroy(T") + 4r < vr(T") + 4r < %r(T) = Yqroy(T). Therefore, we must
have equality throughout this inequality chain. In particular, v roy(T") = vr(T"). Applying
the inductive hypothesis to 7", it follows that 7" € F. Therefore, T can be obtained from 7"
by applying Operation F, and consequently, 7' € F, which completes the proof. O

As an immediate consequence of Theorems 2.26 and 2.27, we have the following characteri-
zation.

Theorem 2.28. A tree T of order n > 2 satisfies that Yegray (T) = Yer(T) if and only if T € F.

To conclude this subsection, we next give a characterization of trees T with vy oy (T) =
2%(T). In [10], a family T of trees T with (T) = ~(T) were characterized. Hence, as a

consequence of the statement above and Theorems 2.6 and 2.28, the next characterization follows.
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Theorem 2.29. A tree T of order n > 2 satisfies that ve(ray(T) = 2v(T) if and only if T €
FNT.

We must remark that our characterization is strongly based on the computability of the sets
Sir2(T;), Wo(T3), Si(T;) and Lig1(T;), for a given tree T;, in order to construct a new element
T+ of the family F. It is probably hard to find such sets for the tree T; regardless which is the
operation made to construct such 7;. In this sense, as a continuation of this work, it would be
desirable a future discussion on how one of these sets can be obtained for a given tree T}, and

on whether a connection between such set in 7; and the corresponding one in 7}, exists.

3 Computational results

In order to present our complexity results we need to introduce the following construction. Given

a graph G of order n and n copies of the star graph K 4, the graph Hy is constructed by adding

edges between the i"-vertex of G and one leaf vertex of the i"-copy of Kj 4. See Figure 4 for an

=559

Figure 4: The graph Hg where G is a complete graph minus one edge.

It is well-known that the domination Problem is NP-complete, even when restricted to bipar-
tite graphs (see Dewdney [9]) or chordal graphs (see Booth [5] and Booth and Johnson [4]). We
use this result to prove the main result of this section, which is the complexity analysis of the
following decision problem (total Roman {2}-dominating function Problem (TR2DF-Problem
for short)). To this end, we will demonstrate a polynomial time reduction of the domination
Problem to our TR2DF-Problem.

TR2DF-Problem
Instance: A non trivial graph H and a positive integer j < |V (H)|.
Question: Does H have a TR2DF of weight j or less?

Observation 3.1. Let G be a graph different from a star graph. If v € Ss(G) such that |N(v)N
L(G)| > 3, then f(v) = 2 for every Yy ray(G)-function f.

Theorem 3.2. TR2DF-Problem is NP-complete, even when restricted to bipartite or chordal
graphs.
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Proof. The problem is clearly in NP since verifying that a given function is indeed a TR2DF
can be done in polynomial time.

We consider a graph G without isolated vertices of order n and construct the graph Hq. It
is easy to see that this construction can be accomplished in polynomial time. Also, notice that
if the graph G is a bipartite or chordal graph, then so too is Hg.

We next prove that oy (He) = 7(G) + 3|V(G)]. For this, we first consider the function
F'(Vg, V{,V3) defined by V{ = AUSS(Hg) and Vi = S(Hg), where A is a (G)-set. Notice that
f"is a TR2DF on Hg. So yiyrey(He) < JAU SS(Hg)| 4 2|S(He)| = v(G) + 3|V (G)].

On the other hand, let v € V(G) C V(Hg), and by K}, we denote the copy of K4 added
to v. Let s, and u, be the support vertex and semi-support vertex of Hg respectively, belonging
to the copy K7 ,. Let f(Vo, V1, V2) be a yy(rey (G)-function satisfying that V3| is minimum. Since
H¢ is different from a star, and every support vertex is adjacent to three leaves, by Observation
3.1, we obtain that f(S(Hg)) = 2|S(Hg)|. Consequently, f(s,) =2 and f(V(K7,)) > 3. Hence,
we can assume that f(u,) > 0. If f(u,) = 2, then the function f”(Vy’,V{",Vy’), defined by
f(uy) =1, f"(v) = min{f(v) + 1,2} and f"(z) = f(x) whenever x € V(Hg) \ {uy, v}, is a
TR2DF on Hg of weight v yroy(Hg) and |V5'| < [V3|, which is a contradiction. Hence f(u,) =1
for every v € V(G).

Notice that each vertex v € V(G) is adjacent to exactly one semi-support vertex of Hg. As
SS(Hg) C V4, it follows that V(G) C VoUV; and also, V1NV(G) is a dominating set of G. Thus,
Yrey(Hg) = w(f) = [ViNV(G)| + |SS(He)| + 2|S(Hg)| > v(G) + 3|V(G)|. As a consequence,
it follows that vy roy(He) = 7(G) + 3|V(G)], as required.

Now, for j = k + 3|V(G)|, it is readily seen that 4o (Hg) < j if and only if v(G) < k,
which completes the proof. O

As a consequence of the result above we conclude that finding the total Roman {2}-
domination number of graphs is NP-hard.
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Abstract

In a graph G, a vertex dominates itself and its neighbours. A subset S C V(G) is said
to be a double dominating set of G if S dominates every vertex of G at least twice. The
minimum cardinality among all double dominating sets of G is the double domination
number. In this article, we obtain tight bounds and closed formulas for the double domi-
nation number of lexicographic product graphs G o H in terms of invariants of the factor
graphs G and H.

Keywords: Double domination; total domination; total Roman {2}—d0mination; lexico-

graphic product

1 Introduction

In a graph G, a vertex dominates itself and its neighbours. A subset S C V(G) is said to
be a dominating set of G if S dominates every vertex of G, while S is said to be a double
dominating set of G if S dominates every vertex of G at least twice. A subset S C V(G) is
said to be a rotal dominating set of G if every vertex v € V(G) is dominated by at least one
vertex in S\ {v}. The minimum cardinality among all dominating sets of G is the domination
number, denoted by y(G). The double domination number and the total domination number of
G are defined by analogy, and are denoted by ¥x2(G) and % (G), respectively. The domination
number and the total domination number have been extensively studied. For instance, we
cite the following books [19, 20, 21]. The double domination number, which has been less
studied, was introduced in [18] by Harary and Haynes, and studied further in a number of

works including [4, 10, 15, 17, 23].

Let f:V(G) — {0,1,2} be a function. For any i € {0, 1,2} we define the subsets of ver-
tices V; = {v € V(G) : f(v) =i} and we identify f with the three subsets of V (G) induced by f.
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Thus, in order to emphasize the notation of these sets, we denote the function by f(Vp, Vi, Va).
Given a set X C V(G), we define f(X) = Y,ex f(v), and the weight of f is defined to be
o(f) = f(V(G)) = [Vi| +2|Va].

A function f(Vp,V),V) is a rotal Roman dominating function (TRDF) on a graph G if
Vi UV, is a total dominating set and N(v) NV, # 0 for every vertex v € Vp, where N(v) denotes
the open neighbourhood of v. This concept was introduced by Liu and Chang [24]. For recent
results on total Roman domination in graphs we cite [1, 2, 7, 9].

A function f(Vo, Vi, Va) is a total Roman {2}-dominating function (TR2DF) if Vi UV, is
a total dominating set and f(N(v)) > 2 for every vertex v € V. This concept was recently
introduced in [6]. Notice that S C V(G) is a double dominating set of G if and only if there
exists a TR2DF f(Vo, Vi, V2) such that V; = S and V, = 0.

The total Roman domination number, denoted by ¥%g(G), is the minimum weight among
all TRDFs on G. By analogy, we define the fotal Roman {2}-domination number, which is
denoted by ¥ (g2} (G).

Notice that, by definition, ¥x2(G) > ¥{r2}(G). As an example of graph G for which
Y2(G) > )/,{Rz}(G) we consider a star graph K| , for r > 3. In this case, Yx2(Ki ) =r+1>
3 = Yqr2y(K1,-). We would point out that the problem of characterizing all graphs with
¥x2(G) = Y{r2}(G) remains open. In this paper we show that the values of these two pa-
rameters coincide for any lexicographic product graph G o H in which graph G has no isolated
vertices and graph H is not trivial. Furthermore, we obtain tight bounds and closed formulas
for ¥x2(G o H) in terms of invariants of the factor graphs G and H.

1.1 Additional concepts, notation and tools

All graphs considered in this paper are finite and undirected, without loops or multiple edges.
As usual, the closed neighbourhood of a vertex v € V(G) is denoted by N[v] = N(v) U{v}.
We say that a vertex v € V(G) is a universal vertex of G if N[v] = V(G). By analogy with
the notation used for vertices, for a set S C V(G), its open neighbourhood is the set N(S) =
UyesN(v), and its closed neighbourhood is the set N[S] = N(S) US. The subgraph induced by
S C V(G) will be denoted by (S), while the graph obtained from G by removing all the vertices
in § C V(G) (and all the edges incident with a vertex in S) will be denoted by G — S.

We will use the notation Ky, K1 ,,—1, Gy, Ny, P, and K, ,_ for complete graphs, star graphs,
cycle graphs, empty graphs, path graphs and complete bipartite graphs of order n, respectively.
A double star Sy, », is the graph obtained by joining the center of two stars K ,, and K ,, with
an edge.

Given two graphs G and H, the lexicographic product of G and H is the graph Go H
whose vertex set is V(GoH) =V(G) x V(H) and (u,v)(x,y) € E(GoH) if and only if ux €
E(G) or u=x and vy € E(H). Notice that for any vertex u € V(G) the subgraph of Go H
induced by {u} x V(H) is isomorphic to H. For simplicity, we will denote this subgraph by
H,. For basic properties of lexicographic product graphs we suggest the books [16, 22]. In
particular, we cite the following works on domination theory of lexicographic product graphs:
standard domination [25, 27, 31], Roman domination [28], total Roman domination [9], weak
Roman domination [30], rainbow domination [29], k-rainbow independent domination [5],
super domination [13], twin domination [26], power domination [14] and doubly connected
domination [3].
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For simplicity, for any (u,v) € V(G) x V(H) and any TR2DF f on GoH we write N (u,v)
and f(u,v) instead of N((u,v)) and f((u,v)), respectively.

For the remainder of the paper, definitions will be introduced whenever a concept is
needed.

Now we present some tools that will be very useful throughout the work.

Proposition 1.1. [6] The following inequalities hold for any graph G with no isolated vertex.
) %(G) < %rey (G) < 1r(G) < 2%(G).
(D) 7r2(G) < 12(G).

A double dominating set of cardinality ¥x2(G) will be called a ¥yx2(G)-set. A similar
agreement will be assumed when referring to optimal sets (and functions) associated to other
parameters used in the article.

Theorem 1.2. If V.2(G) = %(G), then for any Y«2(G)-set D there exists an integer k > 1 such
that (D) = UK_| K>.

Proof. Let D be a Y«»(G)-set and suppose that (D) has a component G’ which is not isomor-
phic to K». Let v € V(G') be a vertex of minimum degree in G'. Notice that the set D\ {v} is a
total dominating set of G. Hence, %(G) < |D\ {v}| < |D| = ¥x2(G), which is a contradiction.
Therefore, the result follows. O

Theorem 1.3. [6] The following statements are equivalent.

* %r2)(G) =2%(G).

* ¥%r2}(G) = %r(G) and %(G) = ¥(G).

The following theorem merges two results obtained in [6] and [18].
Theorem 1.4 ([6] and [18]). The following statements are equivalent.

i %{Rz}(G) =2

* 72(G) =2

o G has at least two universal vertices.

It is readily seen that if G’ is a spanning subgraph of G, then any ¥.,(G’)-set is a double
dominating set of G. Therefore, the following result is immediate.

Theorem 1.5. If G’ is a spanning subgraph of G with no isolated vertex, then
%2(G) < %2(@).

In Proposition 4.7 we will show some cases of lexicographic product graphs for which the
equality above holds.

Remark 1.6. For any integer n > 3,



Double domination in lexicographic product graphs

80

. (6] 4] [ 2[4]+1, ifn=0 (mod 3),
P) = v0a(P) =
) Niir) (Pr) = ¥a( { 2[%],  otherwise.

.. 6 18
(i) ¥{ro} (Ca) ol 7x2(Cn) e PTn“ :

The next theorem merges two results obtained in [28] and [31].

Theorem 1.7 ([28] and [31]). For any graph G with no isolated vertex and any nontrivial
graph H,

Y(G), ify(H)=1,

W(G), ifyYH)>2.

Theorem 1.8. [8] For any graph G with no isolated vertex and any nontrivial graph H,

Y(GOH){

%(GoH) =1(G).

2 Main results on lexicographic product graphs

Our first result shows that the double domination number and the total Roman {2 }-domination
number coincide for lexicographic product graphs.

Theorem 2.1. For any graph G with no isolated vertex and any nontrivial graph H,
Yx2(GoH) =Ygy (GoH).

Proof. Proposition 1.1 (i) leads to Yx2(GoH) > Y (ray (GoH). Let f(Vo, V1, V2) be a ¥ (g2} (Go
H)-function such that V3| is minimum. Suppose that yx2(G o H) > ¥(g2;(G o H). In such a
case, V5 # 0 and we can differentiate two cases for a fixed vertex (u,v) € V,.

Case 1. N(u,v)N(V1UV2) CV(H,). In this case, for any («/,v') € N(u) x V(H) we define
the function g(V§,V{,Vs) where V§ = Vo \ {(«/.V")}, V{ = Vi U{(u,v),(u',V)} and V; = V5 \
{(u,v)}. Observe that V] UV} is a total dominating set of G o H and every vertex w € V§j C Vp
satisfies that g(N(w)) > 2. Hence, g is a ¥goy (G o H)-function and |V;| = |Va| — 1, which is a
contradiction.

Case 2. N(u) x V(H)N (Vi UVp) # 0. If f(u,v') > 0 for every vertex v € V(H), then the
function g, defined by g(u,v) =1 and g(x,y) = f(x,y) whenever (x,y) € V(GoH)\ {(u,v)},
is a TR2DF on Go H and w(g) = o(f) — 1, which is a contradiction. Hence, there exists a
vertex v/ € V(H) such that f(u,v") = 0. In this case, we define the function g(V{j,V/,V;) where
Vi =Vo\{(u,V)}, V[ = Vi U{(u,v),(u,V)} and V; =V \ {(u,v)}. Notice that V/UV} is a
total dominating set of G o H and every vertex w € V{j C V satisfies that g(N(w)) > 2. Hence,
g 15 a Y% g2} (G o H)-function and |V;| = |[V,| — 1, which is a contradiction again.

According to the two cases above, we deduce that V, = 0. Therefore, V) is a ¥x2(GoH)-set
and 50 Yx2(GoH) = Yro) (Go H). O
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From now on, the main goal is to obtain tight bounds or closed formulas for yx2(GoH)
and express them in terms of invariants of G and H.

A set X CV(G) is called a 2-packing if N[u] N\ N[v] = 0 for every pair of different vertices
u,v € X, [20]. The 2-packing number p(G) is the maximum cardinality among all 2-packing
sets of G. As usual, a 2-packing of cardinality p(G) is called a p(G)-set.

Theorem 2.2. For any graph G with no isolated vertex and any nontrivial graph H,
max{%(G),2p(G)} < ¥x2(GoH) < 2%(G).
Proof. By Proposition 1.1 (i) and Theorem 1.8 we deduce that
%(G) =1(GoH) < 12(GoH) <2%(GoH) = 2%(G).
Now, for any p(G)-set X and any ¥x2(G o H)-set D we have that

YalGol) =Dl = ¥ DAV(H) = Y, ¥ IDAV(H,) = 2X|=2p(G).
ueV(G) uEX weN [u]

Therefore, the proof is complete. O

We would point out that the upper bound «2(G o H) < min{2%(G), ¥(G)yx2(H)} was
proposed in [12] for the particular case in which G and H are connected. Obviously, the
connectivity is not needed, and the bound Yx2(G o H) < 7(G)Yx2(H) also holds for any graph
G (even if G is empty) and any graph H with no isolated vertices.

In Theorem 2.4 we will show cases in which ¥,2(G o H) = 27%(G), while in Theorem 2.8
(i) and (ii) we will show cases in which ¥x2(GoH) =2p(G) or Yx2(GoH) = %(G).

Corollary 2.3. If ¥(G) = 1, then for any nontrivial graph H,
2 < %0(GoH) < 4.

In Section 3 we characterize the graphs with y«2(GoH) € {2,3}. Hence, by Corollary 2.3
the graphs with yy2(G o H) = 4 will be automatically characterized whenever y(G) = 1.

Theorem 2.4. If G is a graph with no isolated vertex and H is a nontrivial graph, then the
Jfollowing statements are equivalent.

@ 12(GoH) =2%(G).
(b) v2(GoH) = yr(GoH) and (%(G) = ¥(G) or y(H) = 2).
Proof. Assume that ¥2(GoH) = 2¥%(G). By Theorems 1.8 and 2.1 we deduce that
Yirey (GO H) = 12(Go H) = 23(G) = 23(G o H).
Hence, by Theorem 1.3 we have that ¥x2(GoH) = %r(GoH) and Y(GoH) = ¥%(GoH) =

%(G). Notice that 3;(Go H) = ¥%(G) if and only if % (G) = y(G) or y(H) > 2, by Theorem 1.7.
Therefore, (b) follows.
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Conversely, assume that (b) holds. By Theorem 2.1 we have that
Yiiry(GoH) = yx2(GoH) = %r(GoH). M
Now, if %(G) = y(G) or y(H) > 2, by Theorems 1.7 and 1.8 we deduce that
%#(GoH)=%(G)=y(GoH). 2

Hence, Theorem 1.3 and equations (1) and (2) lead to ¥x2(G o H) = ¥roy(Go H) = 2%(Go
H) =2%(G), as required. O

It was shown in [11] that for any connected graph G of order n > 3, %(G) < 2—3" Hence,
Proposition 1.1 (i) and Theorem 2.1 lead to the following result.

Theorem 2.5. For any connected graph G of order n > 3 and any graph H,

Y«2(GoH) <2 {i—nJ .

In order to show that the bound above is tight, we consider the case of rooted product
graphs. Given a graph G and a graph H withroot v € V(H ), the rooted product G e, H is defined
as the graph obtained from G and H by taking one copy of G and |V(G)| copies of H and
identifying the i vertex of G with vertex v in the " copy of H for every i € {1,...,|V(G)|}.
For instance, the graph Ps e, P; where v is a leaf, is shown in Figure 1. Later, when we read
Lemma 4.3, it will be easy to see that for n = |V (G e, P3)| = 3|V(G)| we have that ¥.2((G e,

P3)oH) =4|V(G)| =2 |%| whenever y(H) > 3.

Figure 1: The graph Ps e, P;

Lemma 2.6. For any graph G with no isolated vertex and any nontrivial graph H, there exists
a Yx2(GoH)-set S such that |SNV (H,)| < 2, for every u € V(G).

Proof. Given a double dominating set S of G o H, we define the set S3 = {x € V(G) : |SN
V(Hy)| > 3}. Let S be a Yy»(G o H)-set such that |S3| is minimum among all ¥ (G o H)-sets.
If [S3] = 0, then we are done. Hence, we suppose that there exists u € S3 and let (u,v) € S.
We assume that |[SNV (H,)| is minimum among all vertices in S3. It is readily seen that if
there exists #’' € N(u) such that [SNV(H,/)| > 2, then &' = S\ {(u,v)} is a double dominating
set of G o H, which is a contradiction. Hence, if &’ € N(u), then |SNV (H,)| < 1, and in this
case it is not difficult to check that for («',v') ¢ S the set " = (S\ {(u,v)}) U{(«/,V)} is a
Yx2(G o H)-set such that |S5| is minimum among all ¥x»(G o H)-sets. If |S5| < |S3], then we
obtain a contradiction, otherwise u € S§ and |S” NV (H,)| is minimum among all vertices in
S%, so that we can successively repeat this process, until obtaining a contradiction. Therefore,
the result follows. |
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Theorem 2.7. Let G be a graph with no isolated vertex and let H be a nontrivial graph.
() Ify(H) = 1, then Yx2(Go H) < Yoy (G).
(ii) If H has at least two universal vertices, then Yyx2(GoH) < 2y(G).

(iii) If H has exactly one universal vertex, then Yx2(G o H) = Y, g2} (G).

(iv) If y(H) > 2, then Yx2(GoH) > ¥ (ga} (G).

Proof. Let f be a )/,{Rz}(G)-function and let v be a universal vertex of H. Let f’ be the
function defined by f’(u,v) = f(u) for every u € V(G) and f’(x,y) = 0 whenever x € V(G)
andy € V(H) \ {v}. Itis readily seen that f” is a TR2DF on Go H. Hence, by Theorem 2.1 we
conclude that ¥x2(G o H) = ¥z} (Go H) < 0(f') = 0(f) = %2} (G) and (i) follows.

Let D be a y(G)-set and let y;,y2 be two universal vertices of H. It is not difficult to see
that S =D x {y1,y2} is a double dominating set of Go H. Therefore, y2(GoH) < |S| =2y(G)
and (ii) follows.

From now on, let S be a yx2(G o H)-set that satisfies Lemma 2.6 and assume that either
Y(H) > 2 or H has exactly one universal vertex. Let g(Vo,V;,V2) be the function defined by
g(u)=|SNV(H,)| for every u € V(G). We claim that g is a TR2DF on G. It is clear that every
vertex in V| has to be adjacent to some vertex in V; UV, and, if y(H) > 2 or H has exactly
one universal vertex, then by Theorem 1.4 we have that ¥« (H) > 3, which implies that every
vertex in V; has to be adjacent to some vertex in Vi UV,. Hence, V| UV, is a total dominating
set of G. Now, if x € Vj, then SNV (Hy) =0, and so [N(V(H,)) N S| > 2. Thus, g(N(x)) > 2,
which implies that g is TR2DF on G and s0 () (G) < @(g) = |S| = ¥x2(G o H). Therefore,
(iii) and (iv) follow. O

The following result is a direct consequence of Theorems 2.2 and 2.7. Recall that y.»(H) =
2 if and only if H has at least two universal vertices (see Theorem 1.4).

Theorem 2.8. Let G be a graph with no isolated vertex and let H be a nontrivial graph.
(i) If v(G) = p(G) and yx2(H) =2, then Yx2(GoH) = 2y(G).
(i) If Y (ro} (G) € {%(G),2p(G)} and y(H) = 1, then Y2(G o H) = ¥(r2y (G).

(iii) If Yiro} (G) = 2%(G) and Y(H) > 2, then Yx2(G o H) = Y (r2} (G).

It is well known that y(T) = p(T) for any tree 7. Hence, the following corollary is a
direct consequence of Theorem 2.8.

Corollary 2.9. For any tree T and any graph H with Y«,(H) =2,
Yu2(T oH) =2y(T).

A double total dominating set of a graph G is a set S of vertices of G such that every vertex
in V(G) is adjacent to at least two vertices in S [21]. The double total domination number of
G, denoted by 2,(G), is the minimum cardinality among all double total dominating sets.

83
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Theorem 2.10. [30] If G is a graph of minimum degree greater than or equal to two, then for
any graph H,
$:(GoH) < 1,(G).

Theorem 2.11. Let G be a graph of minimum degree greater than or equal to two and order
n. The following statements hold.

(i) Forany graph H, ¥«2(GoH) < 14(G).
(ii) For any graph H, ¥«2(GoH) <n.

Proof. Since every double total dominating set is a double dominating set, we deduce that
Yx2(GoH) < ,(GoH). Hence, from Theorem 2.10 we deduce (i). Finally, since % ,(G) <n,
from (i) we deduce (ii). O

The following family J{(; of graphs was shown in [30]. A graph G belongs to J{; if and
only if it is constructed from a cycle Cy and k empty graphs N, ,...,N;, of order sq,...,sz,
respectively, and joining by an edge each vertex from N,; with the vertices v; and v; 1 of Cp.
Here we are assuming that v; is adjacent to v,y in Cy, where the subscripts are taken modulo
k. Figure 2 shows a graph G belonging to H;, where k =4, s; = s3 =3 and s, = s4 = 2.

Notice that ¥(z2}(G) = 12,(G), for every G € ;. Hence, from Theorems 2.7 (iv) and
2.11 (i) we deduce that yx2(GoH) = ¥5,(G) for any G € 3 and any graph H such that
Y(H) = 2.

Figure 2: The set of black-coloured vertices is a 75 ;(G)-set.

3 Small values of y,.,(GoH)

First, we characterize the graphs with yx2(GoH) = 2.

Theorem 3.1. For any nontrivial graph G and any graph H, the following statements are
equivalent.
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() Ye2(GoH) =2.
(i) Y(G) = y(H) = 1 and (¥x2(G) =2 or Yx2(H) =2).
Proof. Notice that Go H has at least two universal vertices if and only if y(G) = y(H) = 1,

and also G has at least two universal vertices or H has at least two universal vertices. Hence,
by Theorem 1.4 we conclude that (i) and (ii) are equivalent. O

Next, we characterize the graphs that satisfying ¥« (G o H) = 3. Before we shall need the
following definitions. For a set S C V(G o H) we define the following subsets of V(G).

As={veV(G): |SNV(H,)| >2};
Bs={veV(G): |SNV(H,)| =1},
Cs={veV(G): SNV(H,) =0}.
Theorem 3.2. For any nontrivial graphs G and H, Yy»(G o H) = 3 if and only if one of the
following conditions is satisfied.
(i) G=Pyandy(H) =2.
(ii) G % P, has at least two universal vertices and Y(H) > 2.

(iii) G has exactly one universal vertex and either Y(H) =2 or H has exactly one universal
vertex.

(iv) G has exactly one universal vertex, v»;(G) = 3 and y(H) > 3.
) (G) =2and 1,,(G) = 3.
i) Y(G) =2, ¥«2(G) =3 < 724(G) and y(H) = 1.

Proof. Notice that with the above premises, G does not have isolated vertices. Let S be a
¥x2(G o H)-set that satisfies Lemma 2.6 and assume that |S| = 3. By Theorems 1.8 and 1.2
we have that 3 = ¥,2(GoH) > %(GoH) = %(G) > 2, which implies that %(G) = 2 and so
Y(G) € {1,2}. We differentiate two cases.

Case 1. y(G) = 1. In this case, Theorem 3.1 leads to ¥x2(H) > 3. Now, we consider the
following subcases.

Subcase 1.1. G = P,. Notice that Theorem 3.1 leads to y(H) > 2. Suppose that y(H) > 3 and
let V(G) = {u,w}. Observe that SNV (H,) # 0 and SNV (H,,) # 0. Without loss of generality,
let SNV (H,) = {(u,v1),(u,v2)} and [SNV (H,,)| = 1. Since y(H) > 3, we have that {v;,v»}
is not a dominating set of H, which implies that no vertex in {u} x (V(H) \ (N(v{) UN(v2))
has two neigbours in S, which is a contradiction. Hence y(H) = 2. Therefore, (i) follows.

Subcase 1.2. G % P, has at least two universal vertices. In this case, ¥x2(G) = 2 and by
Theorem 3.1 we deduce that y(H) > 2. Thus, (ii) follows.

Subcase 1.3. G has exactly one universal vertex. If y(H) < 2, then by Theorem 3.1 we deduce
that either Y(H) =2 or H has exactly one universal vertex, so that (iii) follows. Assume

9
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that y(H) > 3. Recall that |[SNV (H,)| < 2 for every x € V(G). Now, if there exist two
vertices u,w € V(G) and two vertices vi,v, € V(H) such that SNV (H,) = {(u,v1), (u,v2)}
and |[SNV(H,,)| = 1, then we deduce that no vertex in {u} x (V(H)\ (N(v;) UN(v2)) has two
neighbours in S, which is a contradiction. Therefore, Ag = @ and By has to be a 5 ,(G)-set, as
every vertex x € V(G) satisfies [N (x) NBg| > 2. Therefore, (iv) follows.

Case 2. ¥(G) = 2. In this case, Theorem 1.4 leads to ¥x2(G) > 3. If there exist two vertices
u,w € V(G) such that Ag = {u} and By = {w}, then {u,w} is a % (G)-set, and so for any x €
N(w) \ N[u] we have that no vertex in V (H,) has two neighbours in S, which is a contradiction.
Therefore, Ag = @ and |Bg| = 3, which implies that By is a yx2(G)-set. Notice that either
(Bs) = C5 or (Bg) = Ps. In the first case, Bg is a 15,(G)-set and (v) follows. Now, assume that
(Bs) = Ps. If y(H) > 2, then for any vertex x of degree one in (Bg) we have that V (Hy) have
vertices which do not have two neighbours in S, which is a contradiction. Therefore, y(H) =1
and if 7,2(G) = 12,,(G), then G satisfies (v), otherwise G satisfies (vi), by Theorem 2.11.
Conversely, notice that if G and H satisfy one of the six conditions above, then Theo-
rem 3.1 leads to Yx2(GoH) > 3. To conclude that 2 (G o H) = 3, we proceed to show how to
define a double dominating set D of G o H of cardinality three for each of the six conditions.

(i) Let {vi,v2} be a y(H)-set and V(G) = {u,w}. In this case, D = {(u,v1), (u,v2), (w,v1)}.

(i) Let u,w € V(G) be two universal vertices, z € V(G) \ {u,w} and v € V(H). In this case,

D= {(u7v)7(w7v)7(zvv)}'

(iii) Let u be a universal vertex of G and w € V(G) \ {u}. If {v{,v2} isa y(H)-set or v; is a
universal vertex of H and v, € V(H) \ {v;}, then we set D = {(u,vy), (u,v2), (w,v1)}.

(iv) Let X be a 5,(G)-set and v € V(H). In this case, D =X x {v}.
(v) Let X be a p»,(G)-setand v € V(H). In this case, D = X x {v}.
(vi) Let X be a yx2(G)-set and v a universal vertex of H. In this case, D = X x {v}.

It is readily seen that in all cases D is a double dominating set of G o H. Therefore,
Yx2(GoH) =3. O

The following result, which is a direct consequence of Theorems 2.2, 3.1 and 3.2, shows
the cases when G is isomorphic to a complete graph or a star graph.

Proposition 3.3. Let H be a nontrivial graph. For any integer n > 3, the following statements
hold.

2 ifyH)=1,
3 otherwise.

() Vx2(KnoH) = {
2 if Yea(H) =2,

(i) Yo(Kip-10H)=q 3 if Y2(H) >3 and y(H) <2,

4 otherwise.

10
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We now consider the cases in which G is a double star graph or a complete bipartite graph.
The following result is a direct consequence of Theorems 2.2, 3.1 and 3.2.

Proposition 3.4. Let H be a graph. For any integers n, > ny > 2, the following statements
hold.

1) Vx2(SnymoH) =4

3 ifny=2andy(H) =1,
4 otherwise.

(11) YXZ(Knl,ng OH) = {

4 All cases where G = P, or G = C,

4.1 Cases where y(H) =1
Proposition 4.1. Let n > 3 be an integer and let H be a nontrivial graph. If Y(H) = 1, then

21531 +1, ify<2(H) >3 and n=0(mod 3),
Ys2(PyoH) = { (z“ X
3

2 ( -‘ , otherwise.

Proof. If yx2(H) = 2, then by Corollary 2.9 we deduce that y,»(P, 0 H) = 2y(P,). Now, if
Yx2(H) > 3, then H has exactly one universal vertex and by Theorem 2.7 (iii) we deduce that

¥x2(GoH) = Yypay (Pn)- O

From now on we assume that V (C,) = {uy, . .., u, }, where the subscripts are taken modulo
n and consecutive vertices are adjacent.

Proposition 4.2. Let n > 3 be an integer and let H be a graph. If Y(H) = 1, then

2n
’YXZ(Cn OH) = ’V?—‘ .
Proof. 1f H is a trivial graph, then we are done, by Remark 1.6. From now on we assume that
H has at least two vertices. If y(H) = 1, then by combining Theorem 2.7 (i) and Remark 1.6
(ii), we deduce that Y, (C, 0 H) < [%’ﬂ .
Now, let S be a yy»(C, o H)-set. Notice that for any i € {1,...,n} we have that

Nal (OV(HL,H)>

j=0

>2.

Hence,
n 2
3%2(CioH) =3IS| =Y |sN <U V(Huw)> >2n.
i=1 j=0
Therefore, Yy2(C,0H) > (%ﬂ , and the result follows. |

11
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4.2 Cases where y(H) =2

To begin this subsection we need to state the following four lemmas.

Lemma 4.3. Let G be a nontrivial connected graph and let H be a graph. The following
statements hold for every Y«2(G o H)-set S that satisfies Lemma 2.6.

(i) Ify(H) >2andx € BsUCs, then Y |SNV(H,)| >2.
UEN(x)

(i) If y(H) =2 and x € Ag, then Y |SNV(H,)| > 1.
ueN(x)

(iii) If y(H) >3 andx € V(G), then Y |SOV(H,)|>2.
ueN(x)

Proof. First, we suppose that y(H) = 2. If there exists either a vertex x € By U Cg such that
Yuen) SNV (Hy)| < 1 ora vertex x € Ag such that ¥, ey [SNV (H,)| = 0, then there exists
a vertex in V(H,) \ S which does not have two neighbours in S. Therefore, (ii) follows, and (i)
follows for y(H) = 2. Now, let x € V(G). Since S satisfies Lemma 2.6, if y(H) > 3, then there
exists a vertex in V (Hy) \ S which does not have neighbours in SNV (H,), which implies that
Yuen(x) ISNV(H,)| > 2 and so (i) and (iii) follows. Therefore, the proof is complete. |

PoH, OHO

PoH, (O GO ©

roH, O O © O

PsoH, OHONONONG),

PsoH, OHOGHONONONGO)

PjoH, OHOGHONONONONO®.
PsoH, OHONONONONONON®

Figure 3: The scheme used in the proof of Lemma 4.4.

Lemma 4.4. For any integer n > 3 and any graph H with y(H) =2,

n—|5]+1 ifn=12 (mod?7),

n— L%J otherwise.

YXZ(PHOH) S {

12
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Proof. In Figure 3 we show how to construct a double dominating set S of P,oH for n €
{2,...,8}. In this scheme, the circles represent the copies of H in P, o H, two dots in a circle
represent two vertices belonging to S, which form a dominating set of the corresponding copy
of H, while a single dot in a circle represents one vertex belonging to S.

We now proceed to describe the construction of S for any n = 7g + r, where ¢ > 1 and
0 <r < 6. We partition V(P,) = {uy,...,u,} into g sets of cardinality 7 and for r > 1 one
additional set of cardinality r, in such a way that the subgraph induced by all these sets are
paths. For any r # 1, the restriction of S to each of these ¢ paths of length 7 corresponds to the
scheme associated with P; o H in Figure 3, while for the path of length r (if any) we take the
scheme associated with P,o H. The case r = 1 and ¢ > 2 is slightly different, as for the first
q — 1 paths of length 7 we take the scheme associated with Py o H and for the path associated
with the last 8 vertices of P, we take the scheme associated with Pgo H.

Notice that, forn=1,2 (mod 7), we have that y,2(P,0 H) < [S| =6g+r+1=n—|%|+
1, while for n % 1,2 (mod 7) we have ¥.2(P, o H) < |S| = 6g+r =n— |%]. Therefore, the
result follows. |

Lemma 4.5. Let Py = wy,..., w7 be a subgraph of C,. Let H be a graph such that y(H) =2
andW ={wi,...,w7} xV(H). If S is a double dominating set of C,, o H which satisfies Lemma
2.6, then

|[SNW|>6.

Proof. By Lemma 4.3 (i) and (ii) we have that |SN ({w1,wz,w3} x V(H))| > 2 and |SN
({wa,ws,we, w7} X V(H))| > 3. If |SN ({w1, w2, w3} X V(H))| > 3, then we are done. Hence,
we assume that |SN({wy,wz, w3} x V(H))| = 2. In this case, and by applying again Lemma 4.3
(i) and (ii) we deduce that |SN ({w4, ws, we, w7} x V(H))| > 4, which implies that [SOW| > 6,
as desired. Therefore, the proof is complete. O

Lemma 4.6. For any integer n > 3 and any graph H with Y(H) =2,

n—[%]+1 ifn=1,2 (mod7),

n—|%] otherwise.

YXZ(CnOH) > {

Proof. Tt is easy to check that 2 (C, 0 H) = n for every n € {3,4,5,6}. Now, letn = 7g+r,
with0 <r<6and g > 1. Let S be a ¥,»(C, 0 H)-set that satisfies Lemma 2.6.

If r = 0, then by Lemma 4.5 we have that |S| > 6g = n— | 5]. From now on we assume
that r > 1. By Theorem 1.5 and Lemma 4.4 we deduce thaty.(CyoH) < Vy2(PyoH) <n,
which implies that Ag # 0, otherwise there exists u € V(C,) such that N(u) N Cg # @ and so
|N(u) NBg| < 1, which is a contradiction. Let x € Ag and, without loss of generality, we can
label the vertices of C, in such a way that x = u), and up € AgU Bg whenever r > 2. We
partition V(C,) into X = {uy,...,u,} and Y = {u,11,...,u, }. Notice that Lemma 4.5 leads to
ISO(Y X V(H))| > 6q.

Now, if r € {1,2}, then |SN (X x V(H))| > r+ 1, which implies that |S| > r+1+6q =
n—|%] +1. Analogously, if » = 3, then [SN (X x V(H))| > rand so |[S| > r+6g=n—|%].

Finally, if r € {4,5,6}, then by Lemma 4.3 (i) and (ii) we deduce that |SN (X x V(H))| > r,
which implies that [S| > r+6g=n—|%]. O

The following result is a direct consequence of Theorem 1.5 and Lemmas 4.4 and 4.6.

13
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Proposition 4.7. For any integer n > 3 and any graph H with y(H) = 2,

n—[4]+1 ifn=1,2 (mod7),
n—|%] otherwise.

Y2(ChoH) = Yuo(PyoH) = {

4.3 Cases where y(H) >3
To begin this subsection we need to recall the following well-known result.

Remark 4.8. [21] For any integer n > 3,

5 ifn=0 (mod 4),
W(P)=%(C) =< L ifn=13 (mod4),
5+1 ifn=2 (mod4).

Lemma 4.9. Let P, = uyuy...u, be a path of order n > 6, where consecutive vertices are
adjacent, and let H be a graph. If y(H) > 3, then there exists a Yx2(P, o H)-set S such that
Up, U3 € Cs and u,_1,u,_» € As.

Proof. Let S be a Y« (P, o H)-set that satisfies Lemma 2.6 such that |Ag| is maximum. First,
we observe that u,,_; € Ag by Lemma 4.3. Now, by applying again Lemma 4.3, we have
that [SNV(H,,)| +[SNV(H,, ,)| > 2. Hence, without loss of generality we can assume that
u,—p € Ag and u, € Cy as |Ag| is maximum. If u,_3 € Cg, then we are done. On the other
hand, if u,_3 ¢ Cg, then as every vertex of V(H,, ,) has two neighbours in SNV (H,, ,), we
can redefine S by replacing the vertices in SNV (H,, ,) with vertices in V(H,, ,)UV(H,, )
and obtain a new Y2 (P, o H)-set S satisfying that u,_3 € Cg, as desired. Therefore, the result
follows. |

Proposition 4.10. Let n > 3 be an integer and let H be a graph. If Y(H) > 3, then

n ifn=0 (mod4),
Y2 (PhioH)=2%(P) =4 n+1 ifn=1,3 (mod4),

n+2 ifn=2 (mod 4).
Proof. Since Proposition 1.1 leads to Yxa2(P, 0o H) < 2%(P,), we only need to prove that
Ys2(PyoH) > 2y (P,). We proceed by induction on n. By Propositions 3.3 and 3.4 we ob-
tain that Yy (P, 0 H) =29 (P,) for n =3,4. By Lemma 4.3 it is easy to see that yy»(PsoH) =
2%(Ps). This establishes the base case. Now, we assume that n > 6 and that Y2 (P o H) >
2%(P) for k < n. Let S be a y«2(P, o H)-set that satisfies Lemma 4.9. Let D =V (P,0H)\
(UyV(H,, ;). Notice that SN D is a double dominating set of (P, 0 H) —D & P,_4o H.
Hence, by applying the induction hypothesis,

Ye2(PioH) > Ye2(Pi—ao H) +4 > 2% (Pya) +4 > 2%(Py),

as desired. To conclude the proof we apply Remark 4.8. O

14
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Proposition 4.11. Let n > 3 be an integer and let H be a graph. If Y(H) > 3, then
’)/XQ(C,, OH) =n.

Proof. From Theorem 2.11 we know that ¥y, (C,0H) < n. We only need to prove that ¥, (C, 0
H) > n. Let S be a ¥«2(G o H)-set that satisfies Lemma 2.6. Since y(H) > 3, by Lemma 4.3
(iii) we deduce that

2%a(CuoH)=2|S|= Y Y [SNV(H,)|>2n
x€V(Cy) ueN(x)

Therefore, the result follows. |
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Abstract: This paper introduces a general approach to the idea of protection of graphs,
which encompasses the known variants of secure domination and introduces new ones. Specifically,
we introduce the study of secure w-domination in graphs, where w = (wy, wy, ..., w;) is a vector
of nonnegative integers such that wy > 1. The secure w-domination number is defined as
follows. Let G be a graph and N(v) the open neighborhood of v € V(G). We say that a function
f:V(G) — {0,1,...,1} is a w-dominating function if f(N(v)) = L,en() f(1) > w; for every
vertex v with f(v) = i. The weight of f is defined to be w(f) = Loev(c) f(v)- Given a w-dominating
function f and any pair of adjacent vertices v, u € V(G) with f(v) = 0 and f(u) > 0, the function
fu—ois defined by fy—o(v) =1, fumso(u) = f(u) —1and fu—o(x) = f(x) forevery x € V(G) \ {u, v}.
We say that a w-dominating function f is a secure w-dominating function if for every v with
f(v) = 0, there exists u € N(v) such that f(u) > 0 and f,—, is a w-dominating function as well.
The secure w-domination number of G, denoted by 5,(G), is the minimum weight among all secure
w-dominating functions. This paper provides fundamental results on 73,(G) and raises the challenge
of conducting a detailed study of the topic.

Keywords: secure domination; secure Italian domination; weak roman domination; w-domination

1. Introduction

Let Zt = {1,2,3,...} and N = Z* U {0} be the sets of positive and nonnegative integers,
respectively. Let G be a graph, I € Z* and f : V(G) — {0,...,1} a function. Let V; = {v € V(G) :
f(v) =i} foreveryi € {0,...,1}. We identify f with the subsets V, ...,V associated with it, and thus
we use the unified notation f(Vp, ..., V) for the function and these associated subsets. The weight of f

is defined to be ’

w(f) = f(V(G)) = _Zii\Vi\-
i=

Letw = (wy, ..., w;) € ZT x N such that wy > 1. As defined in [1], a function f(Vj,...,V}) is
a w-dominating function if f(N(v)) > w; for every v € V;. The w-domination number of G, denoted by
Yw(G), is the minimum weight among all w-dominating functions. For simplicity, a w-dominating
function f of weight w(f) = 7w (G) is called a 7, (G)-function. For fundamental results on the
w-domination number of a graph, we refer the interested readers to the paper by Cabrera et al. [1],
where the theory of w-domination in graphs is introduced.

The definition of w-domination number encompasses the definition of several well-known
domination parameters and introduces new ones. For instance, we highlight the following particular
cases of known domination parameters that we define here in terms of w-domination: the domination
number ¥(G) = 7(1,0)(G) = 7(10,.,0)(G), the total domination number 7:(G) = 7(11)(G) =
Y@,.,1)(G), the k-domination number 7;(G) = ¥y (G), the k-tuple domination number 7,x(G) =
Y(kk-1)(G), the k-tuple total domination number v (G) = (k) (G), the Italian domination number

Symmetry 2020, 12, 1948; doi:10.3390/sym12121948 www.mdpi.com/journal/symmetry
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71(G) = Y(2,00)(G), the total Italian domination number 71(G) = 7(21,1)(G), and the {k}-domination
number 7y, (G) = Y(kk-1,...0) (G). In these definitions, the appropriate restrictions on the minimum
degree of G are assumed, when needed.

For any function f(Vp,...,V)) and any pair of adjacent vertices v € Vp and u € V(G) \ Vo,
the function f,—, is defined by fy—0(v) = 1, fumso(u) = f(u) —1 and fy—o(x) = f(x) whenever
x € V(G)\ {u,v}.

We say that a w-dominating function f(Vy, ..., V}) is a secure w-dominating function if for every
v € V there exists u € N(v) \ Vj such that f,_,;, is a w-dominating function as well. The secure
w-domination number of G, denoted by 7%,(G), is the minimum weight among all secure w-dominating
functions. For simplicity, a secure w-dominating function f of weight w(f) = 7;,(G) is called a
75, (G)-function. This approach to the theory of secure domination covers the different versions of
secure domination known so far. For instance, we emphasize the following cases of known parameters
that we define here in terms of secure w-domination.

o The secure domination number of G is defined to be v5(G) = 7?1,0) (G). In this case, for any secure
(1,0)-dominating function f(Vj, V1), the set V; is known as a secure dominating set. This concept
was introduced by Cockayne et al. [2] and studied further in several papers (e.g., [3-9]).

o The secure total domination number of a graph G of minimum degree at least one is defined to be
75t(G) = T (G). In this case, for any secure (1,1)-dominating function f(Vp, V1), the set V; is
known as a secure total dominating set of G. This concept was introduced by Benecke et al. [10] and
studied further in several papers (e.g., [7,11-14]).

o The weak Roman domination number of a graph G is defined to be 7,(G) = 7?1,0,0) (G). This concept
was introduced by Henning and Hedetniemi [15] and studied further in several papers
(e.g., [5,6,16,17]).

o The total weak Roman domination number of a graph G of minimum degree at least one is defined to
be 14 (G) = 7?1/1/1) (G). This concept was introduced by Cabrera et al. in [12] and studied further
in [18].

o The secure Italian domination number of G is defined to be 7 (G) = 7?2,0,0) (G). This parameter was
introduced by Dettlaff et al. [19].

For the graphs shown in Figure 1, we have the following:

° ( )(Gl) = 720)(G1) 2])( ) = 720) (Gl) = W(Z,I)Gl) = 7?1,1,0)(G1) = '7?],1/1)((;1) =
V200G = Y10)(C1) Y200(G1) = Y21,0(G1) = Y220(G1) = Y221)(G1) =
( )(Gl) 4 and 7?2/2)((;1) = 7(2,2)(G1) = 7?2/2,0)(G1) = 722/2/1)(G1) 7(2/2,2)(6‘1)
( )(Gl) 310)(Gl) 7?3,1,1)(61) = 7?3,20)(G1) = 7?3[2,1)(G1) = 7?322)((;1)
Y300)(G1) = 731,0)(G1) = 7(311)(G1) = 7(32,0)(G1) = Y(32,1)(G1) = Y(3,22)(G1) = 6.

o Y1)(G2) = 7{110)(G2) = V{111)(G2) = 1220)(G2) = 1(221)(C2) = V(222)(G2) =3

o (G = 0)(G3) = "11)(G3) = Y210)(G3) = Y(300)(G3) =3 < 4 = 7y (G3) =
’ 2 ) = 7221)(G3) = 710222(G3) = Y320(G3) <
= 7?2/2,0) (G3) = 7?320) (GS) = 7?22[1) (GS = 7?2/2,2) (G3) = 7?3,1/1) (G3) = 7?3,2,1) (GS) =

7621)(G3) = 7(322)(G3) <6 =17(3,,)(G3)-

This paper is devoted to providing general results on secure w-domination. We assume that
the reader is familiar with the basic concepts, notation, and terminology of domination in graph.
If this is not the case, we suggest the textbooks [20,21]. For the remainder of the paper, definitions are
introduced whenever a concept is needed.
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2
Gy Gy Gs

Figure 1. The labels of black-colored vertices describe the positive weights of a 'y“g
a 7?1,1,1) (Gy)-function, and a 'yi (G3)-function, respectively.

2,1,0) (Gq)-function,

22,2)
2. General Results on Secure w-Domination

Given a w-dominating function f(Vy, ..., V;), we introduce the following notation.

e Giveno € Vp, we define M¢(v) = {u € V(G) \ Vo : fuso as a w-dominating function}.
o Ms(G)= | Mf(v).

veV
e Givenu € M;(G),we define Df(u) = {v € Vo : u € My(v)}.
e Givenu € My(G), we define T¢(u) = {v € Vo : u € Ms(v) and f(N(v)) = wp}.

Obviously, if f is a secure w-dominating function, then M (v) # @ for every v € V.

Lemma 1. Let f be a secure w-dominating function on a graph G, and let u € Mg(G). If Te(u) # @,
then each vertex belonging to T¢(u) is adjacent to every vertex in Dy (u) and, in particular, G[Tf(u)) is a clique.

Proof. Since T¢(u) C Df(u), we only need to suppose the existence of two non-adjacent vertices
v € Tg(u) and o' € Dy¢(u) with v # v'. In such a case, f,_,»(N(v)) < wp, which is a contradiction.
Therefore, the result follows. [J

Remark 1 ([1]). Let G be a graph of minimum degree 6 and let w = (wq, w1, ..., w;) € Z* x N, If wy >
wy > .-+ > wy, then there exists a w-dominating function on G if and only if w; < 6.

Throughout this section, we repeatedly apply, without explicit mention, the following necessary
and sulfficient condition for the existence of a secure w-dominating function on G.

Remark 2. Let G be a graph of minimum degree § and let w = (wo, wy, ..., w;) € Z+ x N\ Ifwy > w; >
-+« > wy, then there exists a secure w-dominating function on G if and only if w; < 16.

Proof. If f is a secure w-dominating function on G, then f is a w-dominating function, and by Remark 1
we conclude that w; < 14.

Conversely, if w; < 16, then the function f, defined by f(v) = I for every v € V(G), is a secure
w-dominating function. Therefore, the result follows. [

It was shown by Cabrera et al. [1] that the w-domination numbers satisfy a certain monotonicity.
Given two integer vectors w = (wy, ..., w;) and w' = (wy,..., w}), we say that w' < w if w} < w;
for every i € {0,...,I}. With this notation in mind, we can state the next remark which is a direct
consequence of the definition of w-dominating function.
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Remark 3. [1] Let G be a graph of minimum degree 6 and let w = (wy, ..., w;),w' = (wy, ..., w]) €
7+ x N such that w; > wiyq and w) > w),, foreveryi € {0,...,1—1} . Ifw' < wand w; < 15, then every
w-dominating function is a w'-dominating function and, as a consequence,

'Yw’(c) < ’YIU(G)'
The monotonicity also holds for the case of secure w-domination.

Remark 4. Let G be a graph of minimum degree & and let w = (wy, ..., w;), w' = (w),...,w}) € Z+ x N!
such that w; > wiyq and wi > w}, foreveryi € {0,...,1 =1} . Ifw' < w and w; < 16, then every secure
w-dominating function is a secure w'-dominating function and, as a consequence,

/Y;)’(G) < ’Y;v(G)'

Proof. For any 7%, (G)-function f and any v € V(G) with f(v) = 0, there exists u € M¢(v). Since f
and fy,, are w-dominating functions, by Remark 3, we conclude that, if w’ < w and w; < 16, then both
f and f,—, are w'-dominating functions. Therefore, f is a secure w’-dominating function and, as a
consequence, 75, (G) < w(f) = 75(G). O

From the following equality chain, we obtain examples of equalities in Remark 4. Graph Gy is
illustrated in Figure 1.

7?3/0,0)(G1) = 75(:3,1,0)(G1) = 7?3,2/0)(61) = 7?3/2,1)(61) = '7?3,2,2)(G1)~

Theorem 1. Let G be a graph of minimum degree 8, and let w = (wy, ..., w;) € Z+ x N such that w; > w; 4
foreveryi € {0,...,1 —1}. If16 > wy, then the following statements hold.

B 70(G) < 13(G).
(ii) Ifk € Z+’ then 7(k+1,k:wl ,,,,, wl)(G) < ’y?k,k:wl,..,,w[)(c)'

Proof. Since every secure w-dominating function on G is a w-dominating function on G, (i) follows.

Let f(Vo,..., V) be a 'y‘zklk:wlwwl)(G)—function. Since f is a (k,k = wy,..., w;)-dominating
function, f(N(v)) > w; for every v € V; withi € {1,...,I} and wy = k. If Vj = &, then f is
a (k+1,k = wy,..., w)-dominating function, which implies that (41 k—uw,,..)(G) < w(f) =
'sz,k:wl,.“,wl)(c)‘ Assume Vg # @. Letv € Vpand u € My(v). If f(N(v)) = k, then f,,(N(v)) =
f(N(v)) =1 =k — 1, which is a contradiction. Thus, f(N(v)) > k + 1, which implies that f isa (k +
1,k = wy, ..., w;)-dominating function. Therefore, (k11 k—w,,..w,)(G) < w(f) = Vikkror,.., w,)(G)
and (ii) follows. O

The inequalities above are tight. For instance, for any integers n,n’ > 4, we have that Y(222) (Ky +
Ny) = 7?2,2,2) (Kn + Ny) = 3and Y(3.22) (Kon) = 7?2,22) (Ka) = 5.

Corollary 1. Let G be a graph of minimum degree 8 and order n. Let w = (wy, ..., w;) € Z x N such that
w; > wiyq foreveryi € {0,...,1 — 1} and 16 > wy. The following statements hold.

(@) Ifn > wy, then v3,(G) > wy.
(i) Ifn > wo = wy, then v5,(G) > wo + 1.
Proof. Assumen > wy. By Theorem 1, we have that 7$,(G) > 7w (G). Now, if 74, (G) <wp—1<n—1,

then for any 1, (G)-function f there exists at least one vertex x € V(G) such that f(x) = 0 and
f(N(x)) < w(f) < wp, which is a contradiction. Thus, 75,(G) > 7% (G) > wp.
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Analogously, if wy = wy, then Theorem 1 leads to 75,(G) > V(wy+1,wy,..,)(G)- In this case,
if Y (ot 100) (G) < Wwo < 1, then for any vy 11,w,,...,) (G)-function f there exists at least one
vertex x € V(G) such that f(x) = 0 and f(N(x)) < w(f) < wp+ 1, which is a contradiction.
Therefore, 73,(G) = V(wy 1,01, (G) = wo + 1. 11

As the following result shows, the bounds above are tight.
Proposition 1. For any integer n and any w = (wo, ..., wy) € 7+ x NI such that wy << wp<mn,

wo+1 ifwy=w,

Vo (Kn) = {

wo otherwise.

Proof. Assume n > wy. Let S C V(Kj) such that |S| = wp + 1 if wg = w; and |S| = wy otherwise.
In both cases, the function f(V,...,V}), defined by V; = S, Vj = V(G) \ V; and V; = @ whenever
j & {0,1}, is a secure w-dominating function. Hence, 7%,(Ky) < w(f) = |S|. Therefore, by Corollary 1
the result follows. O

Theorem 2. Let G be a graph of minimum degree 6, and let w = (wy, ..., w;),w’ = (wy, ..., w)) € Z* x N
such that 16 > wy, w; > wiyq and w) > wa foreveryi € {0,...,1 —1}. Ifw; > w)_, —1 for every
ie{l,...,1} and max{w; — 1,0} > w} forevery j € {0,...,1}, then

'Y;u’(c) S 'YZU(G)'

Proof. Assume that w; > w|_, — 1 for every i € {1,...,1} and max{w]- -1,0} > w;- for every
j € {0,...,1}. Let f(Vo,...,V)) be a 74(G)-function. We claim that f is a secure w’-dominating
function. Since f(N(x)) > w; > w} for every x € V; withi € {0,...,1}, we deduce that f is a
w'-dominating function. Now, letv € Vp and u € N(v) N V; withi € {1,...,1}. We differentiate the
following cases for x € V(G).

Case 1. x = v. Inthis case, fu—o(v) = land fy—o(N(v)) = f(N(v)) =1 > wp — 1 > max{w; — 1,0} >
w].

Case 2. x = u. Inthis case, fy—o(u) = f(u) =1 =i—1and fu—o(N(u)) = f(N(u))+1> w; +1 >
wi_y.

Case 3. x € V(G)\ {u,v}. Assume x € V;. Notice that fy,(x) = f(x) = j. Now, if x ¢ N(u)
or x € N(u) N N(v), then fu»(N(x)) = f(N(x)) > w; > w;, while if x € N(u)\ N[v],
then fuo(N(x)) = f(N(x)) — 1 > max{w; — 1,0} > w}.

According to the three cases above, f;,, is a w'-dominating function. Therefore, f is a secure
w'-dominating function, and so 75, (G) < w(f) = 1w(G). O

The inequality above is tight. For instance, 77, ; ;) (Kuw) = Y222 (Kyw) = 4 for n,n' > 4.
From Theorems 1 and 2, we derive the next known inequality chain, where G has minimum
degree 6 > 1, except in the last inequality in which § > 2.

Y5(G) < 72(G) < 1x2(G) < 75t(G) < 7x2,4(G).

The following result is a particular case of Theorem 2.

Corollary 2. Let G be a graph of mininum degree 5, and let w = (wy, ..., w;) € Z+ x Nland 1= (1,...,1).
If0<wj_1 —w; <2foreveryj e {1,...,i}, wherel < i <land 16 > w; 41, then

Viwg030,,0) (C) < V(wotd,o0410,...0) (G) < Yot1(G)-
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For Graph G; illustrated in Figure 1, we have that 7?1,1)(G2) = 7?1,1,0)((32) = Y220)(G2) =
T11)(G2) = Y(222)(G2) = 3. Notice that 75,(Ga) = 1w 11(G2) forw =1 = (1,1,1).

Next, we show a class of graphs where 7, (G) = Yw+1(G). To this end, we need to introduce
some additional notation and terminology. Given the two Graphs G; and Gy, the corona product graph
Gi © Gy is the graph obtained from G; and Gy, by taking one copy of Gy and |V (G )| copies of G, and
joining by an edge every vertex from the ith copy of G, with the ith vertex of G;. For every x € V(Gy),
the copy of G2 in G; ® G associated to x is denoted by Gy .

Theorem 3 ([1]). Let G; ® Gy be a corona graph where Gy does not have isolated vertices, and let w =
(wo, ..., wy) € ZT x NLIFI > wy > --- > wyand |V(Gyp)| > wy, then

Yw(G1 © Gp) = wp|V(Gy)|.

From the result above, we deduce that under certain additional restrictions on G, and w we can
obtain ’y?o(cl O] Gz) = 'Yw+1(G1 O] Gz).

Theorem 4. Let G; ® Gy be a corona graph, where Gy does not have isolated vertices and G, is a triangle-free
graph. Let w = (wy, ..., w;) € Z+ x Nl such that | —1 > wgy > --- > wy. If|V(Gp)| > wp + 2, then

Y2(G1© G2) = (wo + 1)|V(G1)| = Yw+1(G1 © G2).

Proof. Since G; does not have isolated vertices, the upper bound 75,(G1 © Gy) < (wg +1)|V(Gy)] is
straightforward, as the function f, defined by f(x) = wo + 1 for every x € V(G;) and f(x) = 0 for the
remaining vertices of Gy ® Gy, is a secure w-dominating function.

On the other hand, let f(Vp,..., V) be a 75,(G1 ® Gy)-function and suppose that there exists
x € V(Gy) such that f(V(Gyy)) + f(x) < wyp. Since |V(Gyx)| > wp + 2, there exist at least two
different vertices u,v € V(Gyx) N Vy. Hence, f(N(u)) = f(N(v)) = wp, which implies that u and
v are adjacent and, since G, is a triangle-free graph, f(x) = wp and f(y) = 0 for every y € V(Gpx).
Thus, by Lemma 1, we conclude that Gy, is a clique, which is a contradiction as |V (G,)| > 3 and G,
is a triangle-free graph. This implies that f(V(Gyx)) + f(x) > wo + 1 for every x € V(G;), and so
74(G1 ©Ga) = w(f) = (wo + 1)|V(Gy)].

Therefore, 15,(G1 ® Gp) = (wp +1)|V(Gy)|, and by Theorem 3 we conclude that y,41(G1 © G2) =
(wo +1)|V(Gy)|, which completes the proof. [

Theorem 5. Let G be a graph of minimum degree 8 and | > 2 an integer. For any (wy, . .., w;_1) € Z+ x N/~1
withwy > -+ > wj_yand 16 > w;_4,

'yfwo,...,w, 1Lw=w; 1)(G) < ry(wn,...,wl,l)(c) + 7(G)-

Proof. Let f(Vp,...,Vi_1) be a Y(y,,. w_;)(G)-function and S a 7(G)-set. We define a function
g(Wo,..., W) as follows. Let W, = Vj_1 NS, Wyp = )\ S, and W; = (Vi1 NS) U (V;\ S) for every
ie{l,...,1—-1}.

We claim that g is a secure (wy, ..., wj_1, w; = wj_1)-dominating function. First, we observe that,
ifx € WyNSwithi € {1,...,1}, thenx € V;_1 and g(N(x)) > f(N(x)) > w;_1 > w;. Moreover,
ifx € W;\ Swithi € {0,..., -1}, then x € V; and g(N(x)) > f(N(x)) > w;. Hence, gis a
(wo, . .., w;_1, w; = w;_q)-dominating function.

Now, let v € Wy = Vp \ S. Notice that there exists a vertex u € N(v) N V;_y NS withi e {1,...,1}.
Hence, u € N(v) N W;. We differentiate the following cases for x € V(G).

Case 1. x = 0. In this case, gu—o(v) = 1 and, as N(v) NS # @, we obtain that g,—(N(v)) =
g(N(v)) —1> f(N(v)) > wo > ws.
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Case 2. x = u. In this case, guso(u) = g(u) —1 = i —1 and gu—o(N(1)) = g(N(u)) +1
FINW) +12> w1 +1>wi_1.

Case 3. x € V(G)\ {u,v}. Assume x € W;. Notice that g,—(x) = g(x) = j. If x ¢ N(u) or
x € N() N N(0), then g,-,a(N(x)) = g(N(x)) = F(N(x)) > wj.

%

Moreover, if x € (N(u) \ N[o]) NS, then x € V;_; and s0 gu—o(N(x)) = g(N(x)) -1 >
f(N(x)) > wj_y > w;. Finally, if x € (N(u) \ N[v]) \ S, then x € V; and therefore gy—,(N(x)) =

g(N(x)) =1 2> f(N(x)) > wj.
According to the three cases above, gy, is a (wyg,...,w;_1,w; = wj_1)-dominating
function. Therefore, f is a secure (wyp,...,w;_1,w; = w;_1)-dominating function, and so

W?wo,.../wl,l,wlzw,il)(G) < w(g) < w(f) + IS‘ = ’Y(wo,.,.,w,,l)(c) + 'Y(G)' |

From Theorem 5, we derive the next known inequalities, which are tight.
Corollary 3. For a graph G, the following statements hold.
« Ref [15]7(G) <27(G).

o Ref. [12] v4+(G) < 4+(G) + v(G), where G has minimum degree at least one.

o R [19177(G) < 712(G) +7(G).
To establish the following result, we need to define the following parameter.

v(s G) =max{|V|: f(Vo,...,V))isay] )(G)-function,}

wp,...,W0;) (

In particular, for | = 1 and a graph G of order n, we have that Vfwo,wl) (G)=n-— ,Y?Z‘)Orwl ) (G).

Theorem 6. Let G be a graph of minimum degree 6 and order n. The following statements hold for any
(wy,...,w) € ZT x N withwy > --- > wy.

(i) Ifthereexistsi € {1,...,1 —1} such that i6 > w;, then 'y‘sz mwl)(G) < 'y?

wo,m,wl)( )
(i) Ifl >i+1> wy, then ,Yiwo,m,wi,O,m,O)(G) < (i+1)9(G).

(iii) Letk,i € Z™ such that | > ki, and let (zoéczoﬁ, L)) € 7+ x N Ifis > wj and wyj = kwj’.for every
j€{0,1,...,i}, then 7§w0,~»-,w1)(c) < kﬁw(’,,.../w,’)(G)'

(iv) Letk € Z" and By,...,Bx € Z*. If16 > k+w; > kand wg+k > By > -+ > Br > wy + k, then
f)/?wUJrk,ﬂl,u,,ﬂk/wﬁrk,.u,wl+k)(G) S ,Yiwo,m,wl)(G) + k<n - V(Swu/“.,wl)(c))‘
V) Ifl5 > wp > 1> 2, then ’y?wo ,,,,, wl)(G) S l,Y?wOflJrl,wl—lJrl)(G)‘
Proof. If there exists i € {1,...,] —1} such that i > wj, then for any 'y?wo,mlwi)(G)-function
f(Vo, ..., Vi) we define a secure (wy, . .., w;)-dominating function g(Wp, ..., W;) by W; = V; for every
j€{0,...,i} and W; = & for every j € {i+1,...,1}. Hence, Viwo,wn (G) < w(g) = w(f) =
+(G). Therefore, (i) follows.
Now, assume ! > i +1 > wy. Let S be a 7(G)-set. Let f be the function defined by f(v) =i +1
for every v € S and f(v) = 0 for the remaining vertices. Since i +1 > wy, we can conclude that f is a
secure (wy, ..., w;,0...,0)-dominating function. Therefore, 'y?wO e 0)(G) <w(f)=(i+1)|S| =
(i +1)v(G), which implies that (ii) follows.
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To prove (iii), assume that [ > ki, i6 > w)} and wyj = kw} forevery j € {0,...,i}. Let f'(Vy,..., V/)
bea 'yfwéwwo(G)—function. We construct a function f(Vp, ..., V;) as f(v) = kf'(v) for every v € V(G).
Hence, V}; = Vj’ for every j € {0,...,i}, while V; = @ for the remaining cases. Thus, for every
v € Vyj withj € {0,...,i} we have that f(N(v)) = kf'(N(v)) > kw;- = wy;, which implies that f is a
(wo, - .., w;)-dominating function. Now, for every x € Vo, there exists y € M (x). Hence, for every
v € Vyjwithj € {0,...,i}, we have that f,x(N(v)) = kfj_,x(N(v)) > kw} = wyj, which implies that
fy—xisa (wy, ..., w)-dominating function. Therefore, f is a secure (wy, . .., w;)-dominating function,
and so ﬁwon-qwl) (G) <w(f) =kw(f') = kﬁwa,-ww,‘) (G). Therefore, (iii) follows.

Now, assume that [6 > k+w; > kand wo+k > 1 > -+ > B > w1 + k. Let g(Wp,..., W))
be a ’yz‘wt)wwl)(G)—function. We construct a function f(Vp,..., Viix) as f(v) = g(v) + k for every
v € V(G)\ Wy and f(v) = O for every v € Wyp. Hence, Viyx = W, for every j € {1,...,1},
Vo = Wp and V; = & for the remaining cases. Thus, if v € Vj; and j € {1,...,1},
then f(N(v)) > g(N(v)) +k > w; +k, and if v € Vo, then f(N(v)) > g(N(v)) +k > w + k.
This implies that f is a (wo +k, B1, ..., Br, w1 +k, ..., w; + k)-dominating function. Now, for every
x € Vo = W, there exists y € Mg(x). Hence, if v € Vjxand j € {1,...,1}, then fy,x(N(v)) >
8y—x(N(v)) +k > w; +k and if v € Vy, then fy—+(N(v)) > gy—x(N(v)) +k > wp + k. This implies
that fyy is a (wo +k,B1,---, Br,w1 +k,...,w; + k)-dominating function, and so f is a secure
(wo+k, B1,...,Br, w1 +k, ..., w +k)-dominating function. Therefore, ""?woJrk,;Sl,...,ﬁk,wﬁk,,..,wﬁk) (G) <
W(f) = 0g) + KTy W] = vy (G)+ Kln = W0]) < 75,0 (G) +k(n =18, (G)),
concluding that (iv) follows.

Furthermore, if 16 > w; > | > 2, then, by applying (iv) for k = I — 1, we deduce that

7?700,..4,w1)(G) < ’y?wg—l+1,w1—l+l)(c) + (l - 1)(n - V?woflJrl,w,fIJrl)(G)) = lr)/?wg—ZJrl,wl—ZJrl)(G)'
Therefore, (v) follows. O

In the next subsections, we consider several applications of Theorem 6 where we show that the
bounds are tight. For instance, the following particular cases is of interest.

Corollary 4. Let G be a graph of minimum degree 6, and let k, 1, w,, ..., w; € ZF withk > wy > -+ > wy.

@) If(S > k, then 'Y?k+1,k,w2,...,w/)(G) < 7zk+1,k)(c)‘

(@ii") Ifd >k, then "’/ik/k,wz/.“,wl)(c) < 'y?k/k)(G).
(iii") IfI16 >k > 1> 2, then W?k,k llll k>(G) < I'Y?k—lﬂ,k—lﬂ)(c)'
2

1+1

@iv’) Leti € ZT.Ifl > kiand § > 1, then Y, k)(G) < kvs 1)(G),
AL il

Proof. If 6 > k, then by Theorem 6 (i) we conclude that (i") and (ii") follow. If [§ > k > | > 2, then by
Theorem 6 (v) we deduce (iii’). Finally, if | > k and 6 > 1, then by Theorem 6 (iii) we deduce that (iv’)
follows. O

To show that the inequalities above are tight, we consider the following examples. For (i"), we have
7?2’1/”([(1 + (KaUKp)) = ’Y?z,l)(K] + (K2 UKj)) = 3. For (ii’) we have ’Y?k,k,wz,“./w[)(c) = 'ka,k)(c) =
k + 1 for every graph G with k + 1 universal vertices. Finally, for (iii’) and (iv’), we take | = k = 2 and
7?2,2/2> (K2 + Ny) = 27?1,1) (K2 + Ny) = 4 forevery n > 2.

We already know that 7:(G) = 71,1)(G) = Y(1,1,,..5)(G), for every wy,...,w; € {0,1}.
In contrast, the picture is quite different for the case of secure (1, 1)-domination, as there are graphs
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where the gap 7?1,1) (G)— 7?1,4..,1) (G) is arbitrarily large. For instance, 7}21010 7?1,1) (K1,n—1) = 400, while,
: : s _
if I > 2, then nl_l,rfm'y(L...,l)(Klmfl) =3.

1+1

Proposition 2. Let G be a graph of order n. Let w = (wy,...,w;) € 7+ x N such that wy > - > Wy
If G' is a spanning subgraph of G with minimum degree §' > 5, then

70(G) < 712(G).

Proof. Let E~ = {ey,..., e} be the set of all edges of G not belonging to the edge set of G'. Let G} = G
and, for every i € {1,...,k}, let X; = {ey,...,¢;} and G} = G — X;, the edge-deletion subgraph of G
induced by E(G) \ X;.

For any 7}, (G;)-function f and any v € V(G]) = V(G) with f(v) = 0, there exists u € M(v).

Since f and f,—,» are w-dominating functions on G{ , both are w-dominating functions on G;_,, and so

we can conclude that f is a secure w-dominating function on G;fl, which implies that "/,SU(GZLI) <
')/ZSU(GI{)' Hence, 7250(6') = /ﬁv(G(/)) < 7;;(6‘{) << 'Y;;(G}i) = ,Y?U(G/)' O

As a simple example of equality in Proposition 2 we can take any graph G of order n, having n’ +
1 > 2 universal vertices. In such a case, for n’ = w; > - -- > w; we have that

Vit —ons o) K) = Vit () = Vit (Ki) = Ty (G) = ' +1.
From Proposition 2, we obtain the following result.
Corollary 5. Let G be a graph of order nand w = (wy, ..., w;) € Z+ x N such that wg > - - - > w.
o If G is a Hamiltonian graph and w; < 21, then v5,(G) < v5,(Cy).
o If G has a Hamiltonian path and w; < 1, then v3,(G) < v5,(Py).
To derive some lower bounds on 73,(G), we need to establish the following lemma.

Lemma 2 ([1]). Let G be a graph with no isolated vertex, maximum degree A and order n. For any w-dominating
function f(Vy,...,V;) on G such that wy > - -+ > wy,

I
Aw(f) > won + Y (w; — wo) | Vil
iz

Theorem 7. Let G be a graph with no isolated vertex, maximum degree A and order n. Let w = (wy, ..., w;) €
7+ x N such that wg > - -+ > wy and 15 > wy. The following statements hold.

o Ifwy=wyand wy —w; < iforeveryi e {2,..,1}, then v5,(G) > (WW .

o Ifwy = w, then v5,(G) > [(Zzﬁign-‘ .

o Ifwy=wy+1and wy — w; < iforeveryi € {2,..,1}, then v5,(G) > [ 3251 .

o 76 =[]

Proof. Let wg = wp and wyp —w; < i for every i € {2,..,1}. Let f(V,...,V)) be a
Y (wy+1w1,...w) (G)-function. By Lemma 2, we deduce the following.
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)
Aw(f) > (wo+1)n+ ) (w; — wo)|Vj]
1

Z (wo+1)n— ) i|Vi|

f)-

— =

=(wp+1)n—w

1
The proof of the remaining items is completely analogous. In the last two cases, we consider that

f(Vo,...,V)) is a 7w (G)-function, and we apply Theorem 1 (i) instead of (ii). O

Therefore, Theorem 1 (ii) leads to 75,(G) > w(f) > [(on;l)n .

The bounds above are sharp. For instance, ’y?l 1,0) (G) > [Az—jjl] is achieved by Graph G, shown in

Figure 1, the bound 'y?k 10) (G) > [(k;j;"“ is achieved by G = K,, for every n > k(k — 1) > 0, the bound

7?2,1,1) (G) > ]—Az—fr’l-‘ is achieved by the corona graph K ® K, with n’ > 4, while 7?2,0,0) (G) > ]—Az—fr’z-‘
is achieved by G = C5, G 2 K and G = K,y UK,y withn > 2and n’ > 4.

To conclude the paper, we consider the problem of characterizing the graphs G and the vectors
w for which 75,(G) takes small values. It is readily seen that 'yfwo ) (G) =1lifand only if wy =1,

w1 = 0and G = K,,. Next, we consider the case 75,(G) = 2.

Theorem 8. Let w = (wy, ..., w;) € Z1 x N such that wy > -+ - > wy. For a graph G of order at least three,
Viwo, 1) (G) = 2 if and only if one of the following conditions holds.

(i) w2 =0, 9(G) =1 and one of the following conditions holds.

° wo
[ wo
e W

w = 1.
1, w; =0,and G 2 K,.
2,wy € {0,1} and G = K,,.

(i) wo=1,wy =0,and 7?1 o)(G) =2

(iii) wp = w1 = 1and 7?1,1)(G) =2
(iv) wo=2,wy € {0,1}, and G = K,,.

Proof. Assume first that 77, ) (G) =2andlet f(Vp,...,V;) bea ﬁwo,.../w;) (G)-function. Notice that
(wo, w1) € {(1,0),(1,1),(2,0),(2,1)} and |V»| € {0,1}.

Firstly, we consider that |V,| = 1, i.e., Vo = {u} for some universal vertex u € V(G). In this
case, wp = 0, 7(G) = 1, and V; = & for every i # 0,2. By Lemma 1, if wg = 2, then G[Tf(u)] =
G|V(G) \ {u}] is a clique, which implies that G = K,. Obviously, in such a case, w; < 2. Finally,
the case, wy = 1 and wy; = 0leads to G ¥ K, as 7?1,0..»,0) (Ky) = 1. Therefore, (i) follows.

From now on, assume that V, = @. Hence, V; = @ for every i # 0,1. If wp = 1 and w; = 0,
then G # K, and V] is a secure dominating set. Therefore, (ii) follows. If wg = w; = 1, then V; is a
secure total dominating set of cardinality two, and so ’7?1,1) (G) = 2. Therefore, (iii) follows. Finally,
assume wy = 2. In this case, V; is a double dominating set of cardinality two, and by Lemma 1 we
know that G[Tf(x)] = G[V(G) \ V1] is a clique for any x € V;. Hence, G = K, and, in such a case,
wy < 2. Therefore, (iv) follows.

Conversely, if one of the four conditions holds, then it is easy to check that ’f(‘
which completes the proof. [

wo, ..., W]
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Abstract: Given a graph G = (V, E), a function f : V — {0,1,2,... } is said to be a total dominating
function if ¥en(p) f(u) > O for every v € V, where N(v) denotes the open neighbourhood of
v. Let V; = {x € V : f(x) = i}. We say that a function f : V — {0,1,2} is a total weak
Roman dominating function if f is a total dominating function and for every vertex v € Vj there
exists u € N(v) N (V1 U V3) such that the function f’, defined by f'(v) =1, f'(u) = f(u) — 1 and
f'(x) = f(x) whenever x € V' \ {u, v}, is a total dominating function as well. The weight of a function
f is defined to be w(f) = ¥,y f(v). In this article, we introduce the study of the total weak Roman
domination number of a graph G, denoted by 7, (G), which is defined to be the minimum weight
among all total weak Roman dominating functions on G. We show the close relationship that exists
between this novel parameter and other domination parameters of a graph. Furthermore, we obtain
general bounds on 7 (G) and, for some particular families of graphs, we obtain closed formulae.
Finally, we show that the problem of computing the total weak Roman domination number of a
graph is NP-hard.

Keywords: weak Roman domination; total Roman domination; secure total domination; total
domination; NP-hard problem

1. Introduction

The theory of domination in (finite) graphs can be developed using functions f : V(G) — A,
where V(G) is the vertex set of a graph G and A is a set of nonegative numbers. With this approach,
the different types of domination are obtained by imposing certain restrictions on f. To begin with,
let us consider the two simplest cases: f is said to be a dominating function if for every vertex v such
that f(v) = 0, there exists a vertex u, adjacent to v, such that f(u) > 0; furthermore, f is said to be
a total dominating function (TDF) if for every vertex v, there exists a vertex u, adjacent to v, such that
f(u) > 0. Analogously, a set X C V(G) is a (total) dominating set if there exists a (total) dominating
function f such that f(x) > 0 if and only if x € X. The (total) domination number of G, denoted by
(1:(G)) 7(G), is the minimum cardinality among all (total) dominating sets. These two parameters
have been extensively studied. While the use of functions is not necessary to reach the concept of
(total) domination number, later we will see that this idea helps us to easily introduce other more
elaborate concepts.

From now on, we restrict ourselves to the case of functions f : V(G) — {0,1,2}, which are related
to the following approach to protection of a graph described by Cockayne et al. [1]. Suppose that one
or more entities are stationed at some of the vertices of a simple graph G and that an entity at a vertex
can deal with a problem at any vertex in its closed neighbourhood. In this context, an entity could
consist of a robot, an observer, a guard, a legion, and so on. Consider a function f : V(G) — {0,1,2}

Symmetry 2019, 11, 831; doi:10.3390/sym11060831 www.mdpi.com/journal/symmetry
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where f(v) denotes the number of entities stationed at v, and let V; = {v € V(G) : f(v) = i} for
every i € {0,1,2}. We will identify the function f with the partition of V(G) induced by f and write
f(Vo, V1, V2). The weight of f is defined to be w(f) = f(V(G)) = Lyev(g) f(v) = L;i|Vi|. Informally,
we say that G is protected under the function f if there exists at least one entity available to handle
a problem at any vertex. We now define some particular subclasses of protected graphs considered
in [1] and introduce a new one. The functions in each subclass protect the graph according to a
certain strategy.

A Roman dominating function (RDF) is a function f(Vp, V3, V2) such that for every vertex v € Vp
there exists a vertex u € V, which is adjacent to v. The Roman domination number, denoted by yr(G), is
the minimum weight among all RDFs on G. This concept of protection has historical motivation [2]
and was formally proposed by Cockayne et al. in [3]. A Roman dominating function with minimum
weight v, (G) on G is called a 7, (G)-function. A similar agreement will be assumed when referring to
optimal functions (and sets) associated to other parameters used in the article.

A total Roman dominating function (TRDF) on a graph G is a RDF on G with the additional
condition of being a TDFE. The total Roman domination number of G, denoted by 7, (G), was defined by
Liu and Chang [4] as the minimum weight among all TRDFs on G. For recent results on total Roman
domination in graphs we cite [5].

The remaining domination parameters considered in this paper are directly related to the following
idea of protection of a vertex. A vertex v € V) is said to be (totally) protected under f(Vp, V1, V2) if
there exists a vertex u € V; U V,, adjacent to v, such that the function f’, defined by f'(v) = 1,
f'(u) = f(u) —1and f'(x) = f(x) whenever x € V(G) \ {u,v}, is a (total) dominating function.
In such a case, if it is necessary to emphasize the role of u, then we will say that v is (totally) protected
by u under f.

A weak Roman dominating function (WRDF) is a function f(Vp, V4, V,) such that every vertex in Vj
is protected under f. The weak Roman domination number, denoted by +y,(G), is the minimum weight
among all WRDFs on G. This concept of protection was introduced by Henning and Hedetniemi [6]
and studied further in [7-9].

A secure dominating function is a WRDF function f(Vj, V4, V2) in which V, = @. In this case, it
is convenient to define this concept of protection by the properties of V;. Obviously f(Vy, V1,D) is a
secure dominating function if and only if V; is a dominating set and for every v € Vj there exists u € V;
which is adjacent to v and (V4 \ {u}) U {v} is a dominating set as well. In such a case, V; is said to be
a secure dominating set. The secure domination number, denoted by ,(G), is the minimum cardinality
among all secure dominating sets. This concept of protection was introduced by Cockayne et al. in [1],
and studied further in [7,8,10-13].

Aset X C V(G) is said to be a secure total dominating set of G if it is a total dominating set and for
every vertex v ¢ X there exists u € X which is adjacent to v and (X \ {u}) U {v} is a total dominating
set as well. The secure total domination number, denoted by 7st(G), is the minimum cardinality among
all secure total dominating sets. This concept of protection was introduced by Benecke et al. in [14].

In this article we introduce the study of total weak Roman domination in graphs. We define a
total weak Roman dominating function (TWRDF) to be a TDF f(Vp, V4, V2) such that every vertex in V; is
totally protected under f. The total weak Roman domination number, denoted by 4, (G), is the minimum
weight among all TWRDFs on G. In particular, we can define a secure total dominating function (STDF)
to be a TWRDF f(Vp, V4, V2) in which Vo = @. Obviously f(Vp, V4, @) is a STDF if and only if V; is a
secure total dominating set.

Figure 1 shows a graph G satisfying 7:(G) < yr(G) < 1(G) < 1r(G) and 7,(G) < 1r(G) <
71r(G) < 75(G).

The remainder of this paper is structured as follows. Section 2 will briefly cover some notation
and terminology which have not been stated yet. Section 3 introduces basic results which show the
close relationship that exists between the total weak Roman domination number and other domination
parameters. In Section 4 we obtain general bounds and discuss the extreme cases, while in Section 5
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we restrict ourselves to the case of rooted product graphs. Finally, we show that the problem of finding
the total weak Roman domination number of a graph is NP-hard.

(a) (b) (9 (d) (e) ()

2 2 2 2
1 2
1 2 1
1 2
2 2 2 2

Figure 1. Graph G which satisfies 7¢(G) = 4 (a), 7,(G) = 5 (b), 7r(G) = 6 (¢), 7(G) = 7 (d),
7R(G) = 8 (e) and 75t(G) = 9 (f).

2. Notation

Throughout the paper, we will use the following notation. We consider finite, undirected, and
simple graphs G with vertex set V(G) and edge set E(G). Given a vertex v of G, N(v) will denote the
open neighbourhood of v in G, while the closed neighbourhood will be denoted by N[v]. We say that a
vertex v € V(G) is universal if N[v] = V(G).

We denote the minimum degree of G by 6(G) = min,cy ) {|N(v)|} and the maximum degree by
A(G) = maxyey(g){IN(v)]}. Foraset S C V(G), its open neighbourhood is the set N(S) = UyesN(v),
and its closed neighbourhood is the set N[S] = N(S) U S.

The graph obtained from G by removing all the vertices in S C V(G) and all the edges incident
with a vertex in S will be denoted by G — S. Analogously, the graph obtained from G by removing all
the edges in U C E(G) will be denoted by G — U. If H is a graph, then we say that G is H-free if G
does not contain a copy of H as an induced subgraph.

Givenaset S C V(G) and a vertex v € S, the external private neighbourhood of v with respect to S is
defined to be epn(v,S) = {u € V(G) \ S: N(u) NS = {v}}.

The set of leaves, support vertices and strong support vertices of a graph G, will be denoted by
L(G), S(G) and Ss(G), respectively.

We will use the notation Ny, Ky, K1 ,—1, Py, Cy, and K, for empty graphs, complete graphs, star
graphs, path graphs, cycle graphs and complete bipartite graphs of order 7, respectively. A subdivided
star graph, denoted by KT/( 1)/ 18 graph of order n (0dd) obtained from a star graph Ky (,_1),, by
subdividing every edge exactly once.

Let G and H be two graphs, respectively. The corona product G ® H is defined as the graph
obtained from G and H by taking one copy of G and |V (G)| copies of H and joining by an edge each
vertex from the ith-copy of H with the ith-vertex of G.

From now on, definitions will be introduced whenever a concept is needed.

3. General Results

We begin with two inequality chains relating several domination parameters.

Proposition 1. The following inequalities hold for any graph G with no isolated vertex.

@) 7(G) < 11(G) < 71(G) < 1r(G) < 2%4(G).
(ii) 71 (G) < 1r(G) < 75t(G).
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Proof. It was shown in [5] that 4z (G) < 2¢(G), and in [6] that v(G) < 7,(G). To conclude the proof
of (i), we only need to observe that any TWRDF is a WRDEF, which implies that 7,(G) < 4(G), and
any TRDF is a TWRDF, which implies that 4-(G) < 9:r(G).

Now, to prove (ii), we only need to observe that any TWRDF is a TDF, which implies that
7t(G) < 74+(G), and any STDF is a TWRDE, which implies that 7 (G) < v(G). O

From Proposition 1 we immediately derive the following problem.

Problem 1. In each of the following cases, characterize the graphs satisfying the equality.

@ 7(G) = 1(G).
(i) e (G) = 7+(G).
(iif) 'Ytr(G) = ’st(G)-
(iv) 71r(G) = 1r(G).

The solution of Problem 1 (i) can be found in Theorem 20. While we will give some examples of
graphs satisfying the remaining equalities, these problems remain open.

Theorem 1. Let G be a graph. The following statements are equivalent.

@  yu(G) =1 (G).
(b)  There exists a v, (G)-function f(Vy, V1, V2) such that Vi = @ and V, is a total dominating set.

(© 7(G) =27(G).

Proof. Suppose that v4(G) = 7,(G) and let f(Vy, V1, V2) be a 4 (G)-function. Notice that f is a
7r(G)-function and V3 UV, is a total dominating set. Now, suppose that there exists 2 € V. Since every
vertex in Vj has at least one neighbour in V; or at least two neighbours in V;, we can conclude that
the function g, defined by g(u) = 0 and g(x) = f(x) whenever x € V(G) \ {u}, is a WRDF of weight
w(g) = w(f) —1=v,(G) — 1, which is a contradiction. Thus, V; = @ and consequently V; is a total
dominating set.

Now, if there exists a ,(G)-function f(Vp, V4, V,) such that V; = @ and V; is a total dominating
set, then 279;(G) < 2|Va| = ,(G), and Proposition 1 (i) leads to v, (G) = 27:(G).

Finally, if 7+(G) = 2:(G), then for any -;(G)-set A, there exists a v, (G)-function f/(V{, V{, V3)
such that V] = @ and Vj = A, which is a TWRDEF. Hence, 74+(G) < w(f') = 7:(G) and Proposition 1
(i) leads to 4 (G) = 7,(G). O

From the theorem above and Proposition 1 we deduce the following result.
Theorem 2. For any graph G with no isolated vertex,
71r(G) = 7(G) + 1.

The bound above is tight. For instance, if G is a graph having two universal vertices,
then 4, (G) = 7(G) +1 = 2. Another example is shown in Figure 2.

1 1 1

Figure 2. A graph G with 74 (G) = (G) + 1.
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Theorem 3. The following statements are equivalent.

@) 74(G) =7(G) + 1.
(i) 75t(G) = 7(G) + 1.

Proof. First, suppose that (i) holds. Let f(Vp, V4, V2) be a v+ (G)-function. Since V; U V; is a total
dominating set, |V1| +2|Va| = 14(G) = 7(G) +1 < 1(G) +1 < |V4| + |[Va| + 1. Thus, |V5| < 1.
Suppose that V, = {u} and let v € N(u) N V4. Notice that in this case V; U V; is a y(G)-set. Now, since
v does not have external private neighbours with respect to V3 U V5, we have that (V; U V,) \ {v} is
a dominating set, which is a contradiction. Hence, V;, = @ and so f is a 7s¢(G)-function. Therefore,
¥5t(G) = w(f) = v(G) + 1 and (ii) follows.

Conversely, if (ii) holds, then by Proposition 1 and Theorem 2 we have that
Y(G) + 1 = v4(G) > y(G) > ¥(G) + 1. Therefore, 14+(G) = 7(G) + 1 and (i) follows. [

We continue our analysis by showing another family of graphs satisfying that 4 (G) = vs(G),
where Kj 3 + ¢ is the graph obtained by adding an edge to Kj 3.

Theorem 4. For any {Kj 3, K13 + e}-free graph G with no isolated vertex,
Yr(G) = 715t(G)-

Proof. Let f(Vp,V1,V2) be a 74 (G)-function such that |V;| is minimum. We suppose that
Y(G) < vs(G). In such a case, Vo # @ and we fix a vertex v € V,. Notice that there exist
y € N(v)NVyand z € N(v) N (V4 U V,). We consider the function f'(V{, V{, V;) defined by f'(v) =1,
f'(y) = 1and f'(x) = f(x) whenever x € V(G) \ {v,y}. We claim that f’ isa TWRDF on G. First,
we observe that, by construction, " is a TDF on G. Now, let w € V C Vj and consider the following
two cases.

Case 1. w is not adjacent to v. Since f is a TWRDF on G, w is totally protected under f and, since
w ¢ N(v), wis also totally protected under f’.

Case 2. w is adjacent to v. Notice that w # y. In order to show that w is totally protected under f/,
we define f'(V,,V,,V,) by f (v) = 0, f'(w) = 1and f"(x) = f'(x) whenever x € V(G)\ {0, w}.
Clearly, every vertex x € V(G) \ N(v) is adjacent to some vertex in V]” U VZN. Now, we fix u €
N(v) and let D be the set of vertices formed by v, u and two vertices in {w,y,z} \ {u}. As Gisa
{K13,K13 + e}-free graph, it follows that at least one vertex in D \ {v} is adjacent to the another
two vertices in D. Since w,y,z € Vl” U Vz”, we have that u € N (Vl” U VZH) and so f” is a TDF on G,
as desired.

Thus f' is a TWRDF on G with w(f’) = w(f) and |Vj| < |V4|, which is a contradiction.
Consequently, we conclude that 74 (G) = v(G). O

We would emphasize that the equality v+ (G) = 7st(G) is not restrictive to {Kj 3, Ky 3 + e}-free
graphs. To see this, we can take G = C300P; (see Figure 4).

As a direct consequence of the result above we have that any graph G obtained as the disjoin
union of paths and/or cycles satisfies that ;(G) = vst(G).

Corollary 1. For any graph G with no isolated vertex and maximum degree A(G) < 2,
71r(G) = 75t(G).

From Corollary 1 and the values of s (Py;) and <s(Cy) obtained in [14], we derive the
following result.



Total weak Roman domination in graphs 116

Symmetry 2019, 11, 831 6 of 20

Remark 1. For any path Py, and any cycle Cy,

@) ir(P) = () 2T [202)
[14]

(i) vu(Cu) = ¥st(Cn) = ’—57}1-'

|+2

Our next result will become a useful tool to study the total weak Roman domination number.
Proposition 2. If H is a spanning subgraph (with no isolated vertex) of a graph G, then
Yer(G) < v (H).

Proof. Let E- = {ey,..., ¢} be the set of all edges of G not belonging to the edge set of H. Let Hy = G
and, for every i € {1,...,k}, let X; = {ey,...,¢;} and H; = G — X;. Since any TWRDF on H; is a
TWRDF on H,_1, we can conclude that v (H;_1) < 7+ (H;). Hence, v+ (G) = v (Ho) < ver(Hp) <
c S p(Hy) = (H). O

From Remark 1 and Proposition 2 we obtain the following result.
Corollary 2. Let G be a graph of order n.

o If G is a Hamiltonian graph, then vy, (G) <
o If G has a Hamiltonian path, then v (G) <

The bounds above are tight, as they are achieved for C;, and P;, respectively.

A 2-packing of a graph G is a set X C V(G) such that N[u] N N[v] = @ for every pair of
different vertices u, v € X. The 2-packing number p(G) is defined as the maximum cardinality among
all 2-packings of G. It is well known that for any graph G, ¥(G) > p(G) (see for instance [15]).
Furthermore, Meir and Moon [16] showed in 1975 that v(T) = p(T) for every tree T.

Theorem 5. For any graph G with no isolated vertex,

71r(G) > 20(G).

Furthermore, for any tree T,
ver(T) 2 27(T).

Proof. Let f be a 4 (G)-function and S a p(G)-set. Since f(N[v]) > 2 for every vertex v € V(G),
and N[x] N N[y] = @ for every pair of different vertices x,y € S,

1 (G) 2 ) fF(N[o]) = 2|S| = 20(G).

vES
Therefore, the result follows. [J

To show that the bound above is tight we can consider the case of corona graphs (see Theorem 30).
Theorem 6. For any graph G with no isolated vertex,
7r(G) < 1(G) +7(G).

Proof. Let D be a 7;(G)-set and S a 7(G)-set. We define the function f(Vp,V3,V2) on G,
where V, = DNSand V; = (DUS)\ V,. We claim that f is a TWRDF on G. First, notice that
fis a TDF on G. Now, let v € V. If v has a neighbour in V5, then v is totally protected under
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f. If v has no neighbour in V5, then v has a neighbour x € D\ V; and a neighbour y € S\ V5.
Consider the function f’ defined by f'(v) = 1, f'(y) = 0,and f’'(x) = f(x) whenever x € V(G) \ {v,y}.
Since D is a total dominating set of G, f' is a TDF on G. Hence, f is a TWRDF on G of weight
w(f) =2|Val + |Va| = |D| + |S] = 71t(G) 4 7(G). Therefore, the result follows. [

Notice that for any graph G of order 1, minimum degree §(G) > 1 and maximum degree
A(G) > n — 2, we have that 9;(G) = 2. Therefore, Theorem 6 leads to the following result.
Corollary 3. For any graph G of order n, minimum degree §(G) > 1 and maximum degree A(G) > n — 2,

%r(G) <4.

It is not difficult to check that the bound above is achieved for any graph G constructed by joining
with an edge the vertex of a trivial graph N; and a leaf of a star graph Kj ,_», where n > 4.

If a graph G has diameter two, then for any vertex v € V(G) the open neighbourhood N(v) is a
dominating set and the closed neighbourhood N[o] is a total dominating set. Hence, the following
result is derived from Theorem 6.

Corollary 4. If G is a graph of diameter two and minimum degree 6(G), then
11(G) <26(G) + 1.
The bound above is tight. For instance, it is achieved for any star graph K ,_1 with n > 3.
As shown in [17], if G is a planar graph of diameter two, then 74(G) < 3, and 7(G) < 2or Gis
the graph shown in Figure 3. Hence, from these inequalities and Theorem 6 we derive the following

tight bound.

Theorem 7. If G is a planar graph of diameter two, then v (G) < 5.

Figure 3. A planar graph of diameter two with 4 (G) = 5.

We already know that 4 (G) < 2(G) (Proposition 1 (i)). Hence, as a direct consequence of this
inequality and Theorems 1 and 6 we deduce the following result.

Theorem 8. Let G be a graph. If y1(G) = ,(G), then 7:(G) = ¥(G).

In general, 7¢(G) = 7(G) does not imply that ¢ (G) = 7,(G). For instance, see the graph shown
in Figure 4.

1

Figure 4. The graph Cs0P; satisifies 74 (C:0OP3) = 5 > 3 = 7,(C0PR),
while ’Y}(C3Dp3) = ’Y(C3DP3) = 3.
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Theorem 9 ([5]). If G is a graph with no isolated vertex, then yir(G) < 37(G). Furthermore, if
1r(G) = 37(G), then every y(G)-set is a 2-packing of G.

The following result is a direct consequence of combining Proposition 1 (i) and Theorems 6 and 9.
Theorem 10. For any graph G with no isolated vertex,
11(G) < 37(G).
Furthermore, if v (G) = 37(G) then v+(G) = 27v(G) and every y(G)-set is a 2-packing of G.
Notice that the inequality v:(G) < 37(G) can be also deduced from the following result.
Theorem 11. For any graph G with no isolated vertex,
7(G) < 1(G) +7(G).

Proof. Let f(Vp, V1, V) be a v, (G)-function such that | V;| is maximum among all , (G)-functions and
let S be a y(G)-set. Now, we consider the function f'(V{, V{, V) defined as follows.

(a) Foreveryx € VNS, choose a vertex u € (Vo N N(x)) \ S if it exists, and label it as f'(u) = 1.

(b) Forevery x € V1 NS, choose a vertex u € epn(x, V4 U V) \ S if it exists, otherwise choose a vertex
u € (VoNN(x))\ S (if exists) and label it as f'(u) = 1.

(c) Foreveryvertexx € VyNS, f'(x) =1.

(d) For any other vertex u not previously labelled, f'(u) = f(u).

We claim that f’ is a TWRDF on G. Firstly, observe that f' isa TDF on G. Letv € Vj C Vj.
If there exists a vertex u € N(v) NV, C V,, then v is totally protected under f’. Now, suppose that
N(v)NV, = @and letu € N(v) NV; C V] such that v is protected by u under f. In order to show
that v is totally protected under f’, we consider the function f”(V{/, V{’, V') defined by f"(v) = 1,
f"(u) = 0and f”’(x) = f'(x) whenever x € V(G) \ {v,u}. We only need to show that f” is a TDF
on G. By definition of f”, every vertex in V(G) \ N(u) is adjacent to some vertex in V;" U V;'. Hence,
we differentiate the following cases for any w € N(u).

Case 1. w € (V1 UV,) \ {u}. If w has degree one, then f(w) = f(u) = 1 and we can construct a
7+ (G)-function where the number of vertices with label two is greater than | V3|, which is a contradiction.
Hence, N(w) N (VU V,) \ {u} # @ or N(w) NV # @. In the first case, we conclude that w is adjacent
to some vertex in (V4 U V5) \ {u} C V" U V}'. If this case does not occur, then by (b) and (c) in the
definition of f’, there exists y € N(w) NV} satisfying that y € V] \ {u} C V}".

Case 2. w € Vy. If w & epn(u, V1 U V,) then it is adjacent to some vertex in (V; U V5) \ {u} C V] UV},
From now on, suppose that w € epn(u, V1 U V3). If v # w, then w must be adjacent to v € V', as v is
protected by u under f. Now, if v = wand u ¢ S, then w is adjacent to some vertexin S C V' UV}
Finally, if v = w and u € §, then by (b) in the definition of f’ we have that f'(v) = 1, which is
a contradiction.

From the two cases above we can conclude that f” is a TDF on G, as required. Therefore, f'is a
TWRDF and, as a consequence, 74 (G) < w(f') < 7 (G) +v(G). O

Corollary 5. For any graph G with no isolated vertex,
71r(G) < 271(G).

Furthermore, if 7, (G) > v(G), then v4(G) < 27,(G) — 1.
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In order to derive another consequence of Theorem 11 we need to state the following result.
Theorem 12 ([12]). For any connected graph G % Cs of order n and minimum degree 6(G) > 2,
< |=].
75(G) < L 2 J
Since 7,(G) < 75(G), from Theorems 11 and 12 we immediately have the next theorem.

Theorem 13. For any connected graph G of order n and minimum degree 5(G) > 2,

1(G) < | 3] +(6).

The bound above is tight. It is achieved for the graph Cs.
Theorem 14. Let G be a graph with no isolated vertex. For any -y, (G)-function f(Vy, V1, Va),
Y1r(G) < 29+(G) — |Val.

Proof. Let g(Vp, Vi, V2) be a 9,(G)-function such that |V;| is maximum, and consider the function
§'(V4, V], V3) defined on G as follows.

(a) Forevery x € V,, choose a vertex u € Vo N N(x) and label it as ¢’ (1) = 1.

(b) For every x € Vi, choose a vertex u € epn(x, V3 U V;) if it exists, otherwise choose a vertex
u € Vo N N(x) (if exists) and label it as ¢’ (u) = 1.

(c) For any other vertex u not previously labelled, g’ (1) = g(u).

We claim that ¢’ is a TWRDF on G. Firstly, observe that ¢’ isa TDF on G. Let v € Vjj C Vj. If there
exists a vertex u € N(v) N V4, then v is totally protected under g’. Now, suppose that N(v) NV, = @
and let u € N(v) N V; such that v is protected by « under f. In order to show that v is totally protected
under g’, we consider the function g*(Vj, V5", V5') defined by ¢*(v) = 1, ¢*(u) = 0 and g*(x) = g'(x)
ifx € V(G) \ {v, u}. We only need to show that g* is a TDF on G.

By definition of g*, every vertex in V(G) \ N(u) is adjacent to some vertex in V;* U V. Hence,
we differentiate the following two cases for any w € N(u).

Case 1. w € (V1 U W)\ {u}. If w has degree one, then we can construct a ,(G)-function where
the number of vertices with label two is greater than |V|, which is a contradiction. Hence, N(w) N
(Vi UW)\ {u} # @or N(w)NVy # @. In the first case, we conclude that w is adjacent to some
vertex in (V4 U Vo) \ {u} C ViU V5. If this case does not occur, then by definition of g’ there exists
y € N(w) NV satisfying that y € V| \ {u} C V}".

Case 2. w € Vp. If w ¢ epn(u, V1 U V;) then it is adjacent to some vertex in (V3 UV,) \ {u} C ViU V5.
From now on, we suppose that w € epn(u, V1 U V2). If w # v, then w must be adjacent to v € V;, as
v is protected by u under f. Now, if w = v, then by (b) in the definition of ¢’ and the fact that v is
protected by u under f we have that there exists y € V] Nepn(u, V1 UV,) N N(v).

From the two cases above we can conclude that, g* is a TDF on G. Thus, g’ isa TWRDF and, as
a consequence, 71-(G) < w(g') = V]| +2|V3] < |[Vi| +2|Va| + [Vi| + [Va| = 29+(G) — |V2|. Finally,
since | V5| is maximum among all 7, (G)-functions, the result follows. [

We now proceed to construct a family of graphs G, 4 with 7,(G4) = p+1and 74,(Gp,q) = 2p+1,
where g > p > 2 are integers. The graph G, 4 is constructed from the complete bipartite graph K, 4 and
the empty graph N, by adding p new edges which form a matching between the vertices of N, and
the vertices of degree g in K, ;. Notice that there exists a v,(Gp,q)-function g(Vo, V1, V2) with |V;| = 1.
Therefore, 11, (Gp,g) =2p +1=2(p+1) =1 =29,(Gpg) — 1 =27:(Gpy) — |V2|.
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Figure 5 shows the graph G4 and a 7y(Gs4)-function g(Vy, V3, V,), obtained by using the
construction of the proof of Theorem 14. One can check that 4 (G34) =7, 7r(G34) =4 and [V5| =1,
concluding that y4(G34) = 27+(G34) — | V2|

Figure 5. The graph G 4.

If 7, (G) < 7s(G), then there exists a 7,(G)-function f(Vy, V1, V2) such that V; # @. Therefore,
the following result is a direct consequence of Theorem 14.

Corollary 6. Let G be a graph with no isolated vertex. If v+(G) < vs(G), then
tr(G) < 27+(G) — 1.

We continue with a result that provides a new relationship between the total weak Roman
domination number and the Roman domination number. To this end, we need to state the following
known result.

Theorem 15 ([5]). If G is a graph of order n with no isolated vertex, then ;g (G) < 2yr(G) — 1. Furthermore,
1r(G) = 29r(G) — lifand only if A(G) = n — 1.

Theorem 16. For any graph G of order n with no isolated vertex,
70r(G) <27R(G) = 1.
Furthermore, vy (G) = 2yr(G) — 1 if and only if v, (G) = 3 and A(G) =n — 1.

Proof. By Proposition 1 (i) and Theorem 15, the inequality holds. Furthermore, if 7 (G) = 2yr(G) — 1
then, again by Proposition 1 and Theorem 15, ;g (G) = 2ygr(G) — 1 and this implies that A(G) = n —1.
Thus, yr(G) = 2, and so v4(G) = 3. Conversely, if +(G) = 3 and A(G) = n — 1, then y(G) =2
and 74 (G) =29r(G) —1. O

4. General Bounds

Our next two results provide bounds in terms of the order, the minimum degree and the maximum
degree of G.

Theorem 17. For any graph G of order n with 6(G) > 1,

{ﬁw < 70(G) <1 —8(G) +1.

Proof. Let f(Vp, V4, V5) be a 1 (G)-function and let VZ = {x € Vp : N(x) NV, # @} and Vi = Vp \ V2.
Since every vertex in V5 can have at most A(G) — 1 neighbours in VZ, we obtain that |VZ| < (A(G) —1)[Va|.
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Furthermore, since every vertex in Vj has at least two neighbours in V4 and every vertex in V; has at most
A(G) — 1 neighbours in V3, we deduce that 2|V}| < (A(G) —1)|V4|. Hence,

n= Vgl +IV5|+ Vil + | Val
<(A(G) = 1)|V1]/24 (A(G) = 1)|Va| + [Vi] + V2| = (A(G) +1)|V1]/2 4+ A(G)| V2|

< (A(G)+1)[V1|/2+A(G)|Va| + V2
< (AG)+D)(IVil/2+[Va]) = (A(G) + 1) 74 (G) /2.

2
Therefore, 1 (G) > {A(Ty)‘“.‘
The upper bound follows for §(G) = 1, so we assume that §(G) > 2. Let v € V(G) be a vertex of
degree 6(G) and u € N(v). It is readily seen that the function g, defined by g(x) = 0 for every x €
N(v) \ {u} and g(x) = 1 otherwise, is a TWRDF on G. Therefore, 7, (G) < w(g) =n—6(G) +1. O

The bounds above are tight. For instance, they are achieved for any complete nontrivial graph
and for the cycles C, with n < 5. Furthermore, the wheel graph K; + C4 achieves the upper bound and
any corona graph K ©® H achieves the lower bound, where |V (H)| > 3. Notice that (K, © H) = 4.
The limit cases 4 (G) = 2 and ¥4 (G) = n will be discussed in Theorem 20.

Theorem 18 ([14]). Let G be a graph of order n. Then y5+(G) = nifand only if V(G) \ (L(G) U S(G)) is an
independent set.

Theorem 19 ([13]). If G is a connected graph, then the following statements are equivalent.

e 7:(G) = 1(G).
(] ’)/St(G) = 2
e G has two universal vertices.

We now proceed to characterize all graphs achieving the limit cases of the trivial bounds
2 < y4(G) <m.

Theorem 20. Given a connected graph G of order n, the following statements hold.

(i) The following statements are equivalent.

(@ 7 (G)=2.
b) 1 (G) = %EGg.
©  vst(G) = 1(G).

(d) G has two universal vertices.

(ii) vr(G) = n ifand only if G is K} 2 0r H® Ny for some connected graph H.

,(n—1)

Now, suppose that (b) holds and let f(Vy, Vi, V2) be a 74 (G)-function. Since f is a TDE,
1(G) < Vi U Wl = V] + |V < V1| +2|Va] = v4(G) = 14(G), so Vo = @ and, as a
consequence, f is a STDF of weight 9;(G). Hence, (c) holds. On the other hand, by Theorem 19,
(c) implies (d). Finally, it is straightforward that (d) implies (a).

We now proceed to prove (ii). If G is Kf(n—l) 2 or H® Ny for some connected graph H, then

Proof. We first proceed to prove (i). Notice that (a) directly implies (b), as 2 < 7(G) < y#(G).

is straightforward that 7;(G) = n. From now on we assume that G is a connected graph such
that v4(G) = n. Since v4+(G) < 7s(G) < n, we have that 74(G) = n and so, by Theorem 18,
V(G) = L(G)US(G)UI, where I is an independent set. Moreover, notice that if n = 2 then
G = P, 2 N; ©® Ny, and if [S(G)| = 1 then G = P; = K{ . So, we assume that n > 4 and |S(G)| > 2.
Suppose that v € S5(G) and let 7 and h, be two leaves adjacent to v. We consider the function g
defined by ¢(h1) = g(h2) =0, g(v) =2and g(x) = 1if x € V(G) \ {v, h1, hy}. Hence, g is a TWRDF
on G and w(g) = n — 1, which is a contradiction. Thus Ss(G) = @. We now differentiate two cases.
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Case 1. [ = @. In this case, V(G) = L(G) U S(G) and, since G is connected, the subgraph H induced
by S(G) is connected. Furthermore, since S;(G) = @, we have that G = H ® Nj.

Case 2. I # @. Suppose that S(G) is not an independent set. Notice that there exist two adjacent
support vertices v, w and a third vertex s € N(v) N I. Let h € N(v) N L(G) and consider the function g
defined by g¢(v) =2, g(h) = g(s) = 0and g(x) = 1if x € V(G) \ {v, h,s}. Notice that g isa TWRDF
on G and w(g) = n — 1, which is a contradiction, so S(G) is an independent set. Now, suppose
that |I| > 2 and let s1,s, € I be two vertices at the shortest possible distance. Since S(G) and I are
independent sets, s; and s; are at distance two. Let v € S(G) N N(s1) N N(sz), leth € N(v) N L(G)
and let ¢’ be a function defined by ¢’'(v) = 2, ¢'(s1) = ¢’(h) =0,and ¢'(x) = 1if x € V(G) \ {v, 51, h}.
Observe that ¢’ isa TWRDF on G and w(g’) = n — 1, which is a contradiction. Thus, |I| = 1. Therefore,
since S5(G) = @, S(G) is an independent set and |I| = 1, we conclude that G is the subdivided star

KT,(n—l) /2 and this completes the proof. [

To conclude this section, we proceed to characterize all graphs with v, (G) = 3.

Theorem 21. Let G be a graph and let G be the family of graphs H of order n > 3 such that the subgraph
induced by three vertices of H contains a path P and the remaining n — 3 vertices have degree two and they
form an independent set. Then v (G) = 3 if and only if there exists H € G U {Ky ,_1} which is a spanning
subgraph of G and G has at most one universal vertex.

Proof. We first suppose that 74 (G) = 3. Let f(Vo, V4, V2) be a 74 (G)-function. By Theorem 20 (i),
G has at most one universal vertex. If |V5| = 1, then [V;| = 1. In such a case, let V; = {v} and
Vo = {u}. Notice that u and v are adjacent vertices. Since f is a TWRDF on G, any vertex must be
adjacent to u, concluding that Kj ,,_; is a spanning subgraph of G. Now, if |[V5| = 0, then |V;| = 3.
With this assumption, let V; = {u, v, w} and notice that the subgraph of G induced by V; contains a
path P3, as V; is a total dominating set of G. We may suppose that v is adjacent to u and w. Since f is
a TWRDF on G, we observe that [N(z) N V4| > 2 for every z € V. Hence, in this case, G contains a
spanning subgraph belonging to G.

Conversely, since G has at most one universal vertex, by Theorem 20 (i) we have that ;- (G) > 3.
Moreover, it is readily seen that 4 (Ky,—1) = 3 and v4(H) < 3 for any H € G. Hence,
if H € G U {Kj,_1} is a spanning subgraph of G, by Proposition 2 it follows that (G) < 3.
Therefore, v4,(G) =3. O

5. Rooted Product Graphs and Computational Complexity

Let G and H be two graphs and let v € V(H). The rooted product graph G o, H is defined to be
the graph obtained from G and H by taking one copy of G and |V (G)| copies of H and identifying the
ith-vertex of G with vertex v in the ith-copy of H for every i € {1,...,|V(G)|}.

For every x € V(G), Hy will denote the copy of H in G o, H containing x. The restriction of any
(G 0y H)-function f to V(H,) will be denoted by fy, and the restriction to V(Hy — {x}) will be
denoted by f; . Notice that V(G oy H) = Uycy(g)V(Hx) and so

M(GooH)=w(f)= )} w(f)= ) w(fi)+ )} fx).

xeV(G) xeV(G) xeV(G)

Lemma 1. Let f(Vy, Vi, Va) be a v4(G oy H)-function. For any x € V(G), w(fx) > yu(H) — 2.
Furthermore, if w(fx) = yir(H) — 2, then f(x) = 0and N(x) NV (Hy) C V.

Proof. Let x € V(G). Notice that every vertex in Vo N V(Hy) \ {x} is totally protected under fx.
Now, suppose that w(fy) < 7#(H) —3 and let y € N(x) N V(Hy). Observe that the function g,
defined by g(y) = 2 and g(u) = fx(u) whenever u € V(Hy) \ {y}, is a TWRDF on Hy of weight
w(g) < 1(H) — 1, which is a contradiction as Hy = H. Hence, w(fx) > 7 (H) — 2.
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Now, suppose that w(fy) = Y (H) —2. If f(x) > 0 then given a vertex y € N(x) N V(Hy),
the function £, defined by h(y) = min{fx(y) + 1,2} and h(u) = f+(u) whenever u € V(Hy) \ {y},isa
TWRDEF on H, of weight w(h) < 4 (H) — 1, which is a contradiction. Hence, f(x) = 0. Now, if there
exists a vertex y € N(x) N V(Hy) N (V; U V,), then from f, we may define a TWRDF f’ on Hy with
the only difference that f/(y) = 2, having weight at most y(H) — 1, which is a contradiction again.
Therefore, N(x) N\ V(Hy) C Vp. O

Lemma 2. Let H be a graph with no isolated vertex. For any v € V(H) \ S(H),

Yo (H—{0}) = yer(H) — 2.
Furthermore, if vy (H — {v}) = y1-(H) — 2, then the following statements hold.

i) f(N(v)) = 0 for every v (H — {v})-function f.
(ii) There exists a vy (H)-function hy such that ho(v) = 0.
(iii) There exists a vy (H)-function hy such that hy (v) = 1.

Proof. Let f be a 4 (H — {v})-function and suppose that w(f) < y(H) —3. Lety € N(v).
Observe that the function g, defined by ¢(y) = min{f(y) + 1,2}, g(v) = 1 and g(u) = f(u) whenever
u € V(H)\ {v,y},isa TWRDF on H of weight w(g) < v+ (H) — 1, which is a contradiction. Hence,
W(f) = 7ur(H) — 2.

Now, assume that w(f) = 74 (H) — 2. If there exists a vertex y € N(v) such that f(y) > 0
then the function f’, defined by f'(v) =0, f'(y) =2 and f'(u) = f(u) whenever u € V(H) \ {v,y}, is
a TWRDF on H of weight at most 7 (H) — 1, which is a contradiction again. Therefore, f(N(v)) = 0.

Furthermore, for any y € N(v), the function hy, defined by ho(v) = 0, ho(y) = 2and ho(u) = f(u)
whenever u € V(H) \ {v,y}, is a 7 (H)-function. Analogously, the function /1, defined by h; (v) =1,
hi1(y) = 1and hy(u) = f(u) whenever u € V(H) \ {v,y}, is a v+ (H)-function as well. Therefore,
the result follows. [

Corollary 7. Let H be a graph with no isolated vertex and v € V(H)\ S(H). Then the following
statements hold.

If g(v) = 0 for every y-(H)-function g, then vy (H — {v}) € {v+(H), y&r(H) — 1}.
Ifh(v) > 0 for every i (H)-function h, then vy (H — {v}) > v (H) — 1.

From Lemma 1 we deduce that any (G o, H)-function f induces a partition {A¢, Bf,C¢} of
V(G) as follows.

Ap ={x € V(G): w(fx) = v (H)},
Bf ={x € V(G) : w(fx) = 1r(H) — 1},
Cr={xeV(G):w(fy) = vu(H) -2}
Proposition 3. Let f bea vir(G op H)-function. If Cy # @, then vy, (H — {v}) = yu-(H) — 2.

Proof. By Lemma 1, if x € Cy, then f(x) = 0 and f(y) = 0 for every y € N(x) N V(Hy),
which implies that f; is a TWRDF on Hy — {x} of weight w(f;) = <vu(H) — 2. Hence,
y(H — {v}) = v (Hx — {x}) < 7v4(H) —2, and by Lemma 2 we conclude the proof. [

We will show through Theorem 23 that if 74 (G) < n, then the converse of Proposition 3 holds.
An example of graphs where it does not hold is the case of G = K; and H = P3; ® Ny, where v is a leaf
adjacent to a support vertex of degree two.

By Lemma 1 and Proposition 3 we deduce the following result.
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Theorem 22. Let G and H be two graphs with isolated vertex and let v € V(H).
Ifyw(H = {o}) > yo(H) — 1, then 11r(G oy H) 2 n(ywr(H) —1).

The inequality above is achieved, for instance, for any graph G with no isolated vertex and
H = Cs.

It is readily seen that from any 7 (G)-function and any v (H — {v})-function we can construct
a TWRDF on G o, H of weight v4(G) + n(y(H — {v})). Therefore, we can state the following
useful result.

Proposition 4. Let G and H be two graphs with no isolated vertex. If G has order nand v € V(H) \ S(H), then
Yir(G 0o H) < 91 (G) + nyir(H — {0}).

Theorem 23. Let G and H be two graphs with no isolated vertex and let v € V(H). If v+ (G) < n, then the
following statements are equivalent.

(@) Cy # @ for any v1r(G oy H)-function f.
(b) ')’tr(H - {v}) = 'Ytr(H) -2

Proof. Let f be a vtr(G o, H)-function such that x € Cy. By Proposition 3, vi(H — {v}) = y4,(H) — 2.
Conversely, assume that yi,(H — {v}) = 71,(H) — 2 and suppose that g = @ for some 7t,(G oy

H)-function f’. By Lemma 1 and Proposition 4 we deduce that n(7yt(H) — 1) < v4(G oy H) < 74#(G) +

n(yu(H) — 2), which is a contradiction whenever 4 (G) < n. Therefore, the result follows. O

The following result states the intervals in which the total weak Roman domination number of a
rooted product graph can be found.

Theorem 24. Let G and H be two graphs with no isolated vertex. If G has order n and v € V(H), then one of
the following statements holds.

(@) vtr(G oy H) = nyy(H).

(i) n(yer(H) = 1) < y1r(G oo H) < y(G) + n(yir(H) — 1).

(iii) 27(G) + n(yr(H) — 2) < 76(G 0p H) < 74(G) + n(vr(H) = 2).
(i) 7(G) + n(yer(H) = 2) < 7r(G 0o H) < v (G) + n(ver(H) — 2).

Proof. Let f(Vo, V1, V2) be a 71(G oy H)-function and consider the partition {Ag, B¢, Cs} of V(G)
defined above. We differentiate the following four cases.

Case 1. BfUCy; = @. In this case, for any x € V(G) we have that w(fx) > 7#(H) and, as a
consequence, i (G oy H) > nyy(H). On the other hand, we can extend any v, (H)-function to a
TWRDF on G o, H of weight ny;,(H). Therefore, (i) follows.

Case 2. Bf # @ and Cf = @. In this case, for any x € V(G) we have that w(fx) > y4+(H) —1and, as a
result, 4 (G oy H) > n(yy(H) —1).

We now proceed to show that v (G oy H) < 74(G) + n(yw(H) — 1). From f, some vertex
x' e Bf and any 7t (G)-function h, we define a function g on G o, H as follows. For every x € V(G),
the restriction of g to V(Hy) \ {x} is induced by f; and we set g(x) = min{f(x) + h(x),2}. It is
readily seen that g isa TWRDF on G o, H of weight at most 4,(G) + n(v:(H) — 1), concluding that
Yr(G 0o H) < 1 (G) + (1 (H) — 1)

Case 3. By = @ and Cy # @. From Lemma 1 we deduce that Ay is a dominating set of G. Therefore,
Y1r(G oy H) 2 2| Af| + n(yer(H) = 2) = 2(G) + n(yir(H) - 2).

On the other hand, by Proposition 3, v4(H — {v}) = y4(H) — 2, and by Proposition 4 we
conclude that v (G oy H) < 4(G) + n(yw(H) — 2).
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Case 4. Cy # @. By Propositions 3 and 4 we conclude that 4, (G op H) < v4(G) + n(yu(H) —2).

In order to conclude the proof of (iv), let us define a function g on G as follows. If x € A 7 then we
set g(x) = 1 and choose one vertex 1 € N(x) N V(G) and label it as g(u) = 1. For the another vertices
not previously labelled, if x € By then we set g(x) = 1, and if x € Cy then we set g(x) = 0. We will
prove that g is a TDF on G. Notice that by construction of g, if x € Ay then x is dominated by some
vertex y € V(G) such that g(y) = 1. Now, by Lemma 1, if x € Cy then x is totally protected under f by
avertex w € V(G). Furthermore, since f(w) > 0, we have that g(w) = 1, as required. If x € By, then
it must be adjacent to some vertex z € V(G) such that f(z) > 0, otherwise fx isa TWRDF on Hy and

w(fx) = vr(H) — 1, which is a contradiction. Hence, g(z) = 1, as required. Therefore, g is a TDF on G
and, as a consequence,

'Ytr(GOvH): Z w(fx)

xeV(G)
= Z w(fx) + Z w(fx) + Z w(fx)
x€Af x€Byf xeCr
> Y (rer(H) =24g(x)+ Y (v (H) —2+8(x) + Y (ver(H) —2+g(x))
xEAf xer xeCy
2 g + Z 'Ytr
xeV(G) xeV(G

=w(g) +n(y(H) - 2)
> 7(G) + n(ytr(H) —2).

Therefore, (iv) follows. [

We now consider some particular cases in which we impose some additional restrictions on G
and H. To begin with, we consider the case in which v is a support vertex of H.

Theorem 25. Let G and H be two graphs with no isolated vertex. If G has order n and v € S(H), then

Y1r(G 0p H) € {n(y1r(H) = 1), nyer(H) }.

Furthermore, ifv € S(H) N N(S(H)), then
Yt (G 0y H) = nyy(H).

Proof. Let f be a (G o, H)-function and x € V(G). Since x € S(G o, H), we have that
f(x) > 0, so that Lemma 1 leads to Cs = @, and, again by Lemma 1, w(fx) > v (H) — 1. Hence,
(G 05 H) = nlyy(H) — 1),

If Bf = @, then by Case 1 of the proof of Theorem 24, Ytr(G 0y H) = nyy,(H). Now, suppose that
x € By. From f, we define a function i on G o, H as follows. For every z € V(G), the restriction of h
to V(H;) is induced from fy. It is readily seen that /1 is a TWRDF on G o, H of weight n (v (H) — 1),
which implies that (G oy H) = n(yy (H) — 1).

From now on, suppose thatv € S(H) N N(S(H)) and let u € N(x) N S(Hy) for some x € V(G).
To conclude the proof we only need to show that 4 (G o, H) > nvy(H). We can assume that
f(Vo, V1, V2) is a y1(G oy H)-function satisfying that |V;| is maximum. As x and u are adjacent,
and hey are support vertices, f(x) = f(u) = 2, so that fy isa TWRDF on H, and, as a consequence,
w(fx) > vir(H). Therefore, v4 (G oy H) > nvy(H), as required. [

We now proceed to discuss some cases in which v is not a support vertex of H.
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Theorem 26. If vy, (H — {v}) = v4(H) — 2 and v (G) = v¢(G), then
Ytr(G oy H) =2+ n(yu(H) = 2).

Proof. By Theorem 24, we have that (G oy H) > 7¢(G) + n(yu(H) — 2). Now, if 74+(G) = 7:(G),
then Theorem 20 leads to 74 (G) = 2, and so ¥4 (G oy H) > 2+ n(yy(H) — 2).

On the other hand, if 4 (H — {v}) = v (H) — 2, then from Proposition 4 we conclude that
Yr(Goo H) <2+ n(yy(H) -2). O

Notice that in Theorem 26 we have the hypothesis v, (H — {v}) = 7 (H) — 2 and the conclusion
Y (G op H) = 44(G) + n(yi(H) — 2). On the other hand, we would emphasize that in all the
examples in which we have observed that the left hand side inequalities of Theorem 24 (iii) or (iv)
are achieved, we have that 7+ (G) = 27(G) or 14+(G) = 7(G), respectively. Hence, in these cases,
Ytr(G 0p H) = 74r(G) + n(y(H) — 2). After numerous attempts, we have not been able to prove the
following conjecture.

Conjecture. Let G and H be two graphs with no isolated vertex. For any v € V(H),
11r(G 00 H) 2 71(G) +n(yw(H) —2),

where n is the order of G. Furthermore, (G oy H) = y1-(G) + n(yi(H) — 2) ifand only if v, (H — {v}) =
Yir (H ) —2.

In order to study the computational complexity of the problem of computing the total weak
Roman domination number of a graph, we need to state the following result.

Theorem 27. Let G and H be two graphs with no isolated vertex. Let n be the order of G and v,u € V(H)
such that u € L(H) \ {v} and N(v) N N(u) # Q. If yor(H — {v}) = y&r(H) — 1, then

Ytr(G op H) = 7(G) + n(ye(H) — 1),

otherwise
Ytr(G 09 H) = nyiy(H).

Proof. If v € S(H), then Theorem 25 leads to 7y (G o, H) = n7y;(H). Hence, from now on we assume
that v ¢ S(H). Lety € N(v) N N(u). Since u is a leaf in H — {v} and y its support vertex, for any
7tr(H — {v})-function g we have that g(y) > 0. Hence, if 7+(H — {v}) = v (H) — 2, then from any
yt-(H — {v})-function we can construct a TWRDF on H of weight at most 4 (H) — 1 by assigning
weight 1 to v, which is a contradiction. Hence, v (H — {v}) > 74 (H) — 1.

Let f(Vo, V1, V2) be a 11 (G o, H)-function and consider the partition {.A, B¢, C¢} of V(G) defined
previously. Notice that, for any x € V(G) there exist u, € L(Hy) \ {x} and y» € N(x) N N(uy). With
these tools in mind, we now proceed to study the structure of Af, B i and C - Since uy is a leaf of
G oy H and y, its support vertex, we have that f(y,) > 0, and since y, € N(x), Lemma 1 leads to
Cs = @. We now differentiate two cases.

Case 1. y#+(H — {0v}) = y1-(H) — 1. Suppose that there exists x € By with f(x) > 0. Since y, is a
support vertex, either f(y,) = 2 or f(yx) = 1 and no vertex in V(H,) is totally protected by y, under
f. In any case, we can conclude that f, is a TWRDF on Hy of weight w(fy) = v#(H) — 1, whichis a
contradiction. Hence, B r C Vo-
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Now, since (V1 U V2) N V(G) C Ay, if there exists x € B such that N(x) N Ay = @, then fy must
be a TWRDF on Hy, which is a contradiction, as w(fx) = yt-(H) — 1. Thus, Ay is a dominating set
and so,

Ytr(Goy H) = E w(fx)
x€AfUBy
2| Aglyer (H) + | Bf| (7ir(H) — 1)
=|Ag| +n(yr(H) — 1)
27(G) +n(yr(H) - 1).

On the other hand, since v is adjacent to a support vertex, from any <y (H — {v})-function and any
7(G)-function we can construct a TWRDF on G o, H of weight y(G) + n(y(H) — 1). Therefore,
11r(G 00 H) = 7(G) + n(yy(H) = 1).

Case 2. v (H — {v}) > v (H). If there exists x € By with f(x) > 0, then f, is a TWRDF on H,
of weight w(fx) = 7+(H) — 1, which is a contradiction. Now, if x € By and f(x) = 0, then f; isa
TWRDF on Hy — {x} of weight w(f; ) = vt-(H) — 1, which is a contradiction again. Hence, x € Ay,
and so 4 (G oy H) > ny(H). Therefore, by Theorem 24 we conclude that 4, (G o, H) = ny(H). O

Recent works have shown that graph operations are useful tools to study problems of
computational complexity.

For instance, the authors of [18,19] have shown that results on the (local) metric dimension of
corona product graphs enables us to deduce NP-hardness results for the (local) adjacency dimension;
while the authors of [20] have shown that the study of lexicographic product graphs is useful to
infer an NP-hardness result for the super domination number, based on a well-known result for the
independence number. Our next result shows that we can use rooted product graphs to study the
problem of finding the total weak Roman domination number of a graph. In this case, the key result is
Theorem 27 which involves the domination number. It is well known that the dominating set problem
is an NP-complete decision problem [21], i.e., given a positive integer k and a graph G, the problem of
deciding if G has a dominating set D of cardinality |D| < k is NP-complete. Hence, the optimization
problem of computing the domination number of a graph is NP-hard.

Corollary 8. The problem of computing the total weak Roman domination number of a graph is NP-hard.

Proof. Let G be a graph with no isolated vertex and construct the graph G o, P3, where v is a leaf
of P;. By Theorem 27, it follows that (G oy P3) = v(G) +2|V(G)|. Therefore, the problem
of computing the total weak Roman domination has the same computational complexity as the
domination number problem. [

Theorem 28. Let G and H be two graphs with no isolated vertex and |V(G)| = n. Then the following
statements hold for every v € V(H) such that - (H — {v}) # y+(H) — 1.

(i) Ifg(v) = 0 for every vy (H)-function g, then y4 (G oy H) = nyy (H).
(i) If g(v) > O for every i (H)-function g, then v (G oy H) € {nyy(H), n(yw(H) —1)}.

Proof. Let f(Vp, V1, V2) be a 7,(G o, H)-function and consider the partition {Af, Bf,Cs} of V(G)
previously defined.

With the assumptions of (i) or (ii), Lemma 2 and Proposition 3 lead to Cy = @. Moreover, if By = @,
then by analogy to Case 1 in the proof of Theorem 24 we deduce that (G o, H) = nyy,(H).
From now on suppose that x € By. If f(x) = 0, then fi is a TWRDF on Hy — {x}, so that
yr(H — {v}) = vur(Hx — {x}) < w(fy) = w(fx) = v»(H) — 1. From the hypothesis of (i) and (ii)
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and Lemma 2 we deduce that y(H — {v}) = v4(H) — 1. Thus, if v (H — {v}) # v4(H) — 1, then
f(x)>0.

We now assume the hypothesis of (i) and take a vertex u € N(x) NV (Hy). If f(u) = 2, then f
is a TWRDF on Hy of weight w(fx) = i (H) — 1, which is a contradiction. Hence, f(u) < 1 and we
can define a function g as g(u) = f(u) + 1 and g(w) = f(w) for every w € V(Hy) \ {u}. Notice that g
is a TWRDF on H, of weight v (H), so g is a 4-(H)-function and satisfies that g(v) > 0, which is a
contradiction. Hence, B ;= @ and we are done.

We now assume the hypothesis of (ii). By analogy to Case 2 in the proof of Theorem 24 we
deduce that (G oy H) > n(7y(H) — 1). Now, we proceed to show that 74 (G o, H) < n(7yy(H) —1).
From f, we define a function & on G o, H as follows. For every z € V(G), the restriction of h to V(H;)
is induced from fy. It is readily seen that & is a TWRDF on G o, H of weight n(7¢(H) — 1), which
completes the proof. O

As a particular case of Theorem 28 (i) we have the following result.

Corollary 9. Let G and H be two graphs with no isolated vertex. Let n be the order of G, v € L(H) and
u,u’' € S(H). Ifu’,v € N(u) and |[N(u) N L(H)| > 3, then y+(G oy H) = nyy(H).

Theorem 29. If G is a graph of order n with §(G) > 1, then for every graph H having a universal vertex
veV(H),
Yr(G oy H) = 2n.

Proof. The upper bound 7y, (G o, H) < 2n is straightforward, as the function f, defined by f(x) =2
for every vertex x € V(G) and f(x) = 0 for every x € V(G oy, H) \ V(G), isa TWRDF on G o, H.

On the other hand, let f be a 7;,(G o, H)-function and suppose that there exists x € V(G) such
that w(fy) < 1. Insuch a case, f(N[y]) < 1 for every y € V(Hy) \ {x}, which is a contradiction.
Therefore 4 (G oy H) = w(f) > 2n. O

Since any corona graph G ® G’ is a rooted product graph G o, H where H = K; + G’ and v is the
vertex of Kj, the result above is equivalent to the following theorem.

Theorem 30. If G is a graph of order n with no isolated vertex, then for every graph G/,
T (GOG') =2n.
To conclude the analysis, we consider the extreme case in which (H) = 2.
Theorem 31. If G is a graph of order n and H is a graph with vy, (H) = 2, then for any v € V(H),
Y1 (G op H) = 2.

Proof. By Theorem 24, (G o, H) < 2n. Now, if y4+(G o, H) < 2n —1, then for any
7tr(G oy H)-function f, there exists x € V(G) such that w(fy) < 1. Hence, f(N[y]) < 1 for every
y € V(Hy) \ {x}, which is a contradiction. [J

6. Conclusions and Open Problems

This article is a contribution to the theory of total protection of graphs. In particular, we introduced
the study of the total weak Roman domination number of a graph. We studied the properties of this
novel parameter in order to obtain its exact value or general bounds. Among the main contributions
we emphasize the following.

e The work proved several new theorems, thanks to which we have shown the close relationship that
exists between the total weak Roman domination number and other domination parameters such
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as the (total) domination number, secure (total) domination number, weak Roman domination
number, (total) Roman domination number and 2-packing number.

e We obtained general bounds and discussed some extreme cases.

e Ina specific section of the paper, we focused on the case of rooted product graphs and we obtained
closed formulas and tight bounds for the total weak Roman domination number of these graphs.

e Through the results obtained on rooted product graphs, we have shown that the problem of
finding the total weak Roman domination number of a graph is NP-hard.

Among the open problems arising from the analysis, the following should be highlighted.

(@) We have shown that if G is a {Kj3,Ki3 + e}-free graph with no isolated vertex,
then 1+(G) = 7st(G). We conjecture that these two parameters also coincide for lexicographic
product graphs, and we propose the general problem of characterizing all graphs for which the
equality holds.

(b) We have shown that 7;(G) = 7(G) + 1 if and only if 75 (G) = y(G) + 1. Therefore, the problem
of characterizing all graphs with v,t(G) = (G) + 1 is an open problem, which is a particular
case of problem (a).

(c) We have shown that y4+(G) < 7(G) + v(G) and 74(G) < 9,(G) + 7(G). We propose the
problem of characterizing all graphs for which these equalities hold; or providing necessary or
sufficient conditions for achieving them.

(d) Since the problem of finding 4, (G) is NP-hard, we consider the following question. Is there a
polynomial-time algorithm for finding ¢ (T) for any tree T of order n?
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Abstract: A total dominating set D of a graph G is said to be a secure total dominating set if for every
vertex u € V(G) \ D, there exists a vertex v € D, which is adjacent to u, such that (D \ {v}) U{u}isa
total dominating set as well. The secure total domination number of G is the minimum cardinality among
all secure total dominating sets of G. In this article, we obtain new relationships between the secure
total domination number and other graph parameters: namely the independence number, the matching
number and other domination parameters. Some of our results are tight bounds that improve some
well-known results.

Keywords: secure total domination; secure domination; independence number; matching number;
domination
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1. Introduction

The following approach to the protection of a graph was proposed by Cockayne et al. [1]. Suppose that
one or more entities are stationed at some of the vertices of a graph G and that an entity at a vertex can deal
with a problem at any vertex in its closed neighbourhood. In general, an entity could consist of an observer,
arobot, a guard, a legion, and so on. Informally, we say that G is protected under a given placement of
entities if there exists at least one entity available to handle a problem at any vertex. The simplest cases of
graph protection are those in which you can locate at most one entity per vertex. In such a case, the set of
vertices containing the entities is said to be a dominating set.

In a graph G = (V(G), E(G)), a vertex dominates itself and its neighbours. A subset S C V(G) is
said to be a dominating set of G if S dominates every vertex of G, while S is said to be a total dominating set
if every vertex v € V(G) is dominated by at least one vertex in S \ {v}. As usual, the neighbourhood of a
vertex v € V(G) will be denoted by N(v). Now, aset S C V(G) is said to be a secure (total) dominating set if
S is a (total) dominating set and for every v € V(G) \ S there exists u € N(v) N S such that (SU {v}) \ {u}
is a (total) dominating set. In the case of secure (total) domination, the graph is deemed protected by a
(total) dominating set and when an entity moves (to deal with a problem) to a neighbour not included
in the (total) dominating set, the new set of entities obtained from the movement of the entity is a (total)
dominating set which protects the graph as well.

The minimum cardinality among all dominating sets of G is the domination number of G, denoted
by v(G). The total domination number, the secure domination number and the secure total domination number of
G are defined by analogy, and are denoted by 7:(G), 7s(G) and s (G), respectively.

Symmetry 2019, 11, 1165; doi:10.3390/sym11091165 www.mdpi.com/journal/symmetry
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The domination number and the total domination number have been extensively studied. For instance,
we cite the following books [2-4]. The secure domination number, which has been less studied, was
introduced by Cockayne et al. in [1] and studied further in several works including [5-10], while the secure
total domination number was introduced by Benecke et al. in [11] and studied further in [9,12-14].

In this work we study the relationships between the secure total domination number and other
graph parameters. The article is organized as follows. In Section 2 we define key terms and
additional notation. In Section 3 we show that 74(G) < a(G) + 7(G), where a(G) denotes the
independence number of G. Since 7(G) < a(G), this result improves the bound s (G) < 2a(G) obtained
in [14]. Section 4 is devoted to the study of relationships between the secure total domination number and
other domination parameters. In particular, we outline some known results that become tools to derive
new ones. Finally, in Section 5 we obtain several bounds on the secure total domination number in terms
of the matching number and other graph parameters.

2. Some Additional Concepts and Notation

All graphs considered in this paper are finite and undirected, without loops or multiple edges.
The minimum degree of a graph G will be denoted by J(G) and the maximum degree by A(G). As usual,
the closed neighbourhood of a vertex v € V(G) is denoted by N[v] = N(v) U {v}. We say that a vertex
v € V(G) is a universal vertex of G if N[v] = V(G). By analogy with the notation used for vertices, for a
set S C V(G), its open neighbourhood is the set N(S) = U,esN(v), and its closed neighbourhood is the set
N[S] = N(S) U S. We also define the following sets associated with v € V(G).

o The internal private neighbourhood of v relative to S is defined by
ipn(v,S) ={u € S: N(u)NS = {v}}.
o The external private neighbourhood of v relative to S is defined by
epn(v,S) ={u € V(G)\S: N(u) NS = {v}}.
e The private neighbourhood of v relative to S is defined by
pn(v,S) =ipn(v,S)Uepn(v,S) ={u € V(G) : N(u) NS = {v}}.

The subgraph induced by S C V(G) will be denoted by (S), while the graph obtained from G by
removing all the vertices in S C V(G) (and all the edges incident with a vertex in S) will be denoted by
G — S. If H is a graph, then we say that a graph G is H-free if G does not contain any copy of H as an
induced subgraph.

We denote the set of leaves of a graph G by L(G), and the set of support vertices (vertices adjacent
to leaves) by S(G). The set of isolated vertices of (V(G) \ (5(G) U L(G))) will be denoted by I.

We will use the notation C,;, N, and P, for cycle graphs, empty graphs and path graphs of order
n, respectively.

Let f : V(G) — {0,1,2} be a function. For any i € {0,1,2} we define the subsets of vertices
Vi={v e V(G) : f(v) = i} and we identify f with the three subsets of V(G) induced by f. Thus, in order
to emphasize the notation of these sets, we denote the function by f(Vp, V1, V2). Givena set X C V(G),
we define f(X) = Y ,cx f(v), and the weight of f is defined to be w(f) = f(V(G)) = |V1| +2|V2|.

A (total) weak Roman dominating function is a function f(Vj, V3, V,) satisfying that V4 U V; is (total)
dominating set and for every vertex v € Vj there exists # € N(v) N (V3 U V;) such that the function
f'(V§, V], V3), defined by f'(v) = 1, f'(u) = f(u) —1and f'(x) = f(x) whenever x € V(G) \ {u,v},
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satisfies that V| U V] is (total) dominating set. Notice that S C V(G) is a secure (total) dominating set if and
only if there exits a (total) weak Roman dominating function f(Vy, V4, V») such that V, = @ and V; = S.

The weak Roman domination number, denoted by y,(G), is the minimum weight among all weak Roman
dominating functions on G. By analogy we define the total weak Roman domination number, which is denoted
by 9t (G). The weak Roman domination number was introduced by Henning and Hedetniemi [15] and
studied further in several works including [7,8,10,16,17], while the total weak Roman domination number
was recently introduced in [12].

A dominating set of cardinality (G) will be called a ¢(G)-set. A similar agreement will be assumed
when referring to optimal sets associated with other parameters used in the article. As usual, we will use
the acronyms TDS and STDS to refer to total dominating sets and secure total dominating sets, respectively.

A TDS X is said to be a total outer-connected dominating set if the subgraph induced by V(G) \ X is
connected. The total outer-connected domination number of G, denoted by 7oc(G), is the minimum cardinality
among all total outer-connected dominating sets of G. This parameter was introduced by Cyman in [18]
and studied further in [19-21].

An independent set of a graph G is a subset of vertices such that no two vertices in the subset represent
an edge of G. The maximum cardinality among all independent sets is the independence number of G,
denoted by «(G). Analogously, two edges in a graph G are independent if they are not adjacent in G.
A set of pairwise independent edges of G is called a matching of G. The matching number o’ (G) , sometimes
known as the edge independence number, is the maximum cardinality among all matchings of G.

For the remainder of the paper, definitions will be introduced whenever a concept is needed.

3. Secure Total Domination & Independence
Klostermeyer and Mynhardt [9] in 2008, established the following upper bound.
Theorem 1. [9] For any graph G with no isolated vertex,
7st(G) < 3a(G) — 1.

In 2017 Duginov [14] answered the following open question posed by Klostermeyer and
Mynhardt [9] p. 282: Is there a graph G such that 75(G) = 3a(G) — 1, where a(G) > 2? Duginov
provided a negative answer to this question by confirming the suspicions of Klostermeyer and Mynhardt
that t(G) < 2a(G).

Theorem 2. [14] For any graph G with no isolated vertex,
7st(G) < 2a(G).
We now proceed to improve the bound above.

Lemma 1. For any graph G and any set D C V(G), there exists an «(G)-set I such that for any x € I,
ipn(x,DUI) = Q.

Proof. Let I be an a(G)-set, D C V(G) and D; = {x € I : ipn(x,DUI) # @}. We can assume that we
have taken I in such a way that |D;| is minimum among all «(G)-sets. Suppose that there exists u € Dy,
and consequently, let v € ipn(u, DUI). Observe thatv € D\ I and I' = (IU {v}) \ {u} is an a(G)-set.
Since ipn(v,DUI") = @and ipn(x, DUI") = ipn(x,DUI) for every x € I' \ {v}, we can conclude that I’
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is an «(G)-set satisfying that |Dy| < |Dp|, which is a contradiction. Therefore, D; = @, which completes
the proof. [

Since v(G) < a(G), the following result improves Theorem 2.
Theorem 3. For any graph G with no isolated vertex,
75t(G) < a(G) + 7(G).

Proof. Let D be a 7(G)-set. By Lemma 1 there exists an a(G)-set I such that ipn(x, DU I) = @ for every
x € I. We define the set S C V(G) as follows.

(@ DUICS.
(b)  For every vertexx € DN,

o ifepn(x,DUI) # @, then choose one vertex u € epn(x,DUI) and setu € S.
o ifepn(x,DUI) = @, then choose one vertex u € N(x) \ (D UI) (if any) and set u € S.

It is readily seen that S is a TDS. Now, let v € V(G) \ S. Since I C S is also a dominating set,
there exists a vertex u € N(v) NI € N(v) N'S. To conclude that S is STDS, we only need to prove that
S" = (S\ {u}) U{v}is a TDS. To this end, we differentiate two cases for any w € N(u).

Case 1. u € I\ D. If w ¢ D, then there exists some vertex in D C S’ which dominates w, as D is a
dominating set. If w € D, then by Lemma 1 we have that w ¢ ipn(u, D U I). Hence, there exists some
vertexin (D UI) \ {u} C S’ which dominates w.

Case2.u € IND. Ifw € D, then by Lemma 1 we have that w ¢ ipn(u, D U ), and so there exists some
vertexin (DUI) \ {u} C S’ which dominates w. From now on, suppose that w ¢ D. If w ¢ epn(u,DUI),
then w is dominated by some vertex in (DUI) \ {u} C §'. If w € epn(u, D UI) then, as all vertices in
epn(u, DUI) form a clique and by (b) in the definition of S, w is dominated by some vertexin S\ {u} C S’

Now, since S is a TDS, we have that every vertex in V(G) \ N(u) is dominated by some vertex in S’
and, according to the two cases above, we can conclude that S’ is a TDS. Therefore, S is a STDS and so
Y5t(G) < |S| < a(G) + ¥(G), which completes the proof. [

The bound above is tight. For instance, it is achieved for any corona product graph G = H; ©® H,,
where Hj is an arbitrary graph and H, is the disjoint union of k complete nontrivial graphs. Notice that
a(G) =k|V(H1)|, 7(G) = |V(Hy)| and 75t(G) = (k+1)|V(H1)| = a(G) + 7(G). Another example is the
graph G shown in Figure 2, where 4(G) = 8, a(G) = 6 and 7(G) = 2.

4. Secure Total Domination & Other Kinds of Domination

For any graph G with no isolated vertex, V(G) is a secure total dominating set, which implies that
¥5t(G) < |V(G)|. All graphs achieving this trivial bound were characterized by Benecke et al. as follows.

Theorem 4. [11] Let G be a graph of order n. Then vs(G) = n if and only if V(G) \ (L(G) U S(G)) is an
independent set.

Since every secure total dominating set is a total dominating set, it is clear that 7¢(G) < vs(G). All
graphs satisfying the equality were characterized by Klostermeyer and Mynhardt in [9].

Theorem 5. [9] If G is a connected graph, then the following statements are equivalent.
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o 7st(G) = 1(G).
o 74(G)=2
e G has two universal vertices.

The result above is an important tool to characterize all graphs with ,(G) = 3. To begin with, we
need to state the following basic tool.

Proposition 1. If H is a spanning subgraph (with no isolated vertex) of a graph G, then
Yst(G) < st (H).

Proof. Let E~ = {ey,..., ¢} be the set of all edges of G not belonging to the edge set of H. Let Hy = G
and, for every i € {1,...,k}, let X; = {e1,...,¢;} and H; = G — X;. Since any STDS of H; is a STDS
of H;_1, we can conclude that vs+(H;_1) < 7st(H;). Hence, v5(G) = vst(Ho) < vst(Hy) < -+ <
Yst(Hy) = vst(H). O

Let G be the family of graphs H of order n > 3 such that the subgraph induced by three vertices of H
contains a path P; and the remaining n — 3 vertices have degree two and they form an independent set.
Figure 1 shows a graph belonging to G.

Figure 1. A graph H belonging to G. The set of black-coloured vertices forms a s (H)-set
Theorem 6. Given a graph G, the following statements are equivalent.

] ')/sf<G) = 3
o G has at most one universal vertex and there exists H € G which is a spanning subgraph of G.

Proof. Let D be a y5¢(G)-set and assume that |D| = 3. By Theorem 5, G has at most one universal vertex.
Let D = {u,v,w} and notice that (D) contains a path P, as D is a total dominating set of G. Since D is
a STDS of G, we observe that [N(z) N D| > 2 for every z € V(G) \ D. Hence, in this case, G contains a
spanning subgraph belonging to G.

Conversely, since G has at most one universal vertex, by Theorem 5 we have that v4(G) > 3.
Moreover, it is readily seen that v (H) < 3 for any H € G. Hence, if H € G is a spanning subgraph of G,
by Proposition 1 it follows that y5+(G) < 3. Therefore, 75(G) =3. O

We now consider the relationship between s(G) and 7st(G).

Theorem 7. [9] Let G be a graph with no isolated vertex.

() If6(G) =1, then v5(G) +1 < ys(G).
(i) If(G) > 2, then 15(G) < ¥st(G) < 275(G).

A natural question is if the bound 75(G) < 2v,(G), due to Klostermeyer and Mynhardt, can
be improved with 7s(G) < 7s(G) 4+ ¢(G). The example given in Figure 2 shows that, in general,
this inequality does not hold.
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Figure 2. A graph G with 7(G) = 8, 75(G) = 5 and y(G) = 2. The set of black-coloured vertices forms a
st (G)-set.

In Theorem 10 we will show some cases in which 5(G) < vs(G) + 7(G). To this end, we need to
outline the following two known results.

Theorem 8. [12] The following inequalities hold for any graph G with no isolated vertex.

@ 7(G) <1 (G) < v(G).
(i) 74(G) < min{7(G), 1(G)} +7(G).

Although the problem of characterizing all graphs with v(G) = <s(G) remains open, some
particular cases were described in [12].

Theorem 9. [12]

@) 7st(G) = v(G) + 1ifand only if v, (G) = v(G) + 1.
(i) Forany {Ky3, Ky 3+ e}-free graph G with no isolated vertex, yst(G) = 11 (G).
(iii) For any graph G with no isolated vertex and maximum degree A(G) < 2, vst(G) = v4(G).

From Theorems 8 and 9 (ii), and using the fact that 7,(G) < 75(G), we can show that the bound
7st(G) < 275(G) established in Theorem 7 can be improved for any {Kj 3, Ky 3 + e}-free graph.

Theorem 10. For any {Kj 3, Ky 3 + e}-free graph G with no isolated vertex,
75t(G) < min{7:(G), 1(G)} +7(G) < 75(G) +7(G).

The previous bounds are tight. They are achieved, for instance, for the wheel graph G = N; + Cy4
and for G = N, + P3, which is the join of N, and P;. For these two graphs we have that 5(G) = 3,
74(G) = 1(G) = 1(G) = 2and 4(G) = 1,

To derive a consequence of Theorem 10 we need to state the following result due to Burger et al. [6].

Theorem 11. [6] For any connected graph G % Cs of order n and 5(G) > 2,
n
< |=
7s(G) < LZJ .

Notice that 75(Cs) = 4 = | 3] +7(Cs). Hence, from Theorems 10 and 11 we immediately have the
next result.

Theorem 12. For any connected {Kj 3, Ky 3 + e}-free graph G of order n and 6(G) > 2,
n
< |z .
7(G) < 5] +7(0)

The bound above is tight. It is achieved for G = N; + C4, G = Cs and G = Cg, where 7 (G) equals
3,4 and 5, respectively.
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The following result shows us a relationship between the secure total domination number and the
total outer-connected domination number.

Theorem 13. Let G be a graph of order n. If yoc(G) < n — 2, then

y4(G) < {WJ _

Proof. We assume that 7;o.(G) < n —2. Let D be a 71:(G)-set and S a y((V(G) \ D))-set. Since D is
a TDS of G, DU S is a TDS as well. Furthermore, every vertex u € V(G) \ (D US) is dominated by
some vertex v € S,and D C (DUSU{u})\ {v} is a TDS of G. Hence, DU S is a STDS of G, which
implies that y5+(G) < [DUS| = |D| + |S|. Now, since (V(G) \ D) is a connected nontrivial graph, we
have that |S| = y((V(G) \ D)) < w = 1=1(S) Therefore, 75(G) < \_MJ, which completes
the proof. O

The bound above is tight. For instance, it is achieved for the wheel graph G = N; + C4 and for
G = N + P3. In both cases 75(G) = 3 and 7y, (G) = 2.
The following result was obtained by Favaron et al. in [20].

Theorem 14. [20] For any graph G of order n, diameter diam(G) < 2 and minimum degree 6(G) > 3,

2n —2

Ytoe(G) < {TJ .

The following result is a direct consequence of combining the result above and Theorem 13.

Theorem 15. For any graph G of order n, diameter two and minimum degree 5(G) > 3,

7t(G) < {571672]

The bound above is achieved for the wheel graph G = N; + C4 and for G = N, + P3. As we already
know, in both cases y(G) = 3.

5. Secure Total Domination & Matching

To begin this section, we proceed to introduce new definitions and terminology. Given a matching
M of a graph G, let V) be the set formed by the end-vertices of edges belonging to M. Given a vertex
v € Vo, we say that v/ € V), is the partner of v if vv’ € M. Observe that if ¢’ is the partner of v, then v is
the partner of v'.

A maximum matching is a matching of cardinality &’(G). The following lemmas show some properties
of maximum matchings.

Lemma 2. Let M be a maximum matching of a graph G. The following statements hold.

(i) N(u) C Vg foreveryu € V(G) \ V.
(i) Ifu € V(G)\ Vp is adjacent tov € Vg, then N(v') C Vg U {u}, where o' is the partner of v.

Proof. Let u € V(G) \ V. If there exists a vertex w € N(u) N (V(G) \ Vyy), then the set M U {uw}
is a matching of G of cardinality greater than | M|, which is a contradiction. Hence, N(u) C V4 and
(i) follows.
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Now, we suppose that there exists u € V(G) \ Vo and a vertex v € N(u) N V4. Let o' be the partner
of v. If there exists a vertex w € N(¢') N (V(G) \ (Vap U {u})), then the set M \ {vv'} U {uv,v'w} is a
matching of G of cardinality greater than | M|, which is a contradiction. Hence, N(v') C Vo U {u} and
(ii) follows. O

Lemma 3. For any graph G with L(G) # @, there exists a maximum matching M such that for each vertex
x € S(G) there exists y € L(G) such that xy € M.

Proof. Let M be a maximum matching of G such that |Va N L(G)| is maximum. It is easy to see that the
maximality of M leads to S(G) C V. Suppose that there exists a support vertex x such that xx’ € M
and x" ¢ L(G). Lety € N(x) N L(G). Notice that the set M’ = M\ {xx'} U {xy} is a maximum matching
of Gand |Vyy NL(G)| > |Var N L(G)|, which is a contradiction. Therefore, the result follows. [

The next result provides a relationship between the secure total domination number, the matching
number and some special vertices of a graph.

Theorem 16. For any graph G with minimum degree 6(G) =1,
75(G) < 24'(G) +[L(G)| = S(G)| + | Lg].

Proof. Let M be a maximum matching satisfying Lemma 3. Let S = V) U L(G) U Is. Notice that
Vi NlIg =®@and S(G) C Vyy. Hence, |S| =24/(G) + |L(G)| — |S(G)| + |Ig|-

Notice that that S is a TDS of G. We shall show that S is a STDS of G. Now, letv € V(G) \ S.
Since v ¢ I and V)4 is a dominating set of G, there exists a vertex u € V4 \ S$(G) which is adjacent to v.
Let S’ = (S\ {u}) U {v}. We will see that S’ is a TDS of G as well. Since S is a TDS of G, every vertex
w € V(G) \ N(u) is adjacent to some vertex belonging to S’. Let w € N(u) and observe that [N (w)| > 2
asu ¢ S(G).

If w € V(G) \ V4, then by Lemma 2 (i) we have that N(w) C V. Hence there exists a vertex in
Vam \ {u} C S’ which is adjacent to w, as |N(w)| > 2. Now, if w € V) \ {1}, where ' is the partner of u,
then w is adjacent to its partner, which belongs to S’. Finally, if w = u/, then by Lemma 2 (ii) we have that
N(w) C VU {v} and since [N(w)| > 2 it follows that N(w) C (Vg \ {u})U{v} C S".

Thus, S is a TDS of G, as desired. Therefore, S is a STDS and so v5t(G) < |S| = 24/(G) + |[L(G)| —
1S(G)| + gl O

The bound above is tight. For instance, it is achieved for the graph shown in Figure 3. In this case,
7st(G) =22,a/(G) =7, |L(G)| =12, |S(G)| = 6and |Ig| = 2.

Figure 3. The set of black-coloured vertices forms a 7y, (G)-set.

From now on we consider the case of graphs with minimum degree §(G) > 2.
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Definition 1. Given a maximum matching M of a graph G with 6(G) > 2, we construct a set Dag C Vg
as follows.

@ 1Dml =a'(G).
() xy & Mforallx,y € Dpy.
(i) |N(x)N(V(G)\Vm)| = IN(X')N(V(G)\ V)| forall x € Dy, where x' is the partner of x.

We proceed to show some properties of D g C V.

Lemma 4. Let M be a maximum matching of a graph G with 6(G) > 2. The following statements hold.

@) Ifu € V(G) \ Vy is adjacent to v' € Vg \ Dy, then u is adjacent to v € Dy, where v is the partner of v'.
(b) Dy is a dominating set of G.
(c) Ifv € Dy, then its partner v € Vo \ Dy satisfies that |N(v') N V| > 6(G) — 1.

Proof. Let u € V(G) \ V(. By Lemma 2 (i) we have that N(u) C V4. If there exists a vertex v/ €
Vi \ Doy, then by Lemma 2 (ii) we have that N(v) C VU {u} (where v € D is the partner of v’). By
item (iii) in the definition of D it follows that u € N(v) and (a) holds.

From item (a) we deduce that N () N D # @. Now, by definition of D vy, every vertexin Vs \ Dy
is dominated by its partner, which belongs to D . Therefore, Dy, is a dominating set of G and so
(b) follows.

Now, let z € Dy and 2’ its partner. If |[N(z') N V| < 8(G) — 2, then there exist two vertices
x,y € N(z') N (V(G) \ Vpq). By Lemma 4 (a) we have that x,y € N(z), which is a contradiction by
Lemma 2 (ii). Therefore, |[N(z') N V| > 6(G) — 1 and (c) follows, which completes the proof. [

Theorem 17. For any graph G with minimum degree 6(G) > 2,
¥st(G) < 24/(G) — 6(G) +2.

Proof. Let n be the order of G. Let v € V(G) be a vertex of degree §(G) and u € N(v). It is readily
seen that the set S = (V(G) \ N(v)) U {u} is a STDS of G and, as a consequence, vs(G) < n — §(G) + 1.
Thus, the inequality holds for 24’ (G) € {n — 1,n}.

From now on we suppose that 2a/(G) < n —2. Let M be a maximum matching of G.
Since |[Vy| = 2a/(G) < n — 2, there exist two vertices x,y € V(G) \ Vyy. By Lemma 4 (b) we
have that Dy is a dominating set of G, which implies that there exists a vertex vy € N(x) N Dyy.
Since 6(G) > 2, by Lemmas 2 and 4 (a), there exists a vertex v, € N(y) N (D \ {vx}) and also we deduce
that N(x) UN(y) € Vyand N(x) N N(y) € Dy Let R = (N(x) UN(y)) N Day. Hence |R| = [N(x)N
NW)| + [(N) \ N)) 1 Darl + [(N() \ N(x)) A\ Dyl > (IN(x)| + IN(®))/2 > 6(G). Let Z C
R\ {vy, vy} such that |Z| = §(G) — 2 and let Z' be the set of partners of the vertices in Z.

Let M’ = (M \ {0xv}, vy }) U {xvx, yvy }, where v} and v, are the partners of vy and vy respectively.
Notice that M’ is a maximum matching of G and the set D s = Dy C V satisfies the conditions given
in Definition 1.

We will prove that S = V), \ Z’ is a STDS of G. By Lemma 4 (b) we have that D 4 is a dominating
set of G, which implies that every vertex in V(G) \ S is dominated by some vertex in D C S. Also, every
vertex in Z is dominated by either x or y, which belong to S, and every vertex in S \ Z satisfies that its
partner belongs to S as well. Hence S is a TDS of G.

Letv € V(G)\Sand let S’ = (S\ {v*}) U {v}, where either v* = v’ is the partner of vif v € Z’,
or v* is a vertex belonging to N(v) N Dy if v € V(G) \ Vy (notice that in this case, v* exists since D
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is a dominating set). We only need to prove that S’ is a TDS of G. Since S is a TDS of G, every vertex in
V(G) \ N(v*) has at least one neighbour in §’. Now, let u € N(v*) and consider the following two cases.

Case 1. u € V(G) \ V. Since [V N(V(G)\ S')| = 6(G) — 1, by Lemma 2 (i) we deduce that there exists
some vertex in N(u) N'S'.

Case 2. u € Vpyp. In this case, we analyse three subcases. If u € Z, then u is dominated by either x
or y, which belong to S’. If u = v, then as u € Vpy \ Dy, by Lemma 4 () it follows that |[N(u) N
Vil > 8(G) — 1. As in this case [V N (V(G) \ §')| = 8(G) — 2, we deduce that N(u) NS’ # @.
Finally, if u € Vyp \ (Z U {v}), then its partner belongs to S'.

Hence, S’ is a TDS of G, as desired. Therefore, S is a STDS of G and v4(G) <
[S| = |Vap \ Z'| = 24/(G) — 6(G) + 2, which completes the proof. [

The bound above is tight. For instance, it is achieved for the graphs G = N, + Pz and G = Nj + Cy.
In both cases 75 (G) = 3, 4/(G) =2 and §(G) = 3.

Cockayne et al. in [8] obtained the following bound on the secure domination number in terms of the
order and the matching number.
Theorem 18. [8] If a graph G of order n does not have isolated vertices, then

75(G) < n—a'(G).

Therefore, by Theorems 10 and 18 we deduce the following result.

Theorem 19. For any {Kj 3, Ky 3 + e}-free graph G with minimum degree 6(G) > 1 and order n,
75t(G) < n—a(G) +7(G).

The bound above is tight. For instance, it is achieved for the graphs G = Cg and G = P, as for these
graphs we have 74(G) = 5,4'(G) = 3and 7(G) = 2.

The k-domination number of G, denoted by 7, (G), is another well-known parameter [3]. The following
theorem is a contribution of DeLaVifa et al. in [22].
Theorem 20. [22] Let k be a positive integer. For any graph G with minimum degree 6(G) > 2k — 1,

7(G) < &/(G).

Since every 7, (G)-set is a secure dominating set of G, it is immediate that ys(G) < 92(G), and so
Theorems 10 and 20 lead to the following result.

Theorem 21. For any {Kj 3, Ky 3 + e}-free graph G with minimum degree 6(G) > 3,
75t(G) < &'(G) +7(G).

The bound above is tight. For instance, it is achieved for the wheel graph G = Nj + C4 and for
G = N, + D3, as inboth cases 75(G) = 3,a/(G) =2and 7(G) = 1.
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6. Conclusions

This article is a contribution to the theory of protection of graphs. In particular, it is devoted to the
study of the secure total domination number of a graph. We study the properties of this parameter in order
to obtain its exact value or general bounds. Among our main contributions we highlight the following.

e We show that 5:(G) < a(G) + 7(G). Since 7(G) < a(G), this result improves the bound s+(G) <
20(G) obtained in [14].

e  We characterize the graphs with 74(G) = 3.

e  We show thatif G is a {Kj 3, K13 + e}-free graph G with no isolated vertex, then
7st(G) < min{7,(G),7(G)} +7(G) < 75(G) +7(G).

e We study the relationship that exists between the secure total domination number and the matching
number of a graph. In particular, we obtain the following results.

@  7st(G) < 24/(G) +|L(G)| — |S(G)| + || for any graph G of minimum degree one.
®)  vst(G) <24/(G) — I(G) + 2 for every graph G of minimum degree 5(G) >2.
() 1st(G) <&/ (G)+ ¥(G) for every {Kj 3, Ky 3 + e}-free graph G of minimum degree 5(G) >

All bounds obtained in the paper are tight.
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The authors wish to make the following corrections on paper [1]:

Eliminate Lemma 1 because we have found that this lemma is not correct.

B2

Theorem 3 states that for any graph G with no isolated vertex,
75t(G) < &(G) +7(G).

The result is correct, but the proof uses Lemma 1. For this reason, we propose the
following alternative proof for Theorem 3.

Proof. Let D be a y(G)-set. Let I be an a(G)-set such that |[D N I| is at its maximum among
all #(G)-sets. Notice that forany x € DN I,

epn(x,DUI)Uipn(x,DUI) C epn(x,I). 1
We next define a set S C V(G) of minimum cardinality among the sets satisfying the
following properties.

(@@ DUICS.
(b) Foreveryvertexx € DN,

(bl) ifepn(x,DUI) # @, then SNepn(x,DUI) # &;

©2) ifepn(x,DUI) = @, ipn(x,DUI) # & and epn(x,I) \ ipn(x,DUI) # @,
then either epn(x,I)\ D = @ or SNepn(x,I)\ D # @;

©3) ifepn(x,DUI) = @andepn(x,I) = ipn(x,DUI) # &, then SN N(epn(x,I))\
{x} # o

(b4) ifepn(x,DUI) =ipn(x,DUI) = &, then N(x) \ (DUI) = @or SN N(x)\
(DUI) # 2.

Since D and I are dominating sets, from (a) and (b) we conclude that S is a TDS. From
now on, letv € V(G) \ S. Observe that there exists a vertex u € N(v) NI € N(v) NS,
as I C Sisan a(G)-set. To conclude that S is a STDS, we only need to prove that S’ =
(S\ {u})U{v}isa TDS of G.

First, notice that every vertex in V(G) \ N(u) is dominated by some vertex in S,
because S is a TDS of G. Let w € N(u). Now, we differentiate two cases with respect to
vertex u.

Case 1. u € I\ D. If w ¢ D, then there exists some vertex in D C S’ which dominates
w, as D is a dominating set. Suppose that w € D. If w € ipn(u,DUI), then I' =
(TU{w}) \ {u}is an a(G)-set such that [DN I'| > |D N I|, which is a contradiction. Hence,
w ¢ ipn(u, D UI), which implies that there exists some vertex in (DU I) \ {u} C S’ which
dominates w.

Case 2. u € I N D. We first suppose that w ¢ D. If w ¢ epn(u, D UI), then w is dominated
by some vertexin (DU )\ {u} C S’ If w € epn(u, D UI), then by (bl) and the fact that
in this case all vertices in epn(u, D U I) form a clique, w is dominated by some vertex in

Symmetry 2021, 13, 1668. https:/ /doi.org/10.3390/sym13091668
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S\ {u} C S. From now on, suppose that w € D. If w ¢ ipn(u, D UI), then there exists
some vertex in (D U I) \ {u} C S’ which dominates w. Finally, we consider the case in that
w € ipn(u,DUI).

We claim that ipn(u, DUI) = {w}. In order to prove this claim, suppose that there
exists w' € ipn(u, DUI) \ {w}. Notice that w’ € D. By (1) and the fact that all vertices in
epn(u,I) form a clique, we prove that ww’ € E(G), and so w ¢ ipn(u, DUI), which is a
contradiction. Therefore, ipn(u, DUI) = {w} and, as a result,

epn(u, DUI)U{w} C epn(u,I). )

In order to conclude the proof, we consider the following subcases.

Subcase 2.1. epn(u, DUI) # @. By (2), (b1), and the fact that all vertices in epn(u, I)
form a clique, we conclude that w is adjacent to some vertexin S\ {u} C &', as desired.

Subcase 2.2. epn(u, DUI) = @ and epn(u,I) \ {w} # @. By (2), (b2), and the fact
that all vertices in epn(u, I) form a clique, we show that w is dominated by some vertex in
S\ {u} C &, as desired.

Subcase 2.3. epn(u, DUI) = & and epn(u, I) = {w}. In this case, by (b3) we deduce
that w is dominated by some vertex in S \ {u} C ', as desired.

According to the two cases above, we can conclude that S"isaTDS of G, and so S is
a STDS of G. Now, by the the minimality of |S|, we show that |S| < [DUI|+ |[DNI| =
ID| + |I|. Therefore, vs+(G) < [S| < |I| + |D| = «(G) + v(G), which completes the
proof.

The authors would like to apologize for any inconvenience caused to the readers by
these changes. The changes do not affect the scientific results.

Cabrera Martinez, A.; Montejano, L.P.; Rodriguez-Veldzquez, ].A. On the secure total domination number of graphs. Symmetry

2019, 11, 1165. [CrossRef]
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Abstract: In this article, we obtain general bounds and closed formulas for the secure total domination
number of rooted product graphs. The results are expressed in terms of parameters of the factor
graphs involved in the rooted product.

Keywords: secure total domination; total domination; domination; rooted product graph

1. Introduction

Recently, many authors have considered the following approach to the problem of protecting a
graph [1-7]: suppose that one “entity” is stationed at some of the vertices of a (simple) graph G and
that an entity at a vertex can deal with a problem at any vertex in its closed neighbourhood. In general,
an entity could consist of a robot, an observer, a legion, a guard, and so on. Informally, we say that
a graph G is protected under a given placement of entities if there exists at least one entity available
to handle a problem at any vertex. Various strategies (or rules for entities placements) have been
considered, under each of which the graph is deemed protected. As we can expect, the minimum
number of entities required for protection under each strategy is of interest. Among these strategies
we cite, for instance, domination [8,9], total domination [10], secure domination [1], secure total
domination [2], Roman domination [6,7], Italian domination, [11] and weak Roman domination [5].
The first four strategies are described below.

The simplest strategies of graph protection are the strategy of domination and the strategy of
total domination. In such cases, the sets of vertices containing the entities are dominating sets and
total dominating sets, respectively. Typically, a vertex in a graph G = (V(G), E(G)) dominates itself
and its neighbouring vertices. A set S C V(G) is said to be a dominating set of G if every vertex in
V(G) \ S is dominated by at least one vertex in S, while S is said to be a total dominating set if every
vertex v € V(G) is dominated by at least one vertex in S \ {v}.

The minimum cardinality among all dominating sets of G is the domination number of G,
denoted by (G). The total domination number, denoted by 7;(G), is defined by analogy. These two
parameters have been extensively studied. For instance, we cite the following books, [8-10].

Let N(v) be the open neighbourhood of v € V(G) and let S C V(G). In the case of the secure
(total) domination strategy, a vertex v € V(G) \ S is deemed (totally) protected under S C V(G) if S is
a (total) dominating set and there exists # € N(v) N S such that (SU {v}) \ {u} is a (total) dominating
set. In such a case, in order to emphasise the role of vertex u, we say that v is (totally) protected by u
under S. A set S C V(G) is said to be a secure (total) dominating set if every vertexinv € V(G) \ S is
(totally) protected under S.

For instance, let G be the graph shown in Figure 1, and suppose that an observer is stationed
at vertex a4 and another one is stationed at b. In such a case, the graph is under the control of the
observers, as its vertices are (i.e., {1, b} is a dominating set). Now, if the observer stationed at vertex a
moves to any vertex in {c, d, e}, then the graph is under the control of the observers as well. In this
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case, {a,b} is a secure dominating set. Furthermore, if there are three observers and they are stationed
ata, b, and ¢, then every vertex of the graph (including a, b, and c) is under the control of the observers,
and this property is preserved if the observer stationed at ¢ moves to d or e. Hence, {a,b, ¢} is a secure
total dominating set.

e

Figure 1. In this case, {a} is a dominating set, {a,b} is a total dominating set and also a secure
dominating set, while {a, b, c} is a secure total dominating set.

The minimum cardinality among all secure dominating sets of G is the secure domination number
of G, denoted by 7,(G). This domination parameter was introduced by Cockayne et al. in [1] and
studied further in a number of works including [12-17]. Now, the minimum cardinality among all
secure total dominating sets of G is the secure total domination number of G, which is denoted by
7st(G). This parameter was introduced by Benecke et al. in [2] and studied further in [3,4,16,18,19].

A secure total dominating set of cardinality s(G) will be called a 7yt (G)-set. A similar agreement
will be assumed when referring to optimal sets associated to other parameters used in the article.

The problem of computing s¢(G) is NP-hard [18], even when restricted to chordal bipartite
graphs, planar bipartite graphs with arbitrary large girth and maximum degree three, split graphs
and graphs of separability at most two. This suggests finding the secure total domination number for
special classes of graphs or obtaining tight bounds on this invariant. This is precisely the aim of this
article in which we study the case of rooted product graphs.

2. Some Notation and Tools

All graphs considered in this paper are finite and undirected, without loops or multiple edges.
The minimum degree of a graph G will be denoted by §(G), i.e., (G) = min,ey () IN(v)|. As usual,
the closed neighbourhood of a vertex v € V(G) is denoted by N[v] = N(v) U {v}. We say that a vertex
v € V(G) is a universal vertex if N[v] = V(G). By analogy with the notation used for vertices, the
open neighbourhood of S C V(G) is the set N(S) = U,esN(v), while the closed neighbourhood is the
set N[S] = N(S)US.

A set S C V(G) is a double dominating set of G if |[N[u] N S| > 2 for every u € V(G).
The double domination number of G, denoted by 7vx2(G), is the minimum cardinality among all
double dominating sets of G. The k-domination number of a graph G, denoted by 7,(G), is the
cardinality of a smallest set of vertices such that every vertex not in the set is adjacent to at least k
vertices of the set. Such sets are called k-dominating sets.

Remark 1. Every secure total dominating set is a double dominating set and every double dominating set is a
2-dominating set. Therefore, for any graph G with no isolated vertex, vst(G) > vx2(G) > 712(G).

By Remark 1, for every secure total dominating set S and every vertex v € S, theset S\ {v} isa
dominating set. Therefore, the following remark holds.

Remark 2. For every graph G with no isolated vertex, s+ (G) > v(G) + 1.

A leaf of G is a vertex of degree one. A support vertex of G is a vertex which is adjacent to a leaf and
a strong support vertex is a support vertex which is adjacent to at least two leaves. A leaf is said to be a
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strong leaf if it is adjacent to a strong support vertex, otherwise it is called a weak leaf. The set of leaves,
support vertices, strong leaves and weak leaves are denoted by £(G), S(G), Ls(G), and L (G), respectively.

Remark 3. If D is a secure total dominating set of a graph G, then (S(G) U £(G)) C D and no vertex of G is
totally protected under D by vertices in S(G) U L(G).

If v is a vertex of a graph H, then the vertex-deletion subgraph H — {v} is the subgraph of H
induced by V(H) \ {v}. In Section 3 we will show the importance of vs;(H — {v}) in the study of the
secure total domination number of rooted product graphs. Now we proceed to state some basic tools.

Lemma 1. Let H be a graph with no isolated vertex. Ifv € V(H) \ (Lo (H) US(H)), then
Yst(H—{0}) = 7st(H) — 2.
Furthermore, if vt (H — {v}) > 7yst(H), then v belongs to every ys:(H)-set.

Proof. Assume that v € V(H) \ (Ly(H)US(H)) and let D be a vs(H — {v})-set. Suppose that
|D| < yst(H) —3.If IN(v) N D| > 2, then D U {v} is a secure total dominating set of H of cardinality
DU {v}| < vst(H) — 2, which is a contradiction. Suppose that [N(v) ND| < 1. If v ¢ L(H), then for
every y € N(v) \ D we have that D U {v,y} is a secure total dominating set of H of cardinality
DU {v,y}| < vs(H) — 1, which is a contradiction. Now, if v € £;(H), then by Remark 3 we can
conclude that D U {v} is a secure total dominating set of H of cardinality |D U {v}| < ys(H) — 2,
which is a contradiction again. Hence, vs:(H — {v}) = |D| > vs(H) — 2.

On the other hand, if there exists a 75t (H)-set S such that v ¢ S, then S is a secure total dominating
set of H— {v}, and so yst(H — {v}) < |S| = st(H). Therefore, if s (H — {v}) > vst(H), thenv € S
for every vt (H)-set S. O

If v is a weak leaf of H, then it could be that s (H) > vs¢(H — {v}) + 2. For instance, Figure 2
shows the existence of cases in which the gap s;(H) — st (H — {v}) is arbitrarily large. In Remark 4
we highlight this fact.

Figure 2. A graph H where V(H) is the v (H)-set. Since {a,b, ¢,d} forms a s (H — {v})-set, we have
that ys¢ (H) — vst(H — {v}) = k+ 1 for every integer k > 1.

Remark 4. For any integer k > 1 there exists a graph H having a weak leaf vertex v such that vy (H) —
yst(H—{v}) =k+1

In contrast to Remark 4, the following result shows the case where v is a strong leaf.
Lemma 2. Let H be a graph with no isolated vertex. If v € Ls(H), then
vst(H = {0}) = 7st(H) — 1.

Proof. Let D be a ys(H)-set, v € Ls(H) and N(v) = {sy}. By Remark 3 we deduce that D \ {v}
is a secure total dominating set of H — {v} and so vst(H — {v}) < |D\ {v}| < 9s(H) — 1. Now,
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let D’ be a s (H — {v})-set. Since s, € S(H — {v}), by Remark 3 we have that s, € D’ and no
vertex of H — {v} is totally protected by s, under D’, which implies that D’ U {v} is a secure total
dominating set of H and, as a result, y(H) — 1 < |[D'U{v}| — 1 = |D’| = vst(H — {v}). Therefore,
Yst(H—={0}) = ys(H) =1. O

Lemma 3. For any graph H having a universal vertex v,
15t (H) = v(H = {o}) +1.

Proof. Let D be a y(H — {v})-set. Since v is a universal vertex of H, it is straightforward that D U {v}
is a secure total dominating set of H. Thus, ys+(H) < [DU{v}| = y(H — {v}) + 1.

From now on, suppose that ys:(H) < y(H — {v}) and let S be a ys(H)-set. We differentiate the
following two cases.
Case 1. v € S. In this case, as |S| < 7(H — {v}), we deduce that S\ {v} is not a dominating set
of H— {v}. Hence, there exists a vertex y € V(H — {v}) such that N(y) NS = {v}, which is a
contradiction, as S is a 2-dominating set, by Remark 1.
Case 2. v ¢ S. In this case, S is a secure total dominating set of H — {v} and so ys(H — {v}) < |§] <
v(H — {v}), which is a contradiction with Remark 2.

Therefore, the result follows. [

3. The Case of Rooted Product Graphs

Given a graph G of order n(G) and a graph H with root vertex v, the rooted product graph G o, H
is defined as the graph obtained from G and H by taking one copy of G and n(G) copies of H and
identifying the i vertex of G with the root vertex v in the i copy of H for every i € {1,2,...,n(G)}.

If H or G is a trivial graph, then G o, H is equal to G or H, respectively. In this sense, hereafter we
will only consider graphs G and H of order greater than or equal to two.

For every x € V(G), Hy = H will denote the copy of H in G o, H containing x. The restriction
of any set S C V(G o, H) to V(H,) will be denoted by Sy, and the restriction to V(Hy — {x}) will be
denoted by S;. Hence, V(G oy H) = Uycy(g)V (Hx) and for every vs(G o, H)-set S we have that

Yst(Goo H) =S| = Y S| = Y [Sy|+ISnV(G).
xeV(G) xeV(G)

Theorem 1. For any graphs G and H with no isolated vertex and any v € V(H),
Yst(G 00 H) <1(G)7st(H).
Furthermore, if v ¢ S(H), then
75t(G 00 H) < 75(G) +n(G)yst(H — {o}).

Proof. Let D be a y5(H)-set and S C V(G o, H) such that S, is the subset of V(H,) induced by D
for every x € V(G). Since S is a secure total dominating set of G o, H, we deduce that (G o, H) <
Z ISx| = n(G)yst(H).
xeV(G)
Now, assume that v ¢ S(H). Let W be a vs¢(H — {v})-set and S’ C V(G o, H) \ V(G) such
that S, is the subset of V(Hyx — {x}) induced by W for every x € V(G). Since for any s (G)-set X,
we have that X U §' is a secure total dominating set of G o, H, we deduce that (G o, H) < |XUS'| =

Yst(G) +n(G)vst(H — {v}). O
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We now proceed to analyse three cases in which it is not difficult to give closed formulas for
vst(G oy H). Specifically, we consider the cases in which the root vertex v is a support vertex, a strong
leaf, or a universal vertex.

Theorem 2. The following statements hold for any graphs G and H with no isolated vertex.

@) Ifv e S(H), then yst(G oy H) = n(G)7yst(H). Furthermore, |Dx| = st (H) for every st (G oy H)-set
D and every x € V(G).

(i) Ifv € V(H) is a universal vertex, then s (G oy H) = n(G)7yst(H).

(iii) Ifv e Ls(H), then vst(G oy H) = ¥(G) +n(G)(yst(H) — 1).

Proof. Let D be a (G o, H)-set. Let us first consider the case where v € S(H). Since x € S(G o, H)
for every x € V(G), by Remark 3 we deduce that Dy is a secure total dominating set of Hy, and as a
consequence |Dy| > st(Hx) for every x € V(G). Hence, 7st(G oo H) = Lev(c) |Dx| = n(G)yst(H).
Now, if |Dy| > 7st(Hy) + 1 for some x € V(G), then vst(G oy H) > n(G)7yst(H), which contradicts
Theorem 1. Therefore, (i) follows.

Let us now consider the case where v ¢ S(H) is a universal vertex. Let x € V(G). If x € Dy,
then Dy is a secure total dominating set of Hy and, as a result, |Dy| > s (Hy). Now, if x ¢ Dy,
then Dy is a secure total dominating set of Hy — {x}, and so Remark 2 and Lemma 3 lead to |D,| >
Yot (Hy — {x}) > y(Hx — {x}) +1 = 9st(Hyx). Hence, 7st(G op H) = YLyey(g) IDx| > n(G)ys:(H)
and (ii) follows by Theorem 1.

From now on we assume that v € £;(H). Let sy € V(Hy) be the support of x in H, for every
x € V(G). Since x € Ls(Hy), we have thatsy € S(Hy — {x}) N D. Hence, by Remark 3 we deduce that
Dy is asecure total dominating set of Hy — {x}, and by Lemma 2 we have that Dy | > vs(Hy — {x}) =
vst(H) — 1. Moreover, since N(x) N Dy = {sy} for every x € V(G), by Remark 1 it follows that every
vertex in V(G) \ D has to have a neighbour in V(G) N D, which implies that V(G) N D is a dominating
set of G. Therefore, 75t(G o, H) = |D| = |D N V(G)| + )Uer(G)D;’ > 9(G) +n(G)(yst(H) — 1).

It remains to show that (G o, H) < 4(G) +n(G)(7st(H) — 1). To this end, let X be a y(G)-set,
Y ayst(H — {v})-set,and W C V(G o, H) \ V(G) such that W, is the subset of V(H, — {x}) induced
by Y for every x € V(G). Notice that s, € Wy. In order to show that S = X UW is a secure total
dominating set of G o, H, we only need to observe that every vertex in V(G) \ S is totally protected
under S by any neighbour in X, while every w € V(Hy) \ Wy is totally protected under S by some
neighbour in Wy. Thus, 75(G o, H) < |S| = v(G) + n(G)yst(H — {v}), and by Lemma 2 we deduce
that (G oy H) < 7(G) 4+ n(G)(7vst(H) — 1) . Therefore, (iii) follows. O

Given two graphs G and G/, the corona graph G ® G’ can be seen as a rooted product graph
G oy H where H is the join (The join graph G’ + G” is the graph obtained from G’ and G” by joining
each vertex of G to all vertices of G”) graph K7 + H and v is the vertex of K;. Therefore, Lemma 3 and
Theorem 2 (ii) lead to the following result on corona graphs.

Theorem 3. If G is a graph with no isolated vertex, then for every nontrivial graph G/,
75t(G © G) =n(G)(7(C) +1).

As we will see later, the behaviour of (G o, H) changes depending on whether the root vertex
v is a weak leaf or not. First we proceed to consider the cases where the root vertex is not a weak leaf.

Lemma 4. Let S bea (G oy H)-set and x € V(G). If v ¢ L (H), then the following statements hold.

o |Sy| > ya(H) -2
o If|Sx| = yst(H) — 2, then N[x] N Sy = @.
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Proof. Let x € V(G). Notice that every vertex in V(Hy) \ (S U {x}) is totally protected under S
by some vertex in Sy. Now, suppose that |[Sy| < 74(H) —3and lety € N(x) N V(Hy). If y ¢ Sy,
then S, U {x,y} is a secure total dominating set of H, of cardinality at most ys;(H) — 1, which is a
contradiction. Assume that N(x) N V(Hy) C Sy. If N(x) N V(Hy) = {y}, thenx € L;(Hy) and y €
S(G oy H). Thus, by Remark 3 no vertex in V(H,) is totally protected by y under S, and so Sy U {x} is
a secure total dominating set of H, of cardinality at most 7s:(H) — 2, which is a contradiction. Finally,
if IN(x) N V(Hy)| > 2, then Sy U {x} is a secure total dominating set of Hy and, as above, we arrive to
a contradiction. Therefore, [Sx| > s (H) — 2.

Now, assume that |Sy| = s (H) — 2. First, suppose that x € S. Notice that if N(x) N V(Hy) C Sy,
then Sy is a secure total dominating set of Hy, which is a contradiction. Hence, there exists y €
(N(x)NV(Hy)) \ Sy, and so Sy U {y} is a secure total dominating set of Hy and |Sx U{y}| = ys+(H) — 1,
which is a contradiction. Thus, x ¢ S. Now, suppose that N(x) NS, # @. If there exists z €
(N(x) N V(Hy)) \ Sy, then Sy U {z} is a secure total dominating set of Hy and S, U {z}| = y«+(H) — 1,
which is a contradiction. Now, if N(x) N V(Hy) C Sy, then one can easily check that Sy U {x} is a
secure total dominating set of Hy, which is a contradiction again, as |Sx U {x}| = 7s(H) — 1. Therefore,
Nx) NV(H)NS=@. O

From Lemma 4 we deduce that if v ¢ L, (H), then any <ys(G o, H)-set S induces a partition
{As, Bs,Cs} of V(G) as follows.

As ={x e V(G) : |Sx| > 7st(H)},
Bs = {x € V(G) : |Sx| = vst(H) — 1},
Cs ={x € V(G) : |Sx| = y=+(H) — 2}.

The following corollary is a direct consequence of Theorem 2 (i).
Corollary 1. Let S be a st (G oy H)-set. If Bs U Cs # @, then v ¢ S(H).
Lemma 5. Let S be a ys(G o, H)-set, where v ¢ Lo,(H). If Cs # @, then v (H — {v}) = vot(H) — 2.

Proof. By Lemma 4, if x € Cs, then N[x] N Sy = @, which implies that S; is a secure total dominating
set of Hy — {x} of cardinality |S;| = |Sx| = 7st(Hx) — 2. Hence, x ¢ S(Hy) and s (Hy — {x}) <
|Sy | = ¥st(Hx) — 2. Notice that Lemma 2 leads to x ¢ L£s(H,). Thus, by Lemma 1 we conclude that
Yst(Hy — {x}) = vst(Hy) — 2. Therefore, the result follows. [

The following result states the intervals in which the secure total domination number of a rooted
product graph can be found.

Theorem 4. Let G and H be two graphs with no isolated vertex. At least one of the following statements holds
foreveryv € V(H) \ Ly(H).
() 7st(Gop H) = n(G) st (H).

(i) n(G)(yst(H) —1) < 75t(G op H) < 5t(G) +n(G) (st (H) — 1).
(iii) ¥x2(G) +n(G)(vst(H) —2) < ¥st(G oy H) < 75t(G) +n(G) (vt (H) —2).

Proof. Let S be a (G oy H)-set and consider the partition {.Ag, Bs,Cs} of V(G) defined above.
We differentiate the following four cases.

Case 1. Bs UCg = @. In this case, for any x € V(G) we have that |Sx| > v(H) and, as a consequence,
7¥st(G oy H) > n(G)7yst(H). Thus, Theorem 1 leads to (i).

Case 2. Bs # @ and Cs = @. In this case, for any x € V(G) we have that |Sy| > 5(H) —1and, asa
result, vst(G op H) > n(G)(vst(H) — 1).
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In order to conclude the proof of (ii), we proceed to show that vs(G oy H) < 74(G) +
n(G)(yst(H) — 1). To this end, we fix ' € Bs, y» € V(Hy) N N(x'), a v5(G)-set D and define
a subset W of vertices of G o, H as follows.

(@) Ifx' ¢S, then for any x € V(G) weset WNV(G) = D and Wy is induced by S, = S,. Itis
readily seen that the set W constructed in this manner is a secure total dominating set of G o, H
and 50 7(G 03 H) < [W| = D] +1(G)[Sw| = 74(G) +n(G) (7st(H) —1).

(b) Assume thatx’ € S. If x € V(G) \ £(G), then W, is induced by S/, while if x € £(G), then
Wy is induced by S, U {y, }. It is readily seen that the set W constructed in this manner is a
secure total dominating set of G o, H and, as a result, 5 (G o, H) < |W| = |L£(G)| +n(G)|Sy| <
76(G) +1(G) (7st(H) — 1).

Case 3. Bs = @ and Cg # @. By Corollary 1, v ¢ S(H), and by Lemma 5 we have that v (H — {v}) =

vst(H) — 2. Hence, by Theorem 1 we conclude that (G oy H) < 75t(G) +n(G) (st (H) — 2).
From Lemma 4 we deduce that Ag is a 2-dominating set of G. Hence, (G o, H)

[ As|vst(H) + [Cs|(rst(H) = 2) = 2|As| + n(G)(7st(H) —2) = 272(G) + n(G)(7st(H) - 2)

>
> >
¥x2(G) +n(G) (st (H) — 2). Therefore, in this case (iii) holds.

Case 4. Bs # @ and Cs # @. By Corollary 1, v ¢ S(H), and by Lemma 5, vt (H — {v}) = vs:(H) — 2.
Thus, by Theorem 1 we conclude that st (G oy H) < v5(G) + n(G) (7yst(H) — 2).

In order to conclude that in this case (iii) holds, let us define a double dominating set D of G such
that |D| < 2| Ag| + |Bs|. Set D has minimum cardinality among the sets satisfying that Ag U Bs C D
and for any x € Asg, if N(x) NCs # @, then there exists x’ € N(x) N Cs N D. Notice that every vertex
in Ag is dominated by at least one vertex in D and, by Lemma 4, every vertex in Cg is dominated
by at least two vertices in Ag U Bg C D. Furthermore, if there exists one vertex x € Bg such that
N(x) N Ag N Bg = @, then S, is a secure total dominating set of Hy, which is a contradiction, as |S.| =
vst(Hy) — 1. Hence, D is a double dominating set of G. Therefore, vs(G o, H) = |S| > | As|vst (H) +
1Bs|(751(H) 1) + [Cs| (vt (H) = 2) > D] +n(G) (7t (H) = 2) > 72(G) +n(G) (3st(H) —2). O

The bounds given in the previous theorem are tight. To see this, we consider the following
examples where H; and H, are the graphs shown in Figure 3.

o 75t(Goy P7) = n(G) (yst(P7) — 1), where v is the central vertex of P; and G is a graph with
6(G) > 2.

o t(KropgHy) =24r(83—1) = vs(Ky) + n(K;) (yst(Hy) — 1), where r > 2.

e Theorem 5 gives some conditions to achieve the equalities yst(G 0, H) = 75(G) +n(G) (vst(H) —
2) = ¥x2(G) +n(G) (st (H) — 2). In this case we can take H & Hj.

v v

Hy H,

Figure 3. The set of black-coloured vertices forms a <y (H;)-set for i € {1,2}. The set {a,b} is a
st (Hy — {v})-set, while {a,b,c} is a ys:(Hp — {v})-set.

We now consider some particular cases in which we impose some additional restrictions on G
and H. We begin with an immediate consequence of Theorem 4.
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Theorem 5. Let G and H be two graphs with no isolated vertex and v € V(H) \ Lo(H). If vt (H — {v}) =
Yst(H) — 2 and 5 (G) = yx2(G), then

¥5t(G oo H) = 75t(G) +n(G) (7st(H) = 2).

Proof. If s (H — {v}) = vst(H) — 2, then v ¢ S(H) and Theorem 1 leads to vs¢(G 0y H) < 75(G) +
n(G)(yst(H) — 2). Thus, by Theorem 4 we conclude that if s(G) = yx2(G), then v5(G o, H) =
75t(G) +n(G)(7st(H) —2). O

The following result considers the case in which s (H — {v}) > ys(H) — 1.

Theorem 6. Let G and H be two graphs with no isolated vertex and v € V(H) \ Lo(H). If vt (H — {v}) >
Yst(H) — 1, then
n(G) (st (H) = 1) < 75t(G 00 H) <0 (G) st (H).-

Now, if 6(G) > 2 and yst(H — {v}) > st (H), then s¢(G oy H) = n(G)(yst(H) — 1) or yst(G 0o H) =
n(G)yst(H).

Proof. Let S be a v5¢(G o, H)-set and assume that yst(H — {v}) > 75 (H) — 1. By Lemma 5 we have
that Cg = @, and so Lemma 4 leads to |Sy| > 7s(Hx) — 1 for every x € V(G). Thus, vs(G o, H) =
Yxev(c) Sx| 2 n(G)(vst(H) — 1). Therefore, Theorem 1 leads to n(G)(vst(H) — 1) < 7st(G op H) <
n(G)7yst(H).

From now on we assume that (G) > 2 and vs(H — {v}) > vs(H). Let us distinguish between
two cases, according to whether or not s (H — {v}) > vst (H).

Case 1. y5t(H — {v}) > st(H). We define a set D C V(G o, H) as follows. For any x € V(G) \ S we
take D N V(Hy) as a 7yst(Hy)-set, while for any x € V(G) NS we set DN V(Hy) = Sy. Notice that D
is a secure total dominating set of G o, H. Now, if there exists a vertex x € V(G) \ S, then the set S,
is a secure total dominating set of Hy — {x}. Hence, |Sx| = |S5| > vst(H — {x}) > vst(Hx) = |Dx|,
and so |D| < |S|, which is a contradiction. Thus, V(G) C S.

If |Sx| > 7vst(H) for every x € V(G), then Theorem 1 leads to ¥s(G oy H) = n(G)yst(H).
Suppose that there exists a vertex x € V(G) such that |Sy| < ys(H) — 1. We define a set D' C
V(G oy H) as follows. For every z € V(G), the restriction of D’ to V(H;) is induced by Sy. Notice that
V(G) C D’ and, if 6(G) > 2, then every vertex in V(H;) \ D’ is totally protected under D’ by
some vertex in D,, which implies that D’ is a secure total dominating set of G o, H. Therefore,
75t(G op H) < |D'| < n(G)(7st(H) — 1), concluding that yst(G oy H) = n(G) (yst(H) — 1).

Case 2. yst(H — {v}) = vst(H). First, assume that V(G) NS = @. Since S; is a secure total dominating
set of Hy — {x} for every x € V(G), we have that 7:(G oo H) = Yxev(c) IS5 | = Lrev(c) vst(H —
{x}) =n(G)yst(H — {v}) = n(G)vst(H), and so Theorem 1 leads to s (G o H) = n(G)yst(H).

Now, assume that there exists y € V(G) N S. Notice that Lemma 5 leads to Cs = @. Hence,
y € AsUBg. Ify € Bs, we define aset D' C V(G o, H) as follows. For every z € V(G), the restriction
of D' to V(H,) is induced by S;. As in Case 1, we deduce that D’ is a secure total dominating set
of G oy H and so we can conclude that y5(G oy H) = |D’| = n(G)(ys¢(H) — 1). Finally, if Bs = @,
then V(G) = Ag and by Theorem 1 we conclude that (G 0, H) = |S| = n(G)ys(H). O

Now, we consider a particular case in which ys(H — {v}) = vst(H).

Theorem 7. Let G be a graph with no isolated vertex. Let H be a graph and v € V(H) such that s (H —
{v}) = vst(H). Ifv ¢ S for every yst(H)-set S, then

'Yst(G Oy H) = n(G),YSf(H)'
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Proof. Assume that v ¢ S for every s (H)-set S. Notice that v ¢ L(H)U S(H). Let D be a
vst(G oy H)-set. By Lemma 5 we conclude that Cp = @. Now, if Bp = @, then by analogy to
Case 1 in the proof of Theorem 4 it follows that vt (G 0, H) = n(G)yst(H).

Suppose that there exists a vertex x € Bp. If x ¢ D, then Dy is a secure total dominating set of
H, — {x}, which implies that s (H — {v}) = yst(Hx — {x}) < |Dy| = |Dx| = vst(H) — 1, which is
a contradiction. Hence, x € D. Now, if N(x) N V(Hy) C D, then D, is a secure total dominating
set of Hy and so 7st(Hy) < |Dyx| = 79st(Hx) — 1, which is a contradiction. Finally, if there exists
x' € N(x) N V(Hy) \ D, then D}, = Dy U {x'} is a secure total dominating set of Hy of cardinality
vst(Hy) and x € D}, which is a contradiction again. Therefore, Bp = @, and we are done. [

The Case in Which the Root Vertex Is a Weak Leaf

The first part of this section is devoted to the case in which the support vertex of the root v has
degree greater than or equal to three. From Remark 4 we learned that if v € £ (H), N(v) = {s}
and |N(s)| > 3, then the gap yst(H) — st(H — {v}) could be arbitrarily large.

Remark 5. Let H be a graph with no isolated vertex, v € L,(H) and N(v) = {s}. If|N(s)| > 3, then
Yst(H) 2 vse(H — {}).

Proof. Let S be a y5t(H)-set. By Remark 3, we have that v,s € S. If N(s) C S, then since |[N(s)| > 3,
we deduce S\ {v} is a secure total dominating set of H — {v}. Hence, v:(H — {v}) < |S\ {v}] <
vst(H). Now, if there exists u € N(s) \ S, then (S \ {v}) U {u} is also a secure total dominating set of
H — {v}. Thus, y&+(H — {v}) < [(S\ {v}) U{u}| = vst(H). Therefore, the result follows. [

By Remarks 4 and 5, it seems reasonable to express (G oy H) in terms of ys(H — {v})
rather than s (H). To this end, we consider the following lemma.

Lemma 6. Let S be a vst(G oy H)-set. If v € L,(H), N(v) = {s} and |[N(s)| > 3, then |Sx| > yst(H —
{v}) for every x € V(G)

Proof. Let x € V(G). Notice that every vertex in V(Hy) \ (S U {x}) is totally protected under S by
some vertex in Sy. Now, suppose that [Sx| < s:(H — {v}) and let N(x) "\ V(Hy) = {sx}. If x ¢ S,
then Sy is a secure total dominating set of Hy — {x}, which is a contradiction as |S; | = [Sx| <
Yst(H — {v}) = vst(Hx — {x}). Hence, x € S. Now, if N(sy) C S, then weset §’ = (Sy \ {x}) U {sx}
and otherwise we set §’ = (Sy \ {x}) U {w} forany w € N(sy) \ S. In both cases, S’ is a secure total
dominating set of Hy — {x} and 7st(Hy — {x}) =1 > |Sx| =1 > |S'| > vst(Hx — {x}), which is a
contradiction. Therefore, [Sx| > vs(H — {v}). O

By Theorem 1 and Lemma 6, we deduce the next result.

Theorem 8. Let G and H be two graphs with no isolated vertex. If v € Ly(H), N(v) = {s}
and |[N(s)| > 3, then

n(G)7st(H = {v}) < 75t(G 0o H) < min{n(G) st (H), 75t(G) +n(G)7yst (H — {v}) }-
The following result is an immediate consequence of the theorem above.

Corollary 2. Let G and H be two graphs with no isolated vertex. Let v € Ly(H) and N(v) = {s}.
IfIN(s)| > 3and ys(H — {v}) = vst(H), then

Yst(G 0y H) = n(G)yst (H)-
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Theorem 9. Let G be a graph with 5(G) > 2 and H a graph with no isolated vertex. Let v € Ly(H)
and N(v) = {s}. IfIN(s)| > 3and N(s) NS(H) # @, then the following statements hold.

(i) Ifs ¢ D for every st (H — {v})-set D, then

Yst(G 0y H) = 75t(G) +1(G)yst(H — {v}).

(il) If there exists a s (H — {v})-set D such that s € D, then
75t(G oo H) € {n(G)yst(H — {0}, 7(G) +n(G) st (H — {0}), 74(G) +n(G) st (H — {v}) }.

Proof. Let S be a (G o, H)-set such that |S N N[V(G)]| is maximum. For any vertex x € V(G),
let {sx} = N(x) NV (Hy). Let {My, M1, Ny, N1} be the partition of V(G) defined as follows.

Moy={xeV(G)\S:sx €S}, Mi={xeV(G)NS:sx €S},

M={xeV(G)\S:sx ¢S}, Ni={xeV(G)NS:sy ¢S}

By Theorem 1 we have that st (G oy H) < v5(G) +n(G)yst(H — {v}). Hence, in order to prove (i)
we proceed to show that (G oy H) > vs¢(G) +n(G)yst (H — {v}). To this end, we need to estimate
the gap |Sx| — vst(H — {v}). Obviously, if x € N, then |Sx| = vs(H — {v}). Now, since N(sy) N
S(Hy) # @, if x € MoU Mj, then S is a secure total dominating set of Hy — {x}, and so |S;| >
¥st(Hx — {x}) = vst(H — {v}). By hypothesis of (i) we deduce that, if x € My, then |Sy| > |S;| >
¥st(H — {v}), while if x € My, then |Sx| > |S;| > vst(H — {v}). We now consider the case x €
Ni. By Lemma 6 we have that |Sy| > ve(H — {v}). If |Sy| = 7st(H — {v}), then Sy U {sy} is a
secure total dominating set of Hy — {x} and |S; U {sx}| = [Sx| = vst(H — {v}) = vst(Hx — {x}),
which contradicts the hypothesis of (i). Hence, x € A leads to |Sy| > 75t (H — {v}).

In summary, we can conclude that if x € A, then |Sy| = ys(H — {v}), if x € MoUNMN;,
then [Sy| > 7s(H — {v}) + 1, while if x € My, then |Sx| > vs(H — {v}) + 2. We claim that there
exists a secure total dominating set Z of G such that |Z| < |Nq| + |[Mg| + 2| M.

We define Z as a set of minimum cardinality satisfying that A7 U MU M; C Z and for any
x € My with N(x) NNp # @ there exists wx € N(x) NNy N Z. Notice that, by definition, Z is a double
dominating set of G and, since §(G) > 2, every vertex in M has at least two neighbours in Z \ ; or
one neighbour in ZNNj. Let x € V(G) \ Z. Since x € N, there existsy € SNV(G) = M1 NN; C Z
such that x is totally protected under S by y. We claim that Z' = (Z \ {y}) U {x} is a total dominating
set of G. Since Z is a total dominating set of G, we have that every vertex in V(G) \ N(y) is dominated
by some vertex in Z’. Now, if there exists u € N(y) N V(G) such that N(u) N SNV(G) = {y},
then u € My, and so N(u) N ZN Ny # @, concluding that Z' is a total dominating set of G. Hence,
Z is a secure total dominating set of G, and as a consequence,

Yst(G op H) = erv(c) [Sx]
= Yoxemy 1Sx] + Lreny 1Sx] + Lxenq [Sx] + Lxeny [Sx]
2 Ywety (vst(H = {v}) +2) + Loemguaq (st (H —{v}) +1) + Leeng 15t (H — {o})
= Yrev(c) Yst(H — {v}) + (2| M| + [Mo| + | M)
> Yrev(c) Yst(H — {v}) +|Z]
> n(G)yst(H — {0}) + 7st(G).

Therefore, proof of (i) is complete.
We now proceed to prove (ii). From Lemma 6 we can consider the partition {Rg, Ry } of V(G)
defined as follows.

Roy={x € V(G):|Sx| = vs(H—{o})}, Ri={x€V(G):|S:| > ya(H—{o})}.
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By assumptions, there exists a st (H — {v})-set D such thats € D. Let W C V(G o, H) \ V(G)
such that Wy is induced by D for every vertex x € V(G).

If x € Np, then S’ = (S\ Sy) U Wy is a 75t(G oy H)-set with |[S' N N[V(G)]| > |[SNN[V(G)]|,
which is a contradiction. Hence, Ny = @. If x € Ry NNy, then S’ = (S\ Sy) U (WU {x}) isa
vst(G op H)-set with [N N[V(G)]| > |SN N[V(G)]|, which is a contradiction. Hence, Ry NN} = @,
and so V; C Ro. Now, by hypothesis of (ii), Mo C Rg. Moreover, if x € My, then Sy is a secure total
dominating set of Hy — {x}, and so x € Ry. Therefore, Ry = M;j and Ry = Mo UN;.

Now, we suppose that there exists a vertex x’ € Nj. Let W' C V(G o, H) such that W/, is induced
by S, for every vertex x € V(G). Since §(G) > 2 we have that W’ is a secure total dominating
set of G o, H of cardinality n(G)yst(H — {v}). Therefore, vs(G o, H) < n(G)yst(H — {v}) and by
Theorem 8, we deduce that ys (G oy H) = n(G)yst(H — {v}).

From now on, we assume that A1 = @. Hence, Ry = M; and Ry = M. Let x € M;.
As N(sx) N S(Hyx) # @, we have that Sy is a secure total dominating set of H, — {x}, and by
hypothesis of (ii) we deduce that |S; | = s (H — {v}), which implies that [Sx| = vs(H — {v}) + 1.
Hence, 7¢(G oy H) = [ Mi| +n(G) 7o (H — {o})

Since V(G) = My U Mj and MyN M; = @, by Remark 1, any vertex in M) is dominated by at
least one vertex in M. Hence, M is a dominating set of G and we differentiate the following two cases.

Case 1. There exists a s (H — {v})-set D containing s, such that no vertex in N(s) \ D is necessarily
totally protected by s under D. Let W’ C V(G o, H) \ V(G) such that W/ is induced by D for every
vertex x € V(G). In this case, for every v(G)-set X we have that X U W" is a secure total dominating
set of G o, H. Hence [M1| = 7(G), and as a consequence, vs¢(G oy H) = 7(G) +n(G)vst(H — {v}).

Case 2. For every 75 (H — {v})-set D containing s, there exists a vertex in V(H) \ D that is totally
protected uniquely by s under D. In this case, any vertex in M is dominated by another vertex in
M, which implies that M is a total dominating set of G. As in Case 1,let W’ C V(G o, H) \ V(G)
such that W/ is induced by D for every vertex x € V(G). In this case, for every 7:(G)-set X we
have that X UW” is a secure total dominating set of G o, H. Hence |M;| = 7(G). Therefore,
7t(G 00 H) = 11(G) +n(G)ss(H — {o}). D

From now on we consider the case in which the support vertex of the root v has degree two.

Lemma 7. Let H be a graph with no isolated vertex. If v € Ly(H), N(v) = {s} and |[N(s)| = 2,
then yst(H — {v}) > vs(H) — 1.

Proof. Suppose that ys:(H — {v}) < yst(H) — 2 and let D be a s (H — {v})-set. Since both s and its
support vertex in H — {v} are included in D, we have that D U {v} is a secure total dominating set of
H. Hence, vs¢(H) < |[DU{v}| = vst(H — {v}) + 1 < v (H) — 1, which is a contradiction. Therefore,
¥st(H — {v}) > yst(H) — 1, which completes the proof. [

Theorem 10. Let S be a ys(G o, H)-set. If v € Ly(H), N(v) = {s} and |[N(s)| = 2, then for any
x € V(G),
Yst(H) =1 < [Sy] < vt (H).

Therefore, with the assumptions above,
n(G)(7st(H) =1) < 75(G 00 H) < n(G)7st(H)-

Proof. We first consider the case in which Sy is a secure total dominating set of H,. Since x € £(Hy)
we have that x belongs to every st (Hy)-set. So, |Sx| = 7st(Hx) = yst(H).

Now, assume that S, is not a secure total dominating set of H,. Notice that every vertex in
V(Hx) \ (SU{x}) is totally protected under S by some vertex in S. Since {x,sx} N Sy # @, we have
that S, U {x, s} is a secure total dominating set of Hy. Hence, ys:(H) —1 = 7(Hy) — 1 < [Sx U
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{x,5:}| — 1 < |Sx|. Now, if there exists x' € V(G) such that |S,/| > yst(H), then for any 7 (H,/)-set
D, we have that S’ = (S \ Sy/) U D is a secure total dominating set of G o, H and |S’| < |S|, which is
a contradiction. Therefore, yst(H) —1 < |Sx| < vs(H) for every x € V(G), and since v5(G oy H) =
Yxev(G) |Sx/, the result follows. [

We now consider the particular case where §(G) > 2. By Lemma 7 we only need to consider two
cases according to whether yst(H — {v}) > st (H) or vs¢(H — {v}) = yst(H) — 1. These two cases are
discussed in Theorems 11 and 12, respectively.

Theorem 11. Let G be a graph with 5(G) > 2 and H a graph with no isolated vertex. Let v € Ly(H),
N(v) = {s} and [N(s)| = 2. If vt (H = {0}) > 75t(H), then

V5t(G 00 H) € {n(G)7st(H),n(G) (7st(H) — 1)}

Proof. Let S be a (G o, H)-set such that |S| < n(G)vyst(H). For any vertex x € V(G), let {sy} =
N(x) N V(Hy) and {st} = N(sy) \ {x}. By Theorem 10 there exists a vertex y € V(G) such that
ISyl = 1st(H) — 1. If y ¢ Sy, then S,/ is a secure total dominating set of H, — {y} and so |S, | = |Sy| =
Yst(H) =1 < 9st(H — {v}) = vst(Hy — {y}), which is a contradiction. Hence, y € Sy,.

We suppose that s, € Sy. Since |Sy| = 7st(H) — 1, we deduce that s;, ¢ Sy. So, the set D =
(Sy \ {y}) U {s}} is a secure total dominating set of H, — {y} of cardinality |D| = |Sy| = yst(H) —1 <
¥st(H — {v}) = vst(Hy — {y}, which is a contradiction. Hence, s, ¢ Sy, and so s}, € Sy.

Let W C V(G o, H) such that Wy is induced by Sy, for any x € V(G). Since §(G) > 2, we deduce
that W is a secure total dominating set of G o, H, and, as a result, vs+(G o, H) < |[W| = n(G)|S,| =
n(G)(yst(H) — 1). By Theorem 10 we obtain that s (G oy H) = n(G)(yst(H) — 1), which completes
the proof. [

Theorem 12. Let G be a graph with 6(G) > 2 and H a graph with no isolated vertex. Let v € Ly(H),
N(v) = {s} and [N(s)| = 2. If yst(H — {v}) = yst(H) — 1, then

Yst(G oy H) € {n(G)(7st(H) = 1), 7(G) +n(G)(yst(H) — 1)}

Proof. By Theorem 10 we have that 7:(G oy H) > n(G)(ys(H) — 1). Since s € L(H — {v}),
any vst(H — {v})-set D contains N[s] \ {v} as a subset. Let W C V(G o, H) \ V(G) such that Wy
is induced by D for every vertex x € V(G). As for any y(G)-set X, the set X U W is a secure total
dominating set of G o, H, we deduce that v5(G oy H) < |XUW| = 7(G) +n(G)vs(H — {v}) =
2(G) +n(G) (7t (H) — 1),

Let S be a y5(G oy H)-set such that |S| > n(G)(yst(H) — 1). For any vertex x € V(G), let {s,} =
N(x) N V(Hy). By Theorem 10, we can conclude that the set Z = {z € V(G) : |S;| = v(H)} is
not empty. Since there exists a s (H)-set containing N|s|, we can assume, without loss of generality,
that Ns;] C S, for every vertex z € Z. We claim that Z is a dominating set of G. Letx’ € V(G) \ Z
and suppose that x’ € S. In such a case, |S,/| = vs(H) — 1 and we can define a set W C V(G oy H)
such that W; is induced by S, for every vertex x € V(G). Notice that W is a secure total dominating
set of G o, H and |W| = n(G)(yst(H) — 1), which is a contradiction. Thus, (V(G)\Z)NS = @,
which implies that Z is a dominating set of G and s0 7st(G 0y H) = [S| > | Usey(c) Syl = |Z] +
n(G)(vst(H) —1) > 7(G) +n(G)(yst(H) — 1), which completes the proof. O

Theorem 13. Let G be a graph such that 6(G) > 2 and H a graph with no isolated vertex. If v € Ly (H),
N(v) = {s}, |N(s)| = 2and N(s) N S(H) # @, then

Vst(G oy H) = n(G) (vst(H) — 1).
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Proof. For any vertex x € V(G), let {sx} = N(x) N V(Hy) and notice that any s (Hy)-set Dy satisfies
that N[sy] C Dy and D \ {x,sx} is a secure total dominating set of Hx — {x,sx}. Since 6(G) > 2,
we have that D = U,ey(g)(Dx \ {sx}) is a secure total dominating set of G o, H. Hence, vst(G oo
H) < |D| = n(G)(yst(H) —1). By Theorem 10 we obtain that s(G oy H) = n(G)(ys(H) — 1),
which completes the proof. [

4. Concluding Remarks

It is well-known that the problem of finding the secure total domination number of a graph
is NP-hard. This suggests the challenge of finding closed formulas or giving tight bounds for this
parameter. In this paper we develop the theory for the class of rooted product graph. The study shows
that if the root vertex is strong leaf, a support, or a universal vertex, then there exists a formula for the
secure total domination number of the rooted product graph. In the remaining cases, two different
behaviours are observed depending on whether the root vertex is a weak leaf or not. Although in
a different way, in both cases we were able to give the intervals to which the parameter belongs.
The endpoints of these intervals are expressed in terms of other domination parameters of the graphs
G and H involved in the product, which allows us to obtain closed formulas when certain conditions
are imposed on G or H.
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Abstract

Given a graph G with vertex set V(G), a function f : V(G) — {0,1,2}
is said to be a total dominating function if ZueN(v) f(u) > 0 for every
v € V(G), where N(v) denotes the open neighbourhood of v. Let V; =
{z € V(G) : f(z) = i}. A total dominating function f is a total weak
Roman dominating function if for every vertex v € Vj there exists a vertex
u € N(v) N (Vi UVz) such that the function f’, defined by f'(v) = 1,
f'(u) = f(u) =1 and f'(z) = f(z) whenever z € V(G) \ {u,v}, is a total
dominating function as well. If f is a total weak Roman dominating function
and Vo = (), then we say that f is a secure total dominating function. The
weight of a function f is defined to be w(f) = Zvev(c) f(v). The total weak
Roman domination number (secure total domination number) of a graph G
is the minimum weight among all total weak Roman dominating functions
(secure total dominating functions) on G. In this article, we show that these
two parameters coincide for lexicographic product graphs. Furthermore, we
obtain closed formulae and tight bounds for these parameters in terms of
invariants of the factor graphs involved in the product.

Keywords: total weak Roman domination, secure total domination, total
domination, lexicographic product.
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1. INTRODUCTION

It is well known that the theory of domination in graphs can be developed using
functions f : V(G) — A, where V(G) is the vertex set of a graph G and A
is a set of nonnegative numbers. With this approach, the different types of
domination are obtained by imposing certain restrictions on f. For instance,
f:V(G) = {0,1,...} is said to be a dominating function if for every vertex v
such that f(v) = 0, there exists a vertex u € N(v) such that f(u) > 0, where
N(v) denotes the open neighbourhood of v. Analogously, f : V(G) — {0,1,...}
is said to be a total dominating function (TDF) if for every vertex v, there exists
u € N(v) such that f(u) > 0.

The weight of a function f is defined to be w(f) = > ey () f(v). The (total)
domination number of G, denoted by (v:(G)) v(G), is the minimum weight among
all (total) dominating functions. These two parameters have been extensively
studied. For instance, we cite the following books [15, 16, 19]. Although the use
of functions is not necessary to reach the concept of (total) domination number,
later we will see that this idea helps us to easily introduce other more elaborate
concepts. Obviously, a set X C V(G) is a (total) dominating set if there exists a
(total) dominating function f such that such that X = {z : f(z) > 0}.

From now on, we restrict ourselves to the case of functions f : V(G) —
{0,1,2}, which are related to the following approach to protection of a graph
described by Cockayne et al. [12]. Suppose that one or more guards are stationed
at some of the vertices of a simple graph G and that a guard at a vertex can deal
with a problem at any vertex in its closed neighbourhood. Consider a function
f: V(G) — {0,1,2} where f(v) is the number of guards at v, and let V; =
{v € V(G) : f(v) = i} for every i € {0,1,2}. We will identify f with the
partition of V(G) induced by f and write f(Vp, Vi, V2). Given a set S C V(G),
f(S) =>"yes f(v). In this case, the weight of f is w(f) = f(V(G)) = |Vi|+2|Val.

We now consider some graph protection approaches. The functions in each
approach protect the graph according to a certain strategy.

A Roman dominating function (RDF) is a function f(Vp, Vi, Va) such that
for every vertex v € Vj there exists a vertex u € Vo which is adjacent to v. The
Roman domination number, denoted by vg(G), is the minimum weight among
all RDFs on G. This concept of protection has historical motivation [23] and was
formally proposed by Cockayne et al. in [9]. Many variations and generalizations
of Roman domination number like double Roman domination number [1], Italian
domination number [17] (also known as Roman 2-domination number [7]), perfect
Italian domination number [14] and weak Roman domination number [18] are
available in literature.

A weak Roman dominating function (WRDF) is defined to be a dominating
function f(Vj, Vi, Vo) satisfying that for every vertex v € Vj there exists a vertex
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u € N(v) N (V4 U Va) such that the function f’, defined by f'(v) = 1, f'(u) =
f(u)—1and f'(z) = f(z) whenever z € V(G)\ {u, v}, is a dominating function as
well. The weak Roman domination number, denoted by ~,(G), is the minimum
weight among all weak Roman dominating functions on G. This concept of
protection was introduced by Henning and Hedetniemi [18] and studied further
in [8, 11, 22].

In this paper we will use the following idea of total protection of a vertex. A
vertex v € Vj is said to be totally protected under f(Vy, Vi, Vo) if f is a TDF and
there exists a vertex u € N(v) N (V4 U V) such that the function f’, defined by
ffw) =1, f'(u) = f(u) — 1 and f'(z) = f(x) whenever z € V(G) \ {u,v}, is a
TDF as well. In such a case, if it is necessary to emphasize the role of u, then we
will say that v is totally protected by u under f. In this context, if Vo = @, then
we also say that v is totally protected by u under Vj.

The following concept was introduced in [5]. A total weak Roman dominating
function (TWRDF) is a TDF f(Vp, V1, Vo) such that every vertex in Vj is totally
protected under f. The total weak Roman domination number, denoted by v, (G),
is the minimum weight among all total weak Roman dominating functions on G.

A secure total dominating function (STDF) is defined to be a TWRDF
f(Vo, V1, Vo) in which Vo = (. Obviously, f(Vp, V1,0) is a STDF if and only if V
is a total dominating set and for every vertex v € Vj there exists u € N(v) NV}
such that (Vi \ {u}) U {v} is a total dominating set as well. In such a case, V}
is said to be a secure total dominating set (STDS). The secure total domination
number, denoted by vs(G), is the minimum cardinality among all secure total
dominating sets. This concept was introduced by Benecke et al. in [2] and studied
further in [3, 4, 6, 13, 20].

Given a graph G, the problem of computing ~;(G) is NP-hard [5], and the
problem of computing v« (G) is also NP-hard [13]. This suggests finding the
total weak Roman domination number and the secure total domination number
for special classes of graphs or obtaining good bounds on these invariants. In
this article, we show that these two parameters coincide for lexicographic prod-
uct graphs. Furthermore, we obtain closed formulae and tight bounds for these
parameters in terms of invariants of the factor graphs involved in the product.

The lexicographic product of two graphs G and H is the graph G o H whose
vertex set is V(G o H) = V(G) x V(H) and (u,v)(z,y) € E(G o H) if and only
if ur € E(G) or u =z and vy € E(H). Notice that for any vertex u € V(G) the
subgraph of G o H induced by {u} x V(H) is isomorphic to H. For simplicity,
we will denote this subgraph by H,,.

Throughout the paper, we will use the notation K, Ny, Kin—1, C, and P,
for complete graphs, empty graphs, star graphs, cycle graphs and path graphs of
order n, respectively. We will use the notation G = H if G and H are isomorphic
graphs. For a vertex v of a graph G, the closed neighbourhood, denoted by N [v],
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equals N(v) U {v}. A vertex v € V(G) such that N[v] = V(G) is said to be a
universal vertex.

A TWRDF of weight 4 (G) will be called a . (G)-function. A similar agree-
ment will be assumed when referring to optimal functions (and sets) associated to
other parameters used in the article. For the remainder of the paper, definitions
will be introduced whenever a concept is needed.

2. SoME TooLs

In this short section we collect some tools, which are known results on the (total)
weak Roman domination number and the secure total domination number.

Proposition 1 [5]. The following inequalities hold for any graph G with no
isolated vertez.

(1) YG) <7 (G) < (G) < 2%(G).
(i) %(G) <7 (G) < 7st(G).
(i) Y(G) +1 < 7 (G).

Theorem 2 [5]. Let G be a graph. The following statements are equivalent.

(&) 1r(G) = 1 (G).
(b) There exists a v(G)-function f(Vy, Vi, Va) such that Vi = 0 and Vs is a total
dominating set.

(©) (@) =27(G).

The problem of characterizing the graphs with v5:(G) = v(G) was solved by
Klostermeyer and Mynhardt [20].

Theorem 3 [20]. If G is a connected graph, then the following statements are

equivalent.
* 7:(G) = n(G).
e 74(G) =2.

e (G has at least two universal vertices.

The following result is a direct consequence of Proposition 1(ii) and Theo-
rem 3.

Theorem 4. Let G be a connected graph. If G does not have two universal
vertices, then
Yst(G) = 1(G) + 1.

Remark 5. For any nontrivial path P, and any cycle (), of order n > 4,
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(1) ’Ytr(Pn) [i] ’Yst(Pn) [i] ’VM“ +2;

. 5] 3l
(11) 'Ytr(cn) = 'Yst(cn) = {57n‘|
A set X C V(G) is called a 2-packing if Nu] N N[v] = @ for every pair of
different vertices u,v € X [16]. The 2-packing number p(G) is the maximum
cardinality among all 2-packings of G. A 2-packing of cardinality p(G) is called
a p(G)-set.

Theorem 6 [22]. For any graph G with no isolated vertex and any noncomplete
graph H,
(G o H) > max{,(G), %(G),2p(G)}.

Furthermore, for any graph G and any integer n > 1,
(G o Kn) =7(G).

Theorem 7 [22]. Let n > 2 be an integer and let H be a graph. If v(H) > 4,
then
n, n=0 (mod4),
Y(PhooH)=4¢ n+2, n=2 (mod4),
n+ 1, otherwise.

A double total dominating set of a graph G with minimum degree at least
two is a set S of vertices of G such that every vertex in V(G) is adjacent to at
least two vertices in S [19]. The double total domination number of G, denoted
by 72,+(G), is the minimum cardinality among all double total dominating sets.

Theorem 8 [22]. If G is a graph with minimum degree at least two, then for any
graph H,
’Y2,t(G oH) < ’72,t(G)-

To conclude this section we would recall the following upper bound on the
total domination number.

Theorem 9 [10]. For any connected graph G of order n > 3,

2
7%(G) < ?n

3. MAIN RESULTS ON LEXICOGRAPHIC PRODUCT GRAPHS

The next theorem shows that the total weak Roman domination number and the
secure total domination number coincide for all lexicographic product graphs.



Total protection of lexicographic product graphs 172

6 A. CABRERA MARTINEZ AND J.A. RODRIGUEZ-VELAZQUEZ

Theorem 10. For any graph G with no isolated vertex and any nontrivial graph
H, i.e., any graph H of order greater than one,

’Ytr(G © H) = 'Yst(G © H)

Proof. Proposition 1(ii) leads to v (G o H) < v5:(G o H). Let f(Vo, V1, Va) be
a Y- (G o H)-function such that |Va| is minimum. We suppose that v, (G o H) <
vst(GoH). In such a case, Vo # () and we fix a vertex (u,v) € Vo. We differentiate
two cases.

Case 1. (N(u) x V(H))N (V1 UVa) #0. If f(u,v) > 0 for every v' € V(H),
then the function g, defined by g(u,v) = 1 and g(a,b) = f(a,b) whenever (a,b) #
(u,v), is a TWRDF on GoH and w(g) = w(f)—1, which is a contradiction. Hence,
there exists v’ € V(H) such that f(u,v’) = 0. In this case, we define the function
9(Vo, VI, V5) by Vg = Vo\{(u, ')}, V{ = ViU{(u, ), (u,v") } and V5 = Vo \{(u,v)}.
Now, if a vertex w € V{j C V; is totally protected by z € V1UVa C VUV, under f,
then w is also totally protected under g by z, which implies that g is a v4,.(Go H)-
function. Notice that |Vj| = |V2| — 1, which is a contradiction again.

Case 2. N(u,v) N (V4 UVa) C V(H,). In this case, for any (v/,v') € N(u) x
V(H) we define the function g(Vy, V{,V3) by Vg = W \ {(«/,v)}, V{ = i U
{(w,v), (W, v")} and V§ = Vo \ {(u,v)}. As above, if a vertex w € Vj C 1}
is totally protected by z € V3 U Vs C V] U VJ under f, then w is also totally
protected by z under g. Hence, g is a v, (G o H)-function and |Vj| = |Va] — 1,
which is a contradiction.

According to the two cases above we conclude that V5 = ), which implies
that f is a vs:(G o H)-function, an so v4,-(G o H) = v5t(G o H). ]

From now on we proceed to express the value of v5(G o H) (or its bounds)
in terms of several parameters of G and H. To this end, we need to introduce
the following notation. For a set S C V(G o H) we define the following subsets
of V(G):

As={veV(G): |SNV(H,)| >2};

Bs={veV(G): |[SNV(H,)| =1}
Cs = {veV(G): SNV(H,) =0}

Surprisingly, we have not been able to find any reference about the following
basic result.

Theorem 11. For any graph G with no isolated vertex and any graph H,

W(@ o H) =7(C).
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Proof. Let D be a v,(G)-set and let v € V(H). Observe that D' = D x {v} is a
total dominating set of G o H. Hence, (G o H) < |D'| = |D| = %(G).
Now, let S be a (G o H)-set and define S’ C V(G) as follows.
e For every vertex z € Ag U Bg, set x € §’.
e For every vertex x € Ag, choose a vertex 2/ € N(x) \ (As U Bg) (if any) and
set ' € 5.
Since G' does not have isolated vertices, S is a total dominating set of G.
Hence, v(G) < |8'| < |S| = v(G o H), which completes the proof. |

Theorem 12. For any graph G with no isolated vertex and any nontrivial
graph H,
max{y,(G),7(G), 20(G)} < st(G o H) < 2%(G).

Proof. By Proposition 1 and Theorems 10 and 11, we have that
Y(G) =% (GoH) <vs4(Go H) =, (Go H) <2v(Go H) =2v(G).
Now, by Proposition 1 and Theorems 6 and 11 we have that
Vst(Go H) =y, (Go H) =27 (G o H) = 7(G).

Finally, for any p(G)-set X and any 74 (G o H)-set S we have that

Ya(GoH) =|S|= > |SOV(HL)| > > > [SNV(Hy)| > 2[X| = 2p(G).
ueV(Q) u€EX weN[u)

Therefore, the result follows. ]

In Theorem 22 we will characterize the graphs satisfying v4 (G o H) = 3(G)
and later we will give some examples of graphs achieving the remaining bounds
established in Theorem 12.

Corollary 13. If G is a nontrivial graph and v(G) = 1, then for any nontrivial
graph H,
’y(st(G o H) S 4.

In Section 4 we characterize the graphs with ~v4(G o H) € {2,3}. Hence, by
Corollary 13 the graphs with 74 (G o H) = 4 will be automatically characterized
whenever v(G) = 1.

The following result is a direct consequence of Theorems 2 and 12.

Theorem 14. Let G be a graph with no isolated vertex and let H be any graph.
(i) If %r(G) = % (G), then v (G o H) = 2%(G).
(it) If 1(G) = 5 max{1,(G),2p(G)}, then v5t(G o H) = 27(G).
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Theorem 15. For any graph G with no isolated vertex and any nontrivial graph
H, the following statements are equivalent.

(i) vst(Go H) =~ (Go H).
(i) (G o H) = 2%/(G).

Proof. The result is obtained by combining Theorems 2, 10 and 11. [ |

We now consider the case where G is a graph of minimum degree at least
two.

Theorem 16. Let G be a graph of minimum degree at least two and order n.
The following statements hold.

(i) For any graph H, vs(G o H) < v2+(G).
(ii) For any graph H, v4(Go H) <n

Proof. Since every 72,.(G o H)-set is an STDS of G o H, we deduce that v, (G o
H) < 24(GoH). Hence, from Theorem 8 we deduce (i). Finally, since y2+(G) <
n, from (i) we deduce (ii). ]

Particular cases of graphs where v, (G o H) = v2,:(G) will be shown in Theo-
rem 23(iii) and (v). Moreover, an example of graphs where v (GoH) = 72+(G) =
n will be shown in Theorem 31.

As shown in [22] there exists a family Hj, of graphs such that v,.(G) = v2.4(G),
for every G € Hj. Hence, for any G € Hj and any graph H we have that
vst(G o H) = v24(G). A graph G belongs to Hy, if and only if it is constructed
from a cycle Cj, and k empty graphs N, , ..., Ny, of order s1,..., sy, respectively,
and joining by an edge each vertex from Ny, with the vertices v; and vi41 of Cj.
Here we are assuming that v; is adjacent to v;4; in C, where the subscripts
are taken modulo k. Figure 1 shows a graph G belonging to Hj, where k = 4,
s1 =83 =3and so = 54 = 2.

Theorems 12 and 9 lead to the following bound which is useful if G has
vertices of degree one.

Theorem 17. For any connected graph G of order n > 3 and any graph H,

(G o H) < 2 {%”J .

As shown in [22] there exists a family of trees T},, which we will call combs,
such that for any graph H with v(H) > 4 we have that (T, o H) = 2 [%].
Therefore, for these graphs, vs;(T,0H) = 2 L%"J . We now proceed to describe the
family of combs. Take a path Py of length k = (%1, with vertices v1,..., v, and
attach a path Ps to each vertex vy,...,vr_1, by identifying each v; with a leaf of
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Figure 1. The set of black-coloured vertices is a v, +(G)-set.

its corresponding copy of Ps. Finally, we attach a path of length [ =n—3 [%W +2
to vg. Figure 2 shows the construction of T, for different values of n. Notice that
the comb of order six is simply T = Ps.

Sofii s o
Sl s e

Figure 2. T, for [ =0,1,2.

Lemma 18. For any graph G with no isolated vertex and any nontrivial graph
H, there exists a yst(Go H)-set S such that |SNV (H,)| < 2, for every u € V(G).

Proof. Given an STDS S of GoH, we define S3 = {x € V(G) : |[SNV (H,)| > 3}.
Let S be a v5¢(G o H)-set such that |S3| is minimum among all vs(G o H)-sets.
If |Ss| = 0, then we are done. Hence, we suppose that there exists u € S3 and
let (u,v) € S. We assume that |S N V(H,)| is minimum among all vertices in
Ss. It is readily seen that if there exists v’ € N(u) such that |[S NV (H,)| > 2,
then S’ = S\ {(u,v)} is an STDS of G o H, which is a contradiction. Hence, if
' € N(u), then |[SNV(H,)| <1, and in this case it is not difficult to check that
for (u/,0") ¢ S the set S” = (S\ {(u,v)}) U{(v/,v')} is an STDS of Go H. If
|S%] < |S3], then we obtain a contradiction, otherwise we can repeat this process
with S”, until obtaining a contradiction. Therefore, the result follows. ]
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Theorem 19. Let G be a graph with no isolated vertex and let H be a nontrivial
graph.
(i) If y(H) =1, then y(G o H) < 71 (G).
(ii) If H has at least two universal vertices, then vs:(G o H) < 2v(G).
(i) I (H) > 2, then 7s(G 0 H) > 74,(G).

Proof. Let f be a v;,-(G)-function and let v be a universal vertex of H. Let f’
be the function defined by f’(u,v) = f(u) for every u € V(G) and f'(z,y) =0
whenever x € V(G) and y € V(H) \ {v}. It is readily seen that f’ is a TWRDF
on G o H. Hence, by Theorem 10 we conclude that vs(G o H) = 44,,(Go H) <
w(f") = w(f) = (G) and (i) follows.

Let D be a y(G)-set and let yi,y2 be two universal vertices of H. It is
not difficult to see that S = D x {y1,y2} is an STDS of G o H. Therefore,
vst(Go H) < |8| = 27(G) and (ii) follows.

From now on, let S be a v (G o H)-set that satisfies Lemma 18 and assume
that v(H) > 2. Let g(Vp, V1, Va) be the function defined by g(u) = |S NV (H,)|
for every u € V(G). We claim that g is a TWRDF on G. It is clear that every
vertex in V] has to be adjacent to some vertex in V3 U V5 and, if y(H) > 2, then
by Theorem 3 we have that v, (H) > 3, which implies that every vertex in V3 has
to be adjacent to some vertex in V3 U V5. Hence, V3 U V3 is a total dominating
set of G. Now, if z € Vj, then SNV (H,) = 0, and so there exists a vertex
(z1,y1) € N(V(Hg))N S which totally protects every vertex in V(H;). Hence,
is totally protected by 1 € V3 U V5 under g. Thus, g is a TWRDF on G and so
Yer(G) < w(g) = |S| = vst(G o H). Therefore, (iii) follows. |

The following result is a direct consequence of Theorems 12 and 19. Notice
that a graph H has at least two universal vertices if and only if vs(H) = 2, by
Theorem 3.

Theorem 20. Let G be a graph with no isolated vertex and let H be a nontrivial
graph.

(1) Ifv(G) = p(G) and vst(H) = 2, then v5:(G o H) = 2v(G).

(i) If 7er(G) € {3 (G), 1(G), 2p(G)} and y(H) = 1, then vt(G o H) = 71, (G).
(iil) If v (G) = 2v(G) and v(H) > 2, then v5:(G o H) = 14, (G).

In general, for a graph H such that v(H) > 2, the equality y5(GoH) = 74 (G)
does not imply that y-(G) = 294(G). For instance, the graph Ps o Py shown in
Figure 3 satisfies vs¢(P5 0 Py) = v (P5) = 5 < 6 = 2v(P5).

It is well known that v(T) = p(T) for any tree T. Hence, the following
corollary is a direct consequence of Theorem 20.
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Figure 3. The set of black-coloured vertices is a 74 (Ps o Py)-set.

Corollary 21. For any tree T of order at least two and any graph H with
Yst(H) =2,
(T o H) = 24(T).

4. SMALL VALUES OF 74 (G o H)
We now characterize the graphs with 74 (G o H) € {2,3}.

Theorem 22. For any nontrivial connected graph G and any nontrivial graph
H, the following statements are equivalent.
(i) yst(Go H) = 7(G).
(i) v5t(Go H) = 2.
(iil) 7:t(G) =7(G) +1=~(H) +1=2 orya(H) =~(G) + 1 =7(H) +1=2.

Proof. By Theorems 3 and 11 we conclude that (i) and (ii) are equivalent. Notice
that Go H has at least two universal vertices if and only if v(G) = v(H) = 1, and
also G has at least two universal vertices or H has at least two universal vertices.
Hence, by Theorem 3 we conclude that (ii) and (iii) are equivalent. ]

Theorem 23. Let G be a nontrivial connected graph and H a graph with no
isolated vertex. Then vs(Go H) = 3 if and only if one of the following conditions
is satisfied.
(i) G= Py and v(H) = 2.
(ii) G has ezxactly one universal vertex and either v(H) = 2 or H has exactly
one universal vertex.
(i) G has exactly one universal vertex, v24(G) = 3 and y(H) > 3.
(iv) G 2 Py has at least two universal vertices and v(H) > 2.
(v) 7(G) =2 and 124(G) = 3.
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(Vi) Y(G) =2, 75(G) = 3 < 724(G) and v(H) = 1.

Proof. Let S be a v4(G o H)-set and assume that |S| = 3. By Theorems 4 and
11 we have that 3 = v5(G o H) > v(G o H) = %(G) > 2, which implies that
7(G) = 2 and so v(G) € {1,2}. We differentiate two cases.

Case 1. v(G) = 1. In this case, Theorem 22 leads to vs:(H) > 3. Now, we
consider the following subcases.

Subcase 1.1. G = P,. Notice that Theorem 22 leads to v(H) > 2. Suppose
that v(H) > 3 and let V(G) = {u,w}. By Theorem 4 we have vu(H) > 4
and so SNV(H,) # 0 and SNV(H,) # 0. Without loss of generality, let
SNV(H,) = {(u,v1), (u,v9)} and |[S NV (Hy)| = 1. Since v(H) > 3, we have
that {v1,v2} is not a dominating set of H, which implies that no vertex in {u} x
(V(H) \ (N(v1) UN(vg)) is totally protected under .S, which is a contradiction.
Hence v(H) = 2. Therefore, (i) follows.

Subcase 1.2. G has exactly one universal vertex. If v(H) < 2, then by
Theorem 22 we deduce that either v(H) = 2 or H has exactly one universal
vertex, and (ii) follows. Assume that y(H) > 3. As in Subcase 1.1, we conclude
that vs¢(H) > 4 and so |[S NV (H;)| < 2 for every € V(G). Now, if there exist
two vertices u, w € V(G) and two vertices vi,ve € V(H) such that SNV (H,) =
{(u,v1), (u,v2)} and |S NV (Hy)| = 1, then we deduce that no vertex in {u} x
(V(H)\ (N(v1) U N(vq)) is totally protected under S, which is a contradiction.
Therefore, Ag = () and Bg has to be a y2.(G)-set, as if there exists € V(G)
such that |N(z)NBg| < 1, then V(H,) has vertices which are no totally protected
under S. Therefore, (iii) follows.

Subcase 1.3. G 2 P, has at least two universal vertices. In this case, by
Theorem 22 we deduce that v(H) > 2, and so (iv) follows.

Case 2. v(G) = 2. In this case, Theorem 4 leads to v, (G) > 3. If there
exist two vertices u,w € V(G) such that Ag = {u} and Bs = {w}, then {u,w}
is a y(G)-set, and so for any x € N(w) \ N[u] we have that no vertex in V(H,)
is totally protected under S, which is a contradiction. Therefore, As = @ and
|Bg| = 3, which implies that Bg is a st (G)-set. Let (Bg) be the subgraph induced
by Bg. Notice that either (Bg) = K3 or (Bg) = Ps. In the first case, Bg is a
72,+(G)-set and (v) follows. Now, assume that (Bg) = P3. If v(H) > 2, then for
any vertex x of degree one in (Bg) we have that V(H,) has vertices which are not
totally protected under S, which is a contradiction. Therefore, v(H) = 1 and if
75t(G) = 724(G), then G satisfies (v), otherwise G satisfies (vi), by Theorem 16.

Conversely, notice that if G and H satisfy one of the six conditions above,
then Theorem 22 leads to 74 (G o H) > 3. To conclude that v4(G o H) = 3, we
proceed to show how to define an STDS D of G o H of cardinality three for each
of the six conditions.
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(i) Let {v1,v2} be a y(H)-set and V(G) = {u,w}. In this case, we define
D = {(u,v1), (u,v2), (w,v1)}.

(ii) Let u be a universal vertex of G and w € V(G) \ {u}. If {v1,v2} is a
~v(H)-set or v; is a universal vertex of H and v € V(H) \ {v1}, then we set
D = {(u,v1), (u,v2), (w,v1)}.

(iii) Let X be a y2+(G)-set and v € V(H). In this case, D = X x {v}.

(iv) Let u,w € V(G) be two universal vertices, z € V(G) \ {u,w} and v €
V(H). In this case, D = {(u,v), (w,v), (z,v)}.

(v) Let X be a v2+(G)-set and v € V(H). In this case, D = X x {v}.

(vi) Let X be a 4 (G)-set and v be a universal vertex of H. In this case,
D =X x {v}.

It is readily seen that in all cases D is an STDS of G o H. Therefore, v5:(G o H)
=3. u

Theorem 24. Let G be a nontrivial connected graph and H a nontrivial graph
with at least one isolated vertex. Then 4 (G o H) = 3 if and only if at least one
of the following conditions is satisfied.

(i) v(G)=1 and v(H) = 2.
(i) 724(G) = 3.

Proof. Notice that v(H) > 2, as H is a nontrivial graph with at least one
isolated vertex. Let S be a v4(G o H)-set that satisfies Lemma 18 and assume
that |S| = 3. Now, we consider two cases.

Case 1. Ag # (). In this case we have that |Ag| = |Bs| = 1. Let u,w € V(G)
such that As = {u} and Bg = {w}. Notice that {u,w} is a v(G)-set and, if
there exists € N(w) \ N[u], then no vertex in V(H,) is totally protected under
S, which is a contradiction. Hence, v(G) = 1. Now, since H has at least one
isolated vertex, if v(H) > 2, then H, has at least one vertex which is not totally
protected under S, which is a contradiction. Therefore, v(H) = 2 and (i) follows.

Case 2. Ag = (). In this case we have that |Bs| = 3, which implies that
Bs is a 75 (G)-set. Let (Bg) be the subgraph induced by Bg. Notice that either
(Bs) = K3 or (Bg) = Ps. Suppose that (Bg) = P3 and let x be a vertex of degree
one in (Bg). Since H has at least one isolated vertex, there exists at least one
vertex in V' (H,) which is not totally protected under S, which is a contradiction.
Hence, (Bg) = K3, which implies that Bg is a 72 +(G)-set and so (ii) follows.

Conversely, notice that if G and H satisfy one of the two conditions above,
then Theorem 22 leads to 4 (G o H) > 3. To conclude that 4 (G o H) = 3, we
proceed to show how to define an STDS D of G o H of cardinality three for each
of the two conditions.

(i) Let {u} be a y(GQ)-set, w € V(G)\ {u} and {v1,v2} be a y(H)-set. In this
case, D = {(u,v1), (u,v2), (w,v1)}.
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(i) Let X be a v24(G)-set and v € V(H). In this case, D = X x {v}.

It is readily seen that in both cases D is an STDS of Go H. Therefore, v5(Go H)
=3. ]

The following result, which is a direct consequence of Theorems 12, 22, 23
and 24, shows the cases when G is isomorphic to a complete graph or a star
graph.

Proposition 25. For any integer n > 3, the following statements hold.
(i) If H is a graph with no isolated vertez, then

,YSt(K”L o H) = { §7 Zf FY(H) - 1’

otherwise.
and
27 Zf ’YSt(H) = 27
Yot (Kipn—10H) =14 3, if vst(H)>3 and ~(H) <2,
4, otherwise.

(ii) If H is a nontrivial graph with at least one isolated vertez, then
'Yst(Kn o H) =3

and 3, if v(H)=2,

Vst(Kin-10H) = { 4, otherwise.

We now consider the cases in which G is a double star graph or a complete
bipartite graph. Recall that a double star .Sy, 5, is the graph obtained by joining
the center of two stars Ky ,, and K ,, with an edge. The following result is a
direct consequence of Theorems 12, 22, 23 and and 24.

Proposition 26. Let H be a nontrivial graph. For any integers ny > nj > 2,
the following statements hold.

’Yst(sm,nz oH) =4
_f 3, if m1=2 and ~(H)=1,
Yot By ny © H) = { 4, otherwise.
5. SPEcCIAL CASES WHERE G = P, AND G = C,

First, we analyse the case where G = P,, and v(H) =1 or y(H) > 4.
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Theorem 27. Let n > 2 be an integer and let H be a graph with v(H) = 1.
If v (H) = 2, then

n
et (Poo H) =2 [ﬂ .
Otherwise, Ysi(Py o H < 2 [5("7772@ + 2.

Proof. If v (H) = 2, then by Corollary 21 we deduce that vs(P,0H) = 2v(P,).
Now, if 5t (H) > 3, then by Theorem 19 we deduce vs¢(Py, 0 H) < v (Py). [ |

As shown in [22], if yv(H) > 4, then ~,(P, o H) = 2v(P,). Hence, from
Proposition 1 and Theorems 12 and 7 we derive the following result.

Theorem 28. Let n > 2 be an integer and let H be a graph. If v(H) > 4, then

n, n=0 (mod 4),
Vst(PhoH) =7 (P,oH)=4 n+2, n=2 (mod4),
n+ 1, otherwise.

The following result is a direct consequence of Theorems 19 and 20.

Theorem 29. Let n > 3 be an integer and let H be a graph.
e If H has ezactly one universal vertez, then vs(Cp o H) < [32].

e If H has at least two universal vertices, then vys(CpoH) < 2 [%1, and ifn =0
(mod 3), then the equality holds.

Lemma 30. Let G be a nontrivial connected graph and let H be any graph. The
following statements hold for every vs (G o H)-set S.

(i) Ifv(H) = 2 and x € Bg, then }_,cnyy |S NV (Hy)| = 2.
(il) If w(H) = 3 and x € Asg, then 3 ey 1SNV (Hy)| = 2.

Proof. If y(H) > 2 and there exists a vertex x € Bg such that >, oy [SN
V(H,)| <1, then there exists a vertex in V(H,)\ S which is not totally protected
under S. Therefore, (i) follows.

Now, assume that v;(H) > 3, and notice that Theorem 4 leads to vs:(H) > 4.
Suppose that there exists x € Ag such that ZueN(x |SNV(H,)| < 1. Notice

that, in such a case, either 2 < |SNV (H, )| <3and SN (UueN(m) V(Hu)) =0 or

SNV (H,)| =2and |SN( Unen) V(Huy ))| = 1, which implies that there exists
a vertex in V(H,) \ S which is not totally protected under S, as vq(H,) > 4 and
~ve(Hy) > 3. Therefore, (ii) follows. ]

Theorem 31. Let n > 3 be an integer and let H be a graph. If v(H) > 3, then

Yst(Cp o H) = n.
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Proof. From Theorem 16 we know that v (Cy, 0 H) < n. We only need to prove
that v5:(Cp 0 H) > n. Let S be a 74 (G o H)-set that satisfies Lemma 18. If
Cs =0, then v5(Cp, 0 H) = |S| > n. Thus we assume that Cg # 0.

Let V(Cy) = {ui,...,un}, where the subscripts are taken modulo n and
consecutive vertices are adjacent. We differentiate two cases for u; € Cg.

Case 1. wu; is not adjacent to any vertex in Cg. In this case, by Lemma
30 we have that u; 9 € Ag and u;11 € Ag U Bg. Analogously, u;_o € Ag and
ui—1 € Ag U Bg.

Case 2. u;y1 € Cg. Since every vertex in V(H,,) has to be totally protected
under S, we have that u;—1,u;+2 € Ag and so Lemma 30(ii) leads to w;—2, u;+3
S As.

According to the two cases above, |Ag| > |Cg|, which implies that ~s(Cy, o
H) > 2| Ag| + |Bg| > n. Therefore, the result follows. ]
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Abstract

Let w = (wo,w1,...,w;) be a vector of nonnegative integers such that wo > 1. Let
G be a graph and N(v) the open neighbourhood of v € V(G). We say that a function
f:V(G) —{0,1,...,1} is a w-dominating function if f(N(v)) = Yuen() f(u) > w; for
every vertex v with f(v) = i. The weight of f is defined to be w(f) = ¥,cv () f(v). Given
a w-dominating function f and any pair of adjacent vertices v,u € V(G) with f(v) =
0 and f(u) > 0, the function f,_,, is defined by f,—,(v) =1, fu—sy(u) = f(u) — 1 and
Ju—v(x) = f(x) for every x € V(G) \ {u,v}. We say that a w-dominating function f is
a secure w-dominating function if for every v with f(v) = 0, there exists u € N(v) such
that f(u) > 0 and f,,, is a w-dominating function as well. The (secure) w-domination
number of G, denoted by (¥5(G)) %,(G), is defined as the minimum weight among all
(secure) w-dominating functions.
In this paper, we show how the secure (total) domination number and the (total) weak
Roman domination number of lexicographic product graphs G o H are related to ¥, (G) or
% (G). For the case of the secure domination number and the weak Roman domination
number, the decision on whether w takes specific components will depend on the value
of }f(‘] 0) (H), while in the case of the total version of these parameters, the decision will

depend on the value of ¥, N (H).

Keywords: Secure w-domination, w-domination, weak Roman domination, secure domina-
tion, lexicographic product.

MSC2020: 05C69, 05C76

1 Introduction

As usual, ZT = {1,2,3,...} and N = Z* U {0} denote the sets of positive and nonnegative
integers, respectively. Let G be a graph, [ € Z' an integer, and f : V(G) — {0,...,i} a
function. Let V; = {v € V(G) : f(v) =i} forevery i € {0,...,I}. We will identify f with the
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subsets Vj, ...,V associated with it, and so we will use the unified notation f(Vj,...,V;) for
the function and these associated subsets. The weight of f is defined as

1

o(f)=f(V(G) = ) ilVi.

i=1

Letw = (wp,...,w;) € Z* x N such that wy > 1. As defined in [4], a function f(Vj, ..., V})
is a w-dominating function if f(N(v)) > w; for every v € V. The w-domination number of G,
denoted by %,(G), is the minimum weight among all w-dominating functions. For simplic-
ity, a w-dominating function f of weight @(f) = %,(G) will be called a },(G)-function. For
fundamental results on the w-domination number of a graph, we refer the interested readers to
[4]; the paper where the theory of w-domination in graphs was introduced.

For any function f(Vj,...,V;) and any pair of adjacent vertices v € Vp and u € V(G) \ Vy,
the function f,,,, is defined by f,,—,(v) =1, fu—v(u) = f(u) — 1 and f,,—,,(x) = f(x) whenever
x € V(G)\ {u,v}.

The authors of this paper [5] introduced the approach of secure w-domination as follows.
A w-dominating function f(Vy,...,V)) is a secure w-dominating function if for every v € Vj
there exists u € N(v) \ Vp such that f,_,, is a w-dominating function as well. The secure
w-domination number of G, denoted by ¥,(G), is the minimum weight among all secure w-
dominating functions. For simplicity, a secure w-dominating function f of weight @(f) =
75 (G) will be called a ¥, (G)-function. This approach to the theory of secure domination
covers the different versions of secure domination known so far. For instance, we would
emphasize the following cases of known parameters that we define here in terms of secure
w-domination.

* The secure domination number of G is defined to be ¥%(G) = 7’(\‘1 ,o)(G)' In this case,
for any secure (1,0)-dominating function f(Vp,V)), the set V| is known as a secure
dominating set. This concept was introduced by Cockayne et al. in [12] and studied
further in several papers, including among others, [2, 3, 10, 11, 19, 21].

» The secure total domination number of a graph G of minimum degree at least one is
defined to be ¥y (G) = 7’(Y171)(G)- In this case, for any secure (1, 1)-dominating function
f(Vo, V1), the set V} is known as a secure total dominating set of G. This concept was in-
troduced by Benecke et al. in [1] and studied further in several papers, including among
others, [7, 8, 14, 19, 20].

» The weak Roman domination number of a graph G is defined to be %.(G) = % 0‘0)(6).
This concept was introduced by Henning and Hedetniemi [17] and studied further in
several papers, including among others, [6, 10, 11, 22].

e The total weak Roman domination number of a graph G of minimum degree at least one
is defined to be %,(G) = Ygl.l.l)(G)' This concept was introduced by Cabrera et al. in
[8] and studied further in [9].

* The secure Italian domination number of G is defined to be ¥'(G) = V(Yz o 0)(G). This
parameter was introduced by Dettlaff et al. in [13].

2
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In this paper we show how the secure (total) domination number and the (total) weak Ro-
man domination number of lexicographic product graphs G o H are related to ¥, (G) or %,(G).
For the case of the secure domination number and the weak Roman domination number, the
decision on whether w takes specific components will depend on the value of Y(YI,O) (H), while
in the case of the total version of these parameters, the decision will depend on the value of
y(‘m) (H).

We assume that the reader is familiar with the basic concepts, notation and terminology
of domination in graph. If this is not the case, we suggest the textbooks [15, 16]. For the
remainder of the paper, definitions will be introduced whenever a concept is needed.

2 Some tools
Given a w-dominating function f(Vj,...,V;) and v € V), we define

My(v) ={uecV(G)\Vo: fusy is a w-dominating function}.
Obviously, if f is a secure w-dominating function, then My(v) # @ for every v € V.

Theorem 2.1. [5] Let G be a graph of minimum degree 8, and let w = (wy, ..., w;) € Z+ x N!
such that w; > wi| for everyi € {0,...,1—1}. If 16 > wy, then following statements hold.

M) 1(G) < %(G).

(ll) Ifk S Z+’ then /y(kJrl,k:Wl,...,W])(G) S nykﬁk*wl,“.‘,w,) (G)

Theorem 2.2. [5] Let G be a graph of minimum degree 8, and let w = (wy,...,w;),w =
(W, ..., w)) € ZT x N such that 18 > wy, w; > wiy1 and w! >wl foreveryie{0,...,1—1}.
Ifwi>w._—1foreveryie{l,...,1}, and max{w;—1,0} > w’jforeveryje {0,...,1}, then

% (G) < %0(G).
The following result is a particular case of Theorem 2.2.

Corollary 2.3. [5] Let G be a graph of minimum degree 8, and let w = (wy, ..., w;) € Z+ x N!
and 1= (1,...,1). If0<wj_1 —w; <2 forevery je{1,...,i}, where | <i<landl8 >
w; + 1, then

7’(Yw0,‘.,,W,»,o,m,yo)(G) < Yowot 1o wit1,0,...,0) (G) < %ot 1(G).

Proposition 2.4. [5] Let G be a graph of order n. Let w = (wy,...,w;) € ZT X N such that
wo > -+ > wy. If G is a spanning subgraph of G with minimum degree §' > 5L, then

%(G) <1 (G).
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3 The case of lexicographic product graphs

The lexicographic product of two graphs G and H is the graph G o H whose vertex set is
V(GoH)=V(G)xV(H) and (u,v)(x,y) € E(GoH) if and only if ux € E(G) or u = x and
vy € E(H).

Notice that for any u € V(G) the subgraph of G o H induced by {u} x V(H) is isomorphic
to H. For simplicity, we will denote this subgraph by H,. Moreover, the neighbourhood of
(x,y) € V(G) x V(H) will be denoted by N(x,y) instead of N((x,y)). Analogously, for any
function f on G o H, the image of (x,y) will be denoted by f(x,y) instead of f((x,y)).

The next subsections are devoted to show how the secure (total) domination number and
the (total) weak Roman domination number of lexicographic product graphs G o H are related
to 75, (G) or %,(G), for certain vectors w of three components.

3.1 Secure domination

Lemma 3.1. For any graph G with no isolated vertex and any nontrivial graph H, there exists
a y(‘l,o)(GoH)-function f such that f(V(H,)) < 2 for every u € V(G).

Proof. Given a secure (1,0)-dominating function f on G o H, we define
Ry = {x€V(G): f(V(H) >3}

Let fbea }f(yl_o)(GoH)—function such that [Ry| is minimum among all I 0)(GoH)—functions.
Suppose that |[R¢| > 1. Let u € Ry, ' € N(u) and vi,v, € V(H) such that f(u,v;) =

£(u,v2) = 1. Now, let f' : V(G) x V(H) —s {0,1} be a function defined as follows.
o f'(u,vi) = f'(u,v2) =1and f'(u,y) =0 forevery y € V(H)\ {v1,v2};
o f(V(Hy)) =min{2, f(V(H,)) + f(V(H.)) -2}
o f(x,y) = f(x,y) for every x € V(G) \ {u,u/'} and y € V(H).

It is not difficult to check that f” is a secure (1,0)-dominating function on G o H with @(f") <
o(f) and |Ry| < |Ry|, which is a contradiction. Therefore, Ry = @, and the result follows. [

We shall need the following two results.

Theorem 3.2. [18] For any graph G with no isolated vertex and any nontrivial graph H with
7&‘1_0) (H)y<2or 751,0,0) (H) >3,

Y1,0)(GoH) =11 00)(GoH).
Proposition 3.3. [22] For any graph G and any integer n > 1,
Y1,00)(G O Kn) = 11,00 (C)

The following result shows how the secure domination number of Go H is related to ¥, (G)
or %,(G) for certain vectors w of three components. The decision on whether the components
of w take specific values will depend on the value of ¥, (H) and y(H).

4
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Theorem 3.4. For a graph G with no isolated vertex and a nontrivial graph H, the following
statements hold.

() /7 oy (H) = 1, i.e., H is a complete graph, then 1), o (GoH) =1, 4, (G).
(i) 17, 0)(H) = 2 and y(H) = 1, then 1}, 3 (G o H) = Y(2,10)(G).
(i) If 1)y ) (H) > 3 and y(H) = 1, then 1, o (Go H) = Y51 1 (G).
V) If 7, ) (H) = Y(H) =2, then ¥}, ; 4, (G) < ¥ ) (GoH) < ¥2,,0)(G).
V) I Yy (H) > V(H) =2, then 7, o (G o H) = Y21/ (G).
(Vi) 17, (H) = Y(H) =3, then Y22.1)(G) < ¥, o) (Go H) < Y22 (G)

(vii) Ify(yw) (H) >4 and y(H) > 3, then Y(YI.O)(GOH) =Y222)(G).

Proof. Let f(Vp,V1) be a 7’(1 0>(GoH)-function which satisfies Lemma 3.1. Let f7(Xo, X1, X2)
be the function defined on G by X; = {x € V(G) : f(V(Hy)) =1} and X, = {x € V(G) :
f(V(Hy)) = 2}. Notice that ﬁl,o)(GoH) = o(f) = o(f’). With this notation in mind, we
differentiate the following cases.

Case 1. 7(1 0)( ) = 1. In this case, H is a complete graph. Hence, by Theorem 3.2 and
Proposition 3.3 we deduce that V(Yl,o) (GoH) = ’J,(YI,O,O)(GOH) = 3/51’010)(6).

Case 2. 7’(1 0)( )=2and y(H) = 1. In this case, if x € Xo, then f'(N(x)) = f(N(V(Hy)) \
V(Hy)) > 2. Now, since Yio) (H) =2, if x € X1, then f/(N(x)) = f(N(V(H,)) \ V(H,)) >
1. Therefore, f is a (2,1,0)-dominating function on G, which implies that Y(Yl 0)(G oH)
o(f) = o(f') > Y2,1,0)(G)-

On the other side, for any ¥5,1 o) (G)-function g(Wo, Wi, W2) and any universal vertex v of
H, the function g'(Wj, W/, W,), defined by W/ = W; x {v} and W; = W> x {v}, is a (2,1,0)-
dominating function on Go H. Hence, ¥ 1 0)(GoH) < @(g') = @(g) = ¥2,1,0)(G). Therefore,
by Theorem 3.2 and Corollary 2.3 we conclude that y(‘l_o) (GoH) = y(gl.o.o) (GoH) <¥2,0,0)(Go
H) <Y2.1,0)(GoH) < ¥2,1,0)(G)-
Case 3. }/(S170>(H) >3 and y(H) = 1. As above, if x € Xo, then f'(N(x)) = f(N(V(Hy)) \
V(Hy)) > 2 and, since ¥, , (H) > 3, if x € X; UX, then FI(IN(X)) = F(NV(H))\V(Hy)) > 1.
Hence, f’is a (2,1, 1)-dominating function on G. Therefore, Y 0)(GoH) o(f) =o(f) >
Y2.1.1)(G).

On the other side, for any ¥, 1 1)(G)-function g(Wo, Wi, W5), any universal vertex v of H
and any v' € V(H) \ {v}, the function g'(Wj, W;), defined by W| = Wi x {v} UW, x {v,v'}, is

5
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a (1,0)-dominating function on G o H. Now, for any (x,y) € W} with x € W UW,, we can see
that g/< o) (xy) 182 (1,0)-dominating function on Go H, while for any (x,y) € Wy x V(H) there
exists ¥ € Wo NN (x) or x',x” € W; N N(x), and so gEAJ,VH(x,y)
on GoH. Therefore, g is a secure (1,0)-dominating function on G o H and, as a consequence,
Y1,0(GoH) < 0(g") = 0(g) = Y2,1,1)(G).

Case 4. y&"]’o)(H) =y(H)=2.If x € XoUX], then f'(N(x)) = f(N(V(Hy)) \V(Hy)) > 1, which
implies that f” is a (1,1,0)-dominating function on G. Now, for any (x,y) € Xo x V(H), there
exists (¥',)) € M¢(x,y) withx’ € N(x) N (X; UX>). Hence, for any u € Xo U {x'} we have that
f;,_)x(N(u)) = fw )= (x) (N(V(H,))\V(H,)) > 1. Now, if u € Xj, then as yg] 0) (Hy) =2 we
have that fy,_, (N(u)) = f(v y)=(ry) (N(V(Hu)) \V(H,)) > 1. Hence, f' is a secure (1,1,0)-
dominating function on G. Therefore, ¥, ‘O)(GOH) =o(f)=o(f) > Y(SI,I,O)(G)'

On the other side, for any ¥, 5 o)(G)-function g(Wo, W, W>) and any y(yl,o) (H)-function
h(Yo,Y1) with Y1 = {vi,v2}, the function g’ (W, W/), defined by W = W; x {vi } UW, x Y1, is
a (1,0)-dominating function on G o H. Now, for any (x,y) € Wi\ W, x V(H) and ¥’ € N(x) N
(W1 UW,), we can see that g,(x’,vl)—>(x,y) is a (1,0)-dominating function on G o H. Furthermore,
for every (x,y) € WyNWa x V(H) there exists v; € {¥;} N M;(y) such that géxﬁvl_)%w)
(1,0)-dominating function on G o H. Therefore, }f(yl_yo)(GoH) <(g) = 0(g) = Y2.20(G).

is a (1,0)-dominating function

is a

Case 5. 7’8'1.0) (H) > y(H)=2. Since y(“l 0)(H) >3,ifx € XoUX, then f/(N(x)) = f(N(V(Hy))\
V(Hy)) > 2, while if x € X, then f'(N(x)) = f(N(V (Hx))\V(Hy)) > 1. Hence, f"isa (2,2,1)-
dominating function on G. Therefore, y(yl 0)(GoH) =ao(f) = o(f") > Y221)(G).

In order to prove that V(vl.()) (GoH) <¥22.1)(G), let g(Wo, W, W2) be a Y25 1)(G)-function.
I, ) (H) > y(H) =2, then for any dominating set S = {v1,v,} of H, the function g'(W},W/),
defined by W{ = Wi x {v1 }UW xS, is a (2, 1)-dominating function on Go H. Hence, ¥(,1)(Go
H) < 0(g') = 0(g) = %22,1)(G), and so Corollary 2.3 leads to q (GoH) <¥21)(GoH) <
Y2.2.1)(G).

Case 6. Y(YLO) (H) =7y(H) =3. As in Case 5, we deduce that }fg]‘O)(GOH) > Yo2.1)(G).

In order to prove that Y(Ylﬁo) (GoH) <¥12.2.2)(G), let g(Wo, Wi, W2) be a ¥3.3.5)(G)-function
and § = {vi,v2} C V(H). The function g'(Wj,W/), defined by W =W; x {vi} UW, x S, is
a (2,2)-dominating function on G o H. Hence, ¥,,)(GoH) < 0(g') = 0(g) = ¥2,2.2)(G).
Therefore, Corollary 2.3 leads to )f(ylﬁo)(GOH) < ygu)(GOH) < Y22 (GoH) <¥222)(G).

1,0)

Case 7.7, ) (H) >4and y(H) > 3. In this case, it is easy to check that f'(N(x)) = f(N(V (Hy))\
V(Hy)) > 2 for every x € V(G). Therefore, f’ is a (2,2,2)-dominating function on G, which
implies that )/(5] ’0)(G0H) =o(f) = o(f) > ¥222)(G).

Finally, as in Case 6, we can deduce that ¥ 5)(GoH) < ¥32)(G), and so 7/51.0) (GoH) <
Y1) (GoH) < Y22)(GoH) < ¥222)(G). O

In order to show the behaviour of 721.0) (GoH) when 'y(“] 0) (H) = y(H) = 2, we consider
the following examples. For the graph G shown in Figure 1, % (GoH) = y(‘l‘llo)(G) =6<
8 = '}’(2,20)(G), while ’}’EYLLO)(GUC4) =9<10= /},gl,())((GUC“) OH) <12= ')/(2_’2"0)(GUC4)

and '}’31 0) (C4 OH) = ')/(272’0) (C4) =4>3= Y(YIA,I,O) (C4)

6
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Figure 1: A graph G, where the labels asigned to the vertices correspond to the positive weights
assigned by a 7’51.1 0)(G)-function.

Figure 2: Forany i € {1,2,3}, the labels asigned to the vertices of G; correspond to the positive
weights assigned by a /}/EYIAO)(Gi o H)-function to the different copies of H in G;o H, where H

is any graph with ¥, ) (H)=1vy(H)=3.

Analogously, for the case Y(YI,O) (H) = y(H) = 3, we consider the graphs G, G, and G3
illustrated in Figure 2. The weights shown in Figure 2 correspond to the weights assigned by
a V(SI,O)(G" o H)-function to the different copies of H in G; o H. In particular, Y10) (GioH) =
%222)(G1) =6, % ) (G20H) = ¥221)(G2) =6and ¥p2.1)(G3) = 11 <12 =7, (G30H) <
14 =Y222)(G3).

We now discuss some particular cases of Theorem 3.4.

Corollary 3.5. The following statements hold for any integers n,r > 4 and a nontrivial graph
H.

1 ifH is a complete graph,

¢ V(yl,o)(K”OH): 2 ifY(‘],O)(H)>y(H):1 or V(YLO)(H):?’(H)ZL
3 otherwise.

2 lf’Y(slﬁ())(H) S27
* Vo Kin1oH) =1 4 if o (H) >4 and y(H) >3,

3 otherwise.
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if H is a complete graph,
* flo KypoH) = ifY(S]ﬁ())(H)ZzandY(H)sz
otherwise.
if H is a complete graph,
. Kz OH
yyl DR { otherwise.

* Vylo( nrOH) 4.

Proof. Ttis not difficult to see that if ¥, (H) =vy(H)=2,then Y10) (K2.n0H) =Y22,0)(K2.n) =
4. For the remaining cases, the result follows from Theorem 3.4 by considering the following
facts.

* Y100 Kn) =1, ¥2,1,0)(Kn) = ¥2,1,1) (Kn) = ¥ 1 0)(Kn) = ¥2,2,0)(Kn) =2 and Y221 (Ka) =
Y2.2.2)(Kn) = 3.

* Y100 Kin1) = %2,1,0) (Kin1) = ¥ 1.0) (K1n1) = Y2,2,0) (K1) =2, ¥2,1,1) (K1) =
Y22,1)(Kin—1) =3 and Y22.) (K1 n-1) = 4.

* Y100 (K2n) =2, ¥2,1,0)(K2n) = Yo,1,1)(K2.n) = 3 and Yo 0.1) (K2,n) = Y2.2.2) (K2.n) =4

* Yi100) (K3n) =3 and Y2,1,0)(K3.0) = ¥2,1,1)(K3.0) = ¥y 1.0)(K3.0) = Y2.2,0) (K3.0) = Y2.2,1) (K3.0) =
Y2,22) (K3. )=4.

* N1.0.0) Knr) = Ya.0.0)/(Kar) =11 10)(Knr) = %2.2,0) (Knr) = Y2,1.0) (Knr) = Y 2.1) (Knr) =
Y2.2.2) (Knr) =4

O

Next we consider the particular case when G is a path. As we will see, this case has been
partially studied in previous works.
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Theorem 3.6. For any integer n > 6 and any nontrivial graph H, the following statements
hold.

1) [17] IJCY(YI,O)( )=1, i.e., H is a complete graph, then 7’(1 0) (PyoH)= Y(Yl‘o,o) (P) = [%]

(ii) (1811 ¥}, o) (H) = 2 and y(H) = 1, then 7}, o (Pyo H) =2 [4].

Z 41 ifn=0 (mod 3),

(iff) [181 I ¥, )(H) >3 and y(H) = 1, then 7}, ; (Pyo H) = {2[%1 hemise

(V) (81U, ) (H) = Y(H) =2, then ), o (Pao H) =2 [ %52 ].

v) IJCY(YI,()) (H) > y(H) =2, then

Yi0)(ProH) =Yo01)(Pn)

n—|5]+1 ifn=1,2 (mod7),
Z] otherwise.

(vi) Ifyz“l’o) (H)=7v(H) =3, then

n—|&]+1 ifn=1,2,5 (mod 11),
n— Lﬁj otherwise.

Ty (PaoH) = {

i) I ) ) (H) >4 and y(H) > 3, then

n ifn=0 (mod 4),

'},(SL())(PII OH) = '}/(272’2)(31) = n+l lfn = 1,3 (mod 4),
n+2 ifn=2 (mod4).

Proof. The proofs of (v) and (vii) are derived by combining Theorem 3.4 with the values of
Y2,2,1)(Pn) and ¥z 3 7)(P,) obtained in [4]. Tt remains to prove (vi).

Assume that ¥ 0)( )=1vY(H) =3 and let f(Vp,V)) be a },yl 0) (P, o H)-function which
satisfies Lemma 3.1. Let f'(Xo,X1,X2) be the function defined on P by X; ={xeV(R):
fWV(Hy)) =1} and X, = {x € V(B,) : f(V(Hy)) = 2}. Notice that y‘l 0) (PioH)=0(f) =
o(f’). Let n = 11g+r with r € {0,...,10}. With this notation in mmd we proceed by
induction on q.

It is not difficult to check that the result follows for ¢ = 0 and r € {6,...,10}. For these
cases, possible sequences of weights assigned by f” to consecutive vertices of P, are 021120,
1200220, 02200220, 021012120 and 0210121012, respectively. The result also follows for
g=1and r =0, i.e, n=11. In this case, the only possible sequence of weights assigned
by f’ to consecutive vertices of Py is 02101210120. The certainty that the result holds for
g=1and re€{3,4,6,...,10} comes from a computer search. For these cases, since Py,

9
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can be obtained by connecting a leaf of P;; with a leaf P,, possible sequences of weights as-
signed by f’ to consecutive vertices of Py|, are obtained by concatenating the sequences of
weights associated to Py and P,, where the sequences for » = 3 and r = 4 are 120, 0220, re-
spectively. In summary, for any r € {0,3,4,6,...,10}, we have that 751.0) (Pi14roH)=10+r.
Analogously, among the possible sequences of weights assigned by f” to consecutive vertices
of Py, P13 and Pjg, a computer search gives, for instance, 022101200220, 0210210220120
and 0211200220021120, respectively. Thus, 7’(Y1,o) (PnoH) =12, 751,0) (Pi3oH) =13 and
Y(Yl.,o) (Pigo H) = 16, which completes the base case.

Assume that g > 2 and the statement holds for any ¢’ such that 1 < ¢’ < g. We differentiate
two cases.

Case 1. r ¢ {1,2,5}. In this case,
Y(Tl,())(PlqurrOH) =10g+r.

Letn=11(g+1)+r, k1 = y("l‘o)(P,, oH),P,=x1x3...x, and kp = f'({x1,...,x11}). Suppose
that k; < 10(g+ 1) +r. Since 02101210120 is the only possible sequence of weights assigned
by f’ to consecutive vertices of Py, we have that k; > 10, and

(kz — 10) +f/({x12, . ..,xn}) =k —10< 10g+r.

Since the function g, defined as g(V (Hy,;)) = f(V (Hy,;)) +k2— 10 and g(V (Hy,)) = f(V (Hy,))
for every i € {12} U{14,...,n}, is a secure (1,0)-dominating function on the subgraph of
P, o H induced by {x12,...,x,} X V(H), we can conclude that V(vl.o)(Plqu oH)< w(g) =
k1 — 10 < 10g + r, which contradicts the hypothesis. Thus, 7’(3'1‘0) (P,oH)>10(g+1)+r. To
conclude the proof, we only need to observe that B, is obtained by connecting a leaf of Py,
with a leaf of Py, and so, by hypothesis, y(yl,o) (P,oH) < 7(Sl.0) (Prig+roH)+ V(Yl,O) (Pi1oH) =
10(g+ 1) + r. Therefore, the proof of this case is complete.

Case 2. r € {1,2,5}. This case is completely analogous to Case 1. The only difference is
the induction hypothesis, which states that Y(YI,O) (Pi1g+roH) = 10g +r+ 1. Hence, we take
n=11(g+ 1)+ r and following the procedure described above, we deduce that y(‘l_o) (PyoH) =
10(g+ 1) +r+ 1, which completes the proof. O

The next result concerns the case when G is a cycle.

Theorem 3.7. For any integer n > 6 and a nontrivial graph H, the following statements hold.

W) 71y o) (H)=1, i.e., H is a complete graph, then Y10) (ChoH) = Y1.00) (Cn) = [37"]
(i) [181 I}, o) (H) > 2 and y(H) = 1, then ¥},  (Coo H) = [F].

(iii) [1811f ¥}, o) (H) = y(H) =2, then ¥}, ;) (Coo H) =2 |22

10
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) 17, ) (H) > y(H) =2, then

n—|5]+1 ifn=1,2 (mod7),
n—|%] otherwise.

Y1.0) (G0 H) = Y221)(Cn) = {

() 19,0 (H) = Y(H) =3, then

n—LﬁJ—!—l ifn=1,2,5 (mod 11),
n— Lﬁj otherwise.

Yio)(CnoH) = {

(vi) Ifjf(vho) (H) >4 and y(H) > 3, then }f(‘1 0) (ChoH) = Y22.2)(Cn) =n.

Proof. The proofs of (iv) and (vi) are derived by combining Theorem 3.4 with the values of
Y2,2,1)(Cp) and %2 5 2)(C;) obtained in [4]. It remains to prove (V).

Assume that ¥, o (H) =y(H) =3 and let f(Vo,V}) be a y(ylvo) (C, o H)-function which
satisfies Lemma 3.1. Let f'(Xo,X1,X2) be the function defined on C, by X; = {x € V(C,,) :
F(V(Hy)) =1} and Xo = {x € V(Cy,) : f(V(Hy)) =2}. Notice that /V(SI,O)(C”OH) =o(f) =
o(f").
Let V(C,) = {x0,...,%,—1}, Where consecutive vertices are adjacent and the addition
of subscripts is taken modulo n. If there exists x; € V(C,) such that f(x;) = f(xi+1) =0,

then ¥, o) (ChoH) = Y10) (P,oH) and we derive the result by Theorem 3.6. From now

on, we assume that for any x; € Xo we have that f/(x;,_;) > 0 and f'(x;+1) > 0, which im-
plies that f'(x;—2) + f(xi—1) > 3 and f'(xi1) + f(xi+2) = 3. Now, for any x; € Xy we define
Si = {xi,xit1,xi12} and § =V (Cp) \ (Uyex,Si). Notice that £(S;) > 3 = |S;| for every x; € X
and f(x;) > 0 for every x; € S. Hence, by Proposition 2.4,

ﬁl,o)(PnOH) > Y(Yl,o)(CnOH) = w(f/) = Z f/(Si)+f/(S) >n.

xi€Xp

This implies that n € {6,...,10,12,13,15} and 7’("1,0) (CyoH) = n. Therefore, the result fol-
lows. ' O

As a direct consequence of Theorems 3.4, 3.6 and 3.7 we derive the following result.

Proposition 3.8. The following statements hold for any integer n > 4.

2n : —

241 ifn=0 (mod 3),
*YounP) =4 " .
2[5]  otherwise.

* ?’(2,1,1)(Cn) = (2%’]

11
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3.2 Weak Roman domination

This subsection is devoted to study the weak Roman domination of lexicographic product
graphs. To this end, we need the following tools.

Remark 3.9. [22] Given a noncomplete graph G, the following statements are equivalent.

* Yioo(G) =2

* Y(G)=1or 7&“1#0)((;) =2.

Lemma 3.10. For any graph G with no isolated vertex and any nontrivial graph H with
Y(H) =1, there exists a Y1.00) (GoH)-function f such that f(V(Hy)) <2, foreveryu € V(G).

Proof. Given a secure (1,0,0)-dominating function f on G o H, we define Ry = {x € V(G) :
f(V(Hy)) > 3}. Let f(Vo,V1,V2) be a )f(vlﬁ(w)(GOH)-function such that |Ry| is minimum
among all ¥, ) (G o H)-functions.

Suppose that [R¢| > 1. Letu € Ry, ' € N(u) and v be a universal vertex of H. Notice that
the function f’ on GoH, defined by f’(u,v) = f'(V(H,)) =2, f'(V(H,)) =min{2, f(V (H,))+
1}, and f'(x,y) = f(x,y) for every x € V(G)\ {u,u'} and y € V(H), is a secure (1,0,0)-
dominating function on G o H with o(f") < @(f) and [Rp/| < |Ry|, which is a contradiction.
Therefore, Ry = @, and so the result follows. O

Our goal is to show how the weak Roman domination number of G o H is related to
15 (G) or %,(G) for certain vectors w of three components. By Theorems 3.2 and 3.4, the
outstanding case is when 7(8170) (H) >3 and Y(VI‘O,O) (H) =2, which is equivalent to y(H) =1
and Y(Yl,o) (H) > 3, by Remark 3.9. In fact, we will present the result with the only assumption
on H of being a noncomplete graph with y(H) = 1.

Theorem 3.11. For any graph G with no isolated vertex and any noncomplete graph H with
Y(H) =1,
Y1.00)(GoH) =¥21,0)(G).

Proof. Let H be a noncomplete graph with y(H) = 1 and f(Vo,Vi,V2) a yng)(G o H)-
function which satisfies Lemma 3.10. Let f'(Xo,X;,X>) be the function defined on G by
Xi={xeV(G): f(V(Hy))=1}and X, = {x € V(G) : f(V(Hy)) =2}. Since V(gl,o,O)(H) =2,if
x € Xy, then f'(N(x)) = f(N(V(Hx))\V(Hy)) > 2 and if x € Xy, then f'(N (x)) = f(N(V (H)) \
V(Hy)) > 1. Hence, f"is a (2, 1,0)-dominating function on G, which implies that V(YI,O,O)(GO
H)=o(f) = o(f') > %2,10)/(G).

Now, we show that 751.0,0) (GoH) < ¥2,1,0)(G). Let v be a universal vertex of H. For any
Y2.1,0)(G)-function g(Wo, Wi, W2), the function g'(Wy, Wy, W;), defined by W] = Wy x {v} and
Wy =W x {v}, is a (1,0,0)-dominating function on G o H. Now, for any (x,y) € W} \ Wp x
V(H), we can see that g;m) () isa (1,0,0)-dominating function on G o H. Furthermore, for
every x € Wy there exists x' € Wo NN (x) or two vertices x’,x” € W; NN(x), and so g’(x,ﬁv) Sry)
is a (1,0,0)-dominating function on G o H for every (x,y) € Wo x V(H). Therefore, g’ is a
secure (1,0,0)-dominating function on Go H, and as a consequence, YE‘LOA’O)(GOH) <ow(g)=

o(g) = Y2.1,0)(G). O

12
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We next present some particular cases of Theorem 3.11.

Corollary 3.12. Let n and r be two integers such that n > r > 2. If H is a noncomplete graph
with Y(H) = 1, then the following statements hold.

* Y100 (KnoH) =2.

* Y100 Kin-10H) =2.

4 otherwise.

3 ifr=2,
. ’}/5'170,0) (Knﬂ’ OH) =
Proof. Theorem 3.11 leads to the result, as ¥(3 1 o) (Ky) = Y2.1.0) (Kipn1)=2, Y10 (Kn2) =3
and Y2 1 o) (Knr) = 4 whenever r > 3. 5

To conclude this section, we would present the following result which shows that the study
of the cases G = P, and G = C,, is complete.

Theorem 3.13. [18] For any integer n > 3 and any noncomplete graph with y(H) = 1,

2n

Yoo (ProH) =2[3| and 1, 00)(CooH) = %w

3.3 Secure total domination and total weak Roman domination

It was shown in [9] that for any graph G with no isolated vertex and any nontrivial graph H the
secure total domination number of G o H equals the total weak Roman domination number.

Theorem 3.14. [9] For any graph G with no isolated vertex and any nontrivial graph H,
Vi (GoH) =Y ) (GoH).

According to Theorem 3.14, we can restrict ourselves to study the secure total domination
number of G o H. To this end, we shall need the following lemma.

Lemma 3.15. [9] For any graph G with no isolated vertex and any nontrivial graph H, there
exists a )/8‘1‘1) (G o H)-function f satisfying that f(V(H,)) < 2 for every u € V(G).

The following result shows that the secure total domination number of G o H equals ¥, (G)
or %,(G) for certain vectors w of three components. As we can expect, the decision on whether
the components of w take specific values will depend on the value of ¥, | (H) and/or y(H).

Theorem 3.16. For a graph G with no isolated vertex and a nontrivial graph H, the following
statements hold.

) If}’gll)(H) =2, then YZVIJ)(GOH) = ygl«,lvo)(G)'

13
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(@) [fy(H) =1and y, ) (H) = 3, theny, ) (GoH) =1, 1)(G)-
(i) I y(H) =2 <, 1) (H), then 1, 1) (G o H) = Y2,1)(G).

(IV) If’y(H) > 3, then 'J/ZVIU(GOH) = '}’(212’2)(G).

Proof. Let f(Vp,V1)bea y(‘l_l)(GoH)—function which satisfies Lemma 3.15. Let f(Xo, X1, X2)
be the function defined on G by X; = {x € V(G) : f(V(Hy)) =1} and X, = {x € V(G) :

f(V(Hy)) = 2}. With this notation in mind, we differentiate the following four cases.

Case 1. }f(yu)(H) =2.Ifxe XoUXy, then f/(N(x)) = f(N(V(H,))\V (Hy)) > 1, which implies
that f” is a (1,1,0)-dominating function on G. Now, for any (x,y) € Xo x V (H), there exists
(x,y") € My(x,y) with ¥’ € N(x) N (X; UX>). Hence, for any u € Xo UX; U{x'} we have that
Sy (N()) = fir )= () (N(V(Hy)) \ V(Hy)) > 1, which implies that f” is a secure (1,1,0)-
dominating function on G. Therefore, 751,1)(G°H) =o(f)=o(f)> Y(Yl,l,O)(G)'

On the other side, for any )?‘111’()>(G)—function g(Wo, W1, W) and any two universal ver-
tices vy, v, of H, the function g'(Wj, W), defined by W] = (Wi x {vi}) U (Wz x {vi,v2}), is
a (1,1)-dominating function on G o H. Now, for any (x,y) € W5\ Wy x V(H), we can see
that g?x‘vl) () is a (1,1)-dominating function on G o H. Furthermore, for every x € Wy
there exists x' € M,(x), and so gl(x/,w Jos(xy) 18 @ (1,1)-dominating function on Go H for every
(x,y) € Wy x V(H). Therefore, )f(ym)(GoH) <o(g)=o0(g) = Y(’]’LO)(G).

Case 2. y(H) =1 and 7’(Y1A,1)(H) > 3. Since f(V(Hy) <2 and 7(?1‘,1)(Hx) > 3 for any x € V(G),
we have that f/(N(x)) = f(N(V(Hy)) \V(Hy)) > 1. Thus, f"is a (1, 1, 1)-dominating function
on G. Now, for any (x,y) € Xo x V(H), there exists (x',)’) € Ms(x,y) with ¥’ € N(x) N (X; U
X3). Hence, forany u € V(G) we have that f;, , (N(u)) = f(x y)(xy) (N(V (HW)) \V (Hy)) > 1,
which implies that f” is a secure (1, 1, 1)-dominating function on G. Therefore, y(517 N (GoH) =
o(f) = o) > ¥, 11/ (G):

Now we show that ; | (GoH) < Vi (G). Let v be the universal vertex of H, which is
unique, as ¥, (H) > 3. For any Vi (G)-function g(Wo, Wi, W»), the function g'(Wj, W/, W),
defined by W/ = W; x {v} and W; = W» x {v}, is a (1,1, 1)-dominating function on Go H.
Now, for any (x,y) € Wj\ Wp x V(H), we can see that g'(”) is a (1,1,1)-dominating

—(x,y)

function on G o H. Furthermore, for every x € Wy there exists x’ € M, (x), and so gz ¥ ) (6y) is
a(1,1,1)-dominating function on Go H for every (x,y) € Wy x V (H ). Therefore, g’ is a secure

(1,1,1)-dominating function on G o H, and by Theorem 3.14 we deduce that y("l N (GoH) =
7’(‘1_’111)(GOH) < a)(g/) =w(g)= 7’(Y111_1)(G)~
Case3.y(H)=2< }’(Yl,l)(H)' Assume first that x € XoUX]. Since y(‘l_l)(Hx) > 3, we have that
f(N(x))=f(N(V(Hy))\V(Hy)) > 2. Analogously, for any x € X, we deduce that f'(N(x)) =
F(N(V(Hy))\V(Hy)) > 1. Therefore, f" is a (2,2,1)-dominating function on G and, as a
consequence, }fgu)(GOH) = ao(f) = o(f") = ¥2.2.1)(G).

On the other side, for any ¥ 1)(G)-function g(Wo, Wi, W2) and any y(H)-set {vi,v2},
the function g'(Wj, W[), defined by W) = (W; x {vi}) U (Wa x {vi,v2}), is a (1,1)-dominating

14
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function on Go H. Now, for any (x,y) € Wi\ W, x V(H) and x’ € N(x) N (W; UW,) we have that
gzx, V) () (N(u,v)) > 1 for every (u,v) € V(GoH). Moreover, for any (x,y) € WjN (W, x
V(H)) we have that g’(x_lylh(x_y)(N(u,v)) >1or g/(x,vz)ﬁ(x,y)(N(mv)) > 1 for every (u,v) €
V(GoH). Therefore, g is a secure (1, 1)-dominating function on G o H, which implies that

Yin(GoH) <o) = (g) =Y221)(G).

Case 4. y(H) > 3. In this case, for every x € V(G), there exists y € V(H) such that f(N[(x,y)]N
V(H,)) = 0. Hence, f'(N(x)) = f(N(x,y) \ V(Hy)) > 2 for every x € V(G). Therefore, f is a
(2,2,2)-dominating function on G, and so 7’(Y1.1)(G°H) =o(f) = o(f") > %222)(G).

Now, for any ¥, » »)(G)-function g(Wo, W1, W>) and any v € V (H), the function g’ (Wy, W, W,),
defined by Wy = W, x {v} and W] = W} x {v}, is a secure (2,2,2)-dominating function on
GoH. Therefore, ¥372)(GoH) < ®(g'), and by Theorems 2.2 and 3.14 we deduce that
Y(Yl,l)(GOH) = 7’5171,1)(G°H) < Y222 (GoH) < 0(g') = 0(g) = %222)(G). According to
the cases above, the result follows. O

The following result is a particular case of Theorem 3.16.

Corollary 3.17. The following statements hold for a nontrivial graph H and any integers n,r
such thatn > r > 2.

2 ifyH)=1,
3 otherwise.

o ygm)(KnOH) = {

2 ifnyl,l)(H):27
* Vi KinaoH) = 4 if y(H) =3,

3 otherwise.

3 ify(H)=landr=2,

4 otherwise.

. ﬁl,l)(Kn’rOH) = {

Proof. The result follows from Theorem 3.16 by considering the following facts.

° 7?171,0)(Kn) = 7’(¥171,|)(Kn) =2and }’(2,2,1)(Kn) =222 (Ky) =3.
* Vi) Kin1) =2, 71 1) (K1) = Yoo,y (Kin-1) = 3 and ¥20.2) (K1 n-1) = 4.

e If r = 2, then }/(Sll] 0)(Kn,,) = },(yl . ])(K,,J) = 3, while if r > 3, then y(‘]‘lo) (Kny) =

7?1,1,1)(Kn7r) =Yo2.1)(Knr) = Y2,2.2)(Kny) = 4.

By combining Theorem 3.16 and some known results we derive the following results.

15
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Theorem 3.18. The following statements hold for any integer n > 4 and any nontrivial graph
H.

@) If}’(su)(H) =2, then Y(Sl,l)(P"OH) =2 (%“

—

. 81 [s(n
i) I Y(H) = Land 3, ) (H) = 3, then 3, ) (Byo H) = 7, 1 (Ba) = 2] 42

M n—2]+1 ifn=1,2 (mod 7),
(iii) If’}’(H) =2< ’V(YL])(H)I then 7?1 1)(PnOH) :7(2,2,1)(Pn) [:] LZJ . ( )
’ ’ n—|%] otherwise.

n ifn=0 (mod 4),
(iv) If y(H) > 3, then 7(‘.1,1)(1)" oH)= ')/(22‘2)(19,1) [i] n+1 ifn=1,3 (mod 4),
n+2 ifn=2 (mod 4).

Proof. As indicated in the statements, we only need to prove (i). In this case, by Theorem
3.16 we know that y(yl’l)(P,, oH) = Y(YI,I.O) (Py). Now, by Theorem 2.1 (ii) and Corollary 2.3 we
deduce that ¥, | o (Py) < 7’(Y1,1,0) (P) < Y2,2.0) (P,). Moreover, as shown in [4], Y2,1,0) (P) =
Y2,2,0)(Pn) =2 [4]., which completes the proof. O

By the result above and Theorem 3.16 we deduce the following result.

Proposition 3.19. For any integer n > 4,

n
Yi1,0)(Pn) =2 [ﬂ .
The following result concerns the case when G is a cycle.

Theorem 3.20. The following statements hold for any integer n > 4 and any nontrivial graph
H.

(2] ifn=4,7,

(iff) IfY(H) =2 < 1) (H), then

[4]{nwj+1 ifn=1,2 (mod7),

C,oH) = Cn) =
Y (CnoH) = Ya21)(Ga) n—|2] otherwise.

(v) If Y(H) = 3, then 7, 1 (Cuo H) = ¥0.22)(C) = n.

16
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Proof. As indicated in the statements, we only need to prove (i). In this case, by Theo-
rem 3.16 we know that 7’{1,1)(@1 oH) = y(‘l,lﬂo)(Cn). As shown in [4], ¥2,1,0)(C) = [23—"-|
and ¥2.2,0) (Ch) =2 (%W Moreover, by Theorem 2.1 (ii) and Corollary 2.3 we deduce that
Y2.1.0)/(Cn) <% 1.0)(Ca) < ¥2.2,0)(Cn)- Therefore, 7, | ,(Ca) <2[4] and, ifn=0,2 (mod 3),
then Jf(ylﬁl’())(Cn) =2 [%]

From now on, we consider that n = 1 (mod 3) with n > 10, as the cases n = 4 and
n =7 are very easy to check. Let f(Vo,V;,V2) be a }/gl 10) (C,)-function and let V(C,) =
{x0,...,xn—1}, Where consecutive vertices are adjacent and the addition of subscripts is taken
modulo n. If there exists x; € V(C,) such that f(x;) = f(x;+1) =0, then Yi10) (Ch)= Y110) (Py)
and we derived the result by Proposition 3.19. Hence, we assume that for any x; € Vp we have
that f(x;_1) > 0 and f(x;41) > 0. From this fact, and considering that f is a secure (1,1,0)-
dominating function, we deduce that f({x;,xj41,xj12}) > 2 for any x; € V(C,). Now, we
consider the following two cases.

Case 1. V, # 0. Without loss of generality, we suppose that xo € V; and let S; = {x3;41,X3;+2,X3:+3 }
forie{0,..., ”3;4} Notice that f(S;) > 2 for every i € {0,..., ”3;4}, which implies that

3
IS

ST TR Ul PSP LI
78+ S 00) = =5 2= 2]

7+

Yi1.0)(Cn) = 0(f) 2

L

This implies that ¥, ;  (Cx) =2[5].

Case 2. V, = 0. In this case, if there exist four consecutive vertices with weight one, namely
without loss of generality x;,x;,x3,x4, then we deduce that

Yi1,0)(Gn) = 0(f) = if(xi) +f({x1,x0,03,x4}) > 2(n3_4) +4=2 %W :
i=5

From now on we assume that for any group of four consecutive vertices, at least one vertex
has weight equal to zero. Moreover, notice that |Vp| > 2 as n > 10 and }f(‘] 1.0) (Cy) <2 [%1 .

Without loss of generality, let xo € Vy. and suppose that x; € Mf(xp). This implies that f(x;) =

f(x2) = f(x3) =1and f(x4) =0, and so f(xs) = f(xg) = 1.
If f(x7) = 1, then we have that

Yi0)(C) = (/) 2 éﬂxo ) 2 20D 6o 1],

Now, assume that f(x7) = 0. Thus, n > 13 and xg € My(x7), which implies that f(xg) =
f(x9) = f(x19) = 1. Hence,

£+ Fxnm, o)) = 201D g 1],

Y110 (G) = 0(f) = 1 3

12

=

which completes the proof. O

17
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Conclusions

This doctoral thesis is a part of a wide project which investigates several
parameters related to the notion of protection of graphs. Our principal con-
tributions are summarized in 10 papers, which are included in the thesis,
and 3 (under review or accepted) papers which are not included. Next, we
highlight the main contributions of the thesis.

Chapter 1: “From Italian domination in lexicographic product graphs
to w-domination in graphs”

In this chapter we introduce a unified approach to the idea of protection of
graphs, namely w-domination. Moreover, we show that the Italian domina-
tion number of every lexicographic product graph G o H can be expressed
in terms of five different domination parameters of G, which can be defined
under this approach. In particular,

o If '}/(H) =1, then ')/](GOH) = '}’(27170)((;).

s If p(H)=7v(H)=2,then ;(GoH) = }/(27270)(6).

If '}/Z(H) > '}/(H) =2, then W(GOH) = }’(272’1)<G>.

If i(H) # 3 and y(H) > 3, then (G o H) = ¥222)(G).

If y(H) = y(H) =3, then 1;(GoH) = ¥ 0)(G).

207
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This chapter also provides preliminary results on w-domination and
raises the challenge of conducting a detailed study of the topic. Among the
main results we emphasize the following.

e Ifk,l € Z™" and G is a graph with minimum degree 6 > 1, maximum

degree A and order n, then the following statements hold.
() fk<Ild+landw= (k+I—1,k+1—2,...,k—1), then
I+1

(k+1—1)n
A+l w

#(G) = |
(ii) Let w = (wp,...,w;) withwg > -+ >w;. If I§ > wy, then

Yw(G)Z[ 0 W

A+ wy

(iii) Ifk <18 and w = (k,...,k), then %,(G) > [%] .

I+1
(iv) Ifk <I8+1andw= (kk—1,....k—1), then %,(G) > [ £2;].
N— ———
I+1

* If G is a graph of minimum degree 9, then the following statements
hold for any (wy,...,w;) € ZT x N/ with wg > --- > w.

(i) If there exists i € {1,...,] — 1} such that i0 > w;, then
Yowono)(G) = Yowg...0) (G)-
(i) If I > i+ 1 > wy, then
Yowgreoi0,..,0)(G) < (i+1)¥(G).

(iii) Letk,i € Z" such that! > ki, and let (wjy, w},...,w}) € Z* x N..
If i§ > w; and wy; = kw’; for every j € {0,1,...,i}, then

’}/(wo,...,wl)(G> < k’y(wf),...,wg)(G)'
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(iv) If 16 > w; > [ > 2, then
’y(wo,...,wl)(G) < l}/(wo—l—l-l,w[—l—l—l)(G)'

V) Ifo>1,wg<Il—1and w;_; > 1, then
,)/(W07...7W1,271)<G) < ,)/(W()7...,W],1,0) (G)

Chapter 2: “Total domination in rooted product graphs”

In this chapter we obtain closed formulas for the total domination number
of rooted product graphs. Among the main contributions we highlight the
following.

* We show that for any graphs G and H with no isolated vertex and
any vertex v € V(H),

n(G)(%(H) = 1), Y(G)+n(G)(%(H)—1),
%#(G)+n(G)(%(H)—1), n(G)y(H)

%(GOVH) €

* We characterize the graphs with (G o, H) equal to each of the four

expressions above.
* We show that for any nontrivial graphs G and H and any v € V(H),

Y(G)+n(G)(y(H) - 1), if y(H—{v})=y(H)—1,
n(G)y(H), otherwise.

Y(Go,H) =

Chapter 3: “Total Roman {2}-domination in graphs”

In this chapter we introduce the study of the total Italian domination num-

ber of a graph. Among the main contributions we emphasize the following.
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* We study the relationship that exists between the total Italian domina-
tion number and other domination parameters in graphs with no iso-

lated vertex. In particular, we highlight the following.

(@) max{%(G),7(G)} < w(G) < min{%(G), 7 (G)}+¥(G).
(b) 1:(G) = %(G) if and only if y.2(G) = %(G).
(©) %(G) < min{}r(G),1x2(G)} < 2%(G).
(d) %1(G) =2%(G) if and only if ¥%;(G) = %&(G) and %(G) =
(G).
* We obtain general bounds and characterize some extreme cases.

* We characterize the trees with y;;(T) = y%r(T).

* We show that the problem of computing ¥;(G) is NP-hard, even
when restricted to bipartite or chordal graphs.

Chapter 4: “Double domination in lexicographic product graphs”

This chapter develops the theory of double domination and total Italian
domination numbers for the class of lexicographic product graph. We show
that the values of these two parameters coincide, i.e, %/ (GoH) = Yx2(Go
H). Furthermore, we obtain tight bounds and closed formulas for Y, (G o
H) in terms of invariants of the factor graphs G and H. Among the main

contributions we emphasize the following.

* max{%(G),2p(G)} < ¥x2(GoH) < 2y(G).

If y(H) = 1, then vx2(GoH) < %1(G).

If H has at least two universal vertices, then yx2(Go H) < 2y(G).

If H has exactly one universal vertex, then yyx2(GoH) = %;(G).
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If y(H) > 2, then yx2(GoH) > ¥(G).

* We characterize the graphs with ¥.2(GoH) =2 and yx2(GoH) = 3.

Chapter 5: “‘Secure w-domination in graphs”

In this chapter we introduce a general approach to the idea of protection

of graphs, namely secure w-domination, which encompasses the known

variants of secure domination and introduces new ones. In such a sense,

we provide fundamental results on this novel parameter. Among the main

results we emphasize the following.

If 16(G) > wy for any graph G and any w = (wy,...,w;) € ZT x N/
such that w; > w; for every i € {0,...,] — 1}, then the following
hold.

@) %(G) < %(G).
(ll) Ifke Z+, then y(k+17k:W1 WI)(G) < ’]’gk k=w,

7777 5

w,)(G)'

If G is a graph and [ > 2 an integer, then for any (wq,...,w;_1) €
ZFT x N1 with wy > - > wy_y and I8(G) > wy_y,

ceey

’Y(YWO’...7W1717WIIW171)(G) S ’Y(W(),...,Wlfl)(G) -I_ '}/(G)

If G is a graph and (wy, ...,w;) € Z* x N/ with wg > --- > wy, then
the following statements hold.

(i) If there exists i € {1,...,I — 1} such that i6(G) > w;, then
’YEYWO,...,WI)(G) S ,ng(),...,Wl')(G)'

(i) If1>i+1>wo, then 0)(G) < (i+11(G).

yeesWiy 0,y

If G is a graph of order n, maximum degree A with no isolated vertex
and w = (wo,...,w;) € Z* x N such that wy > --- > wy and I8 > wy,
then the following statements hold.
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(i) If wo = w; and wo —w; < i for every integer i € {2,...,1},
1
then 7;,(G) > [ 2]

(ii) If wo = wy, then ¥%,(G) > {Mw _

A+wy
(iii) Ifwo=w;+1andwo—w; <iforeveryi€ {2,...,1},then ¥ (G) >
[at]-

(V) 1(G) > [A@’H .

Chapter 6: “Total weak Roman domination in graphs”

In this chapter we introduce the study of the total weak Roman domination
number of a graph. We study the properties of this novel parameter in order
to obtain its exact value or general bounds. Among the main contributions

we emphasize the following.

* We show the relationship that exists between the total weak Roman
domination number and other domination parameters in graphs with

no isolated vertex. In particular, we highlight the following.

(@) max{%(G),%(G)} < 1,(G) < %r(G) <2%(G).
() %-(G) = v(G) if and only if ¥(G) = 2%(G).

© Y(G)+1<%(G) < 1(G).

(d) %-(G)=17v(G)+1if and only if 74 (G) = y(G) + 1.
@ 2p(G) < %r(G) < min{%(G),7(G)} + 1(G).

* We obtain general bounds and discuss some extreme cases.

* In a specific section of the paper, we focus on the case of rooted
product graphs and we obtain closed formulas and tight bounds for

the total weak Roman domination number of these graphs.

* Through the results obtained on rooted product graphs, we show that
the problem of computing the total weak Roman domination number
of a graph is NP-hard.
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Chapter 7: “On the secure total domination number of graphs”

This chapter is devoted to the study of the secure total domination number
of a graph. We study the properties of this parameter in order to obtain its
exact value or to provide general bounds. Almost all the results obtained
in this chapter have been included in the book “Topics in Domination in
Graphs” [25] published recently by Springer. Among our main contribu-
tions we highlight the following.

* We show that ¥ (G) < a(G)+y(G). Since y(G) < a(G), this result
improves the bound ¥ (G) < 20/(G) obtained in [21].

* We characterize the graphs with ¥, (G) = 3.

* We show that if G is a {K| 3,K] 3 + e}-free graph with no isolated
vertex, then ¥, (G) < min{¥%(G), %(G)} + 7(G) < %(G) + 7(G).

* We study the relationship that exists between the secure total domina-
tion number and the matching number of a graph. In particular, we

obtain the following results.
(@ ¥(G) <2d/'(G)+ |L(G)| — |S(G)| + |Ig]| for any graph G of
minimum degree one.
() %:(G) <20/(G) — 6(G) + 2 for every graph G of minimum
degree 6(G) > 2

(©) ¥(G) < &'(G) + ¥(G) for every {K) 3,K) 3 + e}-free graph G
of minimum degree 6(G) > 3.

Chapter 8: “‘Secure total domination in rooted product graphs”

This chapter develops the theory of secure total domination for the class
of rooted product graphs. Among our main contributions we highlight the

following.
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We show that if the root vertex v of H is a strong leaf, a support, or a

universal vertex, then there exists a formula for ¥ (G o, H), i.e.,

(a) If v is a support vertex, then Yy (G o, H) = n(G) Yy (H).
(b) If vis a universal vertex, then ¥y (G o, H) =n(G) Yy (H).
(c) Ifvisastrong leaf, then ¥y (Go,H) = y(G) +n(G) (s (H) —1).

In the remaining cases, two different behaviours are observed de-
pending on whether the root vertex is a weak leaf or not. Although
in a different way, in both cases we were able to give the intervals
to which the parameter belongs. The endpoints of these intervals
are expressed in terms of other domination parameters of the graphs
involved in the product, which allows us to obtain closed formulas

when certain conditions are imposed on the factor graphs.

Chapter 9: “Total protection of lexicographic product graphs”

This chapter is devoted to the study of the secure total domination number

and total weak Roman domination number for the class of lexicographic

product graphs. We show that the values of these two parameters coincide,
i.e., %(GoH) = vY4(GoH). Furthermore, we obtain tight bounds and

closed formulas for Y, (G o H) in terms of invariants of the factor graphs G

and H. For instance, we deduce the following results.

max{y:(G),%(G),2p(G)} < ¥u(GoH) < 2y(G).

If y(H) =1, then ¥4 (G o H) < %,(G).

If H has at least two universal vertices, then ¥, (G o H) < 2y(G).
If y(H) > 2, then ¥ (Go H) > %,(G).

We characterize the graphs with v, (GoH) € {2,3}.
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Chapter 10: “From (secure) w-domination in graphs to protection of
lexicographic product graphs”

In this chapter we show how the secure (total) domination number and the
(total) weak Roman domination number of lexicographic product graphs
G o H are related to ¥,(G) or ¥5(G). Among our main contributions we

highlight the following.

 If G is a graph with no isolated vertex and H a nontrivial graph, then
the following statements hold.

(@) If 7, ) (H) =2, then ¥} | (GoH) =¥, | ,(G).
(if) If y(H) = Land ), ; (H) > 3. then 7, ) (GoH) =7, ; 1y(G)-
(i) fy(H) =2 < y(‘m)(H), then ﬁ171)(GOH) = Y22.1)(G).

(iv) If y(H) > 3, then 7, |, (GoH) = Y2,22)(G).

Other contributions

Apart from the contributions included in this thesis, we want to highlight
the next papers.

* A. Cabrera Martinez, J.A. Rodriguez-Velazquez. From the strong
differential to Italian domination in graphs, Mediterr. J. Math. To
appear (2020 JCR Impact factor: 1.400, Q2 (88/330), Mathematics).

* A. Cabrera Martinez, J.A. Rodriguez-Veldzquez. A note on double
domination in graphs, Discrete Appl. Math. (2021) 300, 107-111
(2020 JCR Impact factor: 1.139, Q3 (165/265), Mathematics, Ap-
plied).
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* A.Cabrera Martinez, A. Estrada-Moreno, J.A. Rodriguez-Veldzquez.
From the quasi-total strong differential to quasi-total Italian domina-
tion in graphs, Symmetry (2021) 13, 1036 (2020 JCR Impact factor:
2.713, Q2 (33/73), Multidisciplinary, Sciences).

Future works

* Facing the open problems that are exposed in the papers included in
this thesis.

* Develop the theory of (secure) w-domination in graphs, and use the
advantages of this approach to study other domination parameters in
graphs.

* Develop a new theoretical framework on differentials in graphs. As
we have seen, the protection strategies can be defined from functions,
and some of them assign a weight greater than 1 to some vertices of
the graph. Our challenge is to introduce new structures that allow us

to investigate these types of domination without the use of functions.

* Some of the contributions of this thesis improve known results concer-
ning the relationships that exist between some domination parame-
ters and other invariants. We consider that such improvement will
occur for several of the known domination parameters. This is an
interesting challenge in which we intend to improve known results

on domination theory.
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